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In an electron storage ring, coupling between dipole and quadrupole Robinson oscillations modifies the
spectrum of longitudinal beam oscillations driven by radio-frequency (rf) generator phase noise. In
addition to the main peak at the resonant frequency of the coupled dipole Robinson mode, another peak
occurs at the resonant frequency of the coupled quadrupole mode. To describe these peaks analytically for
a quadratic synchrotron potential, we include the dipole and quadrupole modes when calculating the beam
response to generator noise. We thereby obtain the transfer function from generator-noise phase
modulation to beam phase modulation with and without phase feedback. For Robinson-stable bunches
confined in a synchrotron potential with a single minimum, the calculated transfer function agrees with
measurements at the Aladdin 800-MeV electron storage ring. The transfer function is useful in evaluating
phase feedback that suppresses Robinson oscillations in order to obtain quiet operation of an infrared
beam line.
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I. INTRODUCTION

In an electron storage ring, phase noise from the radio-
frequency (rf) generator excites longitudinal beam motion
in which all bunches oscillate in unison, termed Robinson
oscillations. When coupling of the dipole and quadrupole
Robinson modes is negligible, white rf-generator noise
excites oscillations whose amplitude is largest at the dipole
Robinson frequency [1,2]. Because of coupling between
the dipole and quadrupole Robinson modes [3,4], the
spectrum of beam oscillations also displays a peak at the
frequency of the coupled quadrupole Robinson mode [5,6].
The spectrum of the longitudinal beam oscillations (‘‘beam
phase noise’’) provides a useful diagnostic of the coupled
dipole and quadrupole Robinson modes.

The power transmitted through an infrared beam line is
affected by Robinson oscillations, which cause oscillations
of the electron beam current, energy, direction of propaga-
tion, and transverse position. The latter two oscillations
result from transverse momentum and position dispersion
at the beam line’s source point. For a typical setup of the
Aladdin infrared spectromicroscopy beam line, the com-
puted power variations from these four oscillations are in
the approximate ratio 1:200:1400:7600 [7]. This suggests
that oscillations of the electron beam transverse position
are the most important mechanism by which Robinson
oscillations affect the Aladdin infrared beam line. Since
the infrared beam line performs Fourier transform infrared
spectroscopy with a moving mirror, an audio frequency
oscillation of the power through the beam line produces the
same signal on the detector as a spectral peak [8].

When commissioning low-emittance operation of the
Aladdin electron storage ring, Robinson oscillations at

frequencies around 3 kHz prevented useful operation of
the infrared beam line. Additional filtering in the rf system
and the use of a low-noise master oscillator improved the
beam line data. Quiet operation of the beam line was
achieved by using phase feedback to further suppress
Robinson oscillations [9–13]. To predict the effect of
such feedback, an analytical model of the Robinson oscil-
lations is useful.

In this article, we analytically describe driven Robinson
oscillations in a quadratic synchrotron potential well.
Dipole-quadrupole-mode coupling, radiation damping,
and feedback are modeled. We calculate the transfer func-
tion from generator-noise phase modulation to beam phase
modulation.

We compare the calculated transfer function with the
measured transfer function, using a passive harmonic cav-
ity to vary the coupled quadrupole Robinson frequency.
For Robinson-stable beams in a synchrotron potential with
a single minimum, good agreement is obtained. The modi-
fication of the transfer function (and also the beam phase
noise spectrum) from dipole-quadrupole-mode coupling
and feedback is well described. In cases where parasitic
coupled-bunch instability is not suppressed by the har-
monic cavity, the measured height of the coupled-
quadrupole peak is consistent with the beam’s energy
spread exceeding the natural value.

For Robinson-unstable beams and double-well synchro-
tron potentials, the experimental transfer function differs
from the analytical model. For these cases, which violate
the assumptions of the analytical model, macroparticle
simulations provide a more accurate description of phase
noise and its suppression by feedback [6,12,13].
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II. EFFECT OF EXTERNAL PHASE NOISE AND
FEEDBACK UPON THE BEAM

Consider stable operation of an electron storage ring
powered by an rf cavity with rf-generator phase modula-
tion from noise and feedback. In addition to the powered
cavity (‘‘Cavity 1’’), a passive harmonic cavity may also be
present [5,6,14–17]. We assume all rf buckets are filled
equally, so that transient beam loading [18] may be ne-
glected. Consider a small phase modulation at angular
frequency �, where � is small compared to the angular
rf frequency !g:

 � exp��i�t� � � g �  f� exp��i�t�: (1)

Here, � is the complex amplitude of the modulation,
which is the sum of generator noise  g and phase feedback
 f. The rf-generator phase modulation causes longitudinal
oscillations of the beam electrons where all bunches move
in unison. Within a single bunch, we follow Krinsky and
Wang [15] by describing an electron’s longitudinal posi-
tion with a coordinate � that equals zero for a synchronous
electron, increases towards the head of the bunch, and
varies between �� and � around the ring. We denote the
average phase oscillation of all electrons in the bunch as

 

���t� � � exp��i�t�: (2)

We now determine the amplitude of the beam oscillation
caused by an rf-generator phase modulation, using the
notation of Refs. [5,16] in which the voltage V�t� is the
accelerating rf voltage, positive when electrons are accel-
erated. In this notation, the synchronous phase angle  1 is
measured from the peak rf voltage, equaling �=2 for an
electron that gains no energy from the rf cavity. Our
definition of the synchronous phase is the complement of
the definition used by some authors.

