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Superradiant emission of Smith-Purcell radiation
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Smith-Purcell (SP) radiation is emitted when an electron passes close to the surface of a metallic
grating. The radiation becomes coherent (fluence proportional to the square of the number of electrons)
when the electrons are in bunches whose dimensions are smaller than the wavelength of the radiation. This
has been observed in experiments in which the electrons are prebunched by an rf linac. The enhancement
of the spectral intensity is accompanied by large changes in the angular and spectral distribution of the
radiation when the electrons appear in periodic bunches. This is called superradiance. Recently, super-
radiant SP radiation has been observed from a so-called Smith-Purcell free-electron laser (SP-FEL) in
which the electrons are bunched by the lasing process. As in other slow-wave structures, the electron beam
in a SP-FEL interacts with an evanescent wave for which the phase velocity matches the electron velocity
and amplifies it. The frequency of this wave lies below the range of SP radiation and the wave is not
radiated except from the ends of the grating. However, the bunching of the electrons by the interaction
with the evanescent wave enhances the ordinary Smith-Purcell radiation and changes the angular and
spectral distribution due to superradiant effects. In this article, we introduce a new method for computing
the SP radiation in three dimensions, including the effects of finite grating length and superradiance due to
periodic electron bunching at an arbitrary frequency. We show that the SP radiation develops spectrally
and angularly narrow peaks at the harmonics of the bunching frequency. In rf linacs, where the bunches
are widely spaced, several closely spaced harmonics lie under the spectral envelope of the emission from a
single electron. In a SP-FEL the harmonics are widely spaced and the SP radiation appears in narrow
cones at the SP angles corresponding to the harmonics of the bunching frequency. Finally, we calculate the
angular spectral fluence radiated by an electron passing over a lamellar grating of finite length, examine its
coherent enhancement in SP-FELs and rf linacs, and compare the results with numerical simulations and
available experimental data.
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I. INTRODUCTION

There is currently substantial interest in the development
of THz sources for applications to biophysics, medical and
industrial imaging, nanostructures, and materials science
[1]. At the present time, available THz sources fall into
three categories: gas lasers, solid-state devices, and
electron-beam driven devices. Optically and electrically
pumped molecular gas lasers provide hundreds of lines
between 40 and 1000 �m, but they are inherently not
tunable. Solid-state THz sources include p-type germa-
nium lasers, quantum-cascade lasers, and excitation of
numerous materials with subpicosecond optical laser
pulses. p-type Ge lasers can be continuously tunable
from 1 to 4 THz, but require a large (1-T) external mag-
netic field, and must be operated at 20 K [2]. Recently, a
quantum-cascade laser has produced up to 2 mW at
4.4 THz, at temperatures up to 50 K [3]. Short electromag-
netic pulses are also sources of broadband THz radiation.
Subpicosecond pulses can be created by optical rectifica-
tion of infrared laser pulses [4] or by optically switching
the photoconductor in a small diode antenna [5].

Electron-beam driven sources of THz radiation include
backward-wave oscillators (BWOs), synchrotrons, and
free-electron lasers (FELs). BWOs are commercially avail-
able, compact devices that operate from 30–1000 GHz and
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produce milliwatts of average power [6,7]. Modern syn-
chrotrons with short electron bunches, such as BESSY II in
Berlin [8] and the recirculating linac at Jefferson
Laboratory [9], produce broadband radiation out to about
1 THz with tens of watts of average power. Conventional
FELs have also been operated in the THz region at several
laboratories, with average power as high as hundreds of
Watts [10–13]. Coherently enhanced THz emission from
relativistic electrons in an undulator has been observed at
ENEA-Frascati [14]. However, synchrotrons and conven-
tional FELs require large facilities.

Another source of radiation in the THz region is Smith-
Purcell (SP) radiation. SP radiation is emitted when an
electron passes close to the surface of a grating, as shown
in Fig. 1. The virtual photons of the electron field are
scattered by the grating, and the wavelength �SP of the
radiation observed at the angle � from the direction of the
electron beam is

�SP
L
�

1

jpj

�
1

�
� cos�

�
; (1)

where L is the grating period, �c the electron velocity, c
the speed of light, and p the order of the reflection from the
grating (radiation is observed only on negative orders). The
wavelength relation (1) is confirmed by the original experi-
ments of Smith and Purcell [15], and by many experiments
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FIG. 1. Smith-Purcell radiation.
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conducted since then. Several theories have been advanced
to describe the angular fluence of incoherent SP radiation
from an infinitely long grating. di Francia used the method
of virtual quanta and showed that the interaction of the
electron with the grating falls off exponentially with the
height of the electron above the grating [16]. van den Berg
calculated the radiation from an electron passing over an
infinite grating of arbitrary form in two and three dimen-
sions [17,18], and van den Berg and Tan calculated the
radiation from an electron passing over a lamellar grating
in two dimensions [19]. These theories have been com-
pared with experiments by Woods et al., who also observed
coherent enhancement due to bunching of the electrons
by the rf linac [20]. Gover et al. used the theory of
van den Berg and compared their results to experiments
[21]. Shibata et al. extended the work of van den Berg,
Haeberle et al. [22], and Schaechter [23] to a lamellar
grating of finite length, and discussed its coherent enhance-
ment by individual electron bunches [24]. In addition, they
compared the theory with experimental results they ob-
tained using electron beams bunched by rf linacs. Since
then, coherent enhancement of SP radiation has become a
useful laboratory tool for examining the bunch structure of
the micropulses in electron beams [25–27]. Recently, the
SP radiation from a finite-length grating of arbitrary profile
has been addressed in two dimensions using time- and
frequency-domain methods [28], and the coherent radia-
tion from bunches passing over a finite grating of arbitrary
profile has been computed in three dimensions using
integral-equation methods [29].

