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Numerical study of coupled-bunch instability caused by an electron cloud
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An electron cloud induces a wake force on a charged particle beam which creates correlations between
bunches—i.e., a small displacement of a bunch creates a perturbation of the electron cloud, which affects
the motions of the following bunches, with the result that a coupled-bunch instability is caused. The
coupling mode of the instability is determined by the motion of the electrons in the cloud—that is, it
depends on which electrons, moving in a drift space, a weak solenoid field or a strong bending field, are
dominant for the instability. We discuss the coupled-bunch instability focusing on the relation between the
mode spectrum and the electron motion.
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I. INTRODUCTION

A positron or proton beam creates electrons due to
synchrotron radiation, beam particle loss, and secondary
emission due to the absorption of primary electrons at the
vacuum chamber surface. In the case of multibunch opera-
tion with a short bunch spacing, electrons build up in the
vacuum chamber by successive production, with the result
that an electron cloud with a certain density is formed in
the chamber. The beam passes through the cloud and
interacts with it. The motions of bunches become corre-
lated with each other if the memory of a previous bunch is
retained in the electron cloud. When one bunch oscillates
with a small betatron amplitude, other bunches are affected
by the motion of the bunch via the electron cloud, with the
result that a coupled-bunch instability is caused.

Transverse coupled-bunch instabilities caused by elec-
tron clouds have been observed in some positron storage
rings: KEK-PF [1,2], CESR [3], and BEPC [4]. The insta-
bility has been also observed in the KEKB LER [5]. The
mode spectrum, which characterizes unstable coupled-
bunch modes, has been measured with a fast beam-position
monitor at KEKB. Many solenoid magnets were placed
around the vacuum chambers around the the ring [6] to
reduce single-bunch electron cloud effects [7–9]. An ex-
periment performed at the KEKB LER showed that the
solenoid magnets strongly affected the coupled-bunch in-
stability, and a simulation followed the experimental re-
sults [5].

We discuss the coupled-bunch instability caused by
electron clouds in drift spaces, weak solenoids and strong
bending magnets using a (semi)analytic method based on
the wake force and particle tracking simulation in this
paper. It is shown that the electron motion, which is
affected by the presence of magnetic fields, is reflected in
the coupled-bunch instability. The results also tell us that
the mode spectrum of the coupled-bunch instability indi-
cates which electrons, in drift spaces, solenoid magnets,
bending magnets or other magnets, are dominant in the
actual ring.
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A review of the mode frequency and spectrum of the
coupled-bunch instability is presented in Sec. II. The
physical interaction between the bunched beam and the
electron cloud is reviewed in Sec. III. To analyze the
coupled-bunch instability, a photoelectron cloud model
has been used [2]. A wake force induced by the electron
cloud is obtained in the model. The growth rate of each
coupled-bunch mode is evaluated from the wake force in
Sec. IV. The interaction between the bunch train and the
electron cloud is also simulated by a tracking method in
Sec. V. The tracking method gives the evolution of the
transverse amplitudes of the bunches. The growth rate of
each mode is obtained by a Fourier analysis of the ampli-
tude evolution, and is compared with that given by the
wake force. In Sec. VI, a longitudinal coupled-bunch in-
stability due to electron cloud proposed by Novokhatski
[10] is discussed.

We discuss the instability in the KEKB LER. Basic
parameters of the KEKB LER are shown in Table I.

II. MODE OF THE COUPLED-BUNCH
INSTABILITY

The coupled-bunch instability is a phenomenon wherein
some coupled oscillation modes become unstable due to
correlations between bunches; in this paper, the mediation
of these correlations by electron clouds is discussed. The
instability is characterized by the mode number (m). We
first consider the case where a train of M bunches fills the
machine circumference uniformly with equal spacing
(Lsp � L=M). The transverse coordinate of a bunch (yn),
denoted by n, is expressed by the mode number as

yn;m�t� � am exp��i!�t� 2�imn=M�; (1)

where am is the amplitude of the mode, a bunch with a
larger value of n is ahead of that with a smaller value of n,
and !� and M are the betatron frequency and the number
of bunches, respectively.

We observe the coordinates of each bunch with a posi-
tion monitor. The monitor gives the positions of bunches at
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TABLE I. Basic parameters of the KEKB LER.

Variable Symbol KEKB LER

Circumference L 3016 m
Beam energy E 3.5 GeV
Bunch population Np 5:0� 1010

Bunch spacing tsp � Lsp=c 2–8 ns
rms beam sizes �x 0.42 mm

�y 0.06 mm
Bunch length �z 4 mm
Synchrotron tune �s 0:024
Betatron tune �x�y� 45:51=43:57
Damping time �x�y�=T0 4000 turn
Chamber radius R 0.05 m
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their arrival time [t � �k� n=M�T0],

Ym�t� � am
X1
k�1

XM
n�1

exp��i!�t� 2�imn=M�

� ��t� �k� n=M�T0�

� am
X1
k�1

XM
n�1

exp��i�!� �m!0�t�

� ��t� �k� n=M�T0� (2)

where T0 is the revolution time and !0 � 2�=T0. The
index k denotes the revolution number, and n denotes the
bunch number. The phase, �!� �m!0�t � ��� �m�!0t,
as a function of time, represents the betatron phase varia-
tion of each bunch during the passage of the bunch train at
the position monitor, where �� � !�=!0 is the betatron
tune. For 0< �� �m<M=2 or M=2< �� �m<M
(equivalently �M=2< �� �m< 0), the betatron phase
advances or retards as time goes by, respectively. We call
the advanced and retarded modes those for which 0<
�� �m<M=2 and M=2< �� �m<M, respectively,
in this paper.

The Fourier transformation of the monitor output (Ym) is
expressed as

Fm�!� � amM!0

X1
p��1

��!�!� �m!0 � pM!0�:

(3)

Unstable modes are identified by peaks of betatron side-
band frequency (!� �m!0 � pM!0) in the Fourier
spectrum.

The electron cloud experiences the bunch position Ym at
its location se. Since the motions of electrons at different
locations do not have any correlation, the instability is
insensitive to location and to the number of locations,
unless the tune shift due to the cloud is large. As is known
in the case of ordinary wakes, the integrated wake force
determines the characteristics of the instability.
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The characteristics of the instability are determined by
the collective motions of the electrons. The electron mo-
tions induced by the passage of a bunch perturb the follow-
ing bunches. For example, if electrons oscillate coherently
with a frequency (!), a mode m, determined by ! 	