Consider a time coordinate where the synchronous times
are t � 2�n=!g for integral n. The equivalent rf-generator
current of magnitude ig1, with phase modulation, is [16]

 ig1�t� � ig1 cos�!gt� �� �f1 �� exp��i�t��: (3)

The angle �f1 is the angle by which the generator current
lags the sinusoidal beam current component at frequency
!g. The perturbation of the generator current from the
phase modulation is

 �ig1�t� � ig1� exp��i�t� sin�!gt� �f1�

�
ig1�

2i
�ei�!gt��f1��t� � e�i�!gt��f1��t��: (4)

Let the powered cavity have resonant angular frequency
!1 near to the rf-generator frequency !g, impedance at
resonance R1, quality factor Q1, and tuning angle �1 �

tan�1�2Q1�!g �!1�=!1�. At the frequency !g, its im-
pedance is R1 cos�1 exp�i�1�. Our definition of tuning
angle is the same as that used by Sands [19] and
Marchand [20], and the negative of that used by Wilson

[21]. The values R1 and Q1 describe the effective imped-
ance of the loaded cavity, equaling 1=�1� �1�times the
unloaded values, where �1 is the rf coupling coefficient. In
our notation, R1 is the resistance of the equivalent parallel
resistor-inductor-capacitor (RLC) circuit describing the
cavity, equaling one-half of the ‘‘linac’’ definition of im-
pedance [21].

We define sideband tuning angles by �1	 �

tan�1�2Q1�!g 	��!1�=!1�, so that the powered-
cavity impedance at frequencies !g 	� is
R1 cos�1	 exp�i�1	�. Since Z��!� � Z 
 �!
�, the per-
turbation of the cavity voltage from the phase modulation
is

 �V�t� �
ig1R1�

2i
�ei�!gt��f1��t� cos�1�e�i�1�

� e�i�!gt��f1��t� cos�1�ei�1��: (5)

The smoothed voltage perturbation experienced by an
electron with longitudinal coordinate � at time t is

 �V��; t� �
ig1R1� exp��i�t�

2i

��e�iM�e�i�f1 cos�1�e
�i�1�

� eiM�ei�f1 cos�1�ei�1��; (6)

where M is the number of bunches. Thus, we have
the Fourier series representation �V��; t� �
exp��i�t�

P
n�	M�Vnein�, where

 

�VM �
�ig1R1�

2i
ei�f1 cos�1�ei�1� ;

�V�M �
ig1R1�

2i
e�i�f1 cos�1�e�i�1� :

(7)

The generator current is related to the powered-cavity
peak voltage VT1 by Eq. (12) of Ref. [16]:
 

VT1 cos�!gt�  1� � �R1�ig1 cos�1 cos�!gt� �f1 ��1�

� 2IF1 cos�1 cos�!gt��1��: (8)

Here, I > 0 is the magnitude of the ring’s average current
and F1 � F!g

� exp���!g�t�
2=2� is the bunch form fac-

tor at frequency!g for rms bunch length �t, i.e., the bunch
form factor in Cavity 1. Therefore,
 

�VM �
�

2i
cos�1�e

i�1�

cos�1ei�1
�VT1e�i 1 � 2IR1F1 cos�1ei�1�;

�V�M � �
�

2i
cos�1�e�i�1�

cos�1e
�i�1

� �VT1e
i 1 � 2IR1F1 cos�1e

�i�1�:

(9)

Let ���� exp��i�t� equal �M times the line-charge
perturbation of a single oscillating bunch. In terms of its
Fourier components �n � �1=2��

R
�
�� d�e

�in�����, the
smoothed voltage induced by the oscillating charge is
exp��i�t�

P
n�jM�Vne

in� (j � integer), where [15]
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 �Vn � �!0�nZ�n!0 ��� � �!0�nZn: (10)

Here, Z is the ring’s total impedance and !0 is the ring’s
angular revolution frequency, related to the recirculation
time T0 by !0 � 2�=T0.

