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Measurement of global betatron coupling with skew quadrupole modulation
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Measurement of the residual betatron coupling with skew quadrupole modulation is a new diagnostics
technique. It was developed and tested at the Relativistic Heavy Ion Collider (RHIC) as a promising
method for measuring coupling on the ramp. By modulating the strengths of skew quadrupole families, the
two tunes’ responses are precisely measured with the phase lock loop system. The projection ratio of the
residual coupling coefficient onto the coupling modulation direction can be determined. In this article, the
analytical solution to the skew quadrupole modulation is given. Dedicated beam studies were carried out
in RHIC Run’04 and the results are presented. The ability to measure coupling on the ramp opens the
possibility of continuously correcting coupling during acceleration.
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I. INTRODUCTION

For a hadron machine like the Relativistic Heavy Ion
Collider (RHIC), the working points are constrained into a
very narrow space. Thus, the two tunes must be kept close
to the linear difference resonance line to ensure longer
beam lifetime. During the RHIC’s polarized proton opera-
tions, the betatron coupling should be especially well
corrected on the ramp to avoid crossing of the spin tune
resonances and loss of polarization. Coupling correcting
also helps the vertical closed orbit correcting, which bene-
fits the polarization’s preservation.

Skew quadrupole strength scan is the conventional
method to measure and correct the global coupling
[1–4]. However, it is not suitable for the coupling mea-
surement on the ramp because of its several disadvantages
[5]. Before the skew quadrupole scan, the two tunes should
be pushed to the linear difference coupling resonance.
Then the skew quadrupole strengths are scanned to search
the minimum tune split. During the scan, large skew quad-
rupole strength may lead to beam loss. And close to the
minimum tune split, the tune changes are very small, so it
is not easy to determine where the minimum tune split
really is. After the scan, the tunes should be restored to
their original values.

As a logical extension, we proposed the skew quadru-
pole modulation technique to replace the skew quadrupole
scan. The tune split is still used as the observable during the
modulation. The analytical solution to the tune split during
the modulation was found, based on the Hamiltonian per-
turbation theory of linear difference coupling. In order to
track the fast tune changes, the phase lock loop (PLL)
system [6,7] is adapted. Different data processing methods
were found to extract the residual coupling’s projection
ratio onto the coupling modulation direction. This tech-
nique has several advantages compared to the skew quad-
rupole scan. First, it is not necessary to move the tunes to
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the linear difference coupling resonance before the modu-
lation. Second, the skew quadrupole modulation is fast and
safe, which makes it possible for the global coupling
measurement on the ramp. The period occupied by one
projection measurement is reduced to several seconds.

In this article we first give the analytical solution to the
tune split from the skew quadrupole modulation. Then,
different data processing methods to get the projection
ratio are presented. The preliminary experimental results
at RHIC are discussed.
II. SKEW QUADRUPOLE MODULATION

A. Perturbation theory

From linear difference coupling’s Hamiltonian pertur-
bation theory [1,2,8], the two tunes Q1;2 in the coupled
situation are given by
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where Qx;0; Qy;0 are the uncoupled tunes when all coupling
sources are removed. � is the tune split of the two un-
coupled tunes,

� � Qx;0 �Qy;0 � p; (2)

where p is the integer tune split. C� is the coupling
coefficient, which normally is a complex number. It is
defined as
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where jC�j is coupling amplitude, 	 is the angle of the
coupling, �x and �y are the linear horizontal and vertical
betatron amplitude functions, �x and �y are the betatron
phase advances, ks is the skew quadrupole strength, L is the
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ring circumference, and s is the distance between the skew
quadrupole location and the reference point to calculate the
coupling.

B. Tune split from modulation

From Eq. (1), the tune split j�Qj is given by

j�Qj � jQ1 �Q2 � pj �
������������������������
�2 � jC�j2

q
: (4)

This tune split j�Qj can be measured experimentally.
If one skew quadrupole’s strength modulates, from

Eq. (3), its coupling contribution to the total coupling in
the ring also modulates,

C�
mod � C�

mod;amp sin�2
ft�; (5)

where C�
mod is the coupling introduced by the skew quad-

rupole modulation, C�
mod;amp is its amplitude, and f is the

modulation frequency.
The total coupling C�

tot in the ring is

C�
tot � C�

res � C�
mod; (6)

where C�
res is the residual coupling in the ring before the

skew quadrupole modulation.
The modulation frequency is chosen small enough so

that the tunes have enough time to equilibrate to respond to
the coupling change. According to the simulation results
and the preliminary beam experiments at RHIC, the skew
quadrupole modulation frequency is chosen below 1.0 Hz.
Substituting Eqs. (5) and (6) into Eq. (4) gives
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where �	 is the angle difference between C�
res and

C�
mod;amp.
From Eq. (7), the 2f term is only related to the skew

quadrupole modulation amplitude jC�
mod;ampj, while the 1f

term is related to the dot multiplication of the modulation
coupling C�

mod and the residual coupling C�
res. So in the

frequency domain of j�Qj2, there will be two peaks lo-
cated at 1f and 2f if the machine is originally coupled, or
only one peak at 2f if the machine is originally well
decoupled. The 1f peak is, therefore, one of the reflections
of the residual coupling.