A potentially more powerful source of THz radiation is a
tabletop Smith-Purcell free-electron laser (SP-FEL), which
consists simply of a grating and an electron beam traveling
parallel to the grating surface as indicated in Fig. 1. In
addition to scattered waves that propagate to infinity above
the grating (SP radiation), there are evanescent modes that
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travel along the grating and decay exponentially above it.
When the phase velocity of the evanescent wave is syn-
chronous with the electron velocity, the electron beam
amplifies the evanescent wave [30,31]. The group velocity
of the evanescent wave can be either positive, as in a
traveling-wave tube, or negative, as in a BWO, depending
on the dispersive properties of the grating and the velocity
of the electrons. When the current in the electron beam
exceeds a so-called ‘‘start current,’’ the evanescent wave
grows to saturation [32]. External feedback is not neces-
sary. A device based on this principle has been demon-
strated at Dartmouth [33,34] where nonlinear emission in
the direction normal to the grating was observed over the
spectral region from 300–900 �m. The frequency of the
evanescent wave lies below the range of SP radiation, so
the wave does not radiate except at the ends of the grating.
However, bunching of the electrons by the interaction with
the evanescent wave enhances the ordinary SP radiation
due to superradiant effects [30].

It is well known that when electrons that emit any sort of
radiation are bunched into a region small compared to a
wavelength, the radiation is strongly enhanced because the
electrons emit in phase with one another. In this case, the
electromagnetic fields of the electrons add linearly, so the
emitted energy increases quadratically with the number of
electrons, rather than linearly, but the spectrum is un-
changed [35]. This is the hallmark of coherent radiation.
When the electron bunches are repeated periodically, the
spectral intensity of the emission is enhanced at the bunch-
ing frequency and its harmonics, but the total energy
emitted per electron remains of the same order of magni-
tude. This is called superradiance, and it has been dis-
cussed previously in the context of synchrotron and
undulator radiation [36].

In this article, we address the incoherent, coherent, and
superradiant emission of SP radiation. Previous authors,
beginning with van den Berg, have computed the angular
intensity of SP radiation from a single electron or a random
distribution of electrons passing over an infinitely long
grating [16–22]. Shibata et al., following van den Berg,
calculated the angular intensity of coherent radiation from
a single bunch of electrons, and then included a factor to
describe the spectral distribution of the radiation from a
finite grating [24]. We proceed from a different point of
view and introduce a new method for computing SP radia-
tion that incorporates ab initio the effects of finite grating
length and multiple electrons. We then use this theory to
analyze the enhancement of SP radiation by periodic
bunching of the electrons at an arbitrary frequency. The
results show that in rf linacs, where the bunches are widely
spaced, several closely spaced harmonics lie under the
spectral envelope of the emission from a single electron.
On the other hand, in an SP-FEL the bunches formed by the
interaction with the evanescent wave are closely spaced.
As a result, the harmonics are widely spaced and the SP
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radiation appears in spectrally and spatially narrow cones
at the SP angles corresponding to the harmonics of the
bunching frequency.

The program for carrying out these calculations consists
of two parts. In the first part, Sec. II, we develop the
relationship between the angular spectral fluence from
random electrons passing over a grating of finite length
and that from individual and periodic bunches of electrons.
In the second part, Sec. III, we calculate the angular
spectral fluence from a single electron passing over a finite
grating of arbitrary profile. To obtain numerical results, we
calculate the angular spectral fluence radiated by electrons
passing over a lamellar grating of finite length and examine
the coherent enhancement caused by bunching in rf linacs
and SP-FELs. Finally, we compare the results with numeri-
cal simulations carried out using particle-in-cell codes and
with available experimental data.

II. COHERENT AND SUPERRADIANT EMISSION
FROM A FINITE GRATING

A. Theory

For a single electron passing over a periodic grating, the
angular spectral fluence of radiation at frequency ! at
point R � �R; �;�� a large distance from a grating located
near the origin, as shown in Fig. 1, is [37]

d2W

d!d�
�

2cR2

�0
j~B�!�j2; (2)

where �0 is the permeability of free space (SI units are
used throughout) and

~B�!� �
1�������
2�
p

Z 1
�1

dtei!tB�t� (3)

is the Fourier transform of the magnetic field B�t� at point
R. But for an electron with the trajectory z � �ct0 � �z,
where �z is the position at t0 � 0, the radiation emitted
when the particle is at point z reaches the observer at the
later time

t � t0 �
R� z cos�

c

�
R� �z cos�

c
�

1� � cos�
�

z� �z
c

: (4)

We can use this to change from the variable t to the variable
z in (3).

Far from the ends of the grating, the field emitted by the
particle must be periodic, and in the far field it must fall off
as 1=R. Therefore, for a long grating we can ignore the
errors at the ends and represent the magnetic field by the
expression

B �t�z�� �
1

R

X1
p��1

ap�R̂�eipKz �
1

2
Zg < z <

1

2
Zg

� 0 otherwise; (5)
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where Zg is the length of the grating, K � 2�=L the
grating wave number, L the grating period, and p is an
integer. The vector coefficients ap�R̂� depend on the unit
vector R̂ � ��;�� pointing to the observer, as well as the
electron velocity, height above the grating, and grating
profile. By making this approximation, we exclude from
consideration several kinds of radiation. The first is edge
radiation. This is the radiation emitted when an electron
passes over the edge of a smooth block of metal similar to
the grating but without grooves. Another form of radiation
that we do not consider comes from the evanescent modes
of the grating. These modes are excited by the passage of
individual electrons or bunches of electrons near the grat-
ing [38], and are in fact responsible for oscillation in SP-
FELs [30–32]. Although they do not radiate directly from
the grating, the evanescent waves propagate along the
grating. They scatter and reflect when they reach the
ends of the grating, and produce radiation at frequencies
below those of any SP radiation [31,38,39].

