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We present detailed calculations of RMS-envelope matching over a broad range of beam intensities for
the University of Maryland Electron Ring (UMER). Containment of beams from zero current to extreme
space charge, all without changing the strength of external focusing in the periodic lattice, is possible
thanks to the high density of quadrupoles in UMER. In turn, the small-aspect ratio of the UMER magnets
results in gradient or field profiles that are ‘‘all edges,’’ thus requiring special treatment when constructing
accurate hard-edge models. Further, the results of matching calculations, for both symmetric and
asymmetric FODO (alternating gradient) schemes, are compared with calculations from simple general
expressions valid in the uniform-focusing approximation of the periodic lattice. Finally, some aspects of
the source-to-FODO matching calculation/optimization problem are discussed, together with sensitivity
studies of the matching solutions under realistic conditions. The examples from the UMER project, which
include experimental results, emphasize the practical aspects of beam envelope matching.
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I. INTRODUCTION

Envelope matching, or betatron-function matching, of a
beam into a periodic focusing lattice is a problem that must
be solved early in the development of many particle accel-
erators. The matched beam ‘‘state’’ corresponds to a steady
macroscopic situation whereby the effective beam sizes in
the two transverse directions vary periodically and with
constant average values along the periodic focusing lattice.
The situation is similar to a tuned laser cavity, where the
optics of the back-and-forth reflections of the radiation
between cavity mirrors is equivalent to an infinite periodic
focusing system. In the case of beams, matching may or
may not be accompanied by a true ‘‘equilibrium’’ state in a
thermal sense. However, since this is an issue outside the
scope of the paper, it is sufficient to say that a matched
beam is a desired condition that must be met as close as
possible in order to minimize particle losses, emittance
growth, and halo formation [1,2]. A different kind of
matching, dispersion matching, which relates to the spread
in linear momentum in the beam particles, will not be
discussed here.

A general discussion of betatron (and dispersion) match-
ing with variable-geometry schemes can be found in [3];
the treatment is based on thin lenses and zero space charge
and provides analytical results for quadrupole doublets,
triplets, and others. A brief discussion of betatron (and
dispersion) function matching specially applicable to col-
lider storage rings appears in [4,5]. Special lattice geome-

tries such as low-beta and Collins insertions are described
in the latter references. A more general account of beam
transport including space charge, lens modeling, and en-
velope matching appears in a recent paper by Lund and
Bukh [6]. Another review of beam envelope simulation can
be found in a Los Alamos unpublished report [7].
Furthermore, specific examples of envelope matching are
described in a number of conference papers (e.g., [8,9])
and numerous internal reports from labs and institutions
around the world. In this paper, we bring together all key
aspects of envelope matching within a linear model that
includes space charge and apply them to the University of
Maryland Electron Ring (UMER) [10].

We present results of RMS envelope matching of space-
charge dominated as well as emittance-dominated beams,
using the same matching geometry and without changing
the strength of external focusing in the periodic lattice. We
show that containment of beams over such a broad range of
intensities is possible thanks to the high density of quadru-
poles in UMER, a feature not to be found in any other
circular machine. (Previous work, published by some of us,
related to matching of a space-charge dominated electron
beam in a prototype experiment [11].) Further, we revisit
the basic characterization of the short UMER magnets and
show how proper modeling is important for envelope
matching in special cases. The calculations and experi-
ments presented relate in most cases to UMER, but the
methods used to characterize the magnets and to approach
RMS envelope matching design and calculations have
general applicability.

We review in the next section the RMS envelope equa-
tions which are the basis for most matching calculations.
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Models for the gradient profile of the short UMER quad-
rupole and for the field profile of a short solenoid are
presented in Sec. III. In Sec. IV, we discuss the envelope
solution in a unit FODO [Focusing(F)-Drift(O)-
Defocusing(D)-Drift(O)] cell, for both symmetric and
asymmetric focusing. Section V contains general consid-
erations for designing a matching section, including spe-
cific examples from UMER. In Sec. VI, we investigate the
sensitivity of the matching solutions via Monte Carlo
calculations. The last section is devoted to summary and
conclusions. Finally, the specifics of the envelope code
SPOT are presented in an appendix.

II. MODEL BEAM AND RMS ENVELOPE
EQUATIONS

The charged-particle beam implicit throughout the paper
is continuous and perfectly centered in the transport pipe.
Furthermore, no change in beam energy, either intrinsic or
from acceleration stages, is assumed. The beam is brought
to a ‘‘matched’’ state in a periodic focusing lattice, after
traversing a relatively short matching/injection section.
The beam particle distribution undergoes an evolution
from the source through the matching section, but we are
not concerned with the details of such evolution. For any
beam distribution having elliptical symmetry, an equiva-
lent Kapchinskij-Vladimirskij (or K-V) distribution
[12,13] can be defined, and (coupled) envelope equations
derived for the effective 2RMS beam dimensions in the
transverse directions, X�s� and Y�s� [1]:

 X00�s� � �x�s�X�s� �
2K

X�s� � Y�s�
�

"2
x

X3�s�
� 0;

Y00�s� � �y�s�Y�s� �
2K

X�s� � Y�s�
�

"2
y

Y3�s�
� 0;

(1)

where primes denote derivatives with respect to the axial
coordinate s. Further, K � 2�I=I0��1=�

3�3� is the gener-
alized beam perveance, I0 � 17 kA, approximately, for
electrons, � � v=c, � � �1� �2��1=2 (c is the speed of
light, and v is the particle’s velocity), and �x;y are the
4RMS unnormalized emittances, sometimes called
‘‘edge’’ emittances. The latter quantities are assumed con-
stant in all calculations. The lattice focusing functions
�x;y�s� in Eq. (1) are explicitly defined below.

Two important parameters that characterize the solu-
tions of Eqs. (1) with and without space charge are the
phase advances of single-particle motion in one lattice
period, or � and �0:

 �x � "x
Z

period

ds

X2�s�
; �0x � "x

Z
period

ds

X2
0�s�

; (2)

and similarly for the y-plane. Above, X0 is the envelope
solution without space charge. The ratios �x;y=�0x;y define
the tune depressions in the x; y-planes, key parameters in

the description of space-charge dominated beam transport
[1,2].

The envelope equations, Eqs. (1), are based on the
motion of paraxial particles under the action of linear fields
from external focusing and the linear self-fields of the
equivalent K-V distribution. We emphasize that the K-V
distribution is just a useful mathematical construct and that
no amount of beam manipulation at or near the source will
result in a close realization of such an ideal distribution.
Collimating apertures can certainly yield a nearly uniform
particle-density distribution, but simple, similar control of
the velocity flow profile is not possible. Even if the latter
were possible to a high degree, thermal effects would
always remain. Thus, solutions of the envelope equations
that disregard the emittance term are necessarily unreal-
istic, even in the limit of extreme space-charge dominated
transport.

A simplification useful for zero-order design calcula-
tions is provided by the uniform-focusing, or smooth ap-
proximation [1], which we will employ in Sec. IV. The
approximation can be fully justified mathematically and its
applicability studied for a few cases of idealized focusing
functions [14]. Further, precise solutions of the envelope
equations have been developed employing special power
expansions [15].

III. UMER MAGNETS

Figure 1 shows the schematics of the matching/injection
section in UMER employed for DC injection experiments,
i.e., for beam transport over one turn only. The section
consists of a short solenoid and six printed-circuit (PC)
quadrupoles distributed over a length of 1.4 m, approxi-
mately. Although the PC quadrupoles have been exten-
sively characterized [16], we present additional calcu-
lations in this section, together with a new treatment of
the short solenoid. The methods are especially relevant to
small-aspect ratio elements, but show the importance of
properly modeling of lenses for matching calculations.

