
PHYSICAL REVIEW SPECIAL TOPICS - ACCELERATORS AND BEAMS 9, 022801 (2006)
Power measurement of frequency-locked Smith-Purcell radiation
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Frequency-locked Smith-Purcell radiation (FL-SPR), generated by a train of electron bunches traveling
above a grating, is characterized by a broad range of frequencies which are locked to the train frequency in
a discrete comb and are spatially dispersed in space. We report absolute-scale power measurement of FL-
SPR in the millimeter wave range. A 50 ns long train of 170 �m electron bunches was produced by a
15 MeV, 17 GHz accelerator with 80 mA of average current. The grating had 20 periods spaced by
2.54 mm. The experimental results were compared, on an absolute scale, with the electric-field integral
equation model which takes into consideration the finite length of the grating. Very good agreement was
obtained. The present results should be useful in planning SPR applications such as diagnostics of electron
bunch length on the femtosecond scale and coherent THz radiation sources.
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I. INTRODUCTION

Smith-Purcell radiation (SPR) [1] emitted by an electron
bunch passing at a relativistic velocity � � �1� ��2�1=2

above a periodic structure is characterized by a broad
spectrum of frequencies in which the radiated wavelength
depends on the observation angle according to the SPR
resonance relationship. Though different theoretical mod-
els agree on this resonance relationship, substantial differ-
ences arise in the calculated radiated energy [2]. An exact
energy measurement is important for examining the accu-
racy of the theoretical models and can lead to a higher
accuracy of SPR applications.

For the setup illustrated in Fig. 1, the nth harmonic of the
radiated wavelength � depends on the grating period Dg

and the observation angles � and � by the SPR resonance
relationship

� �
Dg

n

�
1

�
� sin� sin�

�
; (1)

and the bandwidth is inversely proportional to the number
of grating periods, Ng. The coordinate system is shown in
Fig. 1 and is consistent with our previous paper, Ref. [2].
We choose the electron beam to be moving in the
x direction. We orient our grating so that the lines of the
grating are orthogonal to the beam direction, and we label
the direction of the grooves to be the y direction. The wave
vector of the radiation, k, makes an angle�with respect to
this y axis. The other angle in the spherical coordinate
system, �, is defined as the angle of the projection of the k
vector on the x-z plane. From the definitions of � and �, it
follows that the components of the wave vector are kx �
k sin� sin�, ky � k cos�, and kz � k sin� cos�, where
k � !=c is the wave number and ! is the angular fre-
quency. An auxiliary angle �b � 90�� is sometimes
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used for convenience with the experimental setup (see
Fig. 1).

SPR can be used for beam diagnostics. Coherent radia-
tion is observed at angles which correspond to wavelengths
larger than, or on the order of, the bunch length [3]. Thus
SPR can be used as a nondestructive bunch-length diag-
nostic tool by determining the angle of cutoff in coherent
radiation [4,5]. Subpicosecond bunch-length measure-
ments were obtained by measuring the angular SPR pattern
from 15 MeV bunches [6]. Other diagnostics may include a
position sensor for ultrarelativistic beams [7] and an elec-
tron bunch shape measurement [8].

Optical SPR wavelengths were observed from an elec-
tron beam of 855 MeV [9]. Forward directed partially
coherent SPR from relativistic electrons is reported in
[10]. Coherent SPR from short electron bunches is reported
in [11,12]. Observation of frequency-locked coherent ter-
ahertz SPR is reported in [13].

A number of theoretical models are used to describe
SPR. An exact model was derived by van den Berg for an
infinitely long periodic grating with a line [14] or a point
[15] charge passing above it. Based on van den Berg’s
method, SPR for electrons with energies of 1–100 MeV
was calculated by Haeberlé et al. [16].

A grating surface current model based on the image-
charge approximation was developed by Walsh et al. for a
strip grating [17] and was generalized by Brownell et al.
for a grating of arbitrary shape [18]. Optimization of the
radiated energy for very high charge energies is described
in [19,20] for a strip and a blazed grating, respectively.

The SPR from a line of charge was calculated by two
independent models, based on the finite-difference time-
domain and the electric-field integral equation (EFIE)
methods, respectively [21]. Very good agreement was ob-
tained between these models and it was shown that the
finite length of the grating has to be taken into account. The
EFIE model has recently been extended to the case of a
point charge where it was shown to be consistent with van
1-1 © 2006 The American Physical Society
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FIG. 1. (Color) SPR experimental setup (not to scale) including the klystron, linac, deflecting cavities and screen, and the grating.
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den Berg’s model for the special case of an infinitely long
grating [2].

