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Observation of transverse quadrupolar tune shifts in the Photon Factory storage ring
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The frequencies (tunes) of transverse quadrupolar oscillations were measured in the 2.5-GeV
Photon Factory storage ring at the High Energy Accelerator Research Organization (KEK). As a
result, remarkable shifts in the quadrupolar frequencies with the bunch current were found; they
were both positive and negative in the horizontal and vertical directions, respectively. This result
can be explained by a focusing effect due to short-range wakefields containing a quadrupolar
component.
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I. INTRODUCTION

In many storage rings, betatron tunes for coherent dipo-
lar (barycentric) oscillations depend on the beam intensity.
These tune shifts give us information on the transverse
wake force, or on the transverse impedance, of the storage
rings [1].

When a bunched beam passes through an axially sym-
metrical structure with a transverse offset, an induced
dipolar wakefield kicks the bunch in the direction of
the offset. This generally results in negative tune shifts
in both the horizontal and vertical planes. If the structure
is not axially symmetrical, on the other hand, the
wake force is a superposition of uniform (monopolar),
dipolar, quadrupolar, and higher components [2], even
when the beam center passes the center of the structure.
The wake force can then focus or defocus succeeding
particles by its quadrupolar component [2–4]. Non-
negligible effect due to the quadrupolar wakes was recog-
nized in the CERN SPS [5], where the tune shift in the
horizontal plane was partly canceled, while that in the
vertical plane was enhanced. We expect that the focusing
effect due to the quadrupolar wakes can be observed
directly by measuring the coherent frequencies of the
quadrupolar (bunch shape) oscillations, because these os-
cillations do not couple with the dipolar wakes. Such a
measurement will help us to understand the coupling im-
pedance of the storage rings.

The transverse quadrupolar tunes have been measured
[6] in some proton or heavy-ion machines because it is very
useful for investigating the space-charge force. However,
such a measurement has never been carried out in the
electron storage rings. We previously developed a tech-
nique [7] for inducing quadrupolar oscillations in an elec-
tron storage ring, and then measured the quadrupolar tunes
as a function of the beam current per bunch. In this paper
we first describe how the quadrupolar wakes affect the
dipolar and the quadrupolar tunes. Next, we present the
results of the measurements, which were briefly reported in
[8,9].
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II. TUNE SHIFTS DUE TO SHORT-RANGE
WAKEFIELDS

When an imaginary bunch, having a finite longitudinal
size and infinitesimal transverse sizes, passes through some
structure of the storage ring with a transverse offset of rb, a
test particle having a transverse offset of r can be kicked by
the wakefield. The transverse wake potential due to this
structure is defined by
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where z is the longitudinal position of the test particle
relative to the bunch (z > 0 denotes a forward position),
s is the longitudinal coordinate, qb is the bunch charge, c is
the speed of light, v is the velocity of the particle (we
assume jvj � c), and E and B are the induced electric and
magnetic fields, respectively. Assuming that the structure is
symmetrical about a horizontal (x; s) plane, we can ap-
proximate that the horizontal wake potential Wx depends
only on the horizontal offsets of (xb; x) and z [2].

We consider the horizontal motion of a single particle in
a bunch having finite transverse sizes. The equation of
motion under the wake force is given by

d2x�z; s�

ds2
� Kx�s�x�z; s� �

qbe
E

�p�s� s1�

�
Z 1

�1
Wx�xb; x; z�f�xb�dxb;

(2)

where x�z; s� is the horizontal position of the particle, Kx�s�
is the focusing force due to a ring lattice, E is the particle
energy, e is the charge of the particle, �p�s� is the periodic
delta function having a period of the ring circumference,
and f�xb� is the normalized particle distribution along the
horizontal direction. We have assumed the same distribu-
tion function, f�xb�, for any z, by which a head-tail motion
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was excluded. Only a single wake source at position s1 has
been included.

In Eq. (2), the horizontal motion is coupled to the
longitudinal one through the wake force. We simplify
this problem by taking an averaged wake force over the
longitudinal particle distribution, which yields
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� Kx�s�x�s� �
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where ��z� is the normalized longitudinal distribution of
particles. Approximating Wx�xb; x; z� by its Taylor series,
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we can approximate Eq. (3) by
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where hxi denotes the horizontal position of the bunch
centroid. The above k�0�x , k�1�x , and k�2�x can be interpreted
as the kick factors for the uniform, dipolar and quadrupolar
components, respectively.

When there are many structures in the ring, the tune shift
for the coherent dipolar oscillation is given by
TABLE I. Parameters of the PF storage ri
measurement.