Substituting (5) into (3) and carrying out the integral, we
find that

~B�R; !� �
Zg�������
2�
p

1� � cos�
�cR

ei
!
c �R�

�z
� �

�
X1

p��1

apsinc
�Zg

2

�
!
c

1� � cos�
�

� pK
��
:

(6)

The sinc function has peaks at the frequencies !p for
which

!p

c
1� � cos�

�
� �pK: (7)

This is just another form of the Smith-Purcell relation (1),
and we recognize that p is the order of the reflection from
the grating. The spectral width of the peaks (at the first zero
of the sinc function) is given by the resolution of the
grating,

�!p

!p
�

1

jpjNg
; (8)

where Ng � Zg=L is the number of grooves in the grating.
For Ng 	 1, the orders are well separated and we can
discuss individually the fluence on each order. If we sub-
stitute (6) back into (2), we find that the angular spectral
fluence on order p for a single electron is

d2W �1�
p

d!d�
�

Z2
g

��0c

�
1� � cos�

�

�
2
japj2

� sinc2

�Zg
2

�
!
c

1� � cos�
�

� pK
��
: (9)

If we integrate (9) over all frequencies keeping the direc-
tion R̂ � ��;�� fixed, we find that the angular fluence
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from a single electron is

dW �1�
p

d�
�

2Zg
�0

1� � cos�
�

japj2: (10)

If we have Ne electrons in the beam traveling along the
z axis, then the field amplitudes given by (6) add linearly
and the total field is

~B �Ne� � ~B�1�
XNe
i�1

e��!�zi=�c�; (11)

where ~B�1� is the field of a single particle and �zi is the
position at t0 � 0 of the ith particle. The angular spectral
fluence on order p is then

d2W �Ne�
p

d!d�
�
d2W �1�

p

d!d�

��������X
Ne

i�1

e�i�!�zi=�c�
��������2
: (12)

For a random distribution of a large number Ne 	 1 of
electrons with typical spacing j!�zi=�cj>O�1�, the sum
is 


������
Ne
p

, so the total angular spectral fluence is

d2W �Ne�
p

d!d�
� Ne

d2W �1�
p

d!d�
(13)

as is well known. When the electrons form a tight bunch,
for which j!�zi=�cj � O�1�, the emission becomes co-
herent. Each term in the sum in unity, so the sum is 
 Ne
and the angular spectral fluence is

d2W �Ne�
p

d!d�
� N2

e
d2W �1�

p

d!d�
: (14)

The fluence of coherent emission is increased relative to
that of incoherent SP radiation from the same number of
electrons by the factor Ne, which can be quite large.
However, the spectral and angular distribution is the
same. This is well known also, and has been confirmed
experimentally [24–27].

More interesting effects occur when the electrons are
bunched periodically, as occurs when the electrons interact
with the evanescent wave in a SP-FEL. For simplicity we
consider the idealized case of Nb equally spaced bunches,
each with ne � Ne=Nb electrons. In this case the sum is

��������X
Ne

i�1

e�i�!�zi=�c�
��������� ne

sin�Nb2
!zb
�c �

sin�12
!zb
�c �

; (15)

where zb is the spacing of the bunches. But for Nb 	 1,
this function has strong, narrow peaks where the denomi-
nator vanishes. This happens at the harmonics !h � h!b,
where h is an integer and !b � 2��c=zb is the frequency
at which the bunches appear. Typically, in a SP-FEL there
are just one or a few harmonics in each order of the SP
radiation. Near these peaks we can expand the denominator
and get
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��������X
Ne

i�1

e�i�!�zi=�c�
��������� Nesinc

�
�Nb

�!h

!b

�
; (16)

where �!h � !�!h. For each harmonic h, the angular
spectral fluence on order p is then

d2W �Ne�
ph

d!d�
� N2

esinc2

�
�Nb

�!h

!b

�
d2W �1�

p

d!d�
(17)

�
N2
eZ2

g

��0c

�
1� � cos�

�

�
2
japj2

� sinc2

�
�Nb

�!h

!b

�

� sinc2

�Zg
2

�
!
c

1� � cos�
�

� pK
��
:

(18)

Relative to the radiation from Ne random electrons, the
angular spectral fluence at the center of the line is coher-
ently enhanced by the factor Ne, where Ne is the total
number of electrons in all the bunches. This enhancement
appears in a thin cone at the angle �ph that satisfies the
Smith-Purcell relation

cos�ph �
1

�
�
pKc
!h

: (19)

Provided that Nb 	 Ng (which means, in a SP-FEL, that
the overall electron beam pulse is much longer than the
grating), the first sinc function in (18) is narrower than the
second, so the frequency width of the harmonic (at the first
zero of the sinc function) is

�!b

!b
�

1

Nb
: (20)

ForNb 	 Ng this is much narrower than the spectral width
(8) expected from a single electron or a single small bunch
of electrons. This alteration of the angular spectrum rela-
tive to that of incoherent or coherent SP radiation is called
superradiance [36].

If we integrate (18) over all frequencies, evaluating the
second sinc function at ! � !h, we find that the angular
fluence is

dW �Ne�
ph

d�
�
N2
eZ2

g!b

��0cNb

�
1� � cos�

�

�
2
japj2

� sinc2

�Zg
2

�
!h

c
1� � cos�

�
� pK

�� (21)

�
NeneNgjpj

h
sinc2

�Zg
2

�
!h

c
1� � cos�

�
� pK

��
dW �1�

p

d�

(22)

when we use (19) to evaluate cos� in the slowly varying
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factors. Compared with the radiation from Ne random
electrons, the superradiant enhancement at line center is
jpjNgne=h. This is proportional to the grating resolution
and the number of electrons in each bunch, rather than the
total number of electrons Ne. If we expand the argument of
the sinc about �ph, we find that the angular thickness of the
cone of harmonic radiation, at the first zero, is

��ph �
�h

Zg sin�ph
; (23)

where �h � 2�c=!h is the wavelength of the harmonic.
Subsequent peaks occur at ��ph � �

3
2�;�

5
2�; . . . ,

where ��ph � �� �ph is the angular separation from
line center, and fall off in proportion to ���ph=��ph�

2.

B. Numerical examples

Coherently enhanced harmonics of the bunching fre-
quency have been observed in recent experiments using
an electron beam bunched by an rf linac [40] and in SP-
FEL experiments [33,34,41]. We consider the SP-FEL first.
In this case, the electrons enter the region above the grating
randomly, and the bunching is induced by the interaction of
the electrons with the backward-moving evanescent wave
[30–32]. However, this bunching develops quickly if the
SP-FEL is strongly saturated, and the error introduced by
assuming the electrons are bunched at the beginning of the
grating is small. The bunching frequency is determined by
the frequency of the evanescent wave, which depends on
the dispersive properties of the grating and the electron
velocity. For our numerical example we use the parameters
of the Dartmouth experiments, which are summarized in
Table I [33]. The wavelengths of the first two orders of SP
radiation and the first four harmonics of the laser are shown
in Fig. 2. At 35 keV, for example, the second harmonic of
the laser appears near the bottom of the p � �1 order at a
wavelength �2 
 345�m and angle ��1;2 
 32. The
third harmonic of the laser appears on the p � �2 order
at the wavelength �3 
 230�m and the angle ��2;3 
 79.
The expected radiation pattern for these experiments is
illustrated schematically in Fig. 3, where the evanescent
wave is omitted for clarity. Donohue and Gardelle have
recently observed similar radiation patterns, including the
evanescent wave, in two-dimensional numerical simula-
tions of a SP-FEL using a particle-in-cell code [39].
TABLE I. Parameters of the Dartmouth experiment.