Previously, very good agreement was obtained between
theoretical predictions and the distribution of SPR energy,
on an arbitrary scale, versus the observation angles. These
results validate the SPR resonance condition, Eq. (1).
However, the absolute-scale comparison of the radiated
power vs. angle has previously been limited to an order
of magnitude agreement with one of the models, as in
[8,10,12,22–25].

In the optical SPR from an 855 MeV electron beam,
reported by Kube et al. [9], the radiation factor which
corresponds to the grating efficiency was extracted from
the intensity measurements. This factor was then compared
to calculations using van den Berg’s model and a surface
current model similar to the image-charge approximation.
While a fair agreement was obtained with van den Berg’s
model, the radiation by the surface current model was 6
orders of magnitudes higher. This difference was empha-
sized by the high beam energy of 855 MeV because the
radiation factor by van den Berg’s model scales inversely
proportional to �2 whereas the radiation factor by the
image-charge approximation is hardly sensitive to the
beam energy. In other SPR experiments, conducted at
lower beam energies, accurate comparisons of the radiated
power with theory have not been previously reported. Such
comparisons are more difficult since the number of grating
periods would not be expected to be sufficiently large to
use the infinite grating approximation of the van den Berg
model, as discussed further in this paper.

The objectives of this paper are to obtain an accurate
power measurement on an absolute scale of SPR from a
train of 15 MeV electron bunches produced by the 17 GHz
linear accelerator (linac) at MIT, and to compare the results
to those from the finite grating length EFIE model [2]. This
comparison requires slight modification of the EFIE model
to the case of a train of bunches, and is described below.

In the finite grating length EFIE model in [2], the
radiated energy from a single charge passing above the
grating is found by calculating the far-field magnetic com-
02280
ponent H�r; �; �;!�, where r is the distance between the
grating and the observer. Thus, the angular distribution of
the nth order radiated energy density, En��;��, is

En��;�� � �Z0r
2=��

Z 1:5!n

0:5!n

jH�r; �;�;!�j2d!; (2)

where !n � 2�nc=Dg��
�1 � sin� sin��.

For a periodic train of bunches at a repetition frequency
fRF � !RF=2�, the radiation would be locked to discrete
angular frequencies!m � m!RF [13]. For our accelerator,
the repetition frequency is the same as the accelerator
frequency, namely, 17.14 GHz. At these frequencies, the
Fourier components of the magnetic field from the train of
bunches are Hm�r; �; �� � fRFH�r; �; �;!m�. In this
case, the nth order radiated power density (in units of
W=sr) is

Sn��;�� �
Z0r2

�

X
m

jHm�r; �; ��j
2; (3)

where the summation is in the range of frequencies
0:5!n < !m < 1:5!n.

II. EXERIMENTAL SETUP

The experimental setup is illustrated in Fig. 1. The
experimental parameters are described in Table I, unless
otherwise specified.

A 15 MeV (� � 30), 80 mA train of periodic electron
bunches at an rf repetition frequency of 17:140 GHz (each
bunch charge is 4.67 pC), was produced by the 17 GHz
linac built by Haimson Research Corporation (HRC) [26].
The linac was powered by 10 MW, 17.140 GHz, 110 ns
flattop pulses from an HRC relativistic klystron [27]. The
linac filling time is 60 ns, thus for each macro pulse, the
output train was steady state at 15 MeV for �50 ns. The
electron beam into the linac was produced by a thermionic
electron gun, a chopper, prebuncher, and three lenses (not
shown in Fig. 1) [28]. The linac and klystron guns were
operated at 525 kV, 0:5 Hz, with 1 �s flattop pulses from a
high-voltage modulator [29]. A small portion of the klys-
1-2



TABLE I. Smith-Purcell experiment parameters

Average current Ib 80 mA
Train relativistic factor � 30
Train frequency fRF 17.140 GHz
Height above the grating, bmin 2 mm
Bunch length �x 170 �m
Grating period Dg 2:54 mm
Blaze angle 	 30�

Number of periods, Ng 20
Grating width, W 100 mm

POWER MEASUREMENT OF FREQUENCY-LOCKED . . . Phys. Rev. ST Accel. Beams 9, 022801 (2006)
tron power was used to drive the chopper and prebuncher at
�1:5 kW each, via variable attenuators and phase shifters.
The electron beam full-width at half maximum (FWHM)
was �1 mm in diameter with an emittance of 3� mm
mrad. The beam average current, Ib, was measured by a
beam monitor located at the accelerator output and by a
Faraday Cup located at the end of the beam line.

