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1.5-dimensional simulation of free electron maser amplifiers
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A 1.5-dimensional model of Compton/Raman free-electron laser (FEL) amplifiers with helical wigglers
has been composed by using the helical-trajectory approach. This model has been used to analyze results
of earlier experimental investigations of Compton/Raman millimeter-wavelength FEL amplifiers. The
results of the 1.5D simulation are in reasonable agreement with 3D simulation and experimental results
obtained in the regimes with reversed and zero guide magnetic fields. Thus a convenient tool has been
developed to determine basic amplification parameters for possible experiments in the future.
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I. INTRODUCTION

A large number of papers is devoted to investigate free-
electron laser (FEL) amplifiers. The basic theoretical ma-
terial can be found in [1-4]. Experimental investigations
have been carried out as well. In particular, results of
some experiments in the millimeter- and submillimeter-
wavelength range are reported in [5—15] (see also refer-
ences therein). In the majority of those papers, the experi-
mental results are compared with calculated data. The
problems of numerical simulation are discussed specifi-
cally in [16-19]. The last papers also include a basic
bibliography.

A full-scale three-dimensional simulation [17,18] allows
one to get the best agreement between the simulation and
experimental data. However, relatively simple approximate
models seem to be attractive to use if they take dominating
physical processes into account and allow one to determine
the characteristics of an amplifier with an acceptable
accuracy.

In this paper, we compose a 1.5-dimensional model
upon the helical-trajectory approach where the transverse
motion of the electrons is described only with the trans-
verse velocity amplitude. Variation of this transverse ve-
locity amplitude due to interaction with the radiation field
is a distinctive feature of the 1.5D model and results in the
changing of the beam-wave coupling factor. This model is
applied to analyze various regimes of the millimeter FEL
[free-electron maser (FEM)] amplifier with respect to the
space-charge effects (Compton/Raman regimes) as well as
to the axial guide magnetic field. These theoretical results
are compared with experiments [7,11,14]. The applicabil-
ity of the model used is verified via comparison with the
known 3D simulations.

The developed code is considered to be a convenient tool
to evaluate a possible experiment with a FEM amplifier in
the future. Besides, it is of practical importance for study-
ing the features of the FEM oscillator, which has already
been elaborated at JINR together with IAP RAS (Nizhny
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Novgorod) during the past ten years [20,21]. It consists of a
helical wiggler, a solenoid producing the reversed guide
magnetic field, and a Bragg resonator providing the selec-
tive feedback.

I1. FEL AMPLIFIER 1.5D MODEL

Let us study the self-consistent spatial problem of a
relativistic electron beam moving in the combined electro-
magnetic field consisting of the external magnetic field
produced by the wiggler and the solenoid and the micro-
wave field. We assume that the regime is stationary, the
wave is single-mode, and its amplitude varies slowly with
length. The space-charge effects as well as the beam
energy spread are taken into account.

On the role of space-charge effects, there are two ex-
treme types of FEL operation: high-gain Compton and
Raman regimes.

The Raman regime of the FEL amplifier, where collec-
tive effects dominate, is valid under three conditions [17]:

(1) The system is long enough; i.e., the beam is suffi-
ciently dense so that several plasma oscillations are exe-
cuted when propagating through the wiggler:

AL =1. (1)

Here A, =27c/w,, o, is the relativistic plasma fre-
quency w3 = 4mn,e*/myyly,y, where n, is the electron
beam density, m, is the electron rest mass, and 7y, and vy,
are the total and longitudinal relativistic factors.
(2) The transverse electron velocities are much less than
the critical value [4]
By < Baiw = F712Qw,/vvik,)' 2 ()

Z

Here k,, = 27/ A,, is the wiggler wave number (A,, is the
wiggler period), v,y is the initial longitudinal electron
velocity, and F is the filling factor close to the ratio
between the electron beam and waveguide cross sections.

This criterion is based on comparison of the contribu-
tions of the intrinsic beam and external fields, and is
obtained by using the helical-trajectory approach. When
analyzing real experiments, one should apply the criterion
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carefully since [17] (1) the boundary conditions at the
waveguide surface reduce the effective plasma frequency
and (2) the bulk characteristics of the electron orbits are
modified by wiggler inhomogeneities, beam thermal ef-
fects, and use of an axial guide magnetic field. Because of
these complications, the helical model may be insufficient
to describe space-charge effects, and a full 3D nonlinear
analysis is often needed.