Parameter

Beam energy
Revolution frequency
Harmonic number
Horizontal tunea

Vertical tunea

Synchrotron tune
Natural rms bunch lengtha

Horizontal and vertical radiation damping times
aAt low currents.
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where j denotes the index of the structure, �x�sj� is the
horizontal betatron function at the location of the jth
structure, and k�1�x;j and k�2�x;j are the kick factors for the jth
structure. The dipolar tune shift is proportional to the sum
of the kick factors for the dipolar and quadrupolar compo-
nents. On the other hand, the tune shift for each individual
particle under no coherent oscillations is called the inco-
herent tune shift, which is given by
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The tune shift for the coherent quadrupolar oscillation is
approximately equal to twice the incoherent shift,

��q
x 
 2��inc

x ; (9)

as long as its amplitude is small. For large-amplitude
oscillations, an additional small tune shift will arise from
a quadrupolar wakefield induced by the quadrupolar mo-
ment of the beam. For the other vertical motion, both
dipolar and quadrupolar tune shifts can be represented
similarly. The above Eqs. (7)–(9) suggest that both the
measurements of dipolar and quadrupolar tune shifts allow
us to estimate the kick factors for the dipolar and quad-
rupolar wakes separately.

III. MEASUREMENTS

A. Horizontal quadrupolar tune shift

The measurement was carried out in the Photon Factory
(PF) storage ring [10], which is a 2.5-GeV synchrotron
light source at KEK. The principal parameters of the
storage ring are given in Table I. A single bunch of elec-
trons was stored during the measurement. To avoid com-
plexity due to nonlinear fields, the octupole magnets were
turned off. The experimental setup is shown in Fig. 1. To
induce horizontal quadrupolar oscillations, we applied
quadrupole magnetic fields oscillating at frequencies close
to 2fr	�x (
1:915 MHz), where fr is the revolution
ng under the horizontal quadrupolar-tune

Symbol Value

E 2.5 GeV
fr 1.602 904 MHz
h 312
�x 9.5974
�y 4.2845
�s 0.0149
�z 10 mm

�x, �y 7.8 ms
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FIG. 1. Setup for measuring the horizontal quadrupolar tunes.
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frequency and 	�x is the fractional horizontal tune. The
quadrupole fields were produced using a ‘‘high-frequency
quadrupole magnet (HFQM)’’ device [11], which was
resonantly driven by a rf amplifier. By applying a horizon-
tal tune modulation of approximately 5:2� 10�5 (at peak),
the horizontal quadrupolar oscillation could be induced
with an estimated growth time of 3.8 ms.

Excited quadrupolar oscillations were detected using an
optical beam-monitor system. Visible synchrotron light
from beam line BL-27 was transported to an optical bench,
and focused on a slit, producing an image of the beam.
Using a photomultiplier (Hamamatsu H5783) behind the
slit, the quadrupolar oscillations could be detected as in-
tensity modulations of the synchrotron light. At the same
time, we confirmed bunch shape oscillations using a streak
camera (Hamamatsu C5680). The gain of the photomulti-
plier was adjusted so that the amplitudes of the signal were
kept almost the same under various beam currents.

The responses of the quadrupolar oscillations were mea-
sured by sweeping the excitation frequency of the HFQM
FIG. 2. (Color) Responses of the horizontal quadrupolar oscil-
lation measured under different bunch currents. Abscissa, exci-
tation frequency; ordinate, intensity of the photomultiplier
signal. Note that the neighboring traces were separated by addi-
tional offsets (30 dB between neighboring traces). The excitation
frequency was swept upward.
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using a spectrum analyzer equipped with a tracking gen-
erator. Some of the measured responses under different
bunch currents are shown in Fig. 2. Each trace shows a
peak where the quadrupolar oscillation was effectively
excited. The frequency of each peak can be interpreted as
a coherent quadrupolar frequency. At a low bunch current
of 1.5 mA, the quadrupolar frequency (approximately
1.9148 MHz) was very close to twice the fractional hori-
zontal betatron frequency (957.5 kHz) at a low current. At
higher currents, the quadrupolar frequency shifted upward,
and the peak became wider.

A summary of the measurement is shown in Fig. 3. The
horizontal quadrupolar tunes increased almost linearly
with the bunch current. A linear fit for these data, except
for the first two points, gave a tune slope of 0:048 A�1.