�!� �m!0� � pM!0, is induced. An ordinary wake
force has a defocusing nature just after the occurrence of
a perturbation, i.e., a positive shift of a bunch induces a
positive kick in the nearby following bunches. An unstable
mode with the frequency ! 	 �pM�m�!0 �!� is in-
duced by the defocusing wake force. That is, a retarded
mode is induced at a frequency of !<M!0=2. Note that
the frequency of an electron cloud which causes coupled-
bunch instability satisfies !<M!0=2. In the opposite
case, where the wake force has a focusing nature, an
advanced mode is induced.

So far we have discussed modes of instability for
bunches with equal spacing. In fact, bunches are often
not filled uniformly. If anything, it is more common to
fill bunches with a gap, unequal bunch population or
irregular bunch spacing. The Fourier transformation of
the signal is expressed as

Fm � am!0

X1
q��1

��!�!� �m!0 � q!0�f�b; q�: (4)

f�b; q� characterizes the contamination of the mode spec-
trum due to the irregular bunch filling,

f�b; q� �
XM
n�1

bn exp��2�inq=M�; (5)

where bn is the bunch population of the nth bunch. The
term including the summation is zero except for q � pM,
due to cancellation of the phase angle, if bn is a constant.
Even if bn is modulated with a small amplitude, or bn � 0
for some n, the term with q � pM is dominant as long as
the cancellation is effective. For example, bunches up to
the 1209th bucket are filled for M � 1280 in typical op-
eration at KEKB: bn � Np and bn � 0 for n � 1209 and
n > 1209, respectively. Note that the harmonic number is
H � 5120 and bunches are located every 4 buckets, M �
H=4 � 1280. The contamination is evaluated as jf�b; q �

pM�=f�b; pM�j< 0:06 for jq� pMj< 10 at the most. In
addition, the coupled-bunch instability caused by an elec-
tron cloud has a large frequency spread. Therefore the
spectrum is not affected by the detailed structure of the
bunch fill pattern.

III. EQUATION OF MOTION

We will now focus on the dipole mode of the coupled-
bunch instability. A positron bunch can be characterized by
its transverse and longitudinal position (dipole moment) as
a function of s, ignoring the internal structure of the bunch.
Interactions between bunches and electrons in a cloud are
determined by the transverse and longitudinal profiles of
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FIG. 1. (Color) Schematic view of simulation of electron cloud
buildup. A large part of electrons is produced at a position
illuminated by synchrotron radiation, while considerable part
are also produced uniformly on the chamber surface due to
reflected photons.
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the bunches. The profiles are assumed to be Gaussian with
standard deviation determined by the emittance and the
average beta function in the transverse and longitudinal
directions. The motion of each bunch is determined by the
transformation representing lattice magnets and the inter-
actions with electrons, while the motions of the electrons
are determined by the interactions with the bunches, space
charge forces between the electrons, and any magnetic
field. The equations of motion are written as

d2xp

ds2
� K�s�xp �

re
�

XNe
e�1

F�xp � xe��P�s� se�; (6)

d2xe
dt2
� 2rec

2
XNb
p�1

F�xe � xp��P�t� tp�se��

�
e
me

dxe
dt
� B� 2rec2 @�

@x
; (7)

where subscripts p and e of x denote positron and electron,
respectively, re is the classical electron radius, me is the
electron mass, c is the speed of light, e is the electron
charge,� is the electric potential due to electrons, �P is the
periodic delta function for the circumference, and F is the
Coulomb force in two-dimensional space given by the
Bassetti-Erskine formula [11]. In calculating the interac-
tion, a single kick is too strong to simulate electron motion,
especially for electrons near the beam, therefore, in actual
calculation, we replace �P�s� se� in Eqs. (6) and (7) by a
broadened function of width �z, and F is the sum of
several (typically 10) kicks (or slices) using the formula.
Each slice in a bunch has a unique transverse coordinate,
since only the dipole moment of the bunch is considered.

The normalized electric potential, which represents in-
teractions between electrons, is determined by the Poisson
equation,

4?��x� �
XNe
a�1

��x� xe;a�: (8)

The space charge force is solved with a Green function
including the circular (cylindrical) boundary condition,
since the vacuum chamber is a cylindrical pipe at KEKB.

The electron cloud buildup is estimated by using Eq. (7)
alone. Initial conditions for the electrons are given by the
model shown in Fig. 1 [2]. We consider the longitudinal
position of the ring characterized by se. Electrons are
created when the positron bunch arrives at se, at time t �
t�se�. Photoemission due to synchrotron radiation is the
dominant electron-production process for positron rings.
The ring-averaged number of photons per meter hitting the
chamber wall is given by

n��=m � e
�� �

5����
3
p

	�
L
; (9)

where 	 and � are 1=137 and the relativistic factor, re-
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spectively. The number of photoelectrons produced by a
positron at the chamber is given by

ne��=m � e
�� � n�Y�: (10)

The direct photoemission rate was estimated to be Y� 

0:1. The typical production rate is ne� � 0:015e�=�m �
e�� at KEKB. For a proton ring, proton loss is considered
to be the dominant source. The rate is nploss � 10�6 


10�5e�=�m � p�. Ionization is a common source to both
positron and proton rings. The electron production is gen-
erally very small at the vacuum pressure of an ordinary
accelerator: nI 
 1� 10�8e�=�m � e��p�� at 2�
10�7 Pa.

A secondary electron is produced with a probability
[�2�E�] when an electron is absorbed at the chamber
wall. The probability, which is a function of energy of
the incident electron (E), is given typically as follows
[12–14]:

�2�E� � �0 exp��5E=Emax� � �2;max
E
Emax

�
1:44

0:44� �E=Emax�
1:44 : (11)

The electrons build up to a certain density which is deter-
mined by the balance of creation and absorption of elec-
trons moving under the influence of forces, and by the
initial conditions.
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Photons emitted by the synchrotron radiation from a
bending magnet hit a narrow strip region on the side of
the chamber wall as shown in Fig. 1. The majority of
photoelectrons are produced in the strip region illuminated
by the synchrotron radiation, especially near the down-
stream edge of the bending magnet. Since electrons are
attracted to the beam, they may be distributed with planar
symmetry along the x axis. A considerable number of
photons are reflected and hit the wall again. The reflected
photons are not considered to be localized in a narrow
region. We therefore assume some electrons are produced
uniformly on the vacuum chamber wall. The electrons
produced uniformly could dominate far downstream of
the bending magnet, where they would be distributed
with azimuthal symmetry.