(3) Landau damping of the space-charge waves is not
significant when the space-charge wavelength is greater
than the Debye length. The restriction on the Raman
amplification is imposed by the beam energy spread.
Landau damping is negligible for a Gaussian distribution
of electron velocities if [2]

(8y/7). < /2V)@,/2¢) = A, [2yA,. (3)

Assume the electron orbits are helical trajectories with
transverse velocity [ ; then a set of equations can be
written as follows for a FEL including space charge
[9,22,23]:

dvi _ By

iy;
az 23,1“ €

2.2 @ F.. . .
BRI ey e
4(()0 C (kz + kW)

do; 1 1
= 5
dz Bph sz ( )
da _ . /Bi; o0,
az " </3’z, ) ©

Here v is the jth electron relativistic factor; Z = zw, /cis
the dimensionless longitudinal coordinate; w, = 27 f is
the microwave frequency (amplifier operating frequency);
k. is the longitudinal wave number; 6; = k,z; — wyt; is
the jth electron phase relative the electromagnetic field; ¢
is the phase of the complex microwave amplitude (@ =
aze'?); j = ¢ + 0 is the total ponderomotive phase. The
brackets (- - -) denote the average over the ponderomotive
wavelength. The variable a;, = e¢E,/mywc is the dimen-
sionless amplitude of the microwave electric field. The
gain factor is n = (I,/14)(2/N), where I, is the Alfvén
current constant (myc3/e = 17 kA) and N is the wave
norm [23] defined by the wave transverse structure. The
values B,; and B, = w,/c(k, + k,,) are the longitudinal
electron velocity and the phase velocity of the ponderomo-
tive wave, respectively. The space-charge reduction factor
F. is close to the ratio of the beam and waveguide cross
sections when requirement (3) is satisfied.

The constant @, in Eq. (4) describes the effect of the
presence of an axial guide magnetic field and is given by

o BW’YZ
(1 + ﬁw)QO

B B, y?
1+ By — voBo/a,

where a, = eB,/myc*k,, = Qqyo/ck, is the dimension-
less strength of the guide magnetic field with the induction
value of B,, and B, =B/ B.o 1s the generalized wiggling
parameter.

To take into account the beam energy spread, we divide
the beam into groups of macroparticles with equal ener-
gies. The motion of each group is defined by the electro-
magnetic and space-charge fields. The excitation of this
field results from the contribution of each particle to the
radiation. So, we employ the system such as (4)—(6) for
each group of macroparticles. The initial conditions of the
net system (4)—(6) include the energy distribution of the
injected beam.

To apply the system (4)—(6) for simulation of the high-
gain Compton FEL, one can neglect the second term on the
right-hand side of (4).

To determine the velocity components in Egs. (4) and
(6), it is necessary to consider the particle dynamics. In the
combined magnetic field produced by a helical wiggler and
a solenoid, the bulk motion of the electrons is described
with equilibrium orbits [24]. The electron orbit stability
with respect to the betatron oscillation excitation takes
place in two branches of beam parameters and external
fields. These branches are separated by the vicinity of the
cyclotron resonance. For instable orbits the excitation of
transversal oscillations results in their exponential growth,
and the helical-trajectory approach, which assumes
B1/B. < 1, breaks down.

In a real FEL the electromagnetic wave and space-
charge field influence the particle motion. If the amplitudes
of induced fields, i.e., of the wave and beam, are small
quantities relative the external magnetic field, then we can
speak of a correction for the motion over nonperturbed
stationary trajectories. Thus, the velocity vector of a parti-
cle is resolved to “‘unperturbed” and “‘perturbed‘ parts:
v = V0 + 8v (the particle index j is omitted for simplicity).