A. Printed-circuit quadrupoles

The on-axis gradient profile of the short, air-core mag-
netic UMER quadrupoles is shown in Fig. 2. It is obtained

FIG. 1. (Color) Matching/injection section and first ring diag-
nostics chambers (RC) in UMER. All focusing/bending ele-
ments, including the injection dipole (D0) and quadrupoles,
were DC operated at this stage of UMER.
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with the help of a magnetics code developed by one of us
(Li). The profile can be approximated with the following
function [17]:

 g�s� � g0 exp��s2=d2�; (3)

where g0 � 4:14 G=cm A is the on-axis peak gradient per
amp, and d � 2:05 cm. The function is also shown in
Fig. 2(a).

Traditionally, the effective length of a magnet is calcu-
lated from the equation

 l �
1

g0

Z 1
�1

g�s�ds; (4)

where g�s� is the on-axis field gradient, and g0 is the peak

value. The field gradient is related to �x;y�s� of Eqs. (1) by

 �x�s� �
q
p0
g�s�; �y�s� �

�q
p0

g�s�; (5)

where q and p0 are the particle’s charge and (design) linear
momentum, respectively. For electrons, a positive g�s�
yields a defocusing effect on the horizontal, x-plane.

As an alternative to Eq. (3), it is possible to model the
smooth-gradient profile using a fringe field function that,
although originally derived for permanent magnet quadru-
poles (PMQ) [18], can be adapted to any focusing element.
The function is defined by

 F�s� �
1
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8

�
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�
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�

�
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2
2�f

2
1 � f1f2 � f

2
2 � 4� 8�f1f2�

�1�

f1 � f2

��
;

(6)

where

 f1;2�s� �
�

1�
�
s
r1;2

�
2
�
�1=2

; (7)

and r1, r2 are the inner and outer radius, respectively, of the
real or hypothetical PMQ. The complete profile is con-
structed by adding two functions F�s� with an overlap
distance lp:

 P�s� � F
�
s�

lp
2

�
� F

�
s�

lp
2

�
; (8)

so the final PMQ-equivalent gradient profile is given by

 gpmq�s� � g0
P�s�
P�0�

: (9)

A good analytical fit to any measured or calculated
gradient profile can be obtained by adjusting r1, r2, and
lp. In this way, PMQ elements can be defined, for example,
in the popular code TRACE 3D [19,20] by specifying r1, r2

and an effective length (not lp). In addition, a ‘‘fringe field
extension factor’’ is used in TRACE (default � 2:5r1) to put
a limit to calculations on the gradient wings. For the
second-generation air-core UMER quadrupoles, we have
r1 � 13 mm, r2 � 47 mm, lp � 3:062 cm, and a field
extension factor 10r1 � 13 cm. With these values, the
profiles g�s� [Eq. (3)] and gpmq [Eq. (9)] have the same
effective length, l, as defined in Eq. (4). Figure 2(b) shows
the PMQ-equivalent gradient profile together with the
profile from the magnetics code.

Although smooth-gradient profiles are more realistic, it
is normal practice to model the quadrupoles as hard-edge
elements, i.e., as constant focusing/defocusing lenses with
gradient�g0 and length l. These choices are in most cases
acceptable when the effect of the gradient wings is small,
as with long quadrupoles having a recognizable flat top
gradient (e.g., the electrostatic quadrupole described in

FIG. 2. (Color) On-axis gradient (per Amp) profile of UMER
air-core, printed-circuit quadrupole (2nd generation): (a) calcu-
lated, analytical, and hard-edge (HE) profiles, and (b) calculated,
PMQ-equivalent gradient, and hard-edge (HE) profiles.
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[6]). Although the model can be applied even to short (‘‘all
edges’’) quadrupoles like UMER’s (see Fig. 2), the short-
comings of the model become apparent, e.g., when doing
envelope-matching calculations. Therefore, a more accu-
rate definition of effective length is needed. In this regard,
it should be noted that there is no a priori reason for
choosing the pair �l; g0�; for example, the same thin-lens
focal length �j�0x;yjl�

�1 is obtained with an infinite number
of combinations of effective lengths greater than l, as
defined in Eq. (4), and corresponding hardtop values
smaller than g0. Intuitively, it is clear that the true equiva-
lent hard-edge model must lie between the ‘‘standard’’
model, defined by the pair �l; g0�, and one that extends
farther out into the edges and has a smaller hardtop
strength.

Reference [6] discusses different ways to model a
smooth-profile quadrupole gradient. We choose a proce-
dure, apparently not universally known or practiced, based
on replacing the smooth-profile gradient by a number of
thin hard-edge ‘‘subquadrupoles,’’ and finding, through
matrix multiplication, an equivalent hard-edge quadrupole.
From the theory, described in detail in Refs. [21,22], ef-
fective lengths are found for the focusing and defocusing
planes:

 lf � �
�f sin�f
F21

; ld �
�d sinh��d�

D21
; (10)

where F21, D21 are matrix elements corresponding to the
focusing and defocusing real quadrupole (2� 2) matrices,
respectively, i.e., the matrices resulting from multiplying
out all the submatrices of the model. Further, the quantities
�f, �d are the roots (nearest to zero) of the following
transcendental equations:

 

cos�f �
1
2�f sin�f � F11 �

1
2LF21 � 0;

cosh��d� �
1
2�d sinh��d� �D11 �

1
2LD21 � 0:

(11)

L, above, is the extent of the gradient profile that is
modeled via thin quadrupole ‘‘slices.’’ The real quadrupole
is then replaced with a hard-edge lens having and effective
length leff � �lf � ld�=2, nearly independent of quadru-
pole strength, and drift elements on either side with a
length � � �L� leff�=2.

The effective hardtop strengths �f;d � �2
f;d=lf;d, on the

other hand, are almost perfectly linear with the peak
strength of the real quadrupole, �q0. Their average value,
��f � �d�=2, is taken as the effective strength, �qe (the two
strengths differ by <2% from the average value for the
range of operating conditions of the UMER quadrupoles).
Figure 3 shows the results of our analysis for the second-
generation UMER PC quadrupole. We used 23 submatrices
each representing 0.5 cm-thin hard-edge quadrupoles. With
this choice, L � 11:5 cm, so the gradient profile wings are
covered sufficiently since g�L=2�=g�0� � 0:04%. We find

 lqe � 5:043 cm; �qe�m
�2� � 0:720 55 � �q0�m

�2�;

(12)

the second equality from a linear fit. Figures 2(a) and 2(b)
show the two hard-edge models based on Eqs. (4) and (10).

B. Short solenoid

The on-axis, z-component of the B-field of the short
solenoid employed in the matching section in UMER
(Fig. 1) is modeled through the following function devel-
oped by one of us (Kishek):

 Bz�r � o; s� � B0 exp
�
�s2

d2

��
sech

�
s
b

�
� c0sinh2

�
s
b

��
;

(13)

FIG. 3. (Color) Characterization of effective hard-edge model of
(2nd generation) UMER magnetic quadrupole: (a) effective
lengths in the focusing and defocusing planes and average values
as a function of quadrupole current, and (b) effective average
strength as a function of quadrupole current [see Eq. (12)].
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where B0 is the field at the middle plane of the solenoid,
and d � 4:81 cm, b � 3:43 cm, c0 � 0:017 (dimension-
less) are fit constants. Equation (13) is an improvement
over the simpler representation [23], Bz�0; s� �
B0 exp��s2=d2

o�	1� �s2=b2
o�

�1 (do � 5:65 cm, bo �

4:16 cm). Figure 4(a) illustrates the profile given by
Eq. (13) together with Bz�s� (measured) per Amp.