The secondary emission rate has been measured to be
�2;max � 1:4 for a pure copper surface, while it is reduced
to 1:2 or less by conditioning due to the beam [15,16]. We
use the secondary rates, �2;max � 1:0 or 1:5 at Emax �

200 eV, in simulations. When secondary emission domi-
nates, the distribution approaches azimuthal symmetry for
primary electrons for both the strip region and the uniform
emission region.

The electron distribution strongly depends on the mag-
netic field. In a weak solenoid (Bz 
 10 G), electrons are
distributed in a shell with a width of the cyclotron radius
near the chamber surface. In a strong bending magnet By 

1 T, electrons are distributed with planar symmetry along
the y axis. Figure 2 shows four typical distributions of
electron clouds. Plots (a) and (b) depict electron distribu-
tion in a drift space. In plot (a), electrons are produced at an
illuminated position in the drift space and an additional
30% of them are produced uniformly, with the secondary
efficiency set to �2;max � 1:0. In plot (b), electrons are
produced uniformly in the drift space and the secondary
emission efficiency is set to �2;max � 1:0. Plots (c) and (d)
depict electron distributions in a weak solenoid (Bz �
FIG. 2. (Color) Typical electron cloud distribution in the transverse x
the vertical axis. Plots (a) and (b) depict electron distributions in a d
the illuminated position, and produced uniformly, respectively. Plot
strong bending magnets, respectively.
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30 G) and a strong bending magnet (By � 1), respec-
tively. Electrons are produced uniformly in both plots.
Electrons produced at the illuminated position have a
similar distribution in the weak solenoid magnet, except
a considerable number of electrons are localized near the
illuminated position. In the strong bending magnet, elec-
trons produced at the illuminated position are completely
localized only at that position. By � 1 can be assumed in
the bending magnet, since the cyclotron radius for B
 1 T
is smaller than the beam size.

The electron distribution is reflected in the character-
istics of the coupled-bunch instability; the coupled-bunch
instability is caused by the interaction of the beam with a
collectively moving electron cloud, and the motions of the
cloud electrons are closely related to the cloud distribution.
The collective motion and the distribution of the electron
cloud depends on the location in the ring: i.e., near or far
downstream of a bending magnet, in drift space, in bending
magnet, in solenoid magnet or in other conditions.
Characteristics of the coupled-bunch instability are deter-
mined by the averaged and/or integrated collective motion
of electron clouds in the whole ring. For the evaluation of
the instability, we assume that the entire length of the ring
is a drift space, or a solenoid, or a strong dipole field, and
we consider either of the electron-production conditions.
The true instability growth rate and mode spectrum for an
actual ring could be computed by an appropriate weighted
average of the these separate results.

IV. WAKE FIELD AND GROWTH RATE OF THE
COUPLED-BUNCH INSTABILITY

The coupled-bunch instability is simulated by solving
Eqs. (6)–(8) with initial conditions self-consistently. It is
not very difficult to simulate the evolution of each bunch
amplitude by observing its instability growth. However this
method requires great computer resources and is time
consuming. In addition, such a method does not often
-y plane. The number of electrons in an arbitrary unit is plotted in
rift space, where (a) and (b) are for electrons produced mainly at
s (c) and (d) depict electron distributions in weak solenoid and
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give a physical picture of the instability. An approximation
can make the physical picture transparent. We discuss a
(semi)analytic method and direct self-consistent solution
of Eqs. (6)–(8) in this and following sections. The mecha-
nism and causes of the instability are similar to an ordinary
instability due to the vacuum chamber structure. The cor-
relation between bunches is induced by the coherent mo-
tion of electrons in the cloud or the electromagnetic field in
the chamber.

Ordinary instability theory is based on wake fields. The
vertical force which a bunch at z experiences is expressed
by the convolution of the wake field (W1;y) and the dipole
moments of the bunches ahead of the bunch (zi < zj),

Fy�zi� �
Npre
�

X1
j>i

W1;y�zi � zj�yj�zj�; (12)

where the wake field W1;y�z� is a function of the distance
between the analyzing bunch (zi) and the bunches with a
dipole moment (zj). Bunches with larger values of i are in
front of those with smaller values. The convolution is based
on the linearity and superposition of the wake force.

The force [Eq. (12)] for a bunch train uniformly filled
with bunch spacing Lsp induces a coupled-bunch instability
characterized by a dispersion relation,

��m �!��L=c �
Nprec

2�!�

XNw
‘�1

W1��‘Lsp�

� exp
�
2�i‘

m� ��
M

�
; (13)

whereNw is the range of the wake field. The imaginary part
of �mL=c � T0=�m is the growth rate per revolution for
themth mode. Bunches oscillate with a mode characterized
by m as

ym�zj� � am exp��i�mt� 2�imj=M�; (14)

where M is the number of bunches, assuming equal spac-
ing. The real part of �m is close to !�.

We introduce the wake field for the beam-electron cloud
interaction. The wake field is related to the collective
motion of the electrons. Electrons near the beam center
oscillate with the frequency

!e;x�y� �

�������������������������������
2
prec

2

�x�y���x � �y�

vuut ; (15)

where �x�y� is the horizontal (vertical) beam size. The
bunches arrive frequently but the spacing between bunches
is much longer than the bunch length for the positron ring,
!eLsp=c� 1, therefore electrons are not trapped by the
beam potential, with the result that most of the electrons
move in a nonlinear region. In this situation, it is not
clear whether the wake force possesses linearity and
superposition.
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We are interested in coherent effects for a small pertur-
bation of the dipole amplitude of the beam. Though the
motion of each electron is nonlinear, an averaged force
may have linearity and superposition characteristics. For
example, an electric force in a cylindrical electron distri-
bution is linear, though it has a 1=r2 dependence for each
electron.

From a macroscopic point of view, there may be some
characteristic frequency, for example, the cyclotron fre-
quency (!c � eB=me) for a finite magnetic field. If the
cloud is approximated by a static Gaussian distribution
with the horizontal and vertical rms sizes, �x and �y,
larger than those of beam, the characteristic frequency is
now expressed by

!G;y �

���������������������������
2 �
prec

2

�y��x � �y�

vuut ; (16)

where �
p � Np=Lsp is an average beam line density.
An electron experiences a strongly nonlinear force from

the beam. Coherent motion of the electron cloud damps
rapidly due to Landau damping, with the result that the
wake field has a broadband component and the mode
spectrum is widely spread. In other words, the electrons
are not trapped and are absorbed at the chamber, therefore
the memory of the dipole moment of a bunch is soon lost
from the cloud. If a magnetic field is applied, Landau
damping may be suppressed by cyclotron or related mo-
tions. For example, in a solenoid field, electrons move in
the transverse plane at the cyclotron frequency. The fre-
quency of the motion does not spread very much; the
cyclotron frequency depends only on the magnetic field
strength. The electrons have a long life time in the cham-
ber. The magnetic field works to reduce electron density
near the beam and weakens the strength of the wake field,
while the increase in the quality factor of the wake field
worsens the instability.

