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The ability to generate small transverse emittance is perhaps the main limiting factor for the
performance of high-gain x-ray free-electron lasers (FELs). Noting that beams from an rf photocathode
gun can have energy spread much smaller than required for efficient FEL interaction, we present a method
to produce normalized transverse emittance at or below about 0.1 wm, which will lead to a significantly
shorter length undulator as well as a lower electron beam energy for an x-ray FEL project. The beam
manipulation consists of producing an unequal partition of the initially equal emittances into two
dissimilar emittances by a flat-beam technique and exchanging the larger transverse emittance with a
smaller longitudinal emittance. We study various issues involved in the manipulation. In particular, a new
emittance exchange optics we found enables an exact emittance exchange necessary for this scheme.
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L. INTRODUCTION

Accelerated beams often need to be manipulated in
phase space to optimize their efficiency for application. It
has been noted [1] that the phase-space distribution of an
electron beam from a laser-driven rf photocathode is not
ideally matched to the operation of high-gain x-ray free-
electron lasers [2,3]. The transverse normalized emittance
of an electron beam is properly matched to an x-ray beam if

ye, and ye, = Ly)\,. (1)
4

Here vy is the electron energy in units of electron rest
energy, and A, is the free-electron laser (FEL) wavelength.
For a 1-A FEL driven by a 15-GeV electron beam, the
normalized emittance of the matched electron beam is
about 0.2 um. However, the normalized transverse emit-
tance from a state-of-the-art laser-driven rf photocathode
gun is about an order of magnitude larger at about 1-nC
charge:

yed, =1 pm. )

At lower charge the transverse emittance is limited by
thermal emittance associated with the photoemission pro-
cess. On the other hand, the uncorrelated rms energy
spread from the rf gun o is quite small. The average
value measured experimentally for a 4-nC charge is about
4 keV [4]. For a much lower charge beam considered in
this paper, we will assume

08 =~ 1.5 keV, 3)
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or, in terms of the relative energy spread immediately after
the gun at an energy E; = 6 MeV:

0§ =0G/E; ~25x107% 4

Here 0§ is the rms relative energy spread that, when
compressed by up to a factor of 100 and accelerated to
15 GeV, is no more than 1 X 1073, or one order of magni-
tude smaller than necessary for avoiding gain reduction in
an x-ray FEL. With the typical rms bunch length of o, =
20 pm (about 4 kA of peak current at a 1-nC bunch charge)
and taking an increased energy spread of o5 = 1 X 1074
at 15 GeV, the normalized longitudinal emittance is about
voso, = 60 um. In fact, this order-of-magnitude energy
spread increase is necessary to suppress the microbunching
instability associated with the bunch compression process
(see Ref. [5] and references therein). Thus we should ask
whether it is possible to trade the excessively small energy
spread with the transverse emittance, so that the transverse
normalized emittance can be reduced to 0.1 wm or smaller.
We find that the answer is affirmative by a beam manipu-
lation involving the flat-beam technique and emittance
exchange.

In Sec. II, we first describe how a beam of normalized
transverse and longitudinal emittance of, respectively,
I um and 0.1 um with a peak current of 100 A at the
gun cathode can be manipulated to produce a beam of
normalized transverse and longitudinal emittance of, re-
spectively, 0.1 um and 10 um with a peak current of 1 kA.
We then show that the manipulated beam improves the
performance of x-ray FELs significantly. It is shown that
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the space-charge effect does not degrade the cathode emit-
tance due to the fact that the beam at the cathode is a
pancake shape with a large aspect ratio. We also show that
the parameters for the flat-beam technique are reasonable.
In Sec. III, we describe an optical arrangement giving rise
to the exact emittance exchange necessary for our manipu-
lation. The discussion up to this point is based on analytical
arguments on linear transport elements. To estimate effects
associated with a practical system, such as the nonlineari-
ties, we have performed a simulation study of the beam
manipulation in Sec. IV. Since the beams with a large
aspect ratio considered in Sec. II are difficult to handle,
we started from a cathode beam with smaller transverse
emittance and less charge than that considered in Sec. Il in
this proof-of-principle simulation study. The simulated
performance of the injector, consisting of a photocathode
gun and a flat-beam transformer, is found to be close to the
ideal case even after taking into account the space-charge
effect. The simulation of the exchanger reveals that the
higher-order effects are not negligible. Fortunately, how-
ever, it turns out that those effects can be made to cancel
each other by adjusting the transverse-longitudinal corre-
lation present in the injector output. Also, the emittance
degradation due to the coherent synchrotron radiation turns
out to be not serious. Section V concludes the paper, noting
that the emittance exchanger has some interesting conse-
quences on beam jitter, the beam produced in Sec. IV is not
round but has a good FEL performance, and the beam
manipulation technique proposed here has other applica-
tions, such as obviating the electron damping ring in a
linear collider.