For bunches in a quadratic synchrotron potential af-
fected by a slow rf oscillation ���t � 1�, the line-charge
perturbation caused by voltage perturbation V��; t� �
exp��i�t�

P
n�jMVne

in� has been obtained from the
Vlasov equation by Krinsky and Wang [3,15]. The
Fourier components of the perturbation obey

 �m �
X
n�jM

X1
��1

�
T���m;n

�!0Zn

�
Vn; j � integer: (11)

The value of T���m;n (including the effect of radiation damp-
ing) is [12]

 T���m;n � �iZn

�
	e!0

2I

2�E!s
2

�Fm!0
Fn!0

�! 2��1

�
m�n��1�!0�t�

2��2

1� ��� i�
�1
L �

2=��!s�
2 ; (12)

where 
L is the radiation damping time constant and

�1
L � � is the radiation-damping rate. The momentum

compaction is 	, the magnitude of the electron charge is
e > 0, the beam energy is E, the angular synchrotron
frequency is !s, while Fm!0

� exp���m!0�t�2=2� is the
bunch form factor at the angular frequency m!0. For a
voltage perturbation that is the sum of those from a line-
charge oscillation and an rf-generator phase modulation
(Vn � �Vn ��Vn), retaining the dipole (� � 1) and
quadrupole (� � 2) terms of Eq. (11) yields
 

�m �
X
n�jM

T�1�m;n�n �
X
n�jM

T�2�m;n�n

�
T�1�m;M
�!0ZM

��VM � �V�M�

�
T�2�m;M
�!0ZM

��VM � �V�M�: (13)

Since T���m;n � �m=n���Fm!0
=Fn!0

�T���n;n , Eq. (13) implies
that

 �n � nFn!0
�A� nB� K � nL�

�for n � Mj; j � integer�;
(14)

where

 

A �
X
n

T�1�n;n�n
nFn!0

B �
X
n

T�2�n;n�n
n2Fn!0

K �
T�1�m;M

�mFm!0
!0ZM

��VM � �V�M�

�
i	eIF1

T0E�!2
s � ��� i
�1

L �
2�
��VM ��V�M�

L �
T�2�m;M

�m2Fm!0
!0ZM

��VM � �V�M�

�
i	eIF1M�!0�t�2

T0E�4!2
s � ��� 2i
�1

L �
2�
��VM � �V�M�:

(15)

Substituting Eq. (14) into the expressions for A and B given
by Eq. (15), we find that

 A � �A� K�
X
n

T�1�n;n � �B� L�
X
n

nT�1�n;n

B � �A� K�
X
n

�T�2�n;n=n� � �B� L�
X
n

T�2�n;n:
(16)

Solving Eq. (16) for A and B gives

 

A �
K��

P
n nT

�1�
n;n
P
n�T

�2�
n;n=n� �

P
n T
�1�
n;n�

P
n T
�2�
n;n � 1�� � L

P
n nT

�1�
n;nP

n nT
�1�
n;n
P
n�T

�2�
n;n=n� � �

P
n T
�1�
n;n � 1��

P
n T
�2�
n;n � 1�

B �
L��

P
n nT

�1�
n;n
P
n�T

�2�
n;n=n� �

P
n T
�2�
n;n�

P
n T
�1�
n;n � 1�� � K

P
n�T

�2�
n;n=n�P

n nT
�1�
n;n
P
n�T

�2�
n;n=n� � �

P
n T
�1�
n;n � 1��

P
n T
�2�
n;n � 1�

:

(17)

The line-charge perturbation ���� is related to �n�nFn!0
�A�nB�K�nL� by �n � �2���1

R
�
�� d������

exp��in��  �2���1
R
1
�1 d����� exp��in��, so that [22]

 ���� �

�������
2�
p

exp� ��
2

2�!0�t�2
�

�!0�t�
3

�
i�A� K��� �B� L�

�
1�

�2

�!0�t�
2

��
: (18)
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The general solution for the line-charge perturbation consists of the above driven oscillation at angular frequency �, plus
any solution describing unforced Robinson oscillations. When Robinson oscillations are stable, unforced Robinson
oscillations are damped transients that may be neglected.

Averaging over the electrons in a bunch gives [23]
 

���t� � �IT0�
�1
Z �

��
d������ exp��i�t�  �IT0�

�1
Z 1
�1

d������ exp��i�t� � 2�i�A� K��IT0�
�1

� exp��i�t�

�2�t� � �!0�t�2 � �IT0�
�1
Z �

��
d��2���� exp��i�t�  �IT0�

�1
Z 1
�1

d��2���� exp��i�t�

� �4��B� L��IT0�
�1 exp��i�t�:

(19)

The complex amplitude of the bunch’s phase oscillation is

 � �
2�i�A� K�

IT0
�

2�i
IT0

�
K�
P
n T
�2�
n;n � 1� � L

P
n nT

�1�
n;nP

n nT
�1�
n;n
P
n�T

�2�
n;n=n� � �

P
n T
�1�
n;n � 1��

P
n T
�2�
n;n � 1�

�
: (20)

In Eq. (20), the amplitude of the beam’s longitudinal oscillation � is measured in ring phase, which varies from �� to �
around the ring, while the rf-generator phase modulation amplitude � is measured in rf phase, which varies from�M� to
M� around the ring. Letting �rf � M� equal the amplitude of the beam oscillation measured in rf phase, we expand
Eq. (20) to obtain the transfer function from generator phase modulation to beam phase modulation
 