A. Analytic method: broadband resonator model

Some trials using an analytic method have been done to
study the electron cloud induced coupled-bunch instability
[17,18]. The difficulty with analytic theory for the coupled-
bunch instability is due to the fact that individual electrons
in the cloud do not experience linear harmonic motion at
all. Therefore we have treated the collective motion of the
whole cloud and assumed the linearity of the interaction
with the beam.

We discuss the interaction of the beam with a rigid
Gaussian cloud with average sizes �x and �y here. In
this model, the linearity and superposition conditions are
satisfied automatically for small amplitudes, x; y�
�x;�y. We expect in this model that the cloud moves
with the frequency !G;y overall, though individual elec-
trons move at various frequencies. This approach is similar
to that used for the electron cloud induced single-bunch
1-5
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FIG. 3. (Color) Wake field (a) and growth rate [T0=��!m�] of
each coupled-bunch mode (b) given by the analytic method at
KEKB (8 ns spacing).
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instability. For the single-bunch instability, the local elec-
tron distribution is important, so the electron frequency in a
bunch [Eq. (15)] is the characteristic frequency [19].

We use the cloud size �x ��y � 4� 1:5 cm2, as is
estimated in Fig. 2(a). The characteristic frequency is
!G;y � 2�� 18 MHz, and the phase advance across the
bunch spacing (8 ns) is less than 1, !G;yLsp=c � 0:9 for
Lsp � 2:4 m, therefore the coasting beam approximation
can be applied. For larger bunch spacing, the cloud cannot
exist stably. The equation of motion is expressed as

d2yp�s; z�

ds2
�

�!�;y

c

�
2
yp�s; z� � �

�!p;y

c

�
2
fyp�s; z�

� ye�s; �s� z�=c�g;

(17)

d2ye�s;t�

dt2
�2	

dye�s;t�
dt

��!2
G;y�ye�s;t��yp�s;ct�s��;

(18)

where !�;y denotes the angular betatron frequency free
from electron interaction. The two coefficients !G;y and
!p;y characterize the linearized force between beam and
cloud, and are given by Eq. (16) and

!2
p;y �

2
erec2

���x ��y��y
; (19)

where 
e and �
p are the average line densities of the cloud
and the beam. 	 � !G;y=2Q, which depends on the quality
factor (Q), characterizes the damping of the collective
motion of the electron cloud due to the frequency spread
of each electron.

The two equations are combined using the wake field

d2yp�s;z�

ds2
�

�
~!�;y

c

�
2
yp�s;z��

�
pre
�

Z 1
z
W1�z�z

0�yp�s;z
0�;

(20)

where ~!2
�;y � !2

�;y �!
2
p;y.W1, which is the wake field for

the beam-cloud interaction, is expressed as

W1�z��m
�2� � c

RS
Q

!G;y

!̂
exp

�
	
c
z
�

sin
�
!̂
c
z
�

(21)

for z < 0, where

cRS=Q �

e
�
p

2L
��x � �y��y

!G;y

c
; (22)

and !̂2 � !2
G;y � 	

2.
The frequencies of individual electrons are spread over a

very wide range, as previously discussed. For now we will
take Q � 1—that is, the wake field induced by the elec-
tron cloud is considered as a broadband resonator with
Q � 1.
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The coupled-bunch instability is estimated by the dis-
persion relation Eq. (13) for the broad band wake field. Nw
is taken to be 10
 20 at most for the low Q. Figure 3
shows the wake field and the growth rate of each coupled-
bunch mode given by Eq. (13). Lsp � 2:4 m (8 ns) and
�
p � Np=Lsp � 2:1� 1010 m�1 are used in the estima-
tion. The cloud density is determined by the buildup
simulation as 
e � 1:5� 1010 m�1. The size is �x �

�y � 4� 1:5 cm2. cRS=Q � 2:0� 106 m�2, !̂=c �
0:33 m�1, and 	=c � 0:19 m�1 are given by the parame-
ters. The wake field has a somewhat longer range than that
given by the semianalytical method, as shown later in
Fig. 5. The amplitude given by this model is consistent
with that given by the semianalytical method. The growth
time obtained is around 4–5 turns, which is twice as fast or
more than that given by semianalytical and tracking meth-
ods. The wake field range and growth time can agree with
the semianalytical result by taking a smaller cloud �x�y� 


0:7 cm.
B. Semianalytical method

We now discuss the semianalytic method, in which the
wake force is calculated numerically and the growth rate of
each coupled-bunch mode is then evaluated by Eq. (13) [2].
This method was used to understand the coupled-bunch
instability observed at the KEK Photon Factory [1].

We imagine bunches interacting with the cloud at a
position s. The momentum kick experienced by the ith
bunch is expressed as

�y0p;i �
Npre
�

Xi�Nw
j>i

W1�zi � zj�yp;j; (23)

where y0 � dy=ds. This equation is generally used to
1-6
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simulate beam motion for a given wake field W1. We use
this formula to evaluate the wake field induced by the
electron cloud. Equation (23) is a linear matrix equation
connecting �y0p;i to yp;j. The matrix element W1�zi � zj�,
is determined from the momentum kick on a bunch �y0p;i
due to the displacement of another bunch yp;j. The mo-
mentum kick (�y0p;i) is calculated by the simulation when
the displaced bunch at yp;j passes through an electron
cloud. The displaced bunch is, of course, ahead of the
kicked bunch.