II. THE PHASE-SPACE MANIPULATION SCHEME
A. The scheme

We begin with the 4D transverse emittance from the gun,
given by Eq. (2). By using the flat-beam technique, we
change the partition of the emittances so that

(vey ve,) — (10,0.1) wm. 6))

The beam current at the gun is taken to be the same as the
linac coherent light source (LCLS) value

I =100 A. (6)
The rms length of the bunch at the gun is chosen to be
O'ZG = 34 pm, (7

so that the longitudinal emittance in view of Eq. (3) be-
comes

i
yel = of—5 = 0.1 um. (8)
mc

This represents a bunch charge of about 40 pC. We then
exchange the x and z emittances to obtain

(vey vey, ve,) — (0.1,0.1, 10) pwm. 9)

At some convenient point before the undulator, the beam is
adjusted in the longitudinal phase space (bunch compres-
sion) so that the energy spread is increased to the maxi-
mum allowed by the condition that FEL gain is not
degraded:

s ~1X 1074 (10)

which is smaller than the dimensionless FEL parameter p
(typically around 5 X 10~* for an x-ray FEL). For a 15-
GeV beam, the rms energy spread is then 1.5 MeV, and the
rms bunch length after the adjustment is

o, =~ 3.4 pm. (11)

This is 10 times shorter than the bunch length at the gun.
The beam current at the FEL will therefore increase by a
factor of 10:

I; ~ LOKA. (12)

B. Application for x-ray FELs

To show the usefulness of the phase-space manipulation,
we consider a “Green field” FEL [1] operated at A, =
0.4 A. A permanent magnet undulator with a period of
3 cm is used. We also assume that the beta function in
the undulator is optimized to produce the shortest gain
length. Two possible beam configurations are considered.
The electron beam in case (a) is similar to the LCLS, i.e.,
yve, = 1 um and a peak current /; = 3.5 kKA after bunch
compression, while the electron beam in case (b) is the
manipulated one as discussed above, i.e., ye, = 0.1 um
and a peak current /; = 1.0 kA. Both beams have the same
uncorrelated relative energy spread at 1 X 10~*. Figure 1
shows the power gain length computed from Xie’s fitting
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FIG. 1. Power gain length L of an x-ray FEL at 0.4 A versus
the undulator parameter K for (a) a beam with a normalized
transverse emittance of 1 um and a peak current of 3.5 kA, and
(b) a beam with a normalized transverse emittance of 0.1 um
and a peak current of 1.0 kA. The electron beam energy in both
cases is adjusted according to the FEL resonant condition, with
the relative rms energy spread at 1 X 1074,
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formula [6] versus the undulator parameter K for both
cases. The gain length for the case (b) is smaller by a factor
of 2 or more. The length of the undulator will be reduced
by a similar factor, reducing the construction cost as well
as the operational complexity.

Note also that the gain length for case (b) changes little
as K increases from 1.5 to 4, while it decreases signifi-
cantly for case (a). Therefore, the K value may be chosen to
be small, K = 1.5, for the latter case while it needs to be
large, K = 4, for the former case in order to limit the
length of the undulator. The smaller emittance therefore
has additional advantages: the undulator requires less mag-
netic material, and the electron energy required for 0.4-A
radiation is smaller.

