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Transverse impedance of a smooth flat taper
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Stupakov has used a perturbation method to estimate the transverse impedance at zero frequency of a
rectangular collimator having characteristic taper length ¢, half-width w, and average vertical half-
aperture b, under the condition by < w << €. We use the boundary perturbation method to approximate
the transverse impedance of a flat, slowly tapered chamber in the complementary limit, w = oo.
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I. INTRODUCTION

Small gap undulators are a key element in the design of
modern high brightness synchrotron light sources. An
important design issue is the determination of the trans-
verse impedance of the tapered vacuum chambers for these
devices [1]. The geometric impedance of a slowly tapered
structure with circular cross section has been discussed by
Yokoya [2]. Further understanding was provided by
Stupakov [3] who showed that Yokoya’s results were valid
down to zero frequency. Stupakov [4,5] then presented an
analysis of a flat tapered structure, and found that the
impedance at low frequency can be significantly larger
than that of a chamber with circular cross section.

In order to study the transition between circular and flat
geometry, Podobedov and Krinsky [6] recently considered
the case of a tapered chamber with elliptical cross section.

Yokoya’s [2] result for the low frequency transverse
impedance of an axially symmetric tapered transition is
given by
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where k is the wave number of the perturbing field, Z; is
the free space impedance, a(z) is the radius of the tapered
chamber, and the prime denotes derivative with respect to
the axial coordinate z. If the variation of the radius takes
place over a characteristic distance €, then Yokoya’s ap-
proximation holds under the conditions a; < € and ka3 <
€, where q, is the average radius.
Stupakov [4] has derived an approximation for the ver-
tical impedance of a flat rectangular chamber of constant
half-width w and varying half-gap b(z),

iZow [ b'(2)?
70 (k) = 120 f d .
MR =S e

If the variation of the gap takes place over a distance ¢, then
Stupakov’s approximation can be expected to hold under
the conditions b, << w < € and kw? < €, where by, is the
average half-gap. The impedance of the flat chamber (1.2)
has a form similar to Eq. (1.1) for a circular chamber, but is
larger by a factor ~7w/by. Within this approximation the

(1.2)
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impedance increases linearly with the chamber width. It is
intuitively clear that this linear rise cannot continue for-
ever, and one expects that the impedance will reach a
saturation value once the width is large compared to the
axial length scale €. This expected behavior is not exhib-
ited within Stupakov’s [4] first-order perturbation theory.

In order to achieve more insight into this problem, we
use the boundary perturbation method [7-10] to derive an
analytic approximation for the transverse impedance of a
flat tapered chamber of infinite width and slowly varying
vertical aperture. Our calculation is an extension from
circular to flat geometry of the approach developed by
Cooper, Krinsky, and Morton [9].

II. CIRCULAR CHAMBER

Let us review the results obtained for the transverse
impedance of an axially symmetric chamber with slowly
varying radius. The fractional deviation of the radius from
its average value qa is denoted by S(z) and is expressed as a
Fourier integral

S(z) = a(Z)ao_aO - fwm dqA(q)ei?.

2.1

The approaches of Yokoya [2] and Stupakov [3—5] require
only that the derivative S’(z) be small, whereas the bound-
ary perturbation method [7-9] requires the additional re-
striction that S(z) also be small.

The work presented in Refs. [8,9] was carried out for a
structure that is periodic in the axial direction. Yokoya [2]
took the long period limit to obtain the impedance for a
nonperiodic structure and found

~uJ)(u)
Jy(u)

Z, (k) = 2jZ, f_mw dqqzlA(q)lz[%<

”JJll(/?b)t)ﬂu—aom'

(2.2)

Expanding the Bessel functions in terms of their zeros, he
also wrote the impedance in the following form:

© 2005 The American Physical Society


http://dx.doi.org/10.1103/PhysRevSTAB.8.124403

SAMUEL KRINSKY

Phys. Rev. ST Accel. Beams 8, 124403 (2005)
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where Ji(u,) = 0 and J|(v,) = 0. If a(z) varies on the
length scale €, then A(g) will be small for g > 1/€. In this
case, we see that Eq. (2.3) reduces to Yokoya’s approxi-
mation (1.1) when ay < € and ka3 < €. Equation (2.3)
holds unambiguously for 0 = k < u;/ay, and the imped-
ance is seen to be positive imaginary in this region.