The velocity of nonperturbed helical motion [24] is V0 =
(¢Brocosk,z cB1gsink,z, cB.y), where the amplitudes
B1o and B, can be determined from the equation for a
helical equilibrium orbit:

2
Ky ﬁKg + ﬂ(l + k)1 (ko). (N

/1_;_,(%_70 Yo

where ko = B10/B.o and I; is the first order modified
Bessel function of the first kind. Given By, 7o, a,,
and a,,, solving Eq. (7) yields «, and the velocity compo-

= Bo/+/1 + k5, Bio=

0
ka:BzO

Bo

nents are then given by S,

Boko/+/1 + 3.
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The perturbation is introduced as small changes in lon-
gitudinal and transverse velocities, 63, and 63, respec-
tively. The equation for longitudinal momentum of
particles will result in

doB, By (cky do . B dag
=P2L(Z%s 4 2\, Pl
a7 ﬁzO(wo dZ>““ S =g az
1 /dy dy
+ (Y _ 55 1Y 8
5aa2), @ ®

where (dy/dZ), is the potential term of Eq. (4) (the second
term on the right-hand side).

If 68, is defined, the 68, value can be calculated from
the kinematic relation B3 + B2 = B2 =1~ y 2. Then
the ratios of velocity components in Egs. (4) and (6) can
be computed as 81 /B, = (B1o + 8B1)/(B.o + 8B.).

The assumption that the electron motion can be de-
scribed by slightly perturbed helical trajectories is valid
as long as the following requirements are fulfilled: (1) The
azimuthal motion should lie mainly within helical trajec-
tories; the deviations of a small scale only are allowed.
(2) The particle-wave synchronism should not alter signifi-
cantly; i.e., the correction for the right-hand part value of
Eq. (5) should be less than that value itself. It follows from
the first requirement that the azimuthal angle advance for a
wiggler period should be much less than 277. Then using
the equation for azimuthal motion from [25] we get

16B11/Bro < 1. ()]

The second requirement yields

1681 = 1/292 (10)

III. FEM AMPLIFIER EXPERIMENTS AND
SIMULATION RESULTS

To test the developed model, we have considered the
experiments described in [7,11,14,15], which cover
millimeter-wave FELs (FEMs) operating in different re-
gimes—with respect to the space charge and the guide
magnetic field. The basic parameters of the FEMs are
shown in Table I.

A. FEM amplifier with guide magnetic field at MIT

A detailed investigation of the FEM amplifier with a
guide magnetic field was carried out at Massachusetts
Institute of Technology (MIT) [11,12]. Three basic re-
gimes were studied: (I) positive (conventional-direction)
guide magnetic field less than the value corresponding to
the cyclotron resonance; (II) positive guide field at the
other side from the cyclotron resonance; (III) negative
(reversed) field (see Table I). The experimental results
indicated that the reversed field regime turned out to be
most preferable with respect to transported beam current,
growth rate of the of microwave power, saturation level,
and energetic efficiency.

According to the criteria (1)—(3), the space-charge effect
is essential for each regime. So we deal with a definite
Raman FEM amplifier especially in the regime with the

TABLE 1. Parameters of FEM amplifiers.
MIT [11,12] CESTA [14,15] JINR [7]
I I I

Electron beam energy E;, MeV 0.75 0.75 0.75 2.2 1.5
Electron current in wiggler [, A 90-119 300 300 500 50-70
Electron beam radius r;, cm 0.25 0.25 0.25 0.5 0.3-0.5
Initial energy spread of the electron beam, % <1.5 <1.5 <1.5 <1.5 1-2
Wiggler period A, cm 3.18 3.18 3.18 12 7.2
Wiggler length L, cm 159 159 159 288 216
Waveguide radius, cm 0.51 0.51 0.51 1.95 ~1.5
Wiggler magnetic field strength B,,, kGs 0.63 1.47 0.63 1.1 2.1
Guide magnetic field strength B, kGs 4.06 10.92 —10.92 No —-1.4
Microwave frequency fy = w,/2m7, GHz 339 339 339 35 35
Radiation spectral band (FWHM), GHz <0.16 <0.16 <0.16 0.16 0.2-0.3
Operating mode (cylindrical waveguide) TE TE; TE, TE TE;
Power at the wiggler entrance P;,, kW 8.5 8.5 85 8-10 6-20
Power at the wiggler exit Py,, MW 5.8 42 61 15 2-3
FEL amplifier efficiency, % 9 2 27 1.5 2-3
Spatial increment, dB/m 44 38 41 33 23
Saturation length, cm ~120 ~140 ~160 ~150 ~120
Ap /L (L taken equal to saturation length) ~0.20 ~0.12 ~0.14 ~3.8 ~0.46
B/ Berit ~0.45 ~0.40 ~0.17 ~1.3 ~0.57
mA/27A, ~0.064 ~0.10 ~0.094 ~0.0032 ~0.038
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FIG. 1. Power of the FEM amplifier [11,12] versus length:
experimental data (dots), simulation results from 3D code
ARACHNE [16] (dotted lines for two sets of parameters within
uncertainties imposed by the experiment: the lower curve for the
parameters listed in Table I; the upper one—for I, = 330 A,
B,, = 1.55 kGs, P;, = 10 kW), and simulation results from
1.5D code at the parameters of the experiment (solid line).

reversed guide field. The simulations have been performed
by solving Egs. (4)—(6) and (8) for all three regimes.