G0 �
�rf

�
�

iM�	eF1

T2
0E�

P
n nT

�1�
n;n
P
n�T

�2�
n;n=n� � �

P
n T
�1�
n;n � 1��

P
n T
�2�
n;n � 1��

�

�
�
P
n T
�2�
n;n � 1�

!2
s � ��� i


�1
L �

2

�
cos�1�ei�1�

cos�1e
i�1
�VT1e

�i 1 � 2IR1F1 cos�1e
i�1�

�
cos�1�e

�i�1�

cos�1e�i�1
�VT1ei 1 � 2IR1F1 cos�1e�i�1�

�

�
M�!0�t�2

P
n nT

�1�
n;n

4!s
2 � ��� 2i
L

�1�2

�
cos�1�ei�1�

cos�1ei�1
�VT1e

�i 1 � 2IR1F1 cos�1e
i�1�

�
cos�1�e

�i�1�

cos�1e�i�1
�VT1ei 1 � 2IR1F1 cos�1e�i�1�

��
: (21)

When phase feedback is utilized, the generator phase-modulation amplitude � depends upon the beam oscillation
amplitude �rf . For ideal phase feedback that suppresses Robinson-dipole oscillations, a proportion g of the bunch’s energy
error �"�t� is removed on each turn, so that the rf voltage perturbation from feedback obeys eF1�Vf�� � 0; t� � �g �"�t�.
An electron’s longitudinal coordinate � and energy error " are related by !�1

0 d�=dt � � 	"=E, so that an oscillation
with angular frequency � obeys d ���t�=dt � �i� ���t� � �!0	 �"�t�=E. Thus,

 �Vf�� � 0; t� � �
ig��E
F1e	!0

exp��i�t� � �
ig��rfE
F1e	!g

exp��i�t�: (22)

For phase feedback, �Vf�� � 0; t� equals ��VM � �V�M� exp��i�t�, where �VM and �V�M are given by evaluating
Eq. (9) with � �  f. Relating  f to �rf gives the feedback response
 

Hf �
 f
�rf

�
gE�T0

M�F1e	

�
cos�1�ei�1�

cos�1e
i�1
�VT1e

�i 1 � 2IR1F1 cos�1e
i�1� �

cos�1�e�i�1�

cos�1e
�i�1

�VT1e
i 1 � 2IR1F1 cos�1e

�i�1�

�
�1
:

(23)

Letting � �  g �  f in Eq. (21), where  f is given by Eq. (23), we solve for the transfer function from generator-noise
phase modulation to beam phase modulation Gf obtaining

R. A. BOSCH AND K. J. KLEMAN Phys. Rev. ST Accel. Beams 9, 094401 (2006)

094401-4



 Gf �
�rf

 g
�

1

G�1
0 �Hf

; (24)

where G0 and Hf are given by Eqs. (21) and (23). An analogous equation giving �2�t� in the presence of ideal phase
feedback may be obtained by substituting � �  g �  f �  g�1�HfGf� in the second equation of Eq. (19).

When there is little coupling between dipole and quadrupole Robinson modes, the dipole-mode peak is described by the
dipole-mode approximation toGf, obtained by neglecting terms in Eq. (24) whose denominator is 4!s

2 � ��� 2i
L
�1�2:

 GfD �
�i�M	eF1

ET2
0
��cos�1�ei�1�

cos�1ei�1
�VT1e�i 1 � 2IR1F1 cos�1ei�1� � cos�1�e�i�1�

cos�1e�i�1
�VT1ei 1 � 2IR1F1 cos�1e�i�1��

� ig�
T0
� �

P
n T
�1�
n;n � 1��!2

s � ��� i
�1
L �

2�
: (25)

For g=2T0 � �, the denominator of Eq. (25) is approxi-
mately

 �

�X
n

T̂�1�n;n � 1
��
!s

2 �

�
�� i
L

�1 � i
g

2T0

�
2
�
; (26)

where T̂�1�n;n is obtained by substituting 
�1
L � g=�2T0� for


�1
L in T�1�n;n. Acting on the dipole mode, the feedback is

equivalent to an increase in the radiation-damping rate by
g=�2T0�. Thus, the feedback damps the dipole mode with
time constant

 
f � 2T0=g: (27)

III. COMPARISON WITH EXPERIMENT

To compare the calculated transfer function Gf with
experiment, the longitudinal phase transfer function in
the Aladdin 800-MeV electron storage ring was measured

while operating in the standard low-emittance lattice [9].
Ring parameters are shown in Table I.