C. Space-charge effects on the gun emittances

Let us now consider in more detail some of the processes
in the above manipulation of the phase-space distribution.
Is the small longitudinal emittance, Eq. (8), consistent with
the space-charge force? The emittance arising from the
space-charge effect in the rf photocathode gun can be
written as [7]

2
a
yei€ = — —— —— Z u,(A). (13)

Here i = x, y, or z; ¢ is the emission phase; E is the peak
electric field; I, = 17 kA is the Alfven current; and u; (A)
is a form factor depending on the aspect ratio A = ¢¢/a¥.
The approximate formulas of the form factor for a
Gaussian beam are [7]

1

Mx,y(A) = m,

(14)

1.1
1 +4.5A4 + 2,94

pa(A) = (15)

If we use the spot sizes ¢¢ = 0.6 mm and 0¥ = 34 um,
we obtain A = 18, a large aspect ratio making the form
factor very small. Using the LCLS values for the peak gun
field E, =120 MV/m, I; =100A, and assuming
7/(4sing,) = 1, we obtain

yers = 1.0 um (16)

yes€ = 0.1 um. (17)

Therefore the longitudinal emittance due to the space-
charge effect is indeed very small and consistent with
Eq. (7). The transverse emittance is also small, consistent
with Eq. (2), implying that the emittance compensation [8]
may not be necessary for a beam with such large aspect
ratio and low charge.

D. The flat-beam technique

The flat-beam technique is a method to produce two
dissimilar emittances starting from a round beam [9,10].
It begins with the process in which an electron beam in
thermal motion inside a cathode is born into a region with
an axial magnetic field B, suddenly acquiring canonical
angular momentum. The beam is then brought into a field-
free region and the angular momentum is removed by a
triplet of skew quadrupole magnets [11]. In this process the
initially equal emittances, Eq. (2), are partitioned into
unequal emittances (ye,, ye_), preserving the product:
vex X ye, = ye, X ye_. An unequal partitioning of
equal emittances is not possible in a symplectic process;
in a symplectic process the emittances in different direc-
tions can either remain the same or be exchanged among
themselves [12]. The flat-beam technique avoids this limi-
tation because the process of beam birth in a magnetic field
is nonsymplectic. The technique was theoretically ana-
lyzed in Refs. [13,14].

The emittance ratio after the flat-beam technique is
given by

€ B(o6)2\2
S L <%> > 1, (18)
€ mcye;

where e is the electron charge, m is the electron mass, and ¢
is the speed of light. The ratio is 100 in the present case and
the required magnetic field is modest: B =470 G.
Experimentally, the flat-beam technique was demonstrated
at the Fermilab/NICADD [15] Photo Injector Laboratory
[16—19]. The best partition of emittances recently achieved
is (yey, ye_) = (40,0.4) um [20]. Note that the emit-
tance ratio is 100, although the product is an order of
magnitude larger than what is needed for the scheme in
this paper.

III. OPTICS FOR EMITTANCE EXCHANGE

A study of emittance exchange has been performed [21]
with the beam transport system, which produces the
transverse-to-longitudinal emittance exchange constructed
from a four-dipole chicane and a dipole-mode cavity. The
first half of the chicane (a dogleg bend) consists of a pair of
bending magnets of opposite polarities separated by a free
space of length L with the x-z 4 X 4 transfer matrix (ignor-
ing the vertical, or non-bend-plane coordinate):

L

Mp(n, & L) = (19)

S O =
o= OO
—_n O3

oS3 =

0

Here n and ¢ are, respectively, the dispersion and the
momentum compaction generated in the dogleg. The trans-
fer matrix for a thin-lens dipole-mode cavity is of the form
(21]
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M C(k) =

0 0
k 0
1 0Ff (20)
0 1

x>~ Oo O =

0

where k is related to the cavity voltage V|, cavity dimen-
sion a, and beam energy in the cavity E; by
Vo

aEO )

k 2D
The emittance exchange scheme studied in Ref. [21] con-
sists of a dipole-mode cavity flanked by two doglegs of
opposite sign (i.e., the cavity is in the middle of a chicane)
with the transfer matrix:

Mgx = Mp(—n, & L)Mc(k)Mp(n, & L). (22)

It was shown that Eq. (22) produces an approximate emit-
tance exchange if 1 — (kn)?> = 0. The exchange in this
system is not perfect, due to a residual transverse-to-
longitudinal coupling term, although this was not a signifi-
cant limitation with the 5-to-1 emittance exchange ratio
described in Ref. [21]. However, as the larger initial emit-
tance is increased (ye,, = 10 um) and the smaller initial
emittance is decreased (ye, = 0.1 wm), the limitation
due to imperfect exchange becomes significant. The resid-
ual coupling term can be reduced to arbitrarily small levels
by decreasing the dispersion in the chicane (i.e., weaker
chicane bends and stronger rf kick). However, a second-
order dispersion aberration arises after the cavity, which is
inversely proportional to the dispersion and therefore limits
this coupling reduction.

Fortunately, an exact exchange optics was found by one
of us (K.-J. K.) [22] that is similar to that described above,
but with the second dogleg identical to the first one as
shown in Fig. 2. The corresponding transfer matrix is

Mpx = Mp(n, & L)Mc(k)Mp(n, & L). (23)

If the dispersion 7 and the kick strength k are chosen so
that

1+kn =0, (24)

FIG. 2. (Color) Schematic diagram for exact longitudinal-to-
transverse emittance exchange, consisting of two identical dog-
legs (Mp) and a transverse cavity (M). The matrix for M, and
M, are given by Eqgs. (19) and (20), respectively.

it is then easy to show that the 4 X 4 x-z transfer matrix
becomes

Mgy = [g ]3 } (25)
where
[ kL m+kLE [ k& m+kLE
B_[k ké } C_[k kL }

(26)

The transfer matrix, Eq. (25), is in the form of an exact
emittance exchange.

We introduce the 4 X 4 beam matrix X, whose elements
are the second central moments of phase-space variables:

Here (- - ) represents taking the average over the ensemble
of particles and (X, X,, X5, X4) = (x,x/,z, 8). The 4 X 4
beam matrix before the exchange is

=% 5] (8)

where the 2 X 2 submatrices are
N 0
EXZSX[% I/Bxi|, EZZSZ|:BZ

0
0 1/B.J
(29)
and B, and B, are the beta functions in the x- and
z-directions, respectively. After the exchange the beam
matrix becomes

T
N et

Here the superscript T denotes the transpose operation.

3,= MEXEbMEXT = [

IV. SIMULATION STUDY

A numerical optimization of a photoinjector capable of
providing the needed parameters has been performed. This
numerical study is for a proof-of-principle demonstration
that effects not included in the previous sections do not
seriously degrade the performance of the phase-space ma-
nipulation scheme. Thus the specific parameters in this
section are somewhat different than described above. In
particular, we have chosen here to start from an electron
beam with smaller transverse emittance and less longitu-
dinal current to keep the transverse-longitudinal aspect
ratio to a level that can be handled easily.

A. The injector

The electron source is a 1.5-cell radio-frequency (rf)
gun operating at 2.6 GHz producing a 7.5-MeV electron
bunch. The gun is surrounded by two magnetic solenoids.
One provides a nonzero field on the photocathode surface,
as needed for producing an angular-momentum-dominated
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beam, while the other solenoid allows control of the beam
envelope. A downstream linear accelerator (linac) com-
posed of eight TESLA-type superconducting cavities op-
erating at 1.3 GHz increases the beam energy to approxi-
mately 215 MeV. The linac is followed by a round-to-flat-
beam converter composed of three skew quadrupole mag-
nets that transforms the incoming angular-momentum-
dominated beam into a flat, uncoupled beam.