At the smaller positive guide field (case I in Table I)
the operating point is relatively near the cyclotron
resonance. Transversal oscillations of the particles reach
such big values that the helical-trajectory approach is not
applicable, and the solutions of the 1.5D model become
nonconvergent. In comparison, a 3D simulation with the
code ARACHNE [16] (model described in [25]) yields con-
vergent solutions. Nevertheless, a noticeable overestima-
tion of the growth rate and power saturation level is shown
when the measured energy spread is used in the simula-
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tions. To put these parameters in reasonable agreement
with the experiment, it is necessary to introduce an energy
spread larger by several times in comparison with the
measured one.

In the regime of the larger guide field (case II) an
excessive level of the output power was computed in the
three-dimensional simulation [16]. Our 1.5D simulation
showed the same discrepancy. According to [26], the am-
plification is reduced in the regimes with a positive guide
field that is caused by the competition between the oper-
ating wave and high-frequency modes excited from the
noise level. Such processes were not included both in the
ARACHNE model as well as in our 1.5D model.

The spatial power distribution obtained by the 1.5D code
for the case of the reversed guide field (III) is plotted in
Fig. 1. Experimental data are shown with dots.

One can see reasonable agreement between the power
growth calculated using the 1.5D model and the experi-
mental and 3D simulation results within the starting and
linear stages of the amplification. Nevertheless, the power
during the saturation stage has been obviously underesti-
mated. The reason lies in the influence of the amplified
electromagnetic wave on the nature of transverse motion of
the particles. The deviation from their steady helical orbits
is expected to be not of helical character but more
complicated.

To confirm this explanation, we have analyzed the dis-
tributions of the perturbations in the particle velocities
versus the phase. The perturbations appear to grow suffi-
ciently for some particles, and already at a distance of
about 70 cm from the entrance of the interaction region,
both |88,| and |88 | values reach the level of about 0.1
(see the example in Fig. 2). Thus for distances larger than
this value the requirements given by (9) and (10) are
violated and one can no longer expect the electron trajec-
tories to be pure helical with a small perturbation beyond
this point.
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FIG. 2. Distributions of the perturbations of transverse and longitudinal velocities versus phase at z = 135 cm from the entrance of
the interaction region (for the initially single-wavelength section of the beam).
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As it can be illustrated by tracking the phase space of a
bunch, the particles, whose motion is not described cor-
rectly, fall out of the ““trapped’ area in the phase space and
do not contribute to the pumping of the electromagnetic
wave. It is therefore not surprising that the simulation starts
to deviate from the experimental results (as well as from
the 3D simulation results) at distances larger than about
70 cm and that the 1.5D simulation underestimates the
saturated power.

As azimuthal motion cannot be properly considered
within our approach, a three-dimensional consideration
could be expedient. It is confirmed by the fact that the
three-dimensional simulation [16] (dotted lines in Fig. 1)
fits the experimental data substantially better. Virtually all
data points fall into two curves corresponding the two sets
of parameters lying within uncertainties imposed by the
experiment.

The principal difference between our 1.5D code and the
3D code ARACHNE [16] lies in the description of particle
dynamics. As for the structure of the electromagnetic and
space-charge fields, our model does not contain principal
simplification relative to the 3D one. Since the FEL oper-
ated in the single-mode amplification regime, only one
microwave mode, namely, the TE;; mode of cylindrical
waveguide, was kept in the both models. The space-charge
field, in general, should be considered as a superposition of
Gould-Trivelpiece modes of the beam [25]. However, as
stated in [16], it is enough to involve only the lowest-order
beam mode to give a reasonable agreement with the ex-
periment. In this case the potential term from longitudinal
component of Lorentz force equation reduces to that of
Eq. (4).