Grating period 173 �m
Groove width 62 �m
Groove depth 100 �m
Grating length 12:7 mm
Electron energy 30–40 keV
Electron-beam current 1 mA
Electron-beam diameter 24 �m

11070
Superradiant SP radiation from electron beams bunched
by rf linacs represents an opposite limit in which the
bunching frequency is very low, so the harmonics are
closely spaced rather than widely separated. In general,
the number of harmonics that fall under the line width of
the SP radiation is

�!p

!b
�

!p

Ng!b
�

�b
Ng�p

; (24)

where �p is the wavelength of the radiation and �b the
bunch spacing. In the limit when the bunch spacing is large
compared to the grating length, many harmonics merge
together under the envelope of a single bunch and it is
sufficient to consider each bunch individually. Shibata et
al., have analyzed and measured the coherent SP radiation
from electrons bunched by an rf linac at RRIKU [24]. The
parameters of the experiment are summarized in Table II.
In their analysis, Shibata et al. ignore the periodic repeti-
grating

second harmonic
        (coherent)

fundamental
(incoherent)

FIG. 3. Radiation pattern in the Dartmouth experiments at
35 keV (not to scale). The evanescent wave is not shown.
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TABLE II. Parameters of the RRIKU experiment..

Grating period 6 mm
Groove width 3 mm
Number of grooves 20 mm
Wavelength 3 mm
Electron energy 40 MeV
Bunch spacing 230 mm
Number of bunches 43

ANDREWS et al. Phys. Rev. ST Accel. Beams 8, 110702 (2005)
tion of the bunches at the accelerator frequency and predict
only coherent enhancement of the radiation due to a single
bunch. However, the harmonics of the bunch frequency
were such that about four harmonics would be expected to
fall under the line width of the SP emission. Since the
number of bunches was larger than the number of grooves
in the grating, in these experiments, the width of the
harmonics was less than the spacing between them. The
harmonics might therefore have been resolvable, but the
resolution of the spectrometer was not sufficient for this.
However, in more recent experiments on coherent SP
radiation from an rf linac using a double heterodyne re-
ceiver, Korbly et al., have resolved the individual harmon-
ics of the bunching frequency [40].

III. ANGULAR SPECTRAL FLUENCE FROM A
SINGLE ELECTRON PASSING OVER A FINITE

GRATING

A. General theory

To compute the radiation emitted by an electron passing
over a grating of a given profile, it is necessary to find the
coefficients japj2 that represent the asymptotic form of the
magnetic field at the observer far from the grating. To do
this, we must solve the Maxwell equations to find the
magnetic field ~B, or at least j~Bj2, and determine the
coefficients by comparison with the asymptotic form (6).
The details are explained in the appendix. We summarize
the important points here.

Since the field at a distant observer is a plane wave, it is
sufficient and convenient to find just the y components
(parallel to the grooves, as shown in Fig. 1) Ey and By,
of the electric and magnetic fields E and B rather than the
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three components of B. The square of the magnetic field is
then

c2j~Bj2 �
j ~Eyj2 � c2j ~Byj2

1� sin2�sin2�
: (25)

To solve the Maxwell equations for ~By, we take the
Fourier transform with respect to y (the direction trans-
verse to the beam) and get the two-dimensional Helmholtz
equation�
@2

@x2 �
@2

@z2

�
~Bk �

�
!2

c2 � k
2
y

�
~Bk �

�0q
2�

ei�!z=�c�
@
@x
��x�;

(26)

where ky is the transverse wave number and the subscript k
indicates the Fourier transform.

The solution to this equation is the sum of the particular
solution and the complementary solution. The particular
solution is just the boosted Coulomb field of the electron
while the complementary solution is the reflected wave. To
take advantage of Floquet’s theorem in solving this prob-
lem, we consider an infinitely long grating and write the
homogeneous solution in the form

~B �R�k �x; ky; z; !� �
X1

p��1

Bp�ky; !�ei��!=�c��pK�zeikpx:

(27)

The individual terms (called space harmonics) in (27) are
radiative only if kp � real, which requires that

!2

c2
�

�
!
�c
� pK

�
2
> 0: (28)

Since �< 1, the space harmonics are radiative only for
�pmax � p � �1, where pmax is some (usually small)
integer. The coefficients Bp are chosen to satisfy the
boundary conditions at the surface of the grating. We leave
this tedious part until later.

The magnetic field itself is found by inverting the
Fourier transform. At large distances from the grating the
Coulomb field can be ignored, so we consider only the
reflected field. Inverting the Fourier transform with respect
to y, we get
~B y�R; !� �
1�������
2�
p

X�1

p��pmax

Z 1
�1

dkyBp�ky; !�eifkpx�kyy���!=�c��pK�zg; (29)
where the sum is over the radiative orders at the frequency
!. We anticipate that Bp�ky; !� is a smoothly varying
function of ky, but for large R the exponential oscillates
rapidly except near the stationary-phase point �ky. This
point satisfies the condition
�ky
�kp
� tan�: (30)

That is, the wave vector points towards the observer. The
integral can then be evaluated using the method of sta-
tionary phase, and we get
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~B y�R; !� �
X�1

p��pmax

ei��!=�c��pK�zei � p �Bp�!�

�

����������������������������������������������������������
cos2�
iR sin�

���������������������������������������
!2

c2 �

�
!
�c
� pK

�
2

svuut
; (31)

where

� p�ky� � R sin�� �kp cos�� �ky sin�� (32)

and �Bp is the value of Bp at the point of stationary phase.
The electric field ~Ey is found in a similar manner.