In order to find a useful expression for the impedance for
k> w,/ay, we rewrite Eq. (2.3) in a form suggested by the
work of Warnock [10]. Using

dz, dz,
Pl = [ 52 e 25@)S @) @)
2 2
Eq. (2.3) implies
> F(k,, k) Flk,, k)
Z,() = 1240 { g } 2.6)
* 32 — D(—jk,")  (=jk,)
where
2 2
k=R -5 and k= -2 @7
agp ay
F(p, k) = foc le /‘x’ deS/(Zl)Sl(Zz)ejk(zl_ZZ)ejplzl_zzl

= H(p, k) + H(p, —k),
(2.8)

H(p, k) = ] "z f N dz,8'(2))S! (z) el PO,
(2.9)

Since H*(p, k) = H(—p", —k), it follows that F(p, k) =
H(p, k) + H(—p", k). Hence, if k is small enough to
assure that all k, and k,’ are pure imaginary, then Z (k)
is pure inductive. The square roots in Eq. (2.7) are chosen
to be positive imaginary for negative real argument and
negative real for positive real argument. This assures that
both ImZ | (k) and ReZ (k) are positive for positive real k.
The impedance for negative k can be determined from
Z,(—k) = —Z', (k). Equation (2.6) is a useful representa-
tion for numerical evaluation.

Let us now consider an explicit example [10] of a wall
perturbation:

S(z) = —¢ cos(%)

—8=z1=¢

=g Iz = g. (2.10)
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FIG. 1. The imaginary (a) and real (b) parts of the transverse

impedance versus kagy, for g/a, = 10, normalized by the
Yokoya value Z,(me)?/(2mg). Quantities plotted are dimension-
less.

In this case,

e singg

Alg) = — + 88(q), 2.11)

I q(m* — ¢*¢%) 1

where 8(g) is the Dirac delta function and
jg(k + p)
H s k = 2

(5.2 ) = (mef| eSS

w1 — e2sk+r)] 2.12)
[¢*(k + p)* — 772]2} '

For g/a, = 10, the real and imaginary parts of the trans-
verse impedance are plotted in Fig. 1. When £ is in the
vicinity of the roots k ~ u,,/ay and k ~ v, /a, an apparent
singular behavior is observed. As discussed by Warnock
[10] in his paper on the longitudinal impedance, it is likely
that this is an artifact of the perturbation theory. In Fig. 1,
the singular behavior that occurs over a narrow range of k
is not apparent.

III. FLAT CHAMBER

To calculate the vertical impedance, we begin by con-
sidering the electromagnetic field generated by a vertical
dipole distribution at x = y = 0 situated between perfectly
conducting parallel plates separated by half-distance b,
Assuming the electrons are highly relativistic (y — o0), the
electromagnetic field can be written in the form (see
Appendix A)

O _ go_ _9¢
BY =EY = - "7, 3.1
y P 3.1
9
B = g0 = 2% (3.2)
ay
BY = EY =0, (3.3)
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where all fields are multiplied by the factor /=72, The
potential ¢ is the sum of the contribution of the dipole at
the origin (with dipole moment A = 2¢A) and the images
induced by the parallel plates,

i y + 2nb,
¢ Z x> + (y + 2nb,)?

n=—o0

(3.4)

This can be rewritten in a form more useful for calculation,

T sin(7y/by)

¢ = 2b, cosh(mx/by) — cos(y/by)’ (3.5)

The vertical impedance is expressed in terms of the fields
via [Zy = 4m/c]

JZo
4meA
It follows from Eq. (3.2) that the impedance vanishes for
constant separation between the plates.