By an analysis similar to the one given for the quadru-
pole [24], we arrive at an equivalent hard-edge model for
the solenoid where the effective length is given by

 lse � 6:5708 cm� 0:000 29 � �s0�m�2�; (14)

as a function of peak strength, �s0, of the real profile. The
corresponding effective hardtop strength is

 �se � 0:694 48 � �s0�m
�2�: (15)

Figure 4(b) illustrates the standard and new hard-edge
models relative to the normalized field profile squared. For
reference, the strength profile of the solenoid is given by

 �s�s� �
!2
L�s�

�2c2 ; (16)

where !L � �q=2me��Bz�s� is the local Larmor fre-
quency, and Bz�s� is given by Eq. (13).

Unlike the case with the short quadrupole, care must be
taken when computing with the new hard-edge for the
solenoid because of the dependence of lse on the actual
peak strength �s0.

IV. PERIODIC FODO MATCHING

A. Symmetric FODO

The simplest unit FODO cell consists of two quadru-
poles of the same strength but opposite gradient polarities,
separated by drifts. The total length of the unit cell is the
full-lattice period S; the filling ratio is defined as � �
lqe=	�S=2� � lqe
, where lqe � 5:043 cm, as calculated
above.

We are interested in calculating the quadrupole strengths
that are required for a specified zero-current phase advance
(per period) �0. The simplest calculation employs thin
quadrupoles with focal lengths f � ��1=�qelqe�. We ob-
tain, after straightforward matrix multiplication [25],

 j�qej � 4
sin��0=2�

Slqe
: (17)

The latter equation yields peak quadrupole strengths that
are correct within a few percent. However, more accurate
and general results can be derived using matrices that
include trajectory changes inside the quadrupoles as well
as different zero-current phase advances in the two trans-
verse planes. For given zero-current phase advances �0x
and �0y, and filling ratio, the following coupled equations
are solved simultaneously for �X �

����������qex
p lqe, and �Y �����������qey

p lqe:

 

cos��0x� � cosh��Y�
�

cos��X� �
1

�
�X sin��X�

�
� sinh��Y� sin��X�

�
1

2

�
�Y
�X
�
�X
�Y

�
�

1

2�2 �X�Y �
1

�
�Y cot��X�

�
; (18a)

cos��0y� � cos��Y�
�

cosh��X� �
1

�
�X sinh��X�

�
� sinh��X� sin��Y�

�
1

2

�
�X
�Y
�
�Y
�X

�
�

1

2�2 �X�Y �
1

�
�Y coth��X�

�
: (18b)

FIG. 4. (Color) Characterization of short solenoid in UMER
matching section: (a) measured and analytical fit function
[Eq. (13)] of on-axis Bz profile, and (b) normalized solenoid
strength and hard-edge models.
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These equations are straightforward generalizations of
textbook results (see, e.g., [1]). The values of �qe�x;y� yield
the required hardtop strengths of the equivalent hard-edge
quadrupoles. The actual quadrupole peak strengths �0x;y

are obtained via the second equality in Eq. (12) above,
which relates the hardtop and actual peak strengths for the
UMER 2nd generation quadrupoles. The corresponding
quadrupole currents are then obtained from Eqs. (5) and
g0 � 4:14 G=cm A.

As an example from UMER (see Table I for parameters),
we find �qe�x;y� � �165:86 m�2 for �0x � �0y � 72:92�.
The corresponding peak strength of the actual gradient
profile is, from Eq. (12), �0 � �230:2 m�2, or a quadru-
pole current equal to 1.88 A. We use the envelope code
SPOT [26] and the matrix code TRACE 3D [19,20] to find the
periodic envelope solution in one period (S � 0:32 m) of
UMER. The two codes yield virtually indistinguishable
periodic solutions when hard-edge quadrupoles are em-
ployed. This is an expected result, since the solution of
the K-V envelope equations is equivalent to the propaga-
tion of the element and beam matrices (which include
space charge) used in TRACE [7].

If the quadrupoles are modeled as PMQ, as in the matrix
code TRACE [see Eq. (9)], the envelope solutions differ
slightly from those in SPOT, which is based on the quadru-
pole gradient of Eq. (3). The resulting average beam sizes
are 1% larger in TRACE. However, the zero-current phase
advance per period, from Eqs. (2), depends slightly on the
model: �0 � 73:2�, 72:1� in SPOT and TRACE, respectively.
Thus, by ‘‘retuning’’ the PMQ strengths in TRACE by�1%,
approximately, to yield the same zero-current phase ad-
vance as in SPOT, the differences between the codes all but
disappear. Thence, for consistency, we choose to use ‘‘�0’’
in the sense of ‘‘zero-current, equivalent hard-edge quad-
rupole’’ phase advance per period, with the equivalent hard
edge obtained from the Gaussian gradient, Eq. (3) [27].

Figure 5 shows examples from UMER of RMS enve-
lopes in a FODO cell with external focusing given by�0 �
72:92�. The 100 mA, 10 keV beam is in the extreme space-
charge dominated regime, while the 0.55 mA, 10 keV beam
is emittance dominated. The quadrupoles were modeled
using Eq. (3) in the code SPOT; essentially the same enve-

lopes are obtained with the refined hard-edge models de-
scribed above. A characteristic of the periodic envelope
solution is its asymmetry about the horizontal line through
the crossing point of the X and Y envelopes. Thus, the
mean value ofX�z� or Y�z� over one period is slightly larger
than X�S=2�, or Y�S=2�, i.e., the envelope radius midway
between the FODO quadrupoles . The latter quantity is the
median of X�z�, or Y�z�, in one period [28]; its value and
the envelope slope X0�S=2�, or Y0�S=2�, are the relevant
quantities that define source-to-FODO matching parame-
ters as discussed in the next section. (Alternatively, one can
use Xmax, Ymin at the middle plane of the first FODO
quadrupole.) We will use in what follows the words ‘‘av-
erage beam radius’’ to mean X�S=2�, or Y�S=2� in a unit
FODO cell.

It is interesting to compare the results of numerical RMS
envelope matching in a unit FODO cell with simple cal-
culations. The uniform-focusing approximation, as dis-
cussed in Chapter 4 of Ref. [1], leads to an expression
for the constant beam radius of the matched beam: a �
a0�u�

��������������
1� u2
p

�1=2, where a0 � ��S=�0�
1=2, and u �

KS=2�0�. Despite this being a rigorous result, within the
approximations discussed in Ref. [1], we prefer to employ
another related expression which leads to results closer to
the quantity defined above as the average beam radius, a
measure obtained from the solution of the K-V envelope
equations. Within the uniform-focusing approximation, the

TABLE I. Beam and lattice parameters in UMER.

Beam current 0.5–100 mA
Beam energy, ��� 	=c� 10 keV, 0.2
Emittance, 4RMS, normalized 1–10 
m
FODO period, S 0.32 m
Quadrupolea smooth-profile gradient, g�s� Equation (3)
Quadrupole effective length, lqe 0.05043 m
Solenoidb smooth-profile, on-axis field, Bz�s� Equation (13)
Solenoid effective length lse— see Eq. (14) <0:0657 m

aSecond generation.
bMatching section only.