A Stanford Research Systems Model SR780 2-channel
network signal analyzer was used to measure the longitu-
dinal transfer function for frequencies of 500–6000 Hz.
The analyzer’s source signal was input to a phase modu-
lator circuit, in which the signal passes through two high-
pass filters with cutoff frequency of 150 Hz and one low-
pass filter with cutoff frequency of 8200 Hz. The beam
phase response was measured with a phase detector circuit
where one input is the master oscillator signal; the other
input is the sum of the voltages induced by the beam upon
two 0.45-m striplines, bandpass filtered at the rf frequency.
The beam response signal was input to the analyzer, which
computes the amplitude and phase of the longitudinal
beam transfer function versus frequency. For each mea-
surement, we exponentially averaged 200 spectra using the
fast Fourier transform method. Changing the signal voltage
by a factor of 4 did not affect the results. To correct for the
two high-pass filters and the one low-pass filter, the ex-
perimental transfer function at angular frequency �

TABLE I. Parameters for the Aladdin low-emittance LF15 lattice. The shunt impedance value equals the resistance of the equivalent
parallel RLC circuit, and is equal to one-half of the linac definition of shunt impedance.

Parameter Symbol Aladdin low-emittance lattice

Ring energy E 800 MeV
Natural relative energy spread �E nat=E 4:8� 10�4

Synchronous voltage Vs 17.4 kV
Recirculation time T0 2:96� 10�7 s
Number of bunches M 15
Fundamental cavity shunt impedance R1

� (unloaded) 0:5 M�
Fundamental cavity quality factor Q1

� (unloaded) 8000
Fundamental cavity coupling coefficient �1 11
Harmonic-cavity harmonic number � 4
Harmonic-cavity shunt impedance R2

� (unloaded) 1:24 M�
Harmonic-cavity quality factor Q2

� (unloaded) 20 250
Harmonic-cavity coupling coefficient �2 1.5
Fundamental cavity maximum voltage VT1 50 kV
Fundamental cavity loadangle �v1 0 degrees
Momentum compaction 	 0.0054
Radiation-damping time constant 
L 13.5 ms
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was multiplied by ���i�� 2� � 150�=��i���2���i��
2� � 8200�=�2� � 8200��. No additional frequency limita-
tions from the rf system are expected.

To vary the contribution of the coupled-quadrupole
Robinson mode to the transfer function, we ‘‘tune in’’ the
harmonic cavity; i.e., we decrease its resonant frequency,
which slightly exceeds the fourth harmonic of the
50.582 MHz rf frequency. This increases the harmonic
cavity voltage, decreases the synchrotron frequency, and
increases the bunchlength. Tuning in the cavity so that the
synchrotron frequency is zero is referred to as ‘‘optimal
bunchlengthening’’ with an ‘‘optimal’’ harmonic-cavity
voltage and a ‘‘flattop’’ bunch shape. If the harmonic
cavity is tuned in further, the result is ‘‘double-hump’’
bunches (with two density peaks) confined in a synchrotron
potential with two minima [12,18]. For low harmonic-
cavity voltages, parasitic coupled-bunch instabilities are
driven by higher-order modes in the rf cavities. When the
harmonic-cavity voltage exceeds �70% of its optimal
voltage, nonquadratic contributions to the synchrotron po-
tential provide Landau damping that suppresses the
coupled-bunch instabilities [5].

As the harmonic cavity is tuned in, the coupled
quadrupole-mode frequency decreases, while the coupled
dipole Robinson mode frequency remains nearly constant
at 2.9 kHz. [According to Eqs. (9) and (41) of Ref. [16],
tuning in a harmonic cavity has little effect upon the
dipole-mode Robinson frequency when the dipole-mode
angular frequency is� !2=2Q2, where !2 and Q2 are the
resonant angular frequency and quality factor of the har-
monic cavity.] When the harmonic-cavity voltage reaches
85% of its optimal value, the coupled quadrupole fre-
quency equals the coupled dipole frequency, resulting in
a fast mode-coupling instability [5,6]. This instability pre-
vents stable operation with optimally lengthened bunches.
When the harmonic-cavity voltage equals 110%–130% of
its optimal voltage, the double-hump bunches are stable;
the coupled quadrupole frequency increases with
harmonic-cavity voltage in this regime. Standard ring op-
eration employs stable double-hump bunches with
harmonic-cavity voltage equaling 120% of the optimal
voltage. To reduce noise in our infrared beam line, dipole
Robinson oscillations are suppressed with phase feedback
[6,9,12,13].

When a harmonic cavity stretches the bunch, the com-
puted transfer function Gf given by Eq. (24) applies to
stable bunches, provided that the synchrotron potential is
approximately quadratic. We have previously found that
Robinson oscillations of highly stretched bunches in non-
quadratic synchrotron potentials with a single minimum
may also be approximately modeled if the calculated rigid-
dipole oscillation frequency !R is substituted for the syn-
chrotron frequency!s in T���m;n [5]. Since!R equals!s for a
quadratic synchrotron potential, this substitution has no
effect for bunches in a quadratic synchrotron potential

and negligible effect for bunches that are not highly
stretched. While this substitution approximates the coher-
ent frequencies of Robinson modes in a highly stretched
bunch within �10%, it does not model the Landau damp-
ing from the nonquadratic potential. To describe our ex-
perimental results, we calculate the transfer functions G0

and Gf by using formulas in Appendix A to evaluate
Eqs. (21) and (24) with !R substituted for !s.