Following the approach of Ref. [9], we consider a peri-

odic variation of the half-gap given by the Fourier expan-
sion

Z,(k) = dz(E + B)).

(3.6)

b(z)=b0[1+ D C,,eﬂ%P/L)Z} 3.7)

p=—00

The boundary conditions for a perfectly conducting wall
are that both parallel components of the electric field and
the normal component of the magnetic field vanish at y =
*+b(z). The perturbation technique [9] involves expanding
the fields in orders of the quantity C~’p defined in Eq. (3.7),

e.g.,

E, =EY +EV + EP. (3.8)

The zeroth-order approximation consists of the fields that
would be found between parallel plates with constant
separation, 2b,. Order-by-order, the boundary conditions
at y = *b(z) are replaced [7] by appropriate boundary
conditions at y = *b, as described in Appendix B.

To carry out the perturbation expansion, we first deter-
mine the zeroth-order vertical electric field on the plates,

72 1
2b3 1 + cosh(mx/by)

_ )lfoo dlu,ucos,ux
0

sinhub,’
and the derivative with respect to the vertical coordinate of
the vertical magnetic field on the plates,

EV(x, by) = A=

3.9)

(0) aE(O) aE(O)
8By (x, by) = (x, by) = (x, bo)
dy y
oo 25i
— A auEET (3.10)
0 sinhub,

The higher-order fields can be expressed in the form,

Foy,2,0) = ] dkeMer=2) Z ei@mp/L):
_ =N
CoSpLX
X f, duf(,k p,p){ or L (3.1D)
sinpx
where
E, E, B, >« cosux, E, By, B, «sinux. (3.12)
From the wave equation, it follows that
9? ~
(—M2+—2—k§+k2>f=o, (3.13)
dy
with
2
ky =70~k (3.14)

The curl equations (Appendix A) can then be used to show
that

By, E.E, x sinvpy, B, B, Ey % COSV)Y, (3.15)

where
v =al — u? a2 =k — k2. (3.16)

We now use the boundary conditions at y = *=b, to
express the first-order fields in terms of the zeroth-order
fields (see Appendix B), and find

~ ~ ~ 2
Egl)(bor k! P ILL) = _E§/0)(b0y k, O, ,U«)boc %
2mpj M
=—b C A , 3.17
0 L sinhub 17
" aB(,‘”
B.g’l)(b()’ k’ D Iu‘) = : (bO? k 0 M)bo
2
x M
= byC A ——m, 3.18
0P Sinhub, (3.18)
7+(0)
. IEY .
Egcl)(bo; k; P; ,LL) = - k, 0, /.L)bocp
= byC,A = BW(by, &, p, ).
0%~p sinh,u,bo y ( 0 P M)
(3.19)
From the curl equations, one can show
p(1) 2
OBL — jk, B + jkEV = j(k, + WBY = 222D,
dy L
(3.20)

It then follows from Eqs. (3.15) and (3.17) that
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sinv,y

EL(y,k pow) = D,y(p)= 3.21)
sinv, by
and from Egs. (3.15) and (3.20) that
- cosv,y
B,k p, ) = uDy(p)——L—,  (3.22)
v, sinv,b,
where we have defined
~ 2mpj
D = —AbyC,—— . 3.23
p(lu‘) 0%~p L Sil’lh,LLbo ( )

Having determined the first-order fields, we can now use
the second-order boundary condition to show that
(Appendix B)

=(1)
oE -

: ) byC-,
ay Jq

E b0k 0. = =3

q

—Z(Eg“)qboé_qw. (3.24)
q

The curl equations imply (see Appendix A)

(1) (D
JoE; oB
BB = jk,——+ jk——. (3.25)
dy 0x
Inserting this into Eq. (3.24), we find
2 4 2mq (D
£2) ag + kg (0
E7(by, k, 0, boC_
( /'L Z 0 q atz] < ay
27 i aB
-Np,C_, L= . 3.26
Z 0~=aq afl <ax >q (3.26)