The length of the bunches in the train could be measured
directly with an HRC circularly polarized beam deflector
followed by a toroidal focusing lens (not shown in Fig. 1), a
3 m drift section and a viewing screen [30,31]. The de-
flector consists of vertical and horizontal deflecting arms,
and a set of variable power splitters and phase shifters.
When a direct measurement was required, about 200 kW of
the klystron power was transferred through a high-power
hybrid splitter to drive the deflector arms. For these oper-
ating parameters the measured FWHM bunch length was
�x � 170� 30 �m.

The grating was made from oxygen-free high conduc-
tivity copper and was located 2 m downstream from the
accelerator output. Its periodicity was chosen to be Dg �

2:54 mm in order to obtain first-order SPR frequencies
centered at 120 GHz when � ’ 0. Thus, for bunches as
long as 300 �m, the power reduction due to bunch length
at frequencies as high as �160 GHz would not be more
than 15%. To obtain high efficiency, an echelle-type ge-
ometry was used and the blaze angle was optimized to 	 �
30�. The grating overall length was 50.8 mm (20 periods).
A grating width of W � 100 mm was chosen to reduce
possible finite-width effects when comparing to theory [2].
The grating thickness was 10 mm for mechanical strength.
The finite thickness of the grating has a very small effect on
the intensity of the radiation, as shown in [21], but the
effect is negligible at the observation angles of interest in
this experiment. The grating was installed on two stepper
motor feedthroughs which were used to independently
adjust the height of the beam from the front and back of
the grating.

A 200 mm diameter by 12.7 mm thickness fused quartz
vacuum window was located 150 mm from the center of
the beam line, allowing a clear view of the grating at angles
up to �18�. The window transmission was cold tested at a
frequency range of 90 to 140 GHz using an Agilent vector
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network analyzer. Based on this measurement the real part
of the refractive index and the loss tangent were extracted
and the window transmission as a function of the incident
angles and frequency, Tw��;�;!�, was calculated.

Measurements of the radiated power were made using
microwave detector receivers located about 0.6 to 1 m
away from the grating for far-field measurements.
Receivers were built for each of two microwave bands.
The first band, called W-band, uses standard components in
WR10 waveguide and nominally covers the frequency
band 75 to 110 GHz. The second band is D-band, uses
WR6 waveguide components, and nominally covers the
frequency band 110 to 170 GHz. In each band, the receiver
consisted of a rectangular horn antenna and microwave
detector for that band. The receiver was mounted on a
pitch-yaw remote-controlled rotation stage to maximize
the horn antenna directivity. For angles � < 0� a WR10
receiver was used, and for angles � >�5� a WR6 receiver
was used, thus allowing a 5� overlap in covering the
observation angles.

The detector power, Pd, is correlated to the SPR power
density, Sn, by Pd � SnTwAe=r2, where Ae � ��2=4��Gr
is the effective aperture of the horn antenna located at
distance r from the grating, and Gr is the antenna maxi-
mum gain. To allow a direct comparison between experi-
ment and theory, the measured power was normalized to
units of W=sr by multiplying by the factor r2=TwAe.
III. RESULTS

The transverse beam profile was measured by using the
grating to intercept some portion of the beam before it
reached the Faraday Cup. This interception data was used
to evaluate the beam profile, yielding a FWHM of 1 mm.
This number was used in the theoretical calculations for
comparison with the experimental results.

In order to verify coherent radiation, the power was
measured versus the beam current at observation angles
of � � 1� and 8�, both at �b � 0�. The power was found
to scale proportional to the square of the current, indicating
coherent radiation, as expected at these frequencies.

The SPR resonance relationship, Eq. (1), was measured
by using a tunable frequency meter. The frequency meter
was placed between the antenna and the detector, and we
scanned along � while setting �b at 0�. Only discrete
frequencies which correspond to the harmonics of the
accelerator frequency were observed. These frequencies
were present at the expected radiation directions, �.

The radiation polarization was measured by rotating the
horn antenna at � � 1� and �b � 0�. The radiation was
polarized in the � direction, as expected theoretically.