The difficulties in the simulation of the positive-field
regimes, especially approaching the cyclotron resonance,
confirm the limited applicability of helical-trajectory ap-
proach to describe the particle motion. For a more adequate
simulation of the amplification process in the FEL, it is
expedient to employ full-scale three-dimensional codes.
One should foresee the possibility of excitation of micro-
wave parasite modes and take into the account the features
of beam delivery to the interaction region and wiggler and
solenoid inhomogeneities.

B. FEM amplifier without guide magnetic field
at CESTA

In the experiments at CESTA (France) [14,15], a FEM
without a guide magnetic field was investigated as an
electron beam buncher. According to the criteria (1) and
(2) for space-charge effects (see Table I), the FEM oper-
ated in the high-gain Compton regime.

A numerical simulation of microwave amplification and
electron beam bunching was performed in [14] with the
three-dimensional code SOLITUDE [18]. That code used the
same FEL formalism as ARACHNE, with a slightly different
numerical method, but with significant differences in the

description of the electron beam and in the computation of
the space-charge effects. It was benchmarked using the
earlier FEL experiments and by comparison with the
code ARACHNE.

The experimental data and simulation results from
SOLITUDE for the microwave power [14] are plotted with
dots and crosses in Fig. 3, respectively. The apparent
discrepancy in launching time and saturation power was
attributed to an nonideal beam that could not be properly
described in the simulation. The differences between the
experimental electron beam and the simulated version
were attributed to effects of the kicker magnet, adiabatic
entrance of the wiggler, and misalignment of the beam
[14].

This experiment was also modeled by us using a sim-
plified version of 1.5D model that assumed a rough ap-
proximation for transverse velocities [22]. The results of
this model for the power are also shown in Fig. 3 (curve 1)
for the case of a cold electron beam (i.e., no energy spread).
Rough agreement with simulation [14] was demonstrated.

The result of the current 1.5D model, which allows the
transverse velocity to vary as a result of the interaction of
the electrons with the microwave field, is shown as curve 2
in Fig. 3. One can see that the obtained results (curve 2 for
cold beam) display apparently better agreement with the
3D code SOLITUDE.

Again the validity of the numerical results of the 1.5D
model are checked by evaluating the criteria (9) and (10).
The characteristic scales of transverse and longitudinal
perturbations in the particle velocities are 0.05 and 0.01,
respectively, while 8, = 0.22. So the helical-trajectory
approach seems to be quite applicable.

In [14,15] the results of experimental investigation of
beam bunching are reported. To indicate the bunching
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FIG. 3. Power of the CESTA FEM amplifier versus length:
CESTA experimental (dots) and simulated (crosses) data [14];
results of simulation for cold beam: 1, from Ref. [22]; 2, by
current 1.5D code.
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quality, one can use the bunching parameter defined as B =
[(e?)| (average over a ponderomotive wavelength). The
measured and calculated distributions of B value versus
length are shown in Fig. 4 for the different models consid-
ered here (cf. Fig. 3). The results of simulation for a cold
beam both with 1D code [22] and 1.5D code (curves 1 and
2) are similar to those of [14] (crosses), but they differ
significantly from the measured values. According to the
authors of [14], this difference is mainly due to the fact that
the bunching parameter is measured outside the wiggler.
One therefore expects a degradation of the bunching due to
longitudinal space charge when the electrons propagate
from the end of the wiggler to the position of the bunch
length measurement. Note that the distributions of both the
power and the bunching parameter obtained with the 1.5D
code are terminated earlier than the data of [14] since we
do not consider the adiabatic entrance and exit and simu-
late the interaction within the regular part of the wiggler
only.

C. FEM amplifier with reversed guide magnetic field
at JINR

In the late 1980s, a FEM amplifier with a reversed guide
magnetic field and based on the LIU-3000 linac was in-
vestigated experimentally at JINR. The basic results are
given in [7,8].

Evaluation of the conditions (1) and (2) for the parame-
ters of this experiment [7] shows that this experiment
operates at the boundary between the high-gain Compton
regime and the Raman regime.