Equations (3.21), (3.22), and (3.23) together with (3.26)
imply

EP(by, k, 0, p) = ]/\kb2

b Z|C |2<27Tq>

coqubo
—_— (3.27)
v, sinv,b
The vertical impedance per period is given by
JZo (L2
, + .
Z,(k) = Aol dz(E B,). (3.28)

From the curl equations (Appendix A), we see that

¢ = —jk(E, + B,) forp=0. (3.29)

Using this in Eq. (3.28), yields

jZy ,J ok P
Z,(k) = irerlE 0,x =0), (3.30)
where
N 00 sinhpy B
Ez(y,k;p=0:x)= dl’l‘ M (b()rk p
—0 sinhu b
= 0, ) COSUX. (3.31)

From Egs. (3.21), (3.30), and (3.31), it follows that there is
no first-order contribution to the transverse impedance.
Using Egs. (3.27), (3.30), and (3.31), the second-order
contribution is found to be

JZO 2 27Tq
20 =500 [ an{ ) Sier ()
b
x S0%%q%0 (3.32)
v, sinv,b

Now let us consider the limit of long period length,
L — o0, We define

2
0= % and 12 =20k— Q2 —u?  (3.33)

and introduce A(g) via

b(Z) - b()
by

LAQ =, . . . .
= C(Q)e/QZ — dQA(Q)e/QZ
%“ 27 '/‘700

(3.34)
It then follows from Eq. (3.32) that

—izeb? [ du(—F—Y
0%0 —00 Sinhﬂ/bo

LA 5 cot[v(Q, u, k)by]
X f,w olaIPe’ =2

Exchanging the order of integration, it is seen that

Z,(k) =

. (3.35)

2,(k) = jZo ] dQIA(Q)R Q2 f(Qbo. kbo),  (3.36)

where
[ 2 cothy/n? + &2 — 277K
Fln ) = f_m d§<smh f) N
3.37)

IV. DISCUSSION OF RESULTS

Let us first consider the impedance at zero frequency,

2,00 = iz [~ dOIAQFQ (O 0. (@D
Suppose b(z) varies on the axial length scale € > by, then
A(Q) will be small for @ > 1/€. In this case we can use
the small argument approximation (see Appendix C),
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f.0=r5=1 (7=0) 42)
Employing Eq. (4.2) in (4.1), we find
7 oo
zimo) =17 f,w AP0l @3)

This can be compared with Yokoya’s [2] result (1.1) for the
circular case,

Zowid(0) = jz, f dOIA(Q)RQ? = jz, [ —Zs«z)%
(4.4)

For a slow taper, the flat impedance is larger than the round
impedance by a factor ~¢/b,. Equation (4.3) indicates
why Stupakov’s perturbation approach is not applicable for
plates of infinite width. In this case the impedance is not
expressible simply in terms of the derivative of S(z).

To compare with Stupakov’s [4] result for a flat taper of
finite half-width w, let us assume b, < w < ¢ and intro-
duce a low wave number cutoff, aby/w, in the integral
defining f(n, 0) in Eq. (3.37),

(e £ coshy/&2 + n?
fw(77:0)=2f df 2 .
abo/w ~ SINW*E [£2 4+ T ginh, [€2 + 2
4.5)
where « is an unknown constant. Since aby/w is small, it
follows from the analysis of Appendix C that

fO0 =25 (4.6)
0
2,00= iz [ dola@PQ’
— jZ, 2;;0 f Y e @.7)

This has the same form as Stupakov’s result [4], which we
expect to be correct for by < w < g, and we can get
agreement with Stupakov [4] by taking a = 2/. In the
case w>> g > by, we expect Z,(0) will saturate at the
value given in Eq. (4.3).

We can write the impedance in a form analogous to
Eq. (2.7) which we derived for circular cross section. We
use Eq. (2.5) and the identity.

_ s 5nbO
vsinvh, ';)(Vbo)z — (nm)?