Comparing (31) with (6), we see that ~By / 1=R in (6),
but that ~By / 1=

����
R
p

in (31). This follows from the fact that
in deriving (31) we consider an infinitely long grating,
which forms a line source rather than the localized source
of a finite-length grating. To connect the coefficients ap in
(6) with the coefficients Bp in (31), we must rederive (6)
for an infinitely long grating. To do this, we proceed as we
did before, except that the distance r from the electron to
the observer depends on the position z0�t� of the particle
even in the denominator of (5). The Fourier transform is
then

~B�R; !� �
1�������
2�
p

X�1

p��pmax

Z 1
�1

dt
ap�r̂�
r

ei�!t�pKz
0�t��:

(33)

We anticipate that ap�r̂�=r is a smoothly varying function
of t, but the exponential is rapidly oscillating except in the
neighborhood of the stationary-phase point �tp, for which

!
c

�
1� � cos�p

�

�
� pK � 0; (34)

where ��p is the angle to the observer from the stationary-
phase point. This is just the Smith-Purcell condition, once
again. The dominant contribution to the integral comes
from the region near the stationary-phase point. That is,
while the particle radiates along the entire trajectory from
z0 � �1 to z0 � �1, there is only a small portion of the
trajectory for which the Doppler shift puts the radiation at
the desired frequency !. Evaluating the integral in (33) by
the method of stationary phase, we get

~B�R; !� �
X�1

p��pmax

�ap�����
�rp

p ei �	p

���������������������������������������������
�i

c2pK

�1� � cos ��p�
3

�3sin2 ��p

vuut ;

(35)

where

�	 p � !�tp � pKz0��tp� (36)

and �ap is the value at the stationary-phase point. Although
the integral is dominated by the region around the
stationary-phase point, the length of this region increases
with the distance of the observer from the surface of the
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grating. For this reason, the spectral intensity falls off only
as fast as the square root of the distance rp. For a finite
grating, ��p � � and �rp � R, so we are able to make the
connection

japj2 � jpjK
�3 sin�cos2�

�1� � cos��3

�

���������������������������������������
!2

c2 �

�
!
�c
� pK

�
2

s
jEpj

2 � c2jBpj
2

1� sin2�sin2�
: (37)

Provided that the line width of the harmonic is small, we
can evaluate the square root at line center using the Smith-
Purcell relation. The angular spectral fluence is then

d2W �1�
p

d!d�
�

4��2p2N2
g

�0c
sin2�cos2�

�1� � cos��2
jEpj2 � c2jBpj2

1� sin2�sin2�

� sinc2

�Zg
2

�
!
c

1� � cos�
�

� pK
��
: (38)

If we integrate this expression over all frequencies, we find
that the angular fluence is

dW �1�
p

d�
�

8�2�3p2N2
g

Zg�0

sin2�cos2�

�1� � cos��3
jEpj

2 � c2jBpj
2

1� sin2�sin2�
:

(39)

It remains to find the coefficients jEpj2 and jBpj2. This
must be done for the specific grating profile under
consideration.

B. Lamellar gratings

Up to this point the analysis is independent of the profile
of the grating. van den Berg [19] and Haeberle et al. [22]
have presented general methods for finding the coefficients
jEpj2 and jBpj2 for arbitrary grating profiles. Here we
restrict ourselves to the case of a lamellar grating, and
adopt the computationally simpler approach used by
van den Berg and Tan [19] and by Shibata et al. [24]. In
addition to being computationally simple, lamellar grat-
ings are easy to fabricate and have proved to be experi-
mentally convenient and flexible.

As described earlier, the solution to the Helmholtz
Eq. (26) is the sum of the complementary solution and
the particular solution. The particular solution is just the
boosted Coulomb field, and the complementary solution is
the reflected field, which is expanded in space harmonics,
according to Floquet’s theorem. When the solutions are
combined to match the boundary conditions on the surface
of the grating, we get the matrix equation

X1
p��1

M�B�pq B0q � V�B�p (40)

for the normalized magnetic field
2-7
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Bpe
�ikpHe �

�0q
4�

eik0HeB0p (41)

where

M�B�pq �
kq
k0
�pq � i2

A
L

X1
m�0


m tan�
mH�
k0�1� �m0�

�mp��mq; (42)

V�B�p � ��p0 � i2
A
L

X1
m�0


m tan�
mH�
k0�1� �m0�

�mp��m0; (43)

and

�mq �
1

A

Z A

0
dze�i��!=�c��qK�z cos

�
m�z
A

�
: (44)

In a similar manner we get the matrix equation

X1
p��1

M�E�pq E0q � V�E�p (45)

for the normalized electric field

Epe
�ikpHe �

�0cq
4��

ky
k0
eik0HeE0p; (46)

where

M�E�pq � �pq � 2i
A
L

X1
m�0

kq

m

tan�
mH��mp��mq; (47)

V�E�p � ��p0 � 2i
A
L

X1
m�0

k0


m
tan�
mH��mp��m0; (48)

and

�mq �
1

A

Z A

0
dze�i��!=�c��qK�z sin

�
m�z
A

�
: (49)

The wave numbers satisfy the relations

k2
0 � k

2
y � �

!2

�2�2c2 ; (50)

!2

c2
� 
2

m � k
2
y �

�
m�
A

�
2
� 0: (51)

Equations (40) and (45) are easily solved using programs
such as MATHCAD. For this purpose it is necessary to
truncate the sum over p to �psum � p � psum.
Typically, it is sufficient to use psum � 5.

Substituting these results into (38) and (39) and evaluat-
ing ky at the point of stationary phase, we find that in terms
of the normalized field coefficients E0p and B0p, the angu-
lar spectral fluence on the pth order is
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d2W �1�
p

d!d�
�
�0cq

2

4�

�2p2N2
gei2k0He

�1� � cos��2
sin2�cos2�

1� sin2�sin2�

�

��������� ky
�k0

��������2
jE0pj

2 � jB0pj
2�

� sinc2

�Zg
2

�
!
c

1� � cos�
�

� pK
��

(52)

and the angular fluence is

dW �1�
p

d�
�

q2

2"0L

�3p2Nge
i2k0He

�1� � cos��3
sin2�cos2�

1� sin2�sin2�

�

��������� ky
�k0

��������2
jE0pj2 � jB0pj2

�
; (53)

where �������� ky
�k0

��������2
�

�2sin2�sin2�

1� �2�2sin2�sin2�
(54)

and � � 1=
���������������
1� �2

p
is the relativistic Lorentz factor.