B. Vertical quadrupolar tune shift

To induce vertical quadrupolar oscillations, we excited
the HFQM at frequencies close to �2	�y � 3�fr
(
5:73 MHz), where 	�y is the fractional vertical tune.
This frequency was chosen because it fit one of the existing
FIG. 3. Measured horizontal quadrupolar tunes as a function of
the beam current per bunch. The solid line denotes the linear fit
for the data, except for the first two points.
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FIG. 4. Setup for measuring the vertical quadrupolar tunes.
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power sources. The initial measurement using a similar
setup to Fig. 1 indicated that the measurement was consid-
erably affected by rf noise from the HFQM. To avoid this
noise, we modified the experimental setup, as shown in
Fig. 4.

A sine wave from the tracking generator at a frequency
of about �2	�y � 2�fr (
4:13 MHz) was converted up by
the revolution frequency, and was used to drive the HFQM.
A vertical tune modulation of approximately 7:4� 10�5

was applied, which induced the quadrupolar oscillations
with a growth time of about 2.7 ms. Visible synchrotron
light was focused onto the slit, where the beam image was
rotated by 90� from that in Fig. 1. The vertical beam-size
oscillations were detected at frequencies of about �2	�y �

2�fr, which were lower than the excitation frequency by
the revolution frequency. The measurement was carried out
with a single-bunch beam; the machine parameters were
slightly different, as shown in Table II.

We first noticed that the amplitudes of quadrupolar
oscillations fluctuated even when the driving frequency
was fixed; this was possibly due to a higher sensitivity
for the vertical oscillations. When we swept the excitation
frequency, we obtained slightly different responses from
sweep to sweep due to the fluctuation. An example of the
measurement is shown in Fig. 5. Although traces in the
lower graph of Fig. 5 varied from sweep to sweep, we
could identify in the upper graph a frequency range
(roughly 4.131–4.134 MHz) where the quadrupolar oscil-
lations were excited well. We then identified the center of
TABLE II. Storage-ring parameters under the vertical
quadrupolar-tune measurement. The other parameters are the
same as those in Table I.

Parameter Symbol Value

Revolution frequency fr 1.602 883 MHz
Horizontal tunea �x 9.5988
Vertical tunea �y 4.2892
aAt low currents.
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the above range as the most probable quadrupolar fre-
quency. Moreover, we regarded the width of the range as
an uncertainty in the measurement.

Figure 6 shows the measured responses of the vertical
quadrupolar oscillations at several bunch currents. Ten
traces at every current were superposed, where each data
point was indicated by a dot. It can be seen that the vertical
quadrupolar frequency decreased with the bunch current.
Besides, the peaks became faint at high currents.

Figure 7 shows the fractional vertical quadrupolar tunes
deduced from the above measurement. The vertical quad-
rupolar tunes decreased almost linearly with the bunch
current. Fitting the data below 35 mA, a tune slope of
�0:076 A�1 was obtained. At low currents, the fractional
FIG. 5. Responses of the vertical quadrupolar oscillations mea-
sured under a bunch current of 10 mA. Lower: ten measured
traces which are shown separately by adding offsets (40 dB
between neighboring traces). Upper: superposition of the ten
traces with the lines between data points omitted.
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FIG. 8. Measured fractional horizontal tunes of the dipolar
oscillations as a function of the beam current per bunch under
single-bunch operation.

FIG. 6. Responses of the vertical quadrupolar oscillations
under several bunch currents. Ten measured traces at every
current were superposed. The traces for different currents were
separated from each other by adding artificial offsets (60 dB
between neighboring traces).
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quadrupolar tune (0.5789) was very close to twice the
fractional vertical tune (0.2892).

C. Dipolar tune shifts

To provide complementary data, we measured the tune
shifts for the dipolar oscillations using a conventional rf
knockout method. Both Figs. 8 and 9 show the dipolar tune
shifts under single-bunch operation, which were measured
during the experiment described in the Sec. III B. Fitting
these data below a bunch current of 40 mA, we obtained
dipolar tune shifts of �0:013 A�1 (in horizontal) and
�0:11 A�1 (in vertical), respectively.
FIG. 7. Measured fractional tunes for the vertical quadrupolar
oscillations as a function of the bunch current. Each closed circle
indicates the most probable quadrupolar tune. The error bars
indicate the uncertainty in the measurement.
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We also measured the dipolar tune shifts under multi-
bunch operation. While uniformly filling 280 bunches
among 312 buckets, we measured the dipolar tunes at
beam currents ranging from 10 to 400 mA. A preliminary
measurement indicated that the horizontal dipolar tune
depended on the total current by 0:002 A�1, while the
vertical dipolar tune depended on it by �0:003 A�1. We
found that the dependences of dipolar tunes on the total
beam current were much smaller than those on the bunch
current.

IV. DISCUSSIONS

Measurements at the PF storage ring showed that (1) the
quadrupolar tunes shifted with the bunch current, (2) the
signs of the tune slopes were opposite for the horizontal
FIG. 9. Measured fractional vertical tunes of the dipolar oscil-
lations as a function of the beam current per bunch under single-
bunch operation.
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TABLE IV. Products of the kick factors and the betatron
functions estimated from the measured tune shifts.
P

j�x�sj�k
�1�
x;j 1:9� 1015 V=CP

j�x�sj�k
�2�
x;j �1:2� 1015 V=CP

j�y�sj�k
�1�
y;j 3:6� 1015 V=CP

j�y�sj�k
�2�
y;j 1:9� 1015 V=C

TABLE III. Summary of the measured tune shifts under
single-bunch operation.

Horizontal Vertical

Dipolar tune shift �0:013 A�1 �0:11 A�1

Quadrupolar tune shift 0:048 A�1 �0:076 A�1
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and vertical directions, and (3) the dipolar tunes depended
only slightly on the total current under multibunch opera-
tion. A summary of the measured tune shifts is given in
Table III. These results suggest that some focusing effect
should have been induced by the bunch itself. As a candi-
date, we can list such effects as (i) the quadrupolar com-
ponent of the short-range wakefield, (ii) the quadrupolar
component of the long-range resistive wakefield in non-
circular vacuum chambers [12], and (iii) trapped ions.

The above second effect is prominent under multibunch
high-current operations, such as in the case of PEP-II [12].
In our experiment, this effect should have contributed little
to the quadrupolar tune shifts, because the dipolar tunes
depended only slightly on the total current. We also ex-
clude the third possibility because ions should produce
focusing forces in both planes. Therefore, the short-range
wakefield is the most promising cause for the quadrupolar
tune shifts.

According to the depiction given in Sec. II, the dipolar
and the quadrupolar tune shifts due to the short-range
wakes are given by Eqs. (7) and (9), respectively. Using
these relations, we estimated the dipolar and quadrupolar
kick factors from the measured tune shifts. To simplify our
analysis, we did not take account of the bunch lengthening
with the bunch current; the kick factors were then assumed
to be constants. Table IV shows the estimated products of
the kick factors and the betatron functions. Using average
betatron functions of h�xi � 3:1 m and h�yi � 6:9 m, total

kick factors were roughly estimated to be k�1�x �

610 VpC�1 m�1 and k�2�x ��390 V pC�1 m�1 in the hori-
zontal direction, and k�1�y � 520 VpC�1 m�1 and k�2�y �
280 VpC�1 m�1 in the vertical direction, respectively.

The beam ducts of the PF storage ring are mainly made
up of three regular types: a bending-magnet duct (inner
aperture 140 mm wide by 53 mm high) and two
quadrupole-magnet ducts (inner apertures 146 mm wide
by 70 mm high and 100 mm wide by 53 mm high). Other
beam ducts for six narrow-gap insertion devices, for two rf
sections, and for diagnostic or other devices, are connected
to the regular ducts through tapered transitions. The pri-
mary source of the impedance would be these transitions,
as well as four rf cavities and about 50 unshielded bellows.
Because of too many components, we have not carried
out a complete estimation of the kick factors by calcula-
tions. However, the above kick factors are reasonable
regarding the following points. First, the signs of k�2�x and
k�2�y , which indicate focusing in the horizontal direction and
04280
defocusing in the vertical direction, are consistent with
our calculation for a typical flat structure. Second, the
ratio k�2�x =k�2�y ��1:4 is close to the theoretical restriction
of �1.

In Fig. 2, the peak of the quadrupolar frequency be-
comes wider at high currents. The reason can be either a
spread in the incoherent frequency or an increase in the
damping rate, due to some collective effect. This issue is
also worth investigating further.
V. CONCLUSIONS

The tunes of transverse quadrupolar oscillations were
measured in the PF electron storage ring as a function of
the bunch current. As a result, both positive and negative
tune shifts were found for the horizontal and vertical
oscillations, respectively. This result can be basically ex-
plained by a self-focusing effect of the bunch due to a
quadrupolar component of short-range wakefields, which
was induced in axially asymmetrical structures. We
showed that by measuring both dipolar and quadrupolar
tune shifts one can estimate the kick factors for the dipolar
and quadrupolar wakes separately.
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