The photoinjector was modeled with the particle-in-cell
tracking programs ASTRA [23] and IMPACT-T [24]. ASTRA
was used to model the cylindrically symmetric portion of
the beam line. The axial field profiles were used to model
the cavities and solenoid, and the radial dependence of the
longitudinal accelerating fields was taken into account up
to second order in radius. A low longitudinal emittance is
achievable provided nonlinearities in the longitudinal
phase space are kept insignificant. To this end we assumed
the photocathode was illuminated by a 3D oblate ellipsoid
laser pulse [25]. Because of the quadratic dependence of
the accelerating field on radial position, a small longitudi-
nal emittance calls for a small initial beam radius on the
photocathode. Such a requirement results in a small trans-
verse emittance whose main contribution comes from the
photoemission process. The thermal emittance was taken
to be 0.6 um per mm rms transverse size on the photo-
cathode, a value consistent with an excess kinetic energy of
0.26 eV for copper cathode. Because of the short response
time of the metallic-type photocathode, the photocathode
drive-laser pulse duration can in principle be very short
(less than 50 fs). The longitudinal emittance was mini-

TABLE I. Operating parameters and achieved beam parame-
ters at the photoinjector end.

Operating parameters Value Units
Bunch charge 20 pC
Laser rms spot size 300 pmm
Laser rms pulse duration 80 fs
Peak E-field in rf-gun 138 MV/m
Launch phase 45 deg
Peak E-field in TESLA cavities 36 MV/m
B-field on photocathode 0.191 T
Cavity off-crest phase 4 deg
Beam parameters Value Units
Before flat-beam transformation
Transverse (coupled) projected x and 4.96 pm
y emittances
Intrinsic transverse x and y emittances 0.23 pmm
Longitudinal emittance 0.071 pum
Kinetic energy 2154 MeV
After round-to-flat-beam transformation
Emittance ye, 9.9 pum
Emittance ye, 0.0054 pm
Longitudinal emittance 0.080 pmm
)/(6,(8_‘,)1/2 0.23 um

T T

<

emittances (um)
@

',

oo O e Y ) O ]

distance from cathode (m)

FIG. 3. (Color) Evolution of the transverse horizontal (red),
vertical (green), and longitudinal (blue) emittances along the
photoinjector beam line. The purple and cyan boxes at the
bottom indicate the locations of the rf gun and the skew quadru-
poles, respectively, while the blue lines indicate the accelerating
cavity contour.

mized with the constraint of generating a short electron
bunch (50 um or less) downstream of the accelerating
module. The minimization was performed with the generic
optimizer SDDSOPTIMIZE [26]. The optimized phase space
was then passed to the program IMPACT-T to simulate the
round-to-flat-beam transformation, taking into account
space-charge forces. The operating parameters and
achieved beam parameters are summarized in Table I.
The evolution of the beam emittances along the photo-
injector beam line is shown in Fig. 3.

B. The emittance exchanger

The emittance exchange was simulated using ELEGANT
[27], including second-order optical aberrations, by track-
ing 2 X 10° macroparticles —taken from the output of the
injector simulation—through the system shown in Fig. 2
and using the parameters listed in Table II. Transverse and
longitudinal phase-space plots are shown in Fig. 4, both
before and after the emittance exchange system, without
yet including the effects of coherent synchrotron radiation
(CSR) in the dipole magnets. The nearly perfect emittance
exchange is achieved only after minimizing both the thick-
lens and second-order effects with a unique incoming
energy chirp (8-z slope) of the electron beam given by

h=—-. 3D

Limitations introduced by a finite rf cavity length have
already been described in Ref. [21], where a specific initial
energy chirp is used to compensate this effect. In addition,
a second-order dispersion error also arises, which was
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TABLE II. Emittance exchange simulation parameters.

Parameter Symbol Value  Unit
Electron energy E 215 MeV
Dipole magnet length Lg 20 cm
Drift length between dipole magnets L 1 m
Bend angle per dipole magnet 0 20 deg
Length of rf cavity L. 30 cm
Initial horizontal norm. emittance Y€y 9.9 pmm
Initial longitudinal norm. emittance v 0.080 um
Initial rms bunch length fo 51 pmm
Initial rms slice energy spread o5t 0.9 keV
Initial energy chirp ( 8-z slope) h 686 m!
Initial horizontal beta function Bo 100 m
Initial horizontal alpha function 0 0
Final horizontal norm. emittance YVexf 0.16 pmm
(including CSR estimation, see text)
Final longitudinal norm. emittance vEy 11 pmm

briefly described in Ref. [21]. The additional energy spread
introduced by the rf cavity must pass through the two
remaining bends of the exchanger system. Although the
linear dispersion is fully included in the linear exchanger

ygm=9.923 i, Jm:1.536 mim, O'x'0=0.015 mrad

0.04 . .