Likewise, we see that the exponent is

i2k0He � �
4�jpjHe

�L�1� � cos��

�������������������������������������������
1� �2�2sin2�sin2�

q
:

(55)

It should be noted that there are irreconcilable discrep-
ancies in the literature. For the angular fluence, the formula
derived by Haeberle et al. [22] differs from (53) by the
factor 2=p2, but the corresponding formula of Shibata et al.
[24] differs by the factor 1=4�2. It is difficult to identify
the origin of the discrepancies since these authors derive
the corresponding formulas starting with the work of
van den Berg [18] and Gover et al. [21], which is different
than the approach used here.

C. Numerical examples

For a numerical example of these results, we can again
use the parameters of the Dartmouth experiments, which
are summarized in Table I [33]. The predicted angular
distribution of incoherent SP radiation on the first few
orders of the grating at a current of 1 mA is shown in
Figs. 4 and 5. The total emission is shown in Fig. 6. We see
in Fig. 5 that at low energy the variation of the angular
fluence with � is smooth. At higher energy (MeV), spikes
and singularities are predicted in the angular variation
[22,24]. The results shown in Fig. 5 for radiation on the
fundamental ( p � �1) at � � 0 agree closely with those
of Urata et al. [33]. As shown in Figs. 4–6, the incoherent
emission on the higher orders p � �2;�3 is smaller than
the first-order emission p � �1 by an order of magnitude,
and peaks at � � 0.

The start current for SP-FEL oscillation in the
Dartmouth experiments is predicted to be about 1 mA,
which is in reasonable agreement with the experimental
2-8
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observation [32]. Below the start current, the observed
radiation is dominated by incoherent SP radiation on the
p � �1 order. Above the start current, bunching of the
electrons causes superradiant emission, which increases
the intensity and alters the angular spectrum. For the
present discussion, it is assumed that the electrons are all
in bunches of zero length over the entire grating. While this
is certain to be an overestimate, the effect of finite bunch
width is not severe for the first few harmonics. Moreover,
Donohue and Gardelle observe strong bunching in numeri-
cal simulations of SP-FEL dynamics [39]. Figure 6 shows
the total power radiated on the second, third, and fourth
harmonics, which appear in the first, second, and third
orders of SP radiation, respectively. Despite the narrow
angular range of superradiant emission, the total super-
radiant power is orders of magnitude larger than the inco-
herent emission
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IV. CONCLUSIONS

Using a new theory that includes, ab initio, the effects of
periodic electron bunching and finite grating length, we
have examined the coherent SP radiation from electron
beams bunched by rf linacs and by the evanescent wave
in SP-FELs. We have computed the absolute angular spec-
tral fluence of incoherent SP radiation in three dimensions,
and the coherent and superradiant enhancement due to
periodic bunching of the electron beam.

The results show that for electron beams bunched by rf
linacs, in which case the bunch spacing is larger than the
length of the grating, the angular spectral fluence observed
at low resolution is coherently enhanced by the factor ne,
the number of electrons in an individual bunch. However, if
the number of bunches in a macropulse of the rf linac
exceeds the number of grooves in the grating, then several
individual harmonics of the rf frequency can be resolved
under the envelope of the SP linewidth. These effects are
well known and have been observed experimentally
[24,40].

Of greater interest are the superradiant effects on SP
radiation that occur in SP-FELs. Below the start current for
laser oscillation, the radiation is incoherent and appears at
all angles with a wavelength given by the Smith-Purcell
relation. However, above the start current the radiation
pattern becomes much more complex. The laser
(evanescent-wave) frequency lies below the lowest order
of SP radiation and the evanescent wave does not itself
radiate except at the ends of the grating. However, the
harmonics of the laser frequency are strongly enhanced
in the SP radiation. Since there has been confusion on this
point, it should be emphasized that the harmonic radiation
observed is superradiant SP radiation from the electrons. It
is not radiation scattered from the evanescent wave by the
grating. In the absence of the electron beam, the evanescent
wave propagates along the surface of the grating without
scattering and without loss, aside from dissipative losses in
2-9
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the surface of the grating itself [32]. The coherent harmon-
ics appear in distinct patterns having the form of thin cones
about the direction of the electron beam at the SP angles
corresponding to the harmonic wavelengths. Typically, one
harmonic (or at higher energies, a few harmonics) may
appear in each order of the SP radiation.

For numerical examples we use the parameters of the
Dartmouth SP-FEL experiments, which had an electron-
beam current on the order of 1 mA. Numerical simulations
using a particle-in-cell code indicate that at saturation the
bunching of the electrons by the laser interaction in a SP-
FEL is very strong [39], and we assume for present pur-
poses that the bunching is perfect when the electron-beam
current exceeds the start current for SP-FEL oscillation.
Referring to Fig. 6, we see that in the absence of lasing
(below the start current), incoherent SP radiation on the
first order is predicted to have a total power on the order of
1 mW at an electron-beam current of 1 mA. The second and
third harmonics are about an order of magnitude smaller.
However, above the start current the superradiant power on
the third harmonic is predicted to be on the order of
100 mW. Thus, while superradiant emission on the coher-
ent harmonics is expected to be weaker than the laser
radiation itself, it is much stronger than incoherent SP
radiation and it appears at shorter wavelengths than the
laser radiation. This will be useful in some applications.

The theoretical predictions of electron bunching at the
laser (evanescent-wave) frequency [31,32] are in complete
agreement with the numerical simulations of Donohue and
Gardelle [39]. Moreover, the angular spectrum of super-
radiant emission that they observe in the simulations agrees
with that predicted by the analytical theory described here.
More recently, Li has performed three-dimensional simu-
lations of radiation from a single electron bunch [38].
While the SP radiation from a single bunch in these simu-
lations does not exhibit the superradiant behavior charac-
teristic of periodic bunches, the results show significant
excitation of the evanescent wave and scattering of that
wave at both ends of the grating. Thus, the theory seems to
be in complete agreement with the available numerical
simulations.