A. Robinson-stable bunches in synchrotron potentials
with a single minimum

Figure 1(a) shows the amplitude of the phase transfer
function for a ring current of 166 mA and a low harmonic-
cavity voltage equaling 22% of its optimal voltage. The
beam undergoes parasitic coupled-bunch instabilities
while Robinson modes are stable. Measured transfer func-
tion amplitudes are shown for ring operation without and
with Robinson-dipole feedback, which suppresses the
phase noise peak at 2.9 kHz by 20 dB.
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FIG. 1. (Color) Operation with passive harmonic-cavity voltage
equaling 22% of that required for optimal bunch lengthening.
Black curves: phase feedback off. Red curves: phase feedback
on. (a) Experimental measurement of the transfer function
amplitude. (b) Transfer function amplitude calculated with the
beam energy spread equaling its natural value. (c) Transfer
function amplitude calculated with the beam energy spread
equaling 3 times its natural value.
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Using a computer code that models a harmonic cavity
[5], we computed the harmonic-cavity tuning angle (�2 �
�89:1�), synchronous phase ( 1 � 69:6�), bunchlength
(�t � 158 ps), and bunch form factors in the two rf cav-
ities (F1 � 0:999, F2 � 0:980). We also computed the
tuning angle of the fundamental cavity (�1 � 14:5�),
which is operated in the ‘‘compensated condition’’ with
generator current in phase with the cavity voltage [19].
With these computed values, we evaluate the transfer
function Gf. We model our Robinson-dipole feedback
with a damping time constant 
f � 2T0=g of 0.5 ms, which
reduces the peak value of jGfj by a factor of 10, in
agreement with the experimental 20-dB reduction in the
transfer function amplitude. This value of 
f is consistent
with simulations that suggest 0:3 ms � 
f � 0:5 ms
[6,12,13]. The calculated transfer function amplitude
jGfj is displayed in Fig. 1(b) as a function of frequency
�=2�. Peaks are seen at the coupled dipole and quadru-
pole Robinson mode frequencies.

The reasonable agreement between Figs. 1(a) and 1(b)
confirms the applicability of the calculated transfer func-
tion Gf. However, the calculated peak at the coupled
quadrupole frequency is much smaller than the measured
peak.

Since parasitic coupled-bunch instabilities are not sup-
pressed with a low harmonic-cavity voltage, the beam’s
energy spread exceeds its natural value. In simulations of a
typical higher-order mode, the energy spread is increased
by a factor of 2– 4 when the harmonic-cavity voltage is
much less than optimal [24]. To include this effect, we
recalculated the transfer functions for energy spread equal-
ing 3 times the natural value. The increased energy spread
causes a longer bunchlength, resulting in a larger peak at
the coupled quadrupole frequency. The recalculated trans-
fer function amplitudes, shown in Fig. 1(c), are in better
agreement with the measurements.

Figure 2(a) displays the measured transfer function
phase shift in the usual convention where a negative phase
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FIG. 2. (Color) Operation with passive harmonic-cavity voltage
equaling 22% of that required for optimal bunch lengthening.
Black curves: phase feedback off. Red curves: phase feedback
on. (a) Experimental measurement of the transfer function phase
shift. (b) Phase shift calculated with the beam energy spread
equaling its natural value. (c) Phase shift calculated with the
beam energy spread equaling 3 times its natural value.
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FIG. 3. (Color) Operation with passive harmonic-cavity voltage
equaling 41% of that required for optimal bunch lengthening.
Black curves: phase feedback off. Red curves: phase feedback
on. (a) Experimental measurement of the transfer function
amplitude. (b) Transfer function amplitude calculated with the
beam energy spread equaling its natural value. (c) Transfer
function amplitude calculated with the beam energy spread
equaling 3 times its natural value.
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describes a phase lag of the beam response. Since we have
considered an excitation of the form exp��i�t�, the phase
shift is the opposite of the phase of our transfer function.
For comparison, the calculated phase shift is shown in
Fig. 2(b), while Fig. 2(c) shows the recalculated phase
shift for energy spread equaling 3 times its natural value.

The amplitude and phase shift calculations are both
consistent with the ring’s energy spread exceeding its
natural value as a result of parasitic coupled-bunch
instability.

Figures 3(a) and 3(b) show measured and calculated
transfer function amplitude with a larger harmonic-cavity
voltage equaling 41% of its optimal voltage, for a ring
current of 176 mA. Again, the beam undergoes parasitic
coupled-bunch instabilities while Robinson modes are sta-
ble. The coupled-quadrupole peak is observed at lower
frequency than in Fig. 1. To model the energy spread
caused by the parasitic coupled-bunch instabilities, we
recalculated the transfer functions for energy spread equal-
ing 3 times the natural value. The recalculated transfer

function amplitudes, shown in Fig. 3(c), are in good agree-
ment with the measurements.