(8n=1 forn =0

cosvb

4.8)

8, =2 forn> 0)
in Eq. (3.35) to derive

_JLy [ & 8, F(k,, k)
Z,(k) = 27, ffm smh2§ Z2( — ik, )by’ (4.9)
where
kuby = /(kbg)? — €2 — (nm)%, (4.10)
F(p,k) = H(p, k) + H(p, —k), 4.11)

H(p, k) = / "z j ? d2,8'(2))8! (z) el PR,

4.12)
This form is convenient for numerical evaluation.
Let us again consider the example [Eq. (2.10)]
b(z) — b
S(z) _bE) — b _ —£cos = (—g<z<yg)
by 8
=& (Izl > g). (4.13)
In this case,
2. 20in2
2Ja(Q) = T (8Q) 4.14
so Eq. (3.36) becomes
2JZo sin*(gn/by)
Z\(k) (7T )2[ ( 2 znz/b%)z f(n: kb())
(4.15)

For by < g, we can use the small argument approximation
(4.2) for f(m, 0) to show that
iZ, b
2,(0) = 2% 3)2[0.111 ——0} (4.16)
by 4mg
More generally, we expect Eq. (4.16) will hold under the
condition, by K g K w.

For S(z) as specified in Eq. (4.13), the function H
defined in Eq. (4.12) is

jglk + p)
gk + p)* —
w1 — e2sk+r)]
[¢*(k + p)* — 772]2}

Using Egs. (4.11) and (4.17) in the representation of the
impedance given in Eq. (4.9), we numerically evaluate the
impedance as a function of k. The results are plotted in
Fig. 2. To obtain the plots shown in Fig. 2, we have given k
a small imaginary part ~10~3 in order to smooth out some
singular behavior occurring when the quantity in the square
root in Eq. (4.10) vanishes. As discussed by Warnock [10]
for the longitudinal impedance, we believe this singular
behavior is an artifact of perturbation theory.

H(g, p k) = (mz[

4.17)
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FIG. 2. The real and imaginary parts of the vertical impedance for the flat taper of infinite width (g/b, = 10 and 5). The impedance
is normalized by the approximate value at zero frequency, ImZy(O) = (0.222Z,/by)(re)?. Quantities plotted are dimensionless.

The value of the ImZ, is seen to fall from its maximum
value over a wave number range of Ak~ 1/g. The
“trapped mode” resonance observed in simulations by
Blednykh and Wang [11] is not found within the approx-
imations we have made.

V. CONCLUDING REMARKS

The work of Stupakov [4,5] demonstrated that the im-
pedance of flat tapered structures can be significantly
larger than that of tapers with circular cross section. In
fact, he showed that in the regime by K w <« € and
kw? < ¢, ImZ, is expected to increase linearly with the
width w. His analysis does not cover the regime of larger
widths for which the linear increase must saturate. In this
paper, we take a first step toward providing an analytic
description of wide tapers by determining the impedance
of a flat taper of infinite width using the boundary pertur-
bation method employed successfully by Cooper, Krinsky,
and Morton [9] in the case of axially symmetric structures.
The validity of this approximation requires not only that
the taper be slow, but also that the total gap variation be
restricted. In future work, it is hoped that the method of
Stupakov can be extended to cover wide tapers whose
width w is on the order of or larger than the taper length
€. Such a result would not restrict gap variation of the total
taper.