FIG. 5. (Color) Beam envelopes in a unit FODO cell in UMER
for �0 � 72:92�. Periodic-matched solutions from the envelope
code SPOT are shown for extreme space-charge dominated (top)
and emittance-dominated (bottom) electron beams (see Table I).
The focusing function is proportional to the gradient g�s� of
Eq. (3).
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beam radii in the ideal limits of zero current and zero
emittance are given by a0 � ��S=�0�

1=2, and aB �
K1=2S=�0, respectively. Thus, it is plausible to write an
approximate expression for the average beam radius (in the
sense explained above) by simply adding a0 and aB in
quadrature:

 a �
S
�0

�
�
�0

S
� K

�
1=2
; (19)

where �0 � �0x � �0y, and � � �x � �y.
For constant zero-current phase advance �0, the average

beam radius is proportional to S1=2 in the emittance-
dominated regime, and to S in the space-charge dominated
regime. Thus, a higher density of quadrupoles (larger fill-
ing ratio �) facilitates transport of higher currents.
Increasing external focusing, which would be the alterna-
tive, is not always feasible for practical or for beam-
dynamics reasons. Power constraints and/or the need to
readjust the strengths of a large number of magnets may be
impractical, and overfocusing may lead to instabilities and
other undesirable effects on the beam. (In UMER, we find
it convenient to have to adjust the strengths of only a few
magnets in the matching/injection section when changing
beam currents.) A larger number of magnets, on the other
hand, increases the amplitude of coherent beam oscilla-
tions, thus demanding tighter beam/magnet alignment.
Fortunately, this increase is slow (as the square root of
the number of magnets), and, moreover, is independent (to
first order) of RMS-envelope matching.

Table II summarizes results of average beam radii ob-
tained with the codes SPOT and TRACE via smooth-gradient
profile models, and calculations using the formula above.
(All currents tabulated correspond to UMER experiments.)
The use of equivalent hard-edge elements in either code
yields essentially the same results as the smooth-profile
model in SPOT.

The maximum and minimum beam envelope excursions
in the periodic lattice are also very important for design as
well as beam-dynamics considerations. We can combine
results from a simple matrix calculation involving thin
lenses over half the lattice period [25], and the approxima-
tion Rmax;min � a��0=S�1=2�0 max;min [1,29] (�0 is the zero-
current amplitude or betatron function), to obtain

 Rmax;min � a
�
�0

1� sin��0=2�

sin�0

�
1=2
; (20)

where a can be estimated from Eq. (19), and the � (� )
sign applies to the maximum (minimum) beam radius.
Some improvement over this result is possible if thick-
lens matrices are employed [in the same spirit as
Eqs. (18)]. However, more accurate results can be obtained
with Lee’s series-expansion approach [15] when applied to
the hard-edge FODO model. Table III summarizes results
for the same beam parameters of Table II. The calculations
with the smooth lattice based on the quadrupole gradient of
Eq. (3), on the other hand, are best performed by direct
solution of the K-V envelope equations. (The series-
expansion approach involves, unfortunately for this case,
prohibitively involved algebra.) Finally, the ratio
Rmax=Rmin varies from 1.8 (7.2, 24, and 100 mA beams)
to 1.9 (0.55 mA), approximately. Thus, the UMER lattice
provides slightly smoother focusing for highly space-
charge dominated beams; containment of these beams is
made possible with a relatively high density of quadrupoles
in the lattice.

B. Asymmetric FODO

It was assumed in all FODO matching calculations
above that both net focusing and emittance were the
same in the two transverse planes, i.e., �0x � �0y, �x �
�y. Beam transport with asymmetric focusing (�0x � �0y)

TABLE II. 2RMS average beam radius in a unit FODO cell of
UMER for 10 keV, �0 � 72:92�.a

Beam current Emittanceb SPOTc TRACE-3Dd Equation (19)
(mA) (
m) (mm) (mm) (mm)

0.55 6.0 1.4 1.4 1.4
7.2 16 3.1 3.1 3.3

24 30 5.2 5.3 5.5
85 55 9.5 9.6 9.7

100 60 10.2 10.4 10.5

aZero-current phase advance in hard-edge FODO model,
�lqe; �qe� � �0:050 43 m; 165:86 m�2�.
b4RMS, unnormalized.
cK-V envelope code employing either smooth-profile quadru-
poles—Eq. (3), or equivalent hard-edge model.
dMatrix code employing equivalent smooth-profile PMQ quadru-
poles—Eq. (9), without ‘‘retuning.’’

TABLE III. Maximum and minimum 2RMS envelope radii in
a unit FODO cell of UMER for 10 keV, �0 � 72:92�.a

Beam
current Emittanceb SPOTc

Series
expansiond Equation (20)

(mA) (
m) (mm) (mm) (mm)

0.55 6.0 1.9 1.0 1.9 1.0 2.1 1.0
7.2 16 4.1 2.3 4.3 2.4 4.8 2.4

24 30 6.9 3.8 7.2 4.0 8.0 4.0
85 55 12.6 7.0 12.6 7.1 14.1 7.1

100 60 13.6 7.6 13.6 7.6 15.2 7.7

aZero-current phase advance in hard-edge FODO model,
�lqe; �qe� � �0:050 43 m; 165:86 m�2�.
b4RMS, unnormalized.
cK-V envelope code with smooth-profile or equivalent hard-edge
quadrupoles.
dLee’s approach [15] and average radii from Eq. (19) or Table II.
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and/or asymmetric emittance is also possible in principle.
As for symmetric focusing/emittance, a smooth-
approximation model can be constructed [30], so effective
beam radius a, zero-current phase advance, �0, and others
quantities can be defined. Highly asymmetric beam trans-
port is relevant, for example, to sheet beams of the type
employed in klystrons or ‘‘flat’’ beams like the ones envi-
sioned for the International Linear Collider. In this sub-
section, we briefly consider an example from UMER. We
approach the problem by directly solving the envelope
equations and comparing the results to approximations
similar to those in [30].

We illustrate in Fig. 6 one case of envelope matching in a
highly asymmetric FODO cell: �0x � 57:16�, �0y �

73:41�, or �qe1 � 143:20 m�2, �qe2 � 159:59 m�2, from
Eqs. (18). The actual peak strengths are, from Eq. (12),
�01 � 198:74 m�2, �02 � 221:48 m�2. (The labels ‘‘1’’
and ‘‘2’’ in the notation refer to the first and second
quadrupoles in the asymmetric FODO cell of Fig. 6; ob-
viously, �x � ��y for each quadrupole.) From Fig. 6, we
see that the beam is round in two planes around the location
of the stronger quadrupole. (If the asymmetry is made even
larger, the two transverse envelopes may become ‘‘discon-
nected,’’ so the beam is never round.) Further, the ‘‘aver-
age’’ beam radii, ax, ay, in the transverse planes can be
estimated by solving the algebraic equations

 

�2
0x

S2
ax �

2K
ax � ay

�
�2
x

a3
x
� 0;

�2
0y

S2 ay �
2K

ax � ay
�
�2
y

a3
y
� 0;

(21)

which are derived along the same lines as for the uniform-
focusing approximation with symmetric focusing
[1,30,31]. For the example illustrated in Fig. 6 (100 mA,
10 keV, 60 
m), solution of Eqs. (21) yields ax �
13:8 mm, ay � 8:6 mm. For comparison, the periodic so-
lution of the K-V envelope equations in SPOT yields ax;y �
14:1, 9.0 mm with either smooth or equivalent hard-edge
quadrupoles. Also from the uniform-focusing approxima-
tion, the depressed phase advances per period are obtained
from

 �x �
�
�2

0x �
2KS2

ax�ax � ay�

�
1=2
;

�y �
�
�2

0y �
2KS2

ay�ax � ay�

�
1=2
:

(22)

The solution of these equations yields tune depressions
�x=�0x � 0:10, and �y=�0y � 0:20. Direct calculation
using the X and Y periodic envelopes from SPOT in
Eqs. (2) yields �x=�0x � 0:11, and �y=�0y � 0:18.

Focusing with the large asymmetry illustrated in the
example is not normally needed in practice. However, it
remains an interesting case to be implemented in UMER
for investigations of beam stability and equipartitioning.
The actual source-to-FODO matching corresponding to the
example just presented is discussed at the end of the next
section. A similar implementation of asymmetric focusing
in UMER with a 7.2 mA, 10 keV beam was reported
recently [32].