The wake field is evaluated by computer simulation as
follows:
200 205 210 215 220 225 230
−1000
(i) P
bunch

FIG. 4. (Color) Vertical wake force and cloud line density along
the bunch train at KEKB. Bunch repetition is 8 ns. Three types of
points are given for the displacement, y0 � 1, 2, and 5 mm.
Primary electrons are produced at a photon-illuminated position,
rimary electrons are created at every bunch pas-
sage on the chamber surface with the line density
ne� and are accelerated by the beam force.
Secondary electrons are created upon absorption
of an electron with an energy (Eabs) at the rate
�2�Eabs�.
30% of them are produced uniformly on the chamber surface,
(ii) T

and secondary electrons are produced with the rate, �2 max � 1:0.
he creation process is repeated until the cloud
density saturates at a certain value. These two steps
are the same in the buildup simulation.
(iii) A
 bunch with a slight displacement (y0) passes
through the cloud, and then trailing bunches with-
out displacement pass through the chamber center.
(iv) T
he creation process is repeated for the displaced
and following bunches.
(v) T
he trailing bunches experience forces from the
cloud, because the cloud is perturbed by the pas-
sage of the displaced bunch. The wake field is
calculated from these forces.
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FIG. 5. (Color) Vertical wake field for 2, 4, and 8 ns spacing as a
function of z at KEKB, where y0 � 2 mm. Primary electrons are
produced at a photon-illuminated position, 30% of them are
produced uniformly on the chamber surface, and secondary
electrons are produced with the rate, �2 max � 1:0. The solid
line correspond to the wake field with the broadband resonator
model, �x � �y � 0:7 cm2 and 
e � 0:1� 1010 m�1.
Linearity and superposition are assumed in Eq. (23); the
kick �y0p;i is the result of a sum of bunch displacements,
yp;j. The simulation needs to check whether this is correct
or not—the wake force induced by a bunch for several
amplitudes of displacement, and that induced by two or
more bunches should be compared.

The growth rate of each bunch oscillation mode is given
by the dispersion relation, Eq. (13). The dispersion relation
is based on the properties of linearity an superposition for
the displacement yp;j in Eq. (23). Exponential growth,
determined by the imaginary part of �m, is found after
satisfying linearity and superposition.

Figure 4 shows the wake force given by this method,
where the bunch spacing is 8 ns. Primary electrons are
produced at a photon-illuminated position, an additional
30% of them are produced uniformly on the chamber
surface, and secondary electrons are produced at the rate,
�2 max � 1:0. To check the linearity, the wake force
(W1;yy0) for y0 � 1; 2; 5 mm is evaluated. Here the 200th
bunch is displaced and the forces which the following
bunches experience from the electron cloud are plotted.
The wake force has a peak at the 201st bunch, which is
linear with the amplitude of initial displacement (y0). It
oscillates 1 or 2 periods with a much smaller amplitude
than at the peak. Linearity of the wake force is satisfied up
09440
to no more than the 210th bunch. The direction of the wake
force is the same as that of the displacement—that is, it is a
‘‘defocusing’’ force for a bunch train. This characteristic is
the same as that of an ordinary wake force.

The wake force after the 210th bunch is considered to be
numerical noise in the simulation or to be an effect of
nonlinear motion of electrons. Electron cloud average
line density reaches a saturation level of 
1:5�
1010 m�1 after 
100 bunch passages. The beam line den-
sity is 5� 1010=2:4
 2� 1010 m�1, which is 75% of the
1-7
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neutralization level. The same simulation was performed
for the higher secondary efficiency �2 max � 1:5. The cloud
line density and strength of the wake force increased 2
times, but did not change the shape of the wake force.

Figure 5 shows the wake field for various bunch spac-
ings, keeping the total current constant: i.e., the bunch
populations for 2 and 4 ns spacings are Np=4 and Np=2,
respectively. Conditions for electron production are the
same as previously. The wake field does not strongly
depend on the spacing as far as can be seen from strength
and range. In the figure, the wake field, which is given by
the broadband resonator model for �x � �y � 0:7 cm2

and 
e � 0:1� 1010 m�1, is plotted, where cRS=Q �
3:2� 106 m�2, !̂=c � 0:94 m�1, and 	=c � 0:54 m�1.
It agrees well with that of the semianalytic method. This
fact indicates how many electrons contribute to the
coupled-bunch instability.

The wake force does not depend much on the emittance,
and can therefore occur in the horizontal direction.
Figure 6 shows the horizontal wake force for x0 �
5 mm. Here the wake force is calculated for 8 ns spacing.
Primary electrons are produced at an illuminated position
of photon and 30% of them are produced uniformly on the
chamber surface. Two plots, (a) and (b), are given for two
secondary rates, �2;max � 1:0 and 1.5, respectively. For the
lower secondary rate, the electron distribution is flat along
the x plane with a thickness of 1–2 cm. The direction of the
wake force is opposite to that of the displacement; that is, it
is a ‘‘focusing’’ wake for the bunch train. For the higher
secondary rate, the electron cloud is distributed with cy-
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FIG. 6. Horizontal wake force for 8 ns spacing at KEKB. Plots (
�2;max � 1:5, respectively. Primary electrons are produced at a photo
on the chamber surface.
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lindrical symmetry, with the result that the wake force is
similar to the vertical one. The same simulations was
performed for electrons produced uniformly at the lower
and higher secondary rates. The wake force has a shape
like in plot (b) as is expected for both cases.

Unstable modes of the coupled-bunch instability and
their growth rates are calculated by Eq. (13). Figure 7
230 240 250
unch

230 240 250
bunch

(a) 

(b) 

a) and (b) are given for two secondary rates, �2;max � 1:0 and
n-illuminated position, and 30% of them are produced uniformly
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shows the growth rate per revolution for each coupled-
bunch mode for the vertical instability. The growth rates
for 2 and 4 ns spacing are slightly higher than that for 8 ns
spacing. For 8 ns spacing, the modes with m � 800–1000
are the most unstable. The growth time, which is about 15
turns or faster in every case, is very rapid. For the high
secondary rate, �2 max � 1:5, the growth rate increases
twofold though the mode spectrum shows little change.

The growth rate of the horizontal mode is shown in
Fig. 8. The two plots correspond to the wake forces shown
in Fig. 6. Plots (a) and (b) show the rates for two secondary
rates, �2;max � 1:0 and 1.5, respectively. The modes
around m
 150 are unstable in plot (a). In the unstable
mode with m� �� <M=2, the betatron phase of each
bunch advances along the bunch train (‘‘advanced
mode’’). This is characteristic of the focusing wake in
Fig. 6(a). For the higher secondary rate �2;max � 1:5, the
mode spectrum is similar to that for the vertical instability;
FIG. 9. (Color) Magnetron frequency as a function of Bz. Plots (a

09440
i.e., modes with m � 800–1000 are unstable. The mode
spectrum for electrons produced uniformly is also similar
to the vertical one.