C. Projection ratio

A straightforward use of Eq. (7) is the projection ratio of
the residual coupling onto the direction of modulation
coupling, which is defined as
01400
� �
jC�

resj cos�	
jC�

mod;ampj
; (8)

where jC�
resj cos�	 is the residual coupling projection onto

the coupling modulation direction. � is a dimensionless
quantity. Its sign is determined by the difference angle �	
between the residual and the modulation coupling.

The modulation coupling’s C�
mod;amp amplitude and di-

rection can be calculated from the optics model according
to Eq. (3). Knowing the projection ratio � and jC�

mod;ampj,
the coupling projection jC�

resj cos�	 onto the modulation
direction of C�

mod;amp can be determined from Eq. (8).
In beam experiment, if the 1f and 2f peaks’ amplitudes

from the fast Fourier transformation (FFT) of j�Qj2 are
A1f, A2f, then according to Eq. (8) and (7), the projection
ratio is given by

j�j �
A1f

4A2f
: (9)

The sign of the projection ratio is the same as the sign ofPN
j�1 j�Qj2tj imod�tj�, where N is the number of the tunes

�Q1; Q2� given by the PLL system in one skew quadrupole
modulation period. imod is the skew quadrupole modulation
current, imod � I0 sin�2
ft�, where I0 is the modulation
current’s amplitude, f is the skew quadrupole modulation
frequency. Here we assume that skew quadrupole current
change I0 introduces C�

mod;amp into the machine.

D. Apply to RHIC coupling measurement

Two projections onto two known coupling modulation
directions are needed to fully determine the residual cou-
pling. RHIC has three correction skew quadrupole fami-
lies, F1, F2, and F3. The coupling contributions to the
total coupling from each skew quadrupole in one family
are almost the same due to the sixfold lattice structure. The
coupling contributions from these three skew quadrupole
families with same strength amplitude and proper polari-
ties are about 120	 angle apart. Knowing the projections
onto at least two skew quadrupole family modulation
directions, the residual coupling can be determined. Then
the residual coupling correction can be carried out.

The above 120	 coupling angle difference is important
to calculate the residual coupling values from the measured
projection ratios. It can be proved that it holds for RHIC at
injection, store and on the ramp, if the following conditions
are met: (i) The betatron phase advances in each RHIC
sextant are the same or almost the same. (ii) The integer
split of the uncoupled tunes equals 1. (iii) The fractional
split of the uncoupled tunes is small.

It is wise to choose two orthogonal skew quadrupole
modulations whose coupling contributions are 90	 apart.
So if the same orthogonal skew quadrupole families are
used for the measurement and the correction, the correction
strengths can be directly obtained from the two projection
1-2
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ratios. Since RHIC has three skew quadrupole families,
there are different combinations to construct these two
orthogonal families. For example, F1 and F3 can be
modulated simultaneously with the same frequency and
same phase to produce a coupling normal to that only from
the F2 family modulation.
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FIG. 2. (Color) Detailed tune data for the first modulation in
Fig. 1.
III. DATA ACQUISITION AND ANALYSIS

A. PLL tune measurement

The RHIC PLL system is used for fast tune measure-
ment during the skew quadrupole modulation. Its data
acquisition frequency is 177 Hz, which is much faster
than the skew quadrupole modulation frequency. Figure 1
shows the PLL tune data of three separate skew quadrupole
modulations from the three families of the RHIC blue ring
at injection. Figure 2 shows the detailed PLL tune data in
the first skew quadrupole modulation in Fig. 1, where the
skew quadrupole family F1 was modulated. The skew
quadrupole current modulation amplitude is 1.0 A, the
modulation frequency 1.0 Hz.

B. FFT

The PLL tune data acquisition frequency is 177 Hz,
while the skew quadrupole modulation frequency is below
1.0 Hz. To get better resolution of the FFT spectrum of
j�Qj2 in the low frequency range, 2048 continuous sets of
Q1;2, or about 12 s of skew quadrupole modulation, are
used for the FFT data processing. Figure 3 shows the FFT
plot of the first modulation in Fig. 1. According to Eq. (9),
the projection ratio of the residual coupling onto the F1
family coupling contribution direction is 0.622.

C. Linear regression

To further shorten the time for one residual coupling
projection ratio measurement, data processing with linear
regression [9] was used to calculate the projection ratio.
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FIG. 1. (Color) PLL tune data of three modulations at injection.
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According to Eq. (7), the fitting function was assumed to be

f�ti� � A� B1 sin�2
fti� � B2 cos�2
fti�

� C1 sin�4
fti� � C2 cos�4
fti� � Eti � Ft2i ;

(10)

where A, B1, B2, C1, C2, E, F are the fitting coefficients.
The linear and quadratic terms of time E and F are in-
cluded here to overcome the possible tune shifts during
modulation. Linear regression is used to minimize the error
function

	2 �
XN
i�1

�j�Qj2i � f�ti��
2: (11)

The projection ratio is, therefore, given by
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FIG. 3. (Color) FFT spectrum of j�Qj2 for Fig. 2 tune data.
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FIG. 4. (Color) Linear regression of j�Qj2 at injection.
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For the linear regression data processing method, two or
three skew quadrupole modulation periods are used to
obtain the projection ratio.

Figure 4 shows one example of j�Qj2 fitting. The PLL
tune data from Fig. 2 are used. Two modulation period tune
split data are shown here. The projection ratio obtained
from linear regression is 0.574.

Figure 5 gives the continuous projection ratios obtained
with the linear regression method. The tune data shown in
Fