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Fast and robust global decoupling with coupling angle modulation
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We describe a fast and robust global decoupling scheme, coupling angle modulation. This novel
technique introduces an extra rotating coupling coefficient into the coupled optics to determine the global
decoupling strengths. The eigentune split is used as the observable during the modulation. The two
eigentunes are tracked with a high-resolution phase locked loop tune measurement system. In the article,
the principle of coupling angle modulation is presented, followed by its application to the Relativistic
Heavy Ion Collider (RHIC). Coupling angle modulation coupling correction has been used for the global
coupling correction on the nonstop RHIC ramp.
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I. INTRODUCTION

A fast and robust global decoupling scheme, coupling
angle modulation, is found and reported in this article. It
modulates two orthogonal skew quadrupole families out of
phase to introduce an extra rotating coupling coefficient
into the coupled optics. The eigentune split is used as the
global coupling observable [1,2]. The two eigentunes are
tracked with a high-resolution phase locked loop (PLL)
tune measurement system [3,4]. The global coupling cor-
rection strengths are directly determined from the modu-
lating skew quadrupole strengths at the minimum tune
split, multiplied by a factor k. k is given by the minimum
and maximum tune splits, together with that without the
modulation.

Coupling angle modulation is a fast and robust decou-
pling scheme, compared to other coupling measurement or
correction schemes [5–8]. According to the beam experi-
ments in the Relativistic Heavy Ion Collider (RHIC), the
modulation frequency for RHIC is 0.5 Hz at injection and
store, 0.2 Hz on the ramp. Since the maximum and mini-
mum tune splits can be determined in one coupling angle
modulation period, the decoupling strengths can be found
in seconds. This advantage makes this scheme viable for
the global decoupling on the nonstop energy ramp of
superconducting accelerators like RHIC [8,9]. It has been
used to the global decoupling on the RHIC ramp in the
feed-forward mode.
II. COUPLING ANGLE MODULATION

A. Tune split

From the linear difference coupling’s Hamiltonian per-
turbation theory [10–13], the two eigentunes Q1;2 under
the coupled situation are
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where Qx;0, Qy;0 are the uncoupled tunes when all coupling
sources are removed. � is the uncoupled fractional tune
split,

� � Qx;0 �Qy;0 � p; (3)

p is the integer tune split. C� is the coupling coefficient,
which normally is a complex number. It is defined as

C� � jC�jei
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(4)

jC�j is the coupling coefficient amplitude, 
 is the angle of
the coupling coefficient. �x and �y are the uncoupled
betatron amplitude functions, �x and �y are the unper-
turbed betatron phase advances, ks is the skew quadrupole
strength, L is the ring circumference, and s is the distance
between the skew quadruple and the reference to calculate
the coupling coefficient.

From Eqs. (1) and (2) the fractional eigentune split �Q
is given by

j�Qj � jQ1 �Q2 � pj �
������������������������
�2 � jC�j2

q
: (5)

The tune split �Q can be measured experimentally.

B. Rotating coupling coefficient

Coupling angle modulation modulates two orthogonal
skew quadrupole families out of phase to produce a rotat-
ing coupling coefficient into the coupled optics. The rotat-
ing coupling coefficient is

C�
rot � jC�

rot;ampj 	 e
i2�ft; (6)

where f is the coupling angle modulation frequency,
jC�

rot;ampj is the rotating coupling amplitude.
Figure 1 shows the schematic plot of the coupling angle

modulation. The horizontal and vertical axes are the real
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FIG. 1. (Color) Schematic plot of coupling angle modulation.
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and imaginary parts of the complex coupling coefficient,
respectively. The blue line represents the rotating coupling
C�
rot given by Eq. (6). The red line represents the residual

coupling C�
res in the coupled optics.

C. Correction strengths

During the coupling angle modulation, the total cou-
pling coefficient C�

tot is

C�
tot � C�

res � C�
rot: (7)

The residual coupling C�
res is

C�
res � jC�

res;ampje
i�res : (8)

According to Eq. (5), the tune split square during the
modulation is

j�Qj2 � �2 � jC�
res;ampj

2 � jC�
rot;ampj

2

� 2jC�
res;ampjjC

�
rot;ampj cos�2�ft��res�: (9)

Assuming the rotating coupling’s amplitude jC�
rot;ampj is

constant during the coupling angle modulation, we define

jC�
res;ampj � kjC�

rot;ampj: (10)

k is a non-negative number.
From Eq. (9) and Fig. 1 , we obtain the maximum tune

split when the rotating coupling coefficient takes the same
direction as the residual coupling coefficient, and the mini-
mum tune split when the rotating coupling coefficient has
the opposite direction to the residual coupling coefficient.

Therefore, according to Eqs. (9) and (10), the maximum
and minimum tune split squares are

�Q2
min � �2 � �k� 1�2 	 jC�

rot;ampj
2; (11)
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�Q2
max � �2 � �k� 1�2 	 jC�

rot;ampj
2: (12)

Together with the tune split �Q0 without modulation,

�Q2
0 � �2 � k2 	 jC�

rot;ampj
2; (13)

the factor k can be determined,
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The factor k has a significant role in determining of the
global coupling correction strengths. The global coupling
correction strengths are given by the modulation skew
quadrupole strengths at the minimum tune split multiplied
by the factor k.

III. APPLICATION TO THE RHIC RINGS

We modulate two orthogonal families out of phase to
produce the rotating coupling coefficient. Each RHIC ring
has three correction skew quadrupole families, F1, F2, and
F3. Based on the optics model, we combine skew quadru-
pole families F1 and F3 to generate a new family (F1F3)
that is orthogonal to the family F2. To get a 90
 modulation
phase difference, family F2 is modulated with cos function
and families F1 and F3 sin function.

A. Correction at injection and store

Coupling angle modulation correction was first tested at
RHIC injection and store. Here we gave an example in the
RHIC Blue ring store.

Figure 2 shows the eigentunes during the coupling angle
modulation correction. The modulation amplitude for the
skew quadrupole families are j�ksdl�1;3jmod;amp � 5:77�
10�5 m�1, j�ksdl�2jmod;amp � 1:0� 10�4 m�1. The modu-
lation frequency was 0.5 Hz.

Figure 3 shows the modulating skew quadrupole power
supply currents and the tune split square j�Qj2. The mini-
mum and maximum j�Qj2 were determined between the
two vertical grid lines which start at 5th second and end at
7th second. We obtained the factor k � 0:98. The incre-
ment coupling correction strengths are ��ksdl�1;3 �
4:94� 10�5 m�1, ��ksdl�2 � �5:09� 10�5 m�1.

After applying the correction strengths, the eigentunes
were pushed closer, shown in Fig. 2. We scanned the design
tunes to measure the minimum tune split �Qmin. Before the
coupling correction, �Qmin � 0:0078. After coupling cor-
rection, �Qmin � 0:0006. The residual coupling was con-
siderably corrected.

B. Correction on the ramp

To decouple on the nonstop ramp is important for the
RHIC performance, especially for the RHIC polarized
proton (pp) run. The coupling angle modulation has been
used for the RHIC global decoupling on the ramp in the
feed-forward mode.
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FIG. 2. (Color) The tunes during the coupling angle modulation correction in the RHIC Blue ring store.
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Figure 4 shows the Yellow beam tunes in the first ramp.
Three coupling angle modulations were released in the first
140 seconds’ ramp. The modulation strengths were
j�ksdl�1;3jmod;amp � 8:66� 10�5 m�1, j�ksdl�2jmod;amp �

1:5� 10�4 m�1. The modulation frequency was 0.2 Hz.
Each modulation took 15 seconds, or three modulation
periods.

Figure 5 shows the tunes in the second ramp. The global
coupling correction strengths from the modulations in the
first ramp were applied. There was no design tune change
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FIG. 3. (Color) The coupling co
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between these two ramps. From Fig. 5, the tune split got
much smaller for the second ramp. Therefore, the global
coupling was reduced.

IV. DISCUSSION

Coupling angle modulation is a fast and robust global
coupling correction method. The decoupling direction and
decoupling depth k can be determined in one modulation
period. Therefore, the correction strengths are determined
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FIG. 4. (Color) The Yellow ring tunes in the first ramp with coupling angle modulations.
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in seconds. This advantage makes this scheme viable for
the global decoupling on the nonstop energy ramp of
superconducting accelerators like RHIC.

The key point for coupling angle modulation is to pro-
duce the rotating coupling coefficient. Therefore, strict out-
of-phase modulations of two orthogonal skew quadrupole
families is required. It is proved from simulation and beam
experiment that exact orthogonal families and exact same
modulation amplitudes are not strictly required. Under
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these nonperfect situations, the rotating coupling coeffi-
cient traces out an ellipse in Fig. 1, instead of a circle.
However, Eq. (10) still holds.

The coupling correction strengths are directly linked to
the modulation skew quadrupole strengths at the minimum
tune split. The correction depth k is decided by the maxi-
mum and minimum tune splits during the modulation. The
spikes in the tune measurement can be filtered out with
fitting.
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second ramp with coupling corrections.
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Factor k plays an important role in the determining of
coupling correction depth. From Eq. (14), when ��Q2

max �
�Q2

0�=��Q
2
max � �Q2

min� is close to 1
2 , it is hard to pre-

cisely determine k. Difficulty in determining k also hap-
pens on the ramp when the tunes and skew quadrupole
strength settings change fast during the modulation.

A PLL tune measurement system is used for the tune
tracking in the coupling angle modulation. PLL fails in
tracking both eigentunes under some situations, especially
when the two tunes are very close to each other. PLL tune
losing track poses a challenge to the coupling angle mod-
ulation’s application on the ramp.

Coupling angle modulation uses the eigentune split as
the coupling observable [1,2]. The eigentune split is in-
sensitive when the working point is close to the linear
coupling resonance line. And to detect the residual cou-
pling, extra coupling sources are introduced. Therefore,
coupling angle modulation is not suitable for the continu-
ous coupling measurement and correction in the feedback
mode [1,14].
V. CONCLUSION

A fast and robust global decoupling scheme, coupling
angle modulation, is reported. Two orthogonal skew quad-
rupole families are modulated, so introducing an extra
rotating coupling into the coupled optics to determine the
coupling correction strengths. The global coupling correc-
tion strengths are directly obtained from the modulating
skew quadrupole strengths at the minimum tune split,
multiplied by a factor k. k is determined by the minimum
and maximum tune splits during the modulation and that
without modulation. This scheme was tested in the RHIC at
injection, store, and on the ramp. It has been used for the
global decoupling on the RHIC ramp.
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