Figure 4 shows the measured and calculated phase shifts
for harmonic-cavity voltage equaling 41% of its optimal
value. The amplitude and phase shift calculations are both
consistent with the ring’s energy spread equaling about 3
times its natural value as a result of parasitic coupled-
bunch instability.

Figure 5(a) shows the measured transfer function ampli-
tude with a harmonic-cavity voltage equaling 74% of its
optimal voltage, for a ring current of 178 mA. Robinson
modes and parasitic coupled-bunch modes are stable, so
that the beam’s energy spread is expected to equal its
natural value. Since the coupled quadrupole frequency is
only 20% higher than that of the coupled dipole mode,
dipole-quadrupole-mode coupling has a large effect upon
the transfer function. The feedback suppresses the coupled-
dipole peak with little effect upon the peak at the coupled
quadrupole frequency. With feedback, the transfer function
has largest amplitude at the coupled-quadrupole frequency.
The calculated transfer function amplitude, shown in
Fig. 5(b), agrees with the measured amplitude.

Figure 6 shows the measured and calculated phase shifts
for harmonic-cavity voltage equaling 74% of the optimal
voltage. The measurements are again in agreement with the
analytic modeling.

For Robinson-stable bunches in synchrotron potentials
with a single minimum, the beam phase noise was mea-
sured while operating with an rf generator whose phase
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FIG. 4. (Color) Operation with passive harmonic-cavity voltage
equaling 41% of that required for optimal bunch lengthening.
Black curves: phase feedback off. Red curves: phase feedback
on. (a) Experimental measurement of the transfer function phase
shift. (b) Phase shift calculated with the beam energy spread
equaling its natural value. (c) Phase shift calculated with the
beam energy spread equaling 3 times its natural value.
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FIG. 5. (Color) Operation with passive harmonic-cavity voltage
equaling 74% of that required for optimal bunch lengthening.
Black curves: phase feedback off. Red curves: phase feedback
on. (a) Experimental measurement of the transfer function
amplitude. (b) Transfer function amplitude calculated with the
beam energy spread equaling its natural value.
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noise is approximately white noise between 500 Hz and
6 kHz. As expected, the spectra of measured phase noise
are similar to the amplitudes of the measured transfer
functions.

B. Robinson-unstable and double-hump bunches

Robinson-unstable and double-hump bunches do not
satisfy the assumptions of our analytic model, which de-
scribes Robinson-stable bunches in an approximately qua-
dratic synchrotron potential. Consequently, the measured
transfer function may not agree with our calculated transfer
function.

At ring current of 182 mA, optimally lengthened
bunches are destabilized by the fast mode-coupling
Robinson instability, which results in a beam oscillation
at 2.9 kHz. Measurements of beam dimensions and results
of simulations suggest that the energy spread exceeds the
natural value by about 40% without phase feedback and
0%–5% with phase feedback. Figure 7(a) shows the mea-
sured transfer function amplitudes with and without phase
feedback. The narrow peak corresponding to coupled
quadrupole motion is not suppressed by the feedback.

The calculated transfer function amplitudes are shown in
Fig. 7(b). As in the measurements, the narrow peak corre-
sponding to coupled quadrupole motion is not suppressed
by the feedback. In the calculations, the frequency of the
narrow peak is lower than that of the dipole peak, differing
from the measurements. This discrepancy may result from
the presence of fast mode-coupling Robinson instability,
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FIG. 6. (Color) Operation with passive harmonic-cavity voltage
equaling 74% of that required for optimal bunch lengthening.
Black curves: phase feedback off. Red curves: phase feedback
on. (a) Experimental measurement of the transfer function phase
shift. (b) Phase shift calculated with the beam energy spread
equaling its natural value.
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FIG. 7. (Color) Operation with optimal bunch lengthening,
where a fast mode-coupling Robinson instability increases the
beam’s phase noise and energy spread. Black curves: phase
feedback off. Red curves: phase feedback on. (a) Experimental
measurement of the transfer function amplitude. (b) Transfer
function amplitude calculated with the beam energy spread
equaling its natural value.
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FIG. 8. (Color) Operation with optimal bunch lengthening,
where a fast mode-coupling Robinson instability increases the
beam’s phase noise and energy spread. Black curves: phase
feedback off. Red curves: phase feedback on. (a) Experimental
measurement of the transfer function phase shift. (b) Phase shift
calculated with the beam energy spread equaling its natural
value.
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inaccuracy in the parameters used for modeling, and/or
inaccuracy in applying the analytical model to optimally
lengthened bunches.

Figure 8 shows the measured and calculated phase shifts
for unstable optimally lengthened bunches. Approximate
agreement is obtained.