0.02¢ 1
=
b
g0 1
s

-0.02} 1

-0.04 : : :

-4 -2 0 2 4
x (mm)

ygx=0.084 i, O'x:0.157 mim, O'x’=0.0032 mrad

0.01} i
0.005}

0_

(mrad)

®_0.005]

20.01} -
0.4

-0.2 0
x (mm)

0.2

0.4

theory in Eq. (19), the second-order dispersion of the final
two bends is not included and can introduce another limi-
tation. This effect can also be compensated by the same
initial energy chirp introduced to compensate the thick-
lens cavity. The second-order dispersion aberration is
purely spatial, Ax, immediately after the last bend, and
scales as Ax ~ 82, where & is the additional energy devia-
tion caused by an off-axis particle in the cavity. As in any
purely spatial aberration, the associated emittance growth
can always be minimized by choosing a large beta function
at that point, so that the spatial aberration becomes small in
comparison to the beam size. The initial energy chirp
[given by Eq. (31)] that compensates the thick-lens cavity
effect also maximizes the horizontal beta function after the
last bend, minimizing the second-order dispersion aberra-
tion to an insignificant level.

To minimize the effects of CSR in the double doglegs,
we have chosen a large initial bend-plane (x) beta function
(100 m as shown in Table II) at the beginning of the
exchanger system by rematching the horizontal beam
size from the injector simulation. Such a large beta func-
tion, together with a large horizontal emittance (9.9 um),
increases the effective rms bunch length in the system. For

3/820301.080 i, 0'2020.051 mim, O'E/EOZ 0.035%

0.0571 1

-0.05 0
z (mm)
76 =1.897 pm, ¢ =0.496 mm,
21 z .

0.1

-0.1 '

-0.1 0.05

O'E/EZ 0.332%

i [ — . . . .
-1 -0.5 0

z (mm)

FIG. 4. (Color) Transverse phase space (left two plots) and longitudinal phase space (right two plots) before (top row) and after
(bottom row) the emittance exchange as simulated with ELEGANT, using particles from the injector simulation, but not including CSR.
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example, the effective rms bunch length in the first dipole
is given by

2 s* 2 2 s>
o (s) = |0+ ?a'x =,lo + ?‘%oﬂxo, (32)

where o is the initial bunch length, and s is the distance
traveled along the dipole magnet with bend radius p.
Figure 5 shows both the bunch length and the energy
spread evolution along the exchanger beam line. The ef-
fective bunch length remains much longer than the initial
bunch length, except for a very short section between the
end of the second dipole and the beginning of the third
dipole, where the rms bunch length reaches ~7 pum due to
the special choice of the initial energy chirp (to suppress
thick-lens and second-order effects). As a result of the
larger average bunch length in the system, and with only
20 pC of charge, the CSR-induced bend-plane emittance
growth computed using the 1D CSR algorithm of ELEGANT
is found to be modest, about a factor of 2.5. In addition, the
CSR effect calculated by 1D formulas may give an over-
estimate of the emittance growth when the bunch is ex-
tremely short because the transverse coherence length of
the radiation may be much smaller than the horizontal
beam size [i.e., when (po?)'/? < o, at the end of the
second dipole and the beginning of the third dipole, see
Fig. 5] [28]. Since this 3D-suppression effect is not in-
cluded in the 1D CSR model of ELEGANT, we use a factor
of 2 instead of 2.5 to estimate the final horizontal emittance
as shown in Table II.