However, neither the analytical theory nor the numerical
simulations completely explain the reported experimental
observations [33,34,42]. Superradiant enhancement of the
emission at normal incidence to the grating is reported for
the first three orders of SP radiation [41]. Enhancement of
the second-order (p � �2) emission can be explained by
the fact that the third harmonic is nearly coincident (within
the experimental resolution [42]) with the second-order SP
frequency in the direction normal to the grating. Although
the third harmonic peaks at � � 79 in the far field, which
lies slightly outside the 13 diameter of the window used in
the experiments [42], the near-field radiation is much wider
(on the order of the width of the grating), as indicated in
Fig. 3, and some fraction of the radiation pattern would be
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expected to overlap the window. However, superradiant
effects, as predicted by the analytic theory and observed
in the numerical simulations, cannot explain the reported
enhancement of the first-order (p � �1) SP radiation in
the direction normal to the grating, where the window was
located. Although radiation at the second harmonic of the
bunching frequency is emitted on the first order of SP
radiation, the emission occurs at an angle about 32 from
the electron beam. This lies well outside the window and,
perhaps more importantly, the second-harmonic frequency
does not correspond to that of first-order SP radiation in the
direction normal to the grating. Moreover, radiation at the
laser (bunching) frequency itself has never been observed
in the SP-FEL experiments [41], although it is the source of
milliwatts of radiation in BWOs [7]. Finally, in the experi-
ments at Dartmouth it was not possible to examine the
angular distribution of the superradiant emission. It will be
important in future experiments to examine the angular
distribution of the superradiant emission and to look for the
evanescent wave itself at longer wavelengths [42].
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APPENDIX: ANGULAR SPECTRAL FLUENCE
FROM A FINITE GRATING

Since the field at a distant observer is a plane wave, we
can find jBj2from just the y components Ey and By of the
electric and magnetic fields. We can see this in the follow-
ing way. In a plane wave, the electric and magnetic fields
are orthogonal to each other and to the unit vector R̂
pointing to the observer. Then, since jEj2 � c2jBj2 in a
plane wave, for any direction �̂ orthogonal to R̂, we have

jE � �̂j2 � c2jB � �̂j2 � jEj2cos2�� c2jBj2sin2�

� c2jBj2; (A1)

where � is the angle between E and �̂. But the vectors E
and B lie in a plane that is perpendicular to R̂. This plane
is, therefore, also perpendicular to the plane of R̂ and ŷ,
where ŷ is a unit vector along the y axis. If we choose the
direction â to be the intersection of these planes, then since
E and B can be resolved into components E� � E � �̂ and
B� � B � �̂ parallel to �̂ and components orthogonal to R̂
and �̂, which are also orthogonal to ŷ (since it lies in the
plane of R̂ and �̂), we can write

Ey � E� cos�; (A2)

By � B� cos�; (A3)
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where � is the angle between �̂ and ŷ. Therefore,

c2jBj2 �
jEyj2 � c2jByj2

cos2�
: (A4)

But the component of R̂ in the direction ŷ is

R̂ � ŷ � sin� � sin� sin�; (A5)

so

cos 2� � 1� sin2� � 1� sin2�sin2�: (A6)

Therefore,

c2jBj2 �
jEyj2 � c2jByj2

1� sin2�sin2�
: (A7)

To find the electric and magnetic fields, we must solve the
Maxwell equations or, equivalently, the Helmholtz equa-
tions

r2 ~B�
!2

c2
~B � ��0r� ~J; (A8)

r2 ~E�
!2

c2
~E �

1

"0
r~� i!�0

~J; (A9)

where for a point charge qmoving along the z axis with the
velocity �c the Fourier-transformed charge density and
current density are

~�r; !� �
q�������

2�
p

�c
��x���y�ei�!z=�c�; (A10)

~J�r; !� �
q�������
2�
p ��x���y�ei�!z=�c�: (A11)

To simplify these equations, we follow the approach used
by van den Berg [18] and take the Fourier transform with
respect to the transverse coordinate y (note the negative
sign used here in the exponent of the transform)

~E k�x; ky; z;!� �
1�������
2�
p

Z 1
�1

dye�ikyy ~Ey�r; !�; (A12)

~B k�x; ky; z;!� �
1�������
2�
p

Z 1
�1

dye�ikyy ~By�r; !�; (A13)
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and get the two-dimensional Helmholtz equations

�
@2

@x2 �
@2

@z2

�
~Ek �

�
!2

c2 � k
2
y

�
~Ek � iky

�0cq
2��

ei�!z=�c���x�;

(A14)

�
@2

@x2 �
@2

@z2

�
~Bk �

�
!2

c2 � k
2
y

�
~Bk �

�0q
2�

ei�!z=�c�
@
@x
��x�:

(A15)

The solution to these equations is the sum of the particular
solution and the complimentary solution. The particular
solution is just the boosted Coulomb field of the electron
while the complimentary solution is the reflected wave, so
we may write

~E k � ~E�C�k � ~E�R�k ; (A16)

~B k � ~B�C�k � ~B�R�k : (A17)

To take advantage of Floquet’s theorem, we consider an
infinitely long grating and write

~E �R�k �x; ky; z; !� �
X1

p��1

Ep�ky; !�ei��!=�c��pK�zeikpx;

(A18)

~B �R�k �x; ky; z; !� �
X1

p��1

Bp�ky; !�ei��!=�c��pK�zeikpx:

(A19)

From the Helmholtz equation we see that

!2

c2
� k2

p � k2
y �

�
!
�c
� pK

�
2
: (A20)

The fields themselves are found by inverting the Fourier
transforms. At large distances from the grating we can
ignore Coulomb field and consider only the reflected field.
Inverting the Fourier transform with respect to y, we get
~B y�R; !� �
1�������
2�
p

X�1

p��pmax

Z 1
�1

dkyBp�ky; !�eifkpx�kyy���!=�c��pK�zg; (A21)

where the sum is over the radiative orders at the frequency!. But for a finite grating located near the origin, the coordinates
of the observer are

x � R sin� cos�; (A22)

y � R sin� sin�; (A23)

z � R cos�; (A24)
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so we can write this in the form