Let us note that the impedance at zero frequency found
in Eq. (4.3) is not easily expressible in the form expected
from Stupakov’s perturbation theory. This indicates that in
order to apply Stupakov’s approach [4,5] a significant
modification of the method of solution will be required.
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APPENDIX A: CURL EQUATIONS

The Maxwell curl equations are

0B, 0B dB, 9B
— — —% = jKE, *— — = jkE,
0x dy 0z 0x ’
dB, 0B, oE, OE
— ——> = JkE, *——% = —jkB,
ay ¥4 dx dy
oE, OE 0E, OE,
- —<=—jkB, ———=—jkB,.
0z 0x dy 0z
Using these it follows that
2 °E B, 0°E, B
aE}' = Y 4 kh: )+jk 9 Z+jkEy>
97> dzdy dz  9zdy ax
a2 d’E, dB
— +K)E, = —/+ jk—=
0z 0zdy ax
oFE B
’E, = jk,—+ jk—=
@ty T IR ay e
where
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2mp

When E, =0,B, =0,k, = —k(p = 0), the curl equa-
tions reduce to

B, 0B 4
— - XZZOJZ (ZOZ_W.)
dx dy c
— JjkB, = JkE,
JkB, = JKE,
IE, _O0E,
0x dy
— JKE, = — jkB,
JKE, = —jkB,.

It is now easily seen that in this case the fields are expres-
sible in terms of a scalar potential via

]
—po=g=-22
dy
d¢o
By = b= =5y
02 02
7423 + 7(5 = _ZOJZ
dx dy

APPENDIX B: BOUNDARY CONDITIONS

The boundary conditions for the perfectly conducting
wall are that both the parallel components of the electric
field and the normal component of the magnetic field
vanish at y = *b(z).

b
[E + — d E, :| = (), (B1)
dz " ly=+b()
[Ex]y=ib(z) =0, (BZ)
db
B, ——B = (. B3
[ Yodz Zi|y—+b(z) (B3

We can expand the field components in a Taylor series such
as

[mw=mm+[

X [b(z) — by

IE, 170%E
b(z) — bo] + —[ Z}
ay :|b0|: ( ) 0] 2 ayz bU

(B4)

For example combining Eqgs. (B1) and (B4), we obtain the
constraint at y = by,

[Ez]bo =

OE, PE. (b= by)
- ‘ b — by) — z
[ dy Ll( 0 [ dy* LJ 2

db oE, db

—[EJp,—— | =—| (b—bp)—.

e R

Introducing the Fourier transform as described in

Eq. (3.12), the constraint in (B5) becomes (all quantities
are evaluated at y = b))

(B5)

oFE

_ Z(Ey)qboép—q 27T(PL_ q)j

0°E,
22( 6y2> boCpg-boCn

q.n

OE,
- Z(—) boC
7\ 9 /g

The field components are now expanded in orders of C e
e.g.

2
by G, 2T

(B6)

p—q—n

E,=EY+EY +EP, (B7)
where Efvo) is the solution for a constant radius b, the term
Efvl) is linear and the term E§2) quadratic in the coefficients
C.
We recall that EEO) = BEO) = (, and that the zeroth-order
field components, e.g., (Efvo)) p» are only nonvanishing for

p = 0. Then to first order, we obtain the constraints

- - 21
EV (b, k, p, ) = —E (o, k, 0, w)boCy —lﬂ,(B$
L (1) 9By .
By (b k p, ) = — a—y(bo, k0, n)boC,,  (B9)
7~(0)
~ _ OEx
EW(by, k. p, ) = k0, w)boC,.  (B10)
We can also derive the second-order constraint,
i 9
EP(by, k,0, ) = —Z( o ) b,
7 y
= 5 2mj(=q)
- Z(Ef\‘l))qboc—qT
q
JEY )
a Z( > bOC nbOCn Wn]’
L
(B11)

where the last term vanishes since the summand is odd in 7.
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APPENDIX C: DERIVATION OF EQ. (4.2)

cosh{/&2 + n?
=2
flm = f fsmhzf VE + 92 sinh/€* + 52
n—0
_ & coshé
fon=2 [ 5o [Tartin
= gtan_1 % + (=1 + cothe)(1 + & + & cothe)

7
consider || K e < 1

2
f(n -2 E il + —1+1+E l+e+1+2
InI\2 & e 3 3
zl—g+<—2+%+1>
Inl & &

fop =~ —1
7]
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(2]
(3]
(4]
(5]
(6]
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(91

[10]
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