V. SOURCE-TO-FODO RMS ENVELOPE
MATCHING

A. Matching problem and optimization

There are four conditions that the RMS envelopes of a
matched beam in a periodic FODO lattice must satisfy:
X�s� S� � X�s�, Y�s� S� � Y�s�, X0�s� S� � X0�s�,
and Y0�s� S� � Y0�s�, where S is the lattice period, and
prime denotes d=ds. Since the beam envelope at the exit
plane of the source almost never has the right RMS size and
slope for matched transport in a periodic lattice, a matching
section is required. Typically, the geometry of matching
sections is dictated by physical constraints related to the
source, diagnostics, acceleration modules, injection, etc. In
all cases, however, a target or terminal beam state for
matching can be specified at a convenient plane, e.g., the
midplane of the first quadrupole in the periodic lattice, or
the plane midway between quadrupoles in the first FODO
cell. We employ the latter for the calculations presented

FIG. 6. (Color) Asymmetric FODO matching: beam envelopes
in UMER for �0x � 57:2�, �0y � 73:4�. Periodic-matched so-
lutions from the envelope code SPOT are shown for a extreme
space-charge dominated beam (10 keV, 100 mA, 60 
m-edge
emittance).
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here. Furthermore, we define the target-envelope parame-
ters from the results employing a smooth-gradient FODO
cell based on Eq. (3), as in Fig. 5 (symmetric FODO) or
Fig. 6 (asymmetric FODO). Thus, the target parameters
(see also Table II) are �Xf; jX0fj� � �10:25 mm;
44:28 mrad�, (1.40 mm, 6.69 mrad) for the 100 and
0.55 mA electron beams, respectively. In both cases the
energy is 10 keV, and �0x;y � 72:92�.

The problem of finding a matched solution has computa-
tional and practical aspects. The first aspect can be studied
in the general framework of control theory [33]. It is
concerned with finding a solution that minimizes a given
condition, typically the difference between the propagated
envelope and the target envelope, or a function of this
difference. A major feature of the matching solution found
in SPOT (see the Appendix), TRACE and other codes is that it
corresponds to a local minimum, i.e., it is the best solution
in the vicinity of the set of initial values of the matching
parameters (typically the strengths of four or more ele-
ments). The problem of finding global minima of matching
solutions, on the other hand, is a very complex one. It has
been addressed for beam transport with negligible space
charge [34] and it is under study for intense-beam transport
[35].

Although a number of prescriptions exist for estimating
the initial values of the matching variables, at least for
‘‘zero’’ current in simple configurations [3] and in special
geometries like Collins and low-beta insertions [4,5], it is
unavoidable to use some trial and error. However, a useful
criterion is that the resulting envelopes in the nonperiodic
section should resemble the periodic envelope as much as
possible. Naturally, though, with a fixed matching geome-
try, the criterion can be closely met only for particular
beam parameters, as illustrated for a 10 keV, 7.2 mA
beam in UMER (Fig. 9). The reference trajectory feature
in SPOT (see Appendix) also provides guidance when de-
ciding on the initial values of matching variables before
final optimization towards a target envelope. Furthermore,
the use of natural problem constraints (see below) and
merit functionals can be implemented in existing matching
codes [36,37] to produce convergence to a matched solu-
tion even when the starting guess is relatively far from the
final set.

The practical aspects of the matching problem, which
are not completely independent of the computational is-
sues, concern the sensitivity of the solutions. Since mul-
tiple matching solutions exist, out of the set of possible
solutions some must be preferable to others because of
better stability under changes of lens strengths, or initial
beam parameters, or simply because the solutions provide
better treatment of the beam in the sense that a smoother
change of the beam envelope from the source to the main
FODO lattice is realized.

Finally, matching based on criteria other than the speci-
fication of a target state has been suggested. Examples are

matching based on a smooth (‘‘adiabatic’’) variation of the
beam envelope or phase advance per period [38], and RMS
emittance optimization [39]. These criteria and similar
ones may be specially suited for optimization procedures
in particular experiments.

B. Calculations with full beam

With four conditions to be satisfied at the target plane
and seven lenses in the UMER matching section (Fig. 1),
the matching problem is underconstrained. In other words,
we have more ‘‘knobs’’ than we strictly need. We study the
matching solutions in UMER by fixing the strengths of the
solenoid and first quadrupole, i.e., we parametrize the
solutions by specifying the actual peak focusing strengths,
�0S, �01, of the solenoid and Q1. We find that a solution can
be found with 4 additional quadrupoles for almost any pair
(�0S, �01). Figure 7 presents three matching solutions for a
100 mA, 10 keV beam over a broad range of focusing
parameters, all leading to a periodic envelope solution for
�0 � 72:92�. Table IV summarizes the corresponding ele-
ment locations and strengths. Many other solutions could
be found in between the solutions shown in Fig. 7. A
smooth profile was employed for both the solenoid and
the quadrupoles, but the same results are obtained with the
hard-edge model developed above.

Although no matching solution is preferable to any other
in an ideal linear system like the one implicit in the model
leading to Fig. 7, practical considerations reduce the space

FIG. 7. (Color) Envelope-matching calculations for a 100 mA,
10 keV, � � 60 
m electron beam in UMER. The matching
section consists of one solenoid and seven PC quadrupoles (see
Fig. 1). Three solutions for �0 � 72:92� are shown (SPOT code
with smooth-gradient quadrupoles). The maximum value on the
vertical axis corresponds to the vacuum pipe radius. The num-
bers in parentheses indicate the peak strengths (in m�2) of the
solenoid and first quadrupole (see Table IV for complete pa-
rameters).
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of acceptable solutions considerably. The practical con-
straints in the UMER matching section are common to
other machines. The most important constraints are: (i)
the maximum beam envelope excursions dictated by the
acceptance aperture of focusing elements, (ii) the vacuum
pipe radius, (iii) the fixed geometry, and (iv) the power
limitations (maximum voltage or current applied to quad-
rupoles). The first constraint is imposed by the nonlineari-
ties in the magnets and the design ‘‘minimum’’ transport
distance, i.e., the desired transport length before unaccept-
able beam degradation from emittance growth occurs. The
second constraint is related to image forces and beam
alignment. From Fig. 7, although good beam confinement
is accomplished with the solution labeled (260, 195), the
strong solenoid field of this solution requires tighter beam/
solenoid alignment. Further, most matching quadrupoles
under (260, 195) (Table IV) are 10%–25% stronger than in
the solution labeled (180, 130), thus adding to the power
requirements. By contrast, (180, 130) has large beam ex-
cursions (up to 80% pipe radius, approximately) at Q2 and
Q3 and, consequently, a very abrupt transition of the
envelope from the matching section to the periodic lattice.
Therefore, (210, 160), the solid curve in Fig. 7, is a com-
promise solution that leads to a smoother transition while
maintaining modest beam excursions. If the constraint of a
fixed geometry is relaxed, on the other hand, it is clear that
moving the solenoid together with the rest of the magnets
downstream would allow the 100 mA, 10 keV beam to
expand to reach a radius at Q1 closer to the average radius
in the periodic lattice. At the same time, this would yield a
smaller beam envelope split at Q2, ie., the difference
between X and Y envelope radii. However, a larger beam
at the solenoid would also imply a significant increase in
effects from the solenoid’s spherical aberration. The alter-
native, which is not feasible in the current UMER matching
section, would be to use a quadrupole doublet in place of

the solenoid. Even this solution, however, has its problems:
(i) very strong magnets are normally required, and (ii) the
unavoidable field overlap at the edges is not straightfor-
ward to model for accurate matching calculations [11,17].