~B y�R; !� �
1�������
2�
p

X�1

p��pmax

ei��!=�c��pK�z
Z 1
�1

dkyBp�ky; !�e
i p�ky� (A25)
x (observer)
where

 p�ky� � R sin��kp cos�� ky sin��: (A26)

We anticipate that Bp�ky; !� is a smoothly varying function
of ky, but for large R the exponential oscillates rapidly
except near the stationary-phase point �ky. This satisfies the
condition

d p
dky

�������� �ky

� R sin�
�
sin�� cos�

dkp
dky

�������� �ky

�
� 0 (A27)

so that

dkp
dky

�������� �ky

� � tan�: (A28)

This is shown graphically in Fig. 7, from which we see that
for radiative orders p

�k y �

��������������������������������������
!2

c2 � �
!
�c
� pK�2

s
sin�; (A29)

�k p �

��������������������������������������
!2

c2 � �
!
�c
� pK�2

s
cos�: (A30)

The individual terms (called space harmonics) in (A18)
and (A19) are radiative only if �kp � real, which requires
that

!2

c2
�

�
!
�c
� pK

�
2
> 0: (A31)

Since �< 1, this can happen only for �pmax � p � �1,
where pmax is some (usually small) integer. The coeffi-
cients Ep and Bp are chosen to satisfy the boundary con-
ditions at the surface of the grating.
dkp/dky

kp

ky

φ

φkp

ky

  

FIG. 7. Graphical representation of wave number relation.

110702
The dominant contribution to the integral (A25) comes
from the neighborhood of the point �ky. Using the method of
stationary phase, we get

~B y�R; !� �
X�1

p��pmax

ei��!=�c��pK�zei � p �Bp�!�

�

����������������������������������������������������������
cos2�
iR sin�

���������������������������������������
!2

c2 �

�
!
�c
� pK

�
2

svuut
; (A32)

where �Bp�!� and � p are the values at the stationary-phase
point. In the same way, we find that the Fourier transform
of the electric field is

~E y�R; !� �
X�1

p��pmax

ei��!=�c��pK�zei � p �Ep�!�

�

����������������������������������������������������������
cos2�
iR sin�

���������������������������������������
!2

c2 �

�
!
�c
� pK

�
2

svuut
: (A33)

Comparing (A32) with (6), we see that ~By / 1=R in (6),
since it applies to the radiation from a localized source (a
finite-length grating). On the other hand, ~By / 1=

����
R
p

in
(A32) since it applies to the radiation from an infinitely
long grating, which forms a line source. To relate the
coefficients ap in (6) to the coefficients Ep and Bp in
(A32) and (A33), we must rederive (6) for an infinitely
long grating. Referring to Fig. 8, we argue that the mag-
netic field at point R far from the electron is
A

L

βc

H

zz’

R
r

α

FIG. 8. Radiation from an infinitely long grating.
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B �R; t� �
1

r

X�1

p��pmax

ap�r̂�eipKz
0

(A34)

where r is the vector from the electron to the observer, and
the electron trajectory is

z0 � �ct0; (A35)

t � t0 �
r
c
; (A36)

r2 � x2 � y2 � �z� z0�2: (A37)

Then,

~B�R; !� �
1�������
2�
p

X�1

p��pmax

Z 1
�1

dt
ap�r̂�
r

ei	p�t�; (A38)

where the phase is

	p�t� � !t� pKz0�t�: (A39)

In (A38), ap�r̂�=r is a smoothly varying function of t, but
the exponential is rapidly oscillating except in the neigh-
borhood of the stationary-phase point �tp, where

d	p
dt

���������tp

� !� pk
dz0

dt

���������tp

� 0: (A40)

Carrying out the derivatives, we find that the stationary-
phase point satisfies the Smith-Purcell condition

!
c

�
1� � cos ��p

�

�
� pK � 0; (A41)

where ��p is the angle from the stationary-phase point to
the observer. The dominant contribution to the integral
comes from the region near the stationary-phase point.
Evaluating the integral in (A38) by the method of sta-
tionary phase, we get

~B�R; !� �
X�1

p��pmax

�ap�����
�rp

p ei �	p

���������������������������������������������
�i

c2pK

�1� � cos ��p�
3

�3sin2 ��p

vuut ;

(A42)

where �ap is the value at the stationary-phase point.
Provided that the orders are narrow and well separated,
so we can use the Smith-Purcell relation and can ignore
cross terms, the absolute square of this is

c2j~B�R; !�j2 �
X�1

p��pmax

j �apj2

�rp pK

�1� � cos ��p�
3

�3sin2 ��p
: (A43)

But from (A7), (A32), and (A33) we see that for narrow,
well-separated orders,
110702
c2j~B�R; !�j2 �
X�1

p��pmax

j �Epj
2 � c2j �Bpj

2

1� sin2�sin2�

cos2�
R sin�

�

���������������������������������������
!2

c2 �

�
!
�c
� pK

�
2

s
: (A44)

For a finite grating ��p � � and �rp � R, so by comparing
(A43) and (A44) we obtain the relation

japj2 � jpjK
�3 sin�cos2�

�1� � cos��3

�

���������������������������������������
!2

c2 �

�
!
�c
� pK

�
2

s
jEpj2 � c2jBpj2

1� sin2�sin2�
: (A45)

The angular spectral fluence from a finite grating is there-
fore given by the expression

d2W �1�
p

d!d�
�
�jpjKZ2

g

��0c
sin�cos2�
1� � cos�

�

���������������������������������������
!2

c2 �

�
!
�c
� pK

�
2

s
jEpj2 � c2jBpj2

1� sin2�sin2�

� sinc2

�Zg
2

�
!
c

1� � cos�
�

� pK
��
: (A46)

Provided that the line width is small, we can evaluate the
square root at line center using the Smith-Purcell relation
and get ���������������������������������������

!2

c2 �

�
!
�c
� pK

�
2

s
�
�Kjpj sin�
1� � cos�

: (A47)

The angular spectral fluence is then

d2W �1�
p

d!d�
�

4��2p2N2
g

�0c
sin2�cos2�

�1� � cos��2
jEpj2 � c2jBpj2

1� sin2�sin2�

� sinc2

�Zg
2

�
!
c

1� � cos�
�

� pK
��
: (A48)
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