Although the large beta function helps suppress the CSR
wakefield, the disadvantage is that the final rms bunch
length is increased to about 500 um after the emittance
exchange (see Figs. 4 and 5). Thus, the final peak current in
this numerical example is only 3.4 A. The bunch needs to
be further compressed by a factor of 150 to 300 in order to
be useful for a short-wavelength FEL. This compression

0.6, — ] } — 4 z

0.0L i
00051.01.52.02.5 3.0
s (m)

FIG. 5. (Color) The rms bunch length and energy spread in the
emittance exchange system where the effective bunch length is
quite long during most of the transport, due to the large initial
bend-plane beta function and emittance.

may be accomplished in multiple stages at higher beam
energies and with weaker bends, in order to minimize any
additional CSR effects.

V. FURTHER REMARKS AND CONCLUSIONS

One interesting aspect of this system is that the ex-
changer is a timing-jitter and an energy-jitter ‘‘absorber.”
If the bunch arrival time changes at the entrance to the
exchanger, this timing error completely disappears at the
exit of the exchanger. In fact, it does not actually disappear,
but simply transforms into an offset in the transverse
angle—just as the emittance values are exchanged, so
are the centroid variations. Although this may be an asset
from the point of view of synchronization or energy stabil-
ity, it may be a drawback from the point of view of the
transverse stability. Even with a very small level of 1 X
1077 relative energy jitter at the entrance to the exchanger
(2 keV), the transverse amplitude jitter will become 2 times
the rms transverse beam size. This may be a serious prob-
lem for trajectory and x-ray pointing stability in the FEL.

This jitter transfer issue is a fundamental one and cannot
be arbitrarily minimized. The complete longitudinal-to-
transverse coordinate exchange, and its reverse, means
that a one-sigma centroid variation in the longitudinal
coordinates (time and energy) must become a one-sigma
centroid variation in the transverse coordinates (position
and angle). The only mitigation is to reduce the source of
the jitter, or to increase the value of one-sigma of the least
stable longitudinal coordinate, while preserving the longi-
tudinal emittance. For example, reducing the initial bunch
length from 50 to 25 wm and increasing the initial slice
energy spread from 1 to 2 keV, will make the system more
tolerant of energy jitter by a factor of 2. However, it will be
less tolerant of timing jitter by the same factor. This is
similar to what occurs in the final focusing doublet of a
linear collider, where a very large beta function in the
doublet produces a very small angular divergence. The
small divergence, analogous to the small slice energy
spread, makes the beam very sensitive to tiny kick angles
due to quadrupole vibrations, setting very demanding tol-
erances on doublet mechanical stability.

In any case, these jitter issues will become always more
challenging in any machine which requires smaller emit-
tance levels, requiring technical advances in the stability of
all systems which go hand-in-hand with advances in
emittance.

The FEL performance typically optimizes for a round
beam (with equal transverse emittances) for the same
emittance product. In this proof-of-principle simulation
study, our beam remains flat even after the emittance
exchange due to the extremely small vertical emittance
(ye, = 0.0054 wm). Although we believe further numeri-
cal optimization can yield a final round beam solution, we
have not carried out these studies in this paper.
Nevertheless, such a flat beam with a small horizontal
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emittance (ye, = 0.16 um) and an even smaller vertical
emittance is already useful for driving a Green field FEL at
A, = 0.4 A as discussed earlier. The flat-beam FEL per-
formance was discussed by Xie in Ref. [29]. In our case,
for a final compressed peak current of 1 kA and an average
x/y beta function of 20 m in the undulator, the flat beam
yields a power gain length of 4 m at K = 1.34 (at electron
energy 13.6 GeV), which is still a factor of 2 smaller than a
round beam with both transverse normalized emittance at
0.16 pum.

Finally, the technique presented in the present paper may
also find application in a linear e* /e~ collider, which
requires flat beams at the collision point. The original
flat-beam gun proposal [10] does not seem to meet the
International Linear Collider design goal of (ye,, ye,) —
(8,0.02) um at 3.2 nC. It is conceivable to exchange the
larger (than 8 wm) horizontal emittance with a smaller
longitudinal emittance through flat-beam generation and
emittance exchange described in this paper to reach this
design goal at such a high charge. Further investigations
including the issues of generating spin-polarized electrons
will be the subject of future work.
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