C. Wake force in a weak solenoid magnetic field

A magnetic field affects the coupled-bunch instability
through the second term of the right-hand side of Eq. (7).
Effects of magnetic fields have been studied since the
design stage of KEKB [20–23]. Electrons experience cy-
clotron motion, and the center of the cyclotron motion
drifts along the chamber surface. The cyclotron frequency
(!c) is 2�� 28 MHz for Bz � 10 G and linearly depends
on Bz. The other frequency is obtained in the same manner
as the motion in a magnetron. It is expressed by

!
 �
!c

2



���������������������������
!2
c

4
�
re �
pc

2

�r2

s
; (24)

where �r is the average orbit radius of the electrons. Here
the radius is assumed to be larger than the cyclotron radius,
and the positron beam is assumed to be a uniform charge
distribution with the average line density �
p along the
longitudinal axis. If electrons are created at the chamber
wall and are trapped near it by the magnetic field, the
radius is close to the chamber radius R. If some kind of
diffusion occurs in the electron motion, the radius may be
smaller than the chamber radius. Of these two frequencies,
one, (!�), is the cyclotron frequency slightly shifted by the
beam force, and the other, (!�), which represents a spiral
trajectory along the chamber surface [21,23], is far slower
than the cyclotron one. Perturbation of the electron motion
with these frequencies is induced by a displacement of a
bunch, and the coupled-bunch instability is subject to the
electron motion with these frequencies. Figure 9 shows the
frequencies as a function of Bz for �r � 5; 4 and 3 cm.!� is
faster for an electron orbit which approaches the beam
position (small �r), while !� is slightly slower.

Figure 10 shows the wake force for a displacement of the
600th bunch of 1, 2, and 5 mm at Bz � 10 G. Primary
electrons are produced uniformly on the chamber surface
and secondary ones are not considered. The results do not
change for electrons produced at an illuminated position
) and (b) depicts frequency !�=2� and !�=2�, respectively.
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and for considering secondary electrons [5]. Electrons are
distributed near the chamber surface in either case in an
equilibrium state. The wake force has a fast frequency
component corresponding to !c or !� and a slow fre-
quency component corresponding to !�. The slow fre-
quency, which is about 4 MHz in Fig. 10, is consistent with
the frequency given for the orbit radius �r � 4–5 cm in
Fig. 9(b). We must note that the wake force with the slow
frequency component is linear with the displacement,
while that for the fast frequency component (!c) seen in
fluctuation width of the line is constant. This fact means
that the instability at the lower frequency is observed, but
the instability at the higher frequency may not be observed.
Another important feature of the wake force with!� is the
focusing nature just after the displaced bunch. Such a wake
force induces advanced modes with m� �� <M=2, as is
discussed in the horizontal instability of Fig. 8(a). Similar
wake force is obtained by Wang et al. [23].

Figure 11 shows the wake force for Bz � 20 and 30 G.
Two frequency components are seen in both plots. Again,
the fast frequency is !� 	 !c. The slow frequencies,
which have 60-bunch (2 MHz) and 100-bunch
(1.25 MHz) periods for Bz � 20 and 30 G, respectively,
coincide with !� in Fig. 9. The linearity condition of the
wake force with the slow frequency was satisfied at these
field strengths, but that with the fast frequency was not
satisfied.

Figure 12 shows the spectra of growth modes for Bz �
10, 20, and 30 G. To get the spectra, the wake force given
by y0 � 5 mm was used. As is expected, advanced modes
of the coupled-bunch instability are found, i.e., m�
Int��y�<M=2. For Bz � 10 G, the lower frequency was
6 MHz in Fig. 10, therefore the mode with 60� 43 	 20
094401
appears in Fig. 12(a). Note that the revolution frequency is
0.1 MHz. For Bz � 20 and 30 G, modes with 20� 43�
1280 	 1260 and 12� 43� 1280 	 1250 appears in
Figs. 12(b) and 12(c), respectively. The mode spectrum
has two frequency components near the cyclotron fre-
quency; one may be !c and the other !�. However the
wake force does not possess linearity for the fast frequency
component. We have to wait for the results of tracking
simulation to determine whether the unstable modes with
!c and !� are observed.
-10
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D. Wake force in a strong bending magnetic field

In a strong magnetic field, electrons move along mag-
netic flux lines with a circulating cyclotron motion in the
plane perpendicular to the flux lines. The cyclotron fre-
quency and radius are !c � 2�� 19 GHz and rc �
0:11 mm for B
 1 T and E � 1 keV. In a bending mag-
net, the motion of the electrons is limited along the vertical
direction. Therefore the magnetic field is approximated as
By � 1 for simplicity in the simulation.

Electrons emitted at the illuminated point do not con-
tribute to the cloud buildup due to the strong bending field.
Therefore, electrons which are created uniformly on the
chamber surface are taken into account to estimate the
wake force and instability. Though electrons move in the
vertical direction only, the beam experiences not only
vertical but also horizontal forces from the cloud. Since
the cloud density can vary in the horizontal direction, the
beam can experience a horizontal force. Figure 13 shows
the horizontal and vertical wake forces due to the electron
cloud in a strong bending field. A very slow frequency
component with defocusing nature is seen in the horizontal
wake force, while a fast focusing one is seen in the vertical
wake force. Linearity of the wake force is satisfied as
shown in the figure.

The mode spectrum of the growth rate is shown in
Fig. 14. The growth rate is estimated for the case where
the whole ring is occupied by bending magnets. For
KEKB, since the packing factor of the magnets is about
3%, the growth rate is less than 3% of the value in the
figure. An unstable mode with m � 1234 � 1280�
Int��x� � 1 in plot (a) is caused by the slowest frequency
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FIG. 13. (Color) Wake force due to electron cloud in a strong
bending magnetic field. Plots (a) and (b) depict the horizontal
and vertical wake forces for the displacement of 2.5, 5, and
10 mm. Primary electrons are produced uniformly on the cham-
ber surface, and secondary ones are produced with a rate of
�2;max � 1:5 and a reflection of �0 � 0:5.
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component of the horizontal wake force seen in Fig. 13.
The vertical spectrum in plot (b) is similar to the horizontal
one in Fig. 8(a). This characteristic can be explained by the
planar symmetry of the electron cloud along x [in drift
space, Fig. 2(a)] or y [in bending magnets, Fig. 2(d)].

V. TRACKING OF THE COUPLED-BUNCH
INSTABILITY

The three equations, Eqs. (6)–(8), can be directly solved
numerically [24,25]. The calculation time is much longer
than that of the wake method. For the wake field calcula-
tion, it was sufficient to calculate the interactions of several
dozen or a few hundred bunches with the electron cloud. In
this tracking simulation, a thousand bunches in a ring
interact with the cloud during several hundred or more
revolutions, depending on the growth time. Since the cal-
culation of the space charge field is time consuming, we
use an approximation. The Poisson equation is solved only
once for zero beam amplitude, that is, the space charge
potential, which was calculated by the buildup simulation,
is used as a constant field in this tracking simulation. This
approximation is reliable and is sufficient for us, when the
beam oscillation amplitude is small. At the cost of a long
calculation time, the nonlinear effect and the deviation of
superposition for the beam-cloud interaction are included
automatically.