C. Experiment with full beam

A detailed comparison of calculated and observed beam
envelopes over the length of the matching section was
possible in experiments with a prototype section [11] and
with the first realization of the section in UMER [40]. In
both experiments, a movable fluorescent screen diagnostic
was used to observe the beam from around Q1 out to near
Q5. The lattice used was similar to the one shown in Fig. 1,
except for a missing quadrupole between Q5 and Q7 and
the location of the solenoid (see Table IV). The effect of the
additional quadrupole is to eliminate the large beam ex-
cursion at the old Q6, while the new location of the
solenoid, almost 2 cm downstream of the previous loca-
tion, allows the beam to expand more initially, closer to the
final average beam radius.

As seen in Fig. 8, there is good agreement between
calculated envelope and experiment. Similar agreement
was found for other phase advances and beam currents in
the space-charge dominated regime [41]. The lattice pa-
rameters are summarized in the last two columns of
Table IV. Unfortunately, it is not possible to do similar
detailed comparisons between experiment and calculation
in the current injection section; visual diagnostics are
available at only two diagnostic chambers in the straight
part of the matching section (IC1 and IC2 in Fig. 1).

D. Other currents

The same focusing geometry of Fig. 1 can be used to
match all the currents of Table II. Without changing the
quadrupole strengths in the periodic FODO lattice, the

TABLE IV. Parameters for four source-to-FODO matching solutions in UMER with 100 mA,
10 keV, � � 60 
m, and �0x � �0y � 72:92�. Columns 2–5 correspond to calculations for the
matching/injection section shown in Fig. 1. The last two columns refer to an experiment with a
prototype section [40]. See also Figs. 5, 7, and 8.

Distancea (180, 130)b (210, 160) (260, 195) Distance Experiment
Element (cm) (m�2) (m�2) (m�2) (cm) (m�2)

Solenoid 17.76 180.00 210.00 260.00 16.06 241.04
Q1 40.04 130:00 160:00 195:00 38.89 188:70
Q2 53.38 �228:58 �244:23 �275:24 52.26 �255:08
Q3 72.38 204:84 225:02 246:80 71.16 233:12
Q4 91.94 �176:12 �208:30 �223:51 90.80 �203:99
Q5 107.82 195:85 223:76 218:12 110.50 212:93
Q6 122.82 �235:26 �228:40 �216:67 133.13 �208:13
Q7 137.82 230:20 230:20 230:20 153.57 230:20
Q8 153.82 �230:20 �230:20 �230:20 169.57 �230:20

aFrom exit-aperture plane.
bActual peak focusing strength, �0.
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average beam size of a matched beam will vary as I1=2
beam,

approximately, for space-charge dominated beams, or as
�1=2 for emittance-dominated beams [see Eq. (19)].
Further, as the beam current is reduced, it becomes easier
to obtain a smoother transition from the nonperiodic
matching section into the periodic FODO lattice, in the
space-charge dominated regime. This is so because the
solenoid and first quadrupole can be adjusted to split the
beam envelope to resemble more the envelope in the
periodic lattice. As illustrated in Fig. 9 for the 7.2 mA,
10 keV beam, the location of the beam waist from solenoid
focusing is in this case very close to the location of Q1.
Thus, comparison with the envelope for the full beam
[Fig. 7, solution labeled (210, 160)] shows that the enve-
lope radius near Q1 in Fig. 9 is much closer to the average
beam radius in the periodic lattice. Further illustration that
the matching solution for 7.2 mA is very well behaved can
be seen from the element strengths in Table V, third col-
umn: the spread of quadrupole peak focusing strength is
small around the periodic lattice value of 230.2 m�2.

In principle, all beams in Table II could be matched with
fixed strengths for the solenoid and first two quadrupoles.
However, finding matching solutions by varying the re-
quired minimum of four elements (for a quadrupole sys-
tem) normally meets with slow convergence or no con-

vergence at all, depending on the initial guess for the
matching variables and the particular computer code em-
ployed. Using too many matching variables, on the other
hand, is more computer intensive and can also lead to
convergence problems. Thus, we choose to optimize five
quadrupoles, Q2–Q6, in most cases, while the solenoid and
Q1 can be optimized separately or in a final step.
Furthermore, the use of a reference trajectory as an initial
step to finding matching solutions in the code SPOT (see the
Appendix) works best for relatively well-behaved enve-
lopes. This is the case for space-charge dominated beams
in UMER, as shown, e.g., in Fig. 9.

If source-to-FODO matching calculations for the
0.55 mA beam (emittance dominated) are started using
the strengths of all elements that match the beam at
7.2 mA (Table V), no solution can be found in either
SPOT or TRACE. The convergence problem is overcome,
though, in a matching code written for MATLAB [42] by
one of us (Li); the code takes advantage of a special non-
linear minimization algorithm which is part of MATLAB’s
optimization toolbox. It is feasible that the same can be
accomplished with the standard codes if they are comple-
mented with special optimization routines which involve
the implementation of constraints (e.g., a limit on the
maximum envelope excursion at a given plane) or merit
functionals [36,37]. In any case, keeping the solenoid

FIG. 9. (Color) UMER RMS-envelope matching with a short
solenoid and seven PC quadrupoles (the periodic lattice starts at
Q7). Electron beam parameters are: 7.2 mA, 10 keV, and � �
16 
m. Envelope calculations for �0 � 72:92� (from SPOT).
The use of the ‘‘reference trajectory’’ for matching is explained
in the Appendix. One transverse component of the focusing
function is shown at the bottom, including the equivalent hard-
edge function (see also third column in Table V).

FIG. 8. (Color) Envelope-matching calculations for �0 �
72:92� (from SPOT) vs experimental beam dimensions for a
100 mA, 10 keV, � � 60 
m electron beam in UMER. The
matching lattice consists of a short solenoid and six PC quadru-
poles (see also last two columns in Table IV). The focusing
function (one polarity shown) appears at the bottom, including
the equivalent hard-edge representation. The inset illustrates the
envelope calculated over 1 m along the periodic lattice, which
starts at Q7.
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and first quadrupole peak strengths near the values used for
7.2 mA, i.e., 200 and 100 m�2, respectively, yields
a solution with large initial envelope variations and
overfocusing.

As for the 100 mA beam, though, the matching solution
for 0.55 mA is hardly unique. Two other solutions for the
latter are tabulated in Table Vand shown in Figs. 10(a) and
10(b). For the solution labeled ‘‘Fig. 10(b),’’ the first two

quadrupoles are powered off, and the third one is fairly
weak. One advantage of this solution is the lack of the large
envelope split seen at Q2 in solution ‘‘Fig. 10(a).’’ In
addition, from the sensitivity study discussed in the next
section, ‘‘Fig. 10(b)’’ is the best matching solution of the
three calculated for the emittance-dominated beam.

Although all envelope calculations presented here are
based on smooth-profile fields and gradients, the results are

TABLE V. Parameters for (symmetric) source-to-FODO matching solutions in UMER for
7.2 mA (one solution) and 0.55 mA (two solutions), 10 keV, �0 � 72:92�. The last column
corresponds to asymmetric source-to-FODO matching of 100 mA, 10 keV, with �0x � 57:2�,
�0y � 73:4�.