The coupling of the beam to the grating was measured
by moving the grating with respect to the beam. The
measured detector power in arbitrary units versus the
beam height is shown in Fig. 2, where � � 8� and �b �
7:6�. The theoretical exponential decay for these parame-
1-3



FIG. 3. (Color) Measured power density in W=sr (dots with error
bars). The measurement is compared to the first-order radiated
power density by the EFIE model (solid line). The power is
plotted versus � when �b � 0� (a) and �b � 7:6� (b). In these
figures, each arrow spans over a range of angles in which the
power is dominated by one discrete frequency (see Fig. 4).
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FIG. 2. (Color) Measured power vs beam height for � � 8� and
�b � 7:6�. The solid lines describes the theoretical calculation
for the parameters in Table I.
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ters is shown by a solid line. Good agreement is shown
between the experimental and theoretical results. Similar
agreement was obtained for other sets of observation an-
gles (not shown).

The SPR pattern was measured by scanning the antenna
and detector along �. The comparison, in units of W=sr, is
shown in Figs. 3(a) and 3(b) for setting �b to 0� and 7:6�,
respectively. In these figures the experimental results are
shown by dots with error bars. The theoretical calculation
by the EFIE model [2] and Eq. (3) is shown by the solid
lines. Very good absolute-scale agreement was obtained
between the experimental results and the EFIE calculations
at all angles of observation.

In Figs. 3(a) and 3(b) each arrow indicates the frequency
in which most of the power is emitted for the range of
angles shown. This is further explained in Fig. 4 where the
contents of the first-order radiated power density, calcu-
lated for �b � 0� by the EFIE model at the 6th, 7th, and
8th harmonics of the accelerator frequency, are shown by
dotted, dashed, and dash-dotted lines, respectively. Their
summation, shown by a solid line, agrees with the EFIE
calculation in Fig. 3(a), where in Fig. 3(a) all relevant
frequencies by Eq. (3) are included in the calculation.

Inspection of the calculated power spectrum revealed
that the power peaking at angles � � �8�; 1�, and 8� is
concentrated mostly at the 6th, 7th, and 8th harmonics of
the accelerator frequency (102.84, 119.98, and
137.12 GHz), respectively. The angular width of each
lobe is related to the grating periodicity and length and to
the train frequency.
IV. DISCUSSION AND CONCLUSION

The purpose of this experiment was to test the accuracy
of the finite grating length EFIE model. Frequency-locked
02280
SPR was generated by a train of bunches moving above the
grating, and it was shown to be coherent at the millimeter
wave range. Absolute-scale power measurements were
obtained at a range of observation angles. The results
were compared to the EFIE model which was modified
for a train of bunches. We scanned the observation angles
in the range of�12� < �< 12� for �b � 0� and 7:6�. As
seen in Figs. 3(a) and 3(b), the data reported agreed very
well with the EFIE model.

It is noted that theories which assume a very large or an
infinite number of grating periods, such as the image-
charge [18] or van den Berg [15] model, respectively, could
not be applied to calculate the power from a train of
bunches. Such an assumption results in a very narrow, or
even a 
 function distribution of the radiated wavelength at
1-4
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FIG. 4. (Color) First-order radiated power density calculated for
�b � 0� by the EFIE model and Eq. (3) (solid line). This
calculation was composed from the 6th (dotted line), 7th (dashed
line), and 8th (dash-dotted line) harmonics of the accelerator
frequency.
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each observation angle. Since the SPR from a periodic train
of bunches is locked to the train frequency in discrete
harmonics [13], the radiation from an infinitely long grat-
ing would be observed only at discrete angles ��m;�m�
fulfilling the SPR resonance relationship (1) at these dis-
crete wavelengths

�m �
Dg

n

�
1

�
� sin�m sin�m

�
�

2�c
!m

; (4)

where c is the speed of light and there is 1 degree of
freedom in choosing the ��m;�m� pair.

In contrast, the finite grating length EFIE model allowed
the SPR power generated by the train of bunches to be
calculated over a continuous range of angles. As verified
by the experimental results and demonstrated in Figs. 3 and
4, the power at the locked frequencies was radiated in
angularly broadened directions due to the finite length of
the grating. This experiment supports the EFIE model and
demonstrates that finite-length calculation is necessary in
order to accurately predict absolute power levels.

SPR can be used as a nondestructive bunch-length mea-
surement for a single bunch or for the average bunch length
in a train of bunches. The bunch length could be deter-
mined by either measuring the radiation pattern in arbitrary
units and determining the cutoff angle or by measuring the
radiation in absolute-scale units at a single observation
angle, as suggested in [2]. Both methods require an accu-
rate model to compare to. This work may also be important
for SPR as a coherent radiation source [32,33], or for
acceleration [34,35].

According to constraints from the EFIE model, we chose
a wide enough grating in order to minimize possible finite-
02280
width errors for our operating parameters. It may be of
interest to extend the model for finite-width gratings to
support experiments in which the beam is of higher energy.
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