The transverse amplitude of each bunch is obtained as a
function of time. Fourier transformation of the amplitudes
of all bunches gives a spectrum of unstable modes.
Experiments on coupled-bunch instabilities have been ex-
tensively performed using fast beam-position monitors
[5,26]. The bunch centroid amplitude is directly measured
by the monitors as a function of time. The mode spectrum
-11
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given by the Fourier transformation of the experimental
data can be compared with that obtained by the simulation.

A. Tracking of bunches interacting with electrons in
drift space

Figure 15 shows the growth of the coupled-bunch insta-
bility given by the simulation. Electrons are produced at
the illuminated point and additional 30% of them are
uniformly, and the parameters for secondary emission are
�2;max � 1:0 and �0 � 0:5. M � 1280 bunches of uniform
size are distributed every 8 ns in the simulation correspond-
ing to a bunch frequency of 125 MHz. The evolution of
maximum transverse amplitude in the bunches is shown in
plot (a). The amplitude grows exponentially for far smaller
values than the chamber size, while it is saturated at the
order of the chamber size (
 cm). The growth time is
about 25 turns, which is consistent with the estimate using
the wake force (15 turns); see Fig. 7(c). The snapshot of the
transverse position of each bunch after 150 (x) and 100 (y)
turns is depicted in plot (b). The oscillation period varies
unsteadily about 3– 4 bunches for vertical and horizontal
plane, respectively. The frequencies are 	 40 MHz, there-
fore the corresponding mode (m) is either the advanced one
with m � 400� 45 	 350 or the retarded one with m �
1280� 45� 400 	 850. A retarded mode is expected
from the wake force in the previous section.

Figure 16 shows the mode spectrum given by Fourier
transformation of the amplitude evolution. A low second-
ary electron rate �2;max � 1:0 and �0 � 0:5 is used in this
simulation. The amplitudes between 50 through 100 turns,
which are in the exponential growth regime, are used for
the calculation of the mode spectrum. Plots (a) and (b)
depict the horizontal and vertical spectra, respectively, for
electrons emitted at the illuminated point. The fast unstable
modes are distributed around 800–900 in the vertical
direction. The horizontal spectrum also includes advanced
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FIG. 15. (Color) Growth of the horizontal (x: solid curve) and
vertical (y: dotted curve) amplitude (a) and bunch oscillation
pattern (b) for bunches interacting with electrons in drift space.

094401
modes, m � 100–200. These pictures can be compared
with Figs. 7(a) and 8(a), respectively. The mode spectra
are qualitatively coincident with those given by the wake
force. Plots (c) and (d) depict the situation for electrons
emitted uniformly. Figure 17 shows the same situation for
�2;max � 1:5 and a reflection of �0 � 0:5. Other unstable
modes are now seen around 1100.
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FIG. 17. (Color) Mode spectrum given by Fourier transforma-
tion of the amplitude evolution for high secondary emission rate,
�2;max � 1:5 and a reflection of �0 � 0:5. Plots (a) and (b) depict
the horizontal and vertical spectra, respectively, for electrons
emitted at the illuminated point. Plots (c) and (d) depict the
situation for electrons emitted uniformly.
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B. Tracking in a weak solenoid magnetic field

As is seen in the previous section, the wake force in a
weak solenoid magnetic field has two frequency compo-
nents, !� and !� 	 !c. One component of the wake
force, !�, possesses linearity with respect to bunch dis-
placement, but the other component, !�, does not. The
tracking simulation gives the ability to investigate whether
and how modes with or without linearity are observed.

Figure 18 shows the growth of the coupled-bunch insta-
bility for Bz � 10 G. The evolution of the maximum trans-
verse amplitude along the bunch train is plotted in
Fig. 18(a). The amplitude grows exponentially for an am-
plitude <1 cm, and the growth time is about 40 turns.
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The growth rate using the wake force in Fig. 12 was 10
turns. The incompleteness of linearity and superposition of
the wake force causes the slower growth rate. The trans-
verse amplitude of each bunch after 100 turns is depicted in
Fig. 18(b). The bunch-by-bunch oscillation has a slower
frequency than that with no magnetic field. The oscillation
period is about 20 bunches, corresponding to a frequency
of 6 MHz. The frequency is consistently seen in the wake
force (Fig. 10) and !� (Fig. 9). A structure with the
cyclotron frequency !c � 2�� 24 MHz, which is a 5-
bunch period, is seen a little but it is not clear.

Figure 19 shows the mode spectra obtained by Fourier
transformation of the amplitude evolution. As is expected,
the mode numbers are distributed from 0 to 50 for Bz �
10 G in plot (a). The modes are caused by a focusing wake
force at a driving frequency 4–10 MHz, where the fre-
quency corresponds to the low frequency (!�).

For a higher magnetic field Bz � 20 G, very high modes
are observed. As is predicted in the previous section, the
modes around 1250–1260 are observed in plots (c) and (d).
The modes are advanced ones, which recall the focusing
wake force again, and the peak position of the mode
number has shifted in the negative direction (slower fre-
quency), having wrapped around from their location (0–
50) in plot (a) and (b). The spectrum for Bz � 30 G is
qualitatively similar to that for 10 and 20 G. The peak
position, which is 1250, further approaches to the slowest
advanced mode m � 1235 � 1280� 45.

The same simulation was done for electrons produced at
the illuminated position. For low field strength Bz � 10 G,
growth rate and spectrum were similar as those for elec-
trons uniformly produced. For Bz � 20 G, growth rate was
reduced 
1=3 or less, probably due to the local electron
distribution near the illuminated position.
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FIG. 21. (Color) Mode spectra of the coupled-bunch instability
caused by an electron cloud in a strong bending magnetic field.
Plots (a) and (b) show the horizontal and vertical spectra,
respectively.
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C. Tracking in a strong bending magnetic field

A tracking simulation was also performed for a beam
interacting with electrons in a strong bending magnetic
field (By � 1). The beam interacts with electrons which
move along the vertical direction. A horizontal wake force
at low frequency and a vertical one with fast damping
(broadband) are found for an electron cloud in the field
in the previous section. Figure 20 shows the growth of the
maximum amplitude of the bunches and the bunch oscil-
lation pattern. The horizontal growth is faster than the
vertical growth. The growth rates are again found under
the assumption that the whole ring is covered by bending
magnet, and therefore the actual growth rate is slower by a
factor of 20–100. The bunch oscillation pattern is a very
slow wave, which is about 1 revolution period, for the
horizontal motion, while the vertical oscillation has many
periods.