7.2 mAb 0.55 mA 0.55 mA 100 mA, asymmetric
Element Distancea Fig. 9 Fig. 10(a) Fig. 10(b) Fig. 11

Solenoid 17.76 cm 200 m�2 179:9 m�2 168:03 m�2 210:0 m�2

Q1 40.04 100.0 110.0 0 160.0
Q2 53.38 �210:0 �188:0 0 �254:4
Q3 72.38 225.0 317.0 46.71 209.3
Q4 91.94 �227:0 �277:0 �193:9 �205:6
Q5 107.82 231.5 284.0 248.0 217.8
Q6 122.82 �234:7 �212:0 �290:9 �239:7
Q7 137.82 230.2 230.2 230.2 198.7
Q8 153.82 �230:2 �230:2 �230:2 �221:5

aFrom exit-aperture plane.
bActual peak focusing strength, �0.

FIG. 10. (Color) Two solutions for UMER RMS-envelope matching with a short solenoid and a number of PC quadrupoles (see also
Table V). Electron beam parameters are: 0.55 mA, 10 keV, and � � 6:0 
m. One transverse component of the focusing function is
shown at the bottom in each case, including the equivalent hard-edge function. (a) Solution employing all six PC quadrupoles, and (b)
solution with four PC quadrupoles (Q1 and Q2 are off). In (a), the envelopes that result from a simple hard-edge model (not the one at
the bottom) are also shown.
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indistinguishable from those obtained with the correctly
constructed hard-edge focusing functions (Sec. III).
Interestingly, the simple (but strictly incorrect) hard-edge
model based on Eq. (4) yields sufficiently accurate enve-
lopes, even with focusing elements as short as the UMER
solenoid and quadrupoles, in all cases except those where
one or both transverse components of the beam envelope
undergo large excursions over a relatively short distance.
An example is the matching solution in Fig. 10(a) for the
0.55 mA beam. If the peak strengths from the smooth
focusing function are employed in a simple hard-edge
model inspired by Eq. (4), the envelopes that result deviate
significantly from the correct ones [see Fig. 10(a)]. Thus,
properly modeling of the focusing elements is important
for all matching calculations. A similar situation has been
studied in matching experiments with intense ion beams at
Lawrence Berkeley National Laboratory [43]. In the
Berkeley experiment, the beam is compressed by a large
factor, not unlike the UMER experiment where large com-
pression of one component of the beam envelope is seen at
Q2 in Fig. 10(a).

To conclude this section, we present in Fig. 11 the
source-to-FODO matching solution corresponding to the
example of asymmetric focusing introduced in Sec. IV B
above. The geometry of the matching section is the same

one used for all tabulated examples; further, the peak
strengths of the solenoid and first quadrupole are kept
constant at �210; 160� m�2 as for the ‘‘best’’ matching
solution for symmetric focusing of the 100 mA, 10 keV
beam (Fig. 7). The target beam parameters, 8 cm from
quadrupole Q8 (i.e., QR1 in Fig. 1), are read off the
periodic envelope in Fig. 6: �Xf; Yf� � �14:45; 9:03� mm,
�X0f; Y

0
f� � �54:69;�35:87� mrad. The strengths of the five

quadrupoles that are varied and the two fixed ones that
follow are tabulated in the last column of Table V.

VI. SENSITIVITY OF THE MATCHED SOLUTIONS

The sensitivity of the matched solutions can be studied
for changes in element strengths, beam parameters (cur-
rent, emittance and energy), and initial envelope radius and
slope. In addition, quadrupole rotation errors may consti-
tute a source of mismatch. The calculations are compli-
cated by the fact that the target envelope itself, i.e., the
envelope in the periodic lattice, is uncertain because of
measurement errors of beam parameters. Of these, the
emittance has the largest uncertainty, up to �20%.

An understanding of the sensitivity of the matched
solutions under systematic errors in the strength variables
can be gained by comparing results from the smooth-
profile model and a simple hard-edge model of the lattice
focusing function. The latter model is based on the stan-
dard definition of effective length [Eq. (4)], which implies
a hardtop gradient equal to the peak value of the smooth
profile. We find that changes of the order of 3% in quad-
rupole strengths have a moderate effect on matching of
space-charge dominated beams; this follows from a re-
quired retuning of�3% of the smooth-profile quadrupoles
in a FODO cell to yield the same periodic envelopes as the
simple hard-edge model. In UMER, the accuracy and
stability of the quadrupole strengths is <0:3%. The accu-
racy of the field of the short solenoid at the start of the
matching section, on the other hand, is limited by hystere-
sis and is of the order of 1%.

Monte Carlo calculations were performed to study the
effect of random errors. Normal distributions were as-
sumed for the solenoid and quadrupole peak strengths,
�0, the edge emittances in the two transverse directions
and the initial beam envelope parameters (R0 and R00). The
1-� widths of these distributions were assumed, based on
measurement errors, to be 2% for the solenoid peak focus-
ing �0S, 1% for the peak gradient of seven matching
quadrupoles, 20% for each of the transverse edge emittan-
ces, and (0.2 mm, 2 mrad) for the initial beam envelope
parameters (R0,R00). We obtain 10 000 solutions of the
envelope equations over the matching section and extract
and average the final envelope parameters halfway be-
tween Q7 and Q8, i.e., 	X�sf�; Y�sf�
 and 	X0�sf�; Y0�sf�

and their standard deviations. We identify the latter as the
‘‘1-� matching errors.’’

FIG. 11. (Color) UMER RMS-envelope matching with a short
solenoid and seven PC quadrupoles. Electron beam parameters
are: 100 mA, 10 keV, and � � 60 
m. Calculated beam enve-
lope for �0x � 57:2�, �0y � 73:4�, highly asymmetric (from
SPOT). One transverse component of the focusing function is
shown at the bottom. The average beam radii indicated by the
horizontal broken lines are ax � 14:1 mm, and ay � 9:0 mm
(see also Fig. 6).
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For the 100 mA, 10 keV, 60 
m (nominal edge emit-
tance) beam, we find that the main factors contributing to
matching errors are the initial beam envelope parameters
(at the aperture plate near the electron gun output) and the
strengths of the solenoid and Q1. The matching errors from
these (combined) factors are 0.5 mm, or 5% of the nominal
matched-envelope dimensions Xf,Yf, and 4 mrad, or about
10% of the nominal matched-envelope slopes X0f,Y0f.
Errors from the remaining variables (the emittances, and
strengths of Q2–Q7) are of the same order. Perveance
errors, i.e., errors from beam current and/or energy, have
a small (< 1%) effect on the target-envelope parameters.
The errors quoted can be translated into mismatch factors
(MF) in the sense used in the code TRACE [44]: using the
nominal emittance values, the envelope-dimension error
alone (0.7 mm) yields a mismatch factor of order 0.01,
while the net envelope-slope error alone (6 mrad) yields
MF ’ 0:5. The combined errors lead to MF ’ 1; this de-
gree of mismatch means that mismatch envelope oscilla-
tions occur so the envelope occasionally grows by at least a
factor of 2 relative to the matched envelope. This predic-
tion is easily verified with additional Monte Carlo calcu-
lations over a number, say 10, of lattice periods.

For matching of the emittance-dominated beam
(0.55 mA, 10 keV, 6 
m), we find, as expected, that errors
in the edge emittances are also important factors in addi-
tion to errors in the strengths of the solenoid, Q1 and the
initial envelope parameters. The uncertainty in the initial
beam radius of the emittance-dominated beam is deter-
mined by the mechanical tolerance of the aperture em-
ployed to obtain it [45]. Monte Carlo calculations around
the matching solutions tabulated in Table V and illustrated
in Fig. 10 show that the smallest matching errors are given
by the solution labeled ‘‘Fig. 10(b)’’: a net 1-� error of
0.3 mm for the target envelope dimension, or 20% of the
nominal value, and 3 mrad for the target envelope-slope
error, or 45% of the nominal value. The MF values are 0.08
and 0.9 from envelope dimension and slope errors, respec-
tively; the combined errors yield MF ’ 1.