For unstable optimally lengthened bunches, the phase
noise spectrum was measured while operating with an rf
generator whose phase noise is approximately white noise
between 500 Hz and 6 kHz. In the spectra of beam phase
noise, the peak at 2.9 kHz is about 10 dB higher than that of
the measured transfer function. This suggests that the beam
phase oscillations include unstable Robinson oscillations
in addition to driven Robinson oscillations from the rf
generator noise.

Figure 9 shows measured and calculated transfer func-
tion amplitudes for stable double-hump bunches with
harmonic-cavity voltage equaling 119% of the optimal
value, at a ring current of 191 mA. The measurements
and calculations differ for frequencies near the coupled
quadrupole-mode frequency, where the measurements
show a much broader peak. The discrepancy in the
quadrupole-peak width may result from the neglect of
Landau damping in the calculations.

Figure 10 shows the measured and calculated phase
shifts for double-hump bunches when the harmonic-cavity
voltage is 119% of the optimal voltage. Again, the mea-

surements show a much broader feature at the coupled
quadrupole frequency.

For double-hump bunches, the beam phase noise was
measured while operating with an rf generator whose phase
noise is approximately white noise between 500 Hz and
6 kHz. As expected, the spectrum of measured phase noise
is similar to the amplitude of the measured transfer
function.

For double-hump bunches, the synchrotron potential
well has two minima, strongly violating our assumption
of an approximately quadratic synchrotron potential well.
Nonetheless, the analytic model gives good predictions of
the frequencies of the coupled dipole and quadrupole-
mode peaks, as well as the dipole peak width.

For Robinson-unstable and double-hump bunches, mac-
roparticle simulations more accurately model the beam
noise and its suppression by feedback [6,12,13].

IV. SUMMARY

In an electron storage ring, the rf generator phase noise
drives longitudinal beam oscillations. In this article, we
include the coupled dipole and quadrupole Robinson
modes when calculating the driven beam motion in a
quadratic synchrotron potential. We obtain the transfer
function from generator-noise phase modulation to beam
phase modulation. Because of mode coupling, two peaks
occur in the transfer function and in the spectrum of the
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FIG. 9. (Color) Operation with passive harmonic-cavity voltage
equaling 119% of that required for optimal bunch lengthening.
In this case, a double-hump bunch is confined in a synchrotron
potential with two minima. Black curves: phase feedback off.
Red curves: phase feedback on. (a) Experimental measurement
of the transfer function amplitude. (b) Transfer function ampli-
tude calculated with the beam energy spread equaling its natural
value.
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FIG. 10. (Color) Operation with passive harmonic-cavity volt-
age equaling 119% of that required for optimal bunch length-
ening. In this case, a double-hump bunch is confined in a
synchrotron potential with two minima. Black curves: phase
feedback off. Red curves: phase feedback on. (a) Experimental
measurement of the transfer function phase shift. (b) Phase shift
calculated with the beam energy spread equaling its natural
value.
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beam’s longitudinal phase noise—a large peak at the
coupled dipole mode resonant frequency and a smaller
peak at the coupled quadrupole-mode resonant frequency.

For Robinson-stable bunches in a synchrotron potential
with a single minimum, comparison with experiment con-
firms the validity of our analytic formula for the transfer
function. The modification of the transfer function by
dipole-quadrupole-mode coupling and feedback is well
described. The calculated transfer function is useful in
evaluating the phase feedback that is required for quiet
operation of the Aladdin infrared beam line.
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APPENDIX A: rf SYSTEM WITH PASSIVE
HARMONIC CAVITY

Consider an rf system with a fundamental cavity whose
resonant frequency is close to the rf-generator angular
frequency!g, and passive harmonic cavity whose resonant

frequency is close to �!g, where the integer � is the
harmonic number of the passive cavity. Let R1, Q1, !1,
and F1 denote the resonant impedance, quality factor,
resonant angular frequency, and bunch form factor of the
fundamental rf cavity, while R2, Q2, !2, and F2 describe
the harmonic cavity. The values R1 and Q1 describe the
effective impedance of the loaded fundamental cavity,
equaling 1=�1� �1� times the unloaded values, where
�1 is the rf coupling coefficient of the fundamental cavity.
Similarly, R2 and Q2 describe the loaded harmonic cavity,
equaling 1=�1� �2� times the unloaded values, where �2

is the harmonic cavity’s rf coupling coefficient.
Our definitions of the rf cavities’ tuning angles are

tan�1 � 2Q1�!g �!1�=!1 and tan�2 � 2Q2��!g �

!2�=!2. For angular oscillation frequency �, we define
sideband tuning angles �1	 and �2	 by tan�1	 �

2Q1�!g 	��!1�=!1 and tan�2	 � 2Q2��!g 	��
!2�=!2. To evaluate Eqs. (21)–(26) with the rigid-dipole
oscillation frequency !R substituted for !s, we use the
following relations to describe the dominant modes of the
rf cavities [5]. A ring without a harmonic cavity is de-
scribed by R2 � 0.

 !R
2 �

	e!g

ETo
�F1VT1 sin 1 � �IF2

2R2 sin2�2� (A1)
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