Figure 21 shows the mode spectra given by the evolution
of the bunch position. The horizontal spectrum has a sharp
peak at 1234 � 1280-1-Int��x�, which corresponds to the
slow retarded oscillation seen in the bunch pattern, and is
consistent with the spectrum given by the wake force. The
vertical spectrum has two broad peaks around 150 and 900,
which is similar to that given by the wake force. A similar
spectrum is seen in horizontal direction in drift space, see
Figs. 8(a) and 16(a).

VI. LONGITUDINAL COUPLED-BUNCH
INSTABILITY

A longitudinal instability was first discussed by Rumolo
and Zimmermann [27] as a single-bunch effect, and then a
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FIG. 20. (Color) Growth of the horizontal (x: solid curve) and
vertical (y: dotted curve) amplitude (a) and bunch oscillation
pattern (b). Primary electrons are produced uniformly and sec-
ondary ones are produced with �2;max � 1:5 and a reflection of
�0 � 0:5. The bunch oscillation pattern (b) is obtained at 25th
and 50th turns for horizontal and vertical motions, respectively.
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coupled-bunch mode of longitudinal instability was pro-
posed by Novokhatski [10].

The longitudinal electric field at r is calculated for an
electron cloud with cylindrical symmetry [28].

Ez�z; r� � Z0

Z R

r
jr�r

0; z�dr0; (25)

where Z0 is the vacuum impedance, jr the radial compo-
nent of electron current in the cloud and R the chamber
radius. The longitudinal wake force is estimated in a
similar manner as in the case of the transverse wake force:
that is, it is longitudinal kicks of bunches, which are caused
by a perturbation of electron cloud induced by a bunch
with a longitudinal displacement z0.

Figure 22 shows the longitudinal electric field as a
function of time. Ez�r � 0; z�, denoted by blue markers,
is the electric field which the bunch experiences. Note that
a bunch is now represented by 10 slices. Averaged longi-
tudinal wake force of the slices is obtained as dEz=dz �
�10:4; 14:8; 18:8; 3:0; 1:6�V=m2 at bunch locations z �
��1;�2;�3;�4;�5� � Lsp, where M � 5120.

The growth rate is obtained by the dispersion relation,

�m �!s � �
Npre�c

2�T0!s

Xn0

n�1

W000

�
�
n
M
L
��

1

� exp
�

2�in
m� �s
M

��
; (26)

where W000 and dE=dz are related by dE=dz �
�Npe=L�W000 .

Figure 22(b) informs �E
 1 V=m for the longitudinal
displacement of z0 � 10�z during 0–6 nsec. The fastest
growth rate Imag��m� was 10 s�1 in a calculation for
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SuperKEKB (Np � 1:17� 1011;M � 5120), other pa-
rameters in Eq. (26) are the same as those of KEKB) as
shown in Fig. 23. The longitudinal coupled-bunch insta-
bility is not a serious issue in present machines.

VII. CONCLUSION

We have studied the coupled-bunch instability caused by
electron clouds. The coupled-bunch instability is caused by
bunch-by-bunch correlations due to the electron cloud. The
instability was analyzed using analytic, semianalytic and
tracking simulation methods.

The analytic method gave the wake field as a broadband
resonator and the corresponding mode spectrum for elec-
tron clouds in drift space. The resonator model with the
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FIG. 23. (Color) Growth rate (��1) of longitudinal coupled-
bunch mode (M � 5120).
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cloud size (0:7 cm� 0:7 cm) and density (
e �
0:1� 1010 m�1) was consistent with those given by the
semianalytical method.

In the semianalytical method, the wake force was calcu-
lated by simulation. Linearity and superposition are as-
sumed in order to estimate the mode spectrum of the
coupled-bunch instability. Wake forces for electrons in
drift space, in a weak solenoid field and in a strong bending
magnetic field, were evaluated. The mode spectrum of the
coupled-bunch instability was estimated from the wake
force. This method is practical, but is not omnipotent.
For example when a magnetic field is applied, the wake
force is not evidently linear with displacement amplitude;
therefore this method is not useful.

The tracking simulation treats the nonlinear features and
breaking of the superposition for the beam-electron cloud
interaction correctly. The growth rate of each coupled-
bunch mode was obtained by the Fourier analysis of the
dipole amplitudes of the bunches given by the tracking
simulation. Comparison of the results from the semiana-
lytic and tracking method made the nature of the coupled-
bunch instability clear.

The mode spectra for the growth were obtained for
electrons in drift space, in a weak solenoid field and in a
strong bending magnetic field. The growth rate was very
rapid, 
25 turns, in drift space. When the cloud has
cylindrical symmetry in the chamber, instability appears
at around the 800
 1100th mode for KEKB at 8 ns spac-
ing and the number of bunch of M � 1280. When the
cloud has a flat distribution in the horizontal plane, the
horizontal instability appears at around modes 100
 200.

When a weak solenoid field was applied, the growth rate
was reduced; for example it was 40 turns for Bz � 10 G in
the tracking simulation. The wake force has frequency
components expressed by Eq. (24). In the tracking simu-
lation, only the slow frequency component with !� was
observed. This feature is reasonable, since the fast fre-
quency component of the wake force did not possess
linearity with respect to the dipole amplitude. The wake
force for the lower frequency was focusing along the bunch
train. In the tracking simulation, advanced modes near
zero, were observed, as is expected for a focusing wake.
It will be interesting to examine the focusing wake using an
analytic theory, in future work.

The advanced modes were observed in experiments at
the KEKB LER [5]. The measured modes were similar to
those obtained for Bz � 10 G in the simulation. In these
experiments, a solenoid field of Bz � 30–50 G was ap-
plied. This means that the effective magnetic field was
smaller, or else the electrons stayed nearer the beam than
our expectation, �r� R in Eq. (24)—for example, perhaps
electrons were not confined near the chamber due to some
kind of diffusion.

In a strong bending magnetic field, electrons move
primarily in the vertical direction. Each electron moves
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in the vertical direction but the electron cloud can have a
horizontal coherent motion due to the density modulation
in the horizontal direction. Therefore an electron cloud in a
bending magnet induces a wake force not only in the
vertical but also in the horizontal direction. Wake force
analysis and tracking simulation showed instabilities with
the lowest frequency mode in the horizontal direction, and
with modes similar as those in the drift space in the vertical
direction.

Electron clouds can cause a longitudinal coupled-bunch
instability. The growth of the instability does not appear to
be a serious issue in present positron storage rings.
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