Other factors contributing to mismatch that were not
considered above include image forces and quadrupole
rotation errors. Image forces arise from beam misalign-
ment through the transport line. When the beam centroid is
offset by a small amount relative to the vacuum pipe radius,
a linear coherent effect results that shifts the zero-current
phase advance �0 slightly [1]. Larger beam misalignment,
though, can further offset the beam and cause distortions
and mismatch, especially for space-charge dominated
beams. Also, quadrupole rotation errors from assembly
and installation produce mismatch, although it is small
for the tolerances that are normally achieved in practice.

In UMER, we have conducted transport experiments at
10 keV with 0.55, 7.2, and 24 mA beams over 24 FODO
periods (2=3 of the ring, or about 9 m). In these experi-
ments, fluorescent screen diagnostics at every other FODO

period allow direct observation and measurement of beam
size. (Details of experiments over 1=2 ring appear in
Ref. [46].) We have observed envelope oscillations from
mismatch in all cases, despite efforts at systematic steer-
ing, quadrupole skew correction, and empirical matching.
The latter seek to minimize the variance of transverse beam
sizes by iteratively varying the strengths of Q1–Q4 using
the calculated strengths as the initial values [47]. A mod-
erate reduction in mismatch oscillations is obtained for 7.2
and 24 mA: from 0.4 mm to 0.2 mm, approximately, for
24 mA as reported in [47]. The results of beam size
measurements for 7.2 mA over 24 FODO periods are
shown in Fig. 12. Since the fluorescent screen diagnostics
are placed at planes 2:7� 0:1 cm from the midplane in a
FODO cell, the expected beam dimensions are different
from the tabulated average beam size (Table II). The inset
of Fig. 12 illustrates this point.

Current and future experiments in UMER involve pulsed
injection for multiturn transport, so direct observation of
the beam is only possible on extraction. Emittance mea-
surements at extraction will provide the ultimate test for
matching, although efforts will continue for optimizing
beam transport over the first turn.

VII. SUMMARY AND CONCLUSIONS

We have reviewed the basic calculations for RMS enve-
lope matching of beams in magnetic quadrupole systems.
We emphasize the importance of properly constructing
hard-edge equivalent focusing functions, which is nontri-
vial for the short focusing elements in UMER. For given
lattice and (hard-edge) quadrupole geometries and zero-

FIG. 12. (Color) Measured beam transverse dimensions (X:
horizontal, Y: vertical) over 24 FODO periods in UMER for a
7.2 mA, 10 keV, electron beam. The horizontal dashed lines
represent calculated beam dimensions for �0 � 72:92� at the
fluorescent screen diagnostics (FSD). FSD are available at every
other FODO cell (ring chambers labeled ‘‘RC’’ in Fig. 1) at the
plane indicated by the vertical dotted line in the inset. More
details of similar experiments can be found in [46,47].
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current phase advance per period, formulae are employed
to find the required hardtop gradient values of quadrupoles
in symmetric or asymmetric FODO cells [Eqs. (18)]. The
actual peak strengths (of the smooth-gradient profiles) are
then obtained from relations specific to the smooth-profile
model [Eq. (12) for UMER].

The average beam radius, as well as the maximum and
minimum excursions of the beam envelope in the periodic
lattice can be estimated with simple expressions [Eqs. (19)
and (20)], or calculated accurately with the series-
expansion approach of Ref. [15], which is simple enough
with hard-edge quadrupoles. Alternatively, K-V envelope
or matrix codes employing realistic smooth-profile focus-
ing functions can be used.

Matching of space-charge dominated as well as
emittance-dominated beams was shown to be possible by
means of the same nonperiodic lattice geometry. The rela-
tively high density of quadrupoles in the UMER lattice
makes possible to contain the (extreme) space-charge
dominated beams. Further, the question of matching opti-
mization is considered and specifics presented in connec-
tion with the envelope code SPOT (Appendix). Although a
globally optimized matching solution is desirable in prin-
ciple, practical considerations reduce the solution space
considerably and suggest that a few envelope solutions can
be chosen. In this way, well-behaved matching solutions
are possible for every beam current despite the limitations
of a fixed lattice geometry.

Finally, the sensitivity of the matching solution was
studied through Monte Carlo calculations. The results
suggest that mismatch oscillations in UMER may, in the
worst case (and within a linear model, though), yield to
eventual doubling of the maximum beam envelope excur-
sions. Additional effects like image forces and effects from
quadrupole rotation errors complicate matters for the trans-
port of space-charge dominated beams. Experimental re-
sults of space-charge dominated transport over the length
of the matching section ( 1 m) and 24 FODO periods (
9 m) are also presented. Future work includes refined
matching calculations for the new pulsed-injection geome-
try in UMER, and experiments with asymmetric focusing.
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APPENDIX: THE ENVELOPE CODE SPOT

We have chosen the envelope code SPOT [26,33] for most
matching calculations here because of its sound foundation
on control theory, and for its speed and capabilities. As
examples of the latter, smooth-profile focusing functions

can be defined in SPOT for both solenoids and quadrupoles,
a feature not readily available in other codes (e.g., TRACE).
In a few special cases where convergence problems arose,
though, the calculations were started with MENV, an enve-
lope solver/optimizer written in MATLAB [42] by one of us
(Li).

The code SPOT solves the two-dimensional envelope
equations, Eqs. (1), for either a unit FODO cell or a general
matching section. In the first case, the periodic envelope
solution is found for given beam parameters (generalized
perveance and edge emittances) and fixed quadrupole
strengths corresponding to desired zero-current phase ad-
vances. As discussed above, these quadrupole strengths
can be found from Eqs. (18) for hard-edge gradient models.
The other, more interesting, case of matching is the opti-
mization of a nonperiodic envelope leading from the input
plane at s � si to the periodic envelope starting at s � sf.
A major feature of SPOT is the use of a reference trajectory.
If the average values, in the sense explained in the text, of
the beam excursions X and Y are known, the reference
trajectory(ies) can be set to be equal to those constant
values, except at the beginning of the matching section
(see Fig. 9). With a specified reference trajectory and an
initial guess for the strengths of the matching lenses, SPOT

minimizes the functional given by

 J	X�s�; Y�s�
 �
1

2

Z sf

si
f	X�s� � X�s�
2 � 	Y�s� � Y�s�
2g;

(A1)

where X�s�, Y�s� are the solutions of Eqs. (1), and X�s�,
Y�s� represent the reference trajectory(ies). In essence, J
measures the squared distance between the solution enve-
lope and the reference trajectory. A boundary term �,
which includes the target beam parameters, may be added
to J. The part of � that specifies the target-envelope
transverse dimensions is given by

 �	X�sf�; Y�sf�
 �
1
2	X�sf� � Xf


2 � 	Y�sf� � Yf

2;

(A2)

where Xf,Yf are the (2RMS) target-envelope dimensions.
Thus, the functional that SPOT minimizes can be chosen to
be J��. Normally, the control variables (element peak
strengths in most cases) are optimized by minimizing J
first, and then adding �. In addition, the optimizer can be
‘‘tuned’’ by weighting the terminal state, i.e., by specifying
a tuple �W1;W2; W3; W4� of terminal weights. Thus, the
expression in square brackets on the right-hand side in
Eq. (A2) would be replaced by

 W1	X�sf� � Xf
2 �W3	Y�sf� � Yf
2; (A3)

and similarly for the target-envelope slopes. The path taken
during optimization may vary greatly depending on the
terminal weights, so increasing their values should nor-
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mally help when the optimizer is not converging to the
terminal state.

The optimizing techniques in SPOT utilize tools from
nonlinear programming developed for control problems
in engineering and mathematics. Additional details can
be found in [26,33] and in the documentation to SPOT [48].
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