The dispersion relation at nonzero guide magnetic field
is shown in [4] under assumption of small transverse
electron velocities and normalized amplitude of the radia-

0.8-
0.7
0.6-
0.5-
0.4
0.3-
0.2-
0.1-
0.0 lll
0 50 100 150 200 250
Length (cm)

Bunching parameter

FIG. 4. Bunching parameter of the CESTA FEM amplifier
versus length: CESTA experimental (vertical lines) and simu-
lated (crosses) data [14]; results of simulation for cold beam: 1,
from Ref. [22]; 2, by current 1.5D code.

tion wave small compared to the normalized amplitude of
the wiggler field. It allows one to transform Eq. (5) into

dej _ C(kx + kw) _ 1 _ wp\/ (I)O

dz wg B, woBao

(1)

In a previous publication [27] this experiment was mod-
eled assuming the above mentioned restrictions as well as
assuming that space-charge effects could be neglected
(Compton regime). Here we use the less restrictive 1.5D
model that includes space-charge effects to model the same
experiment.

Figure 5 presents the results of the power calculations
with the 1.5D code assuming an energy spread of 8y/y =
2% without space charge (solid line) and with space charge
(dashed line). The measured values for the power as a
function of distance within the wiggler are given by the
squares. From this we observe that space-charge effects are
not dominantly present and that good agreement is ob-
tained between the simulations and experimental data.

The experimental parameters for this experiment were
again used to evaluate the criteria (9) and (10), and it was
found that the perturbations of the helical trajectories were
similar in magnitude as found for the CESTA experiment
while B =0.32. Thus the experimental parameters do
not violate the assumptions of the 1.5D model, and good
agreement between the model and experiment is expected
and found.

The developed 1.5D code is considered to be a conve-
nient tool to evaluate experiments with a FEM amplifier in
the future. Besides, the performed numerical study is of
particular interest for exploring operating peculiarities of
the FEM oscillator with a Bragg resonator, which employs

2.4- 1
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FIG. 5. Power of the FEM amplifier [7] versus length. The
experimental data are shown as squares. Results of
simulation by 1.5D code using an energy spread of 8y/y = 2%
under Raman and Compton models (dashed and solid lines,
respectively).
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the beam of the same linac. This facility has been made and
studied at JINR jointly with IAP RAS (Nizhny Novgorod)
during the last decade [20,21].

IV. CONCLUSIONS

A 1.5-dimensional model has been composed for FEL
amplifiers operating either in the Raman or high-gain
Compton regime. The particles are supposed to follow
helical trajectories which are computed taking into the
account the guide magnetic field, if present, and the varia-
tion of particle transverse velocities due to the radiation
field and beam self-fields.

As demonstrated in this paper, this model does not
require extensive computational resources, but it still takes
the dominant physical processes relevant for a FEL ampli-
fier with a helical wiggler into account. The model limita-
tions have been identified and appropriate criteria for them
have been formulated.

To prove the usefulness of the model, its results have
been compared with both experimental data and results
from more elaborate (i.e., three-dimensional) models
for a number of millimeter-wavelength FELs (FEMs)
[7,11,14,15]. These devices operate in different regimes
of space-charge and wiggler-guide magnetic field
configuration.

For a Raman FEM amplifier [11] with a reversed guide
magnetic field, the model predicts the growth of the output
power with distance reasonable well as long as saturation is
not obtained. At high power levels of the radiation field, it
was found that the assumption of pure helical electron
orbits with small perturbations breaks down and the model
starts to underestimate the output power. For the case of a
FEM operating in the high-gain Compton regime without a
guide magnetic field and that was used as an electron beam
buncher [14,15], good agreement was found between the
1.5D model and a full 3D model of the FEM. The discrep-
ancy between the theoretical simulations and experimental
data was the same for the 1.5D and the 3D model. For
another FEM experiment with a reversed guide magnetic
field configuration [7], it was found space-charge effects
were still not important despite the fact that the evaluation
criteria put the experiment on the border of high-gain
Compton and Raman regimes. In this case, good agreement
was obtained between the 1.5D model and the experimen-
tal data. For the last two experiments it has been verified
that the experimental conditions did not violate the
assumption of helical electron orbits with small
perturbations.

The 1.5D model has been successfully benchmarked
against the 3D models ARACHNE [15] and SOLITUDE [18]
and to a lesser extent against experimental data from FEL
systems having different operating regimes. The model is
useful for a quick and relatively accurate evaluation of the
physics of FEL amplifiers having a helical wiggler in
combination with a reversed guide magnetic field (that

may be zero). It can also easily be extended to study FEL
oscillators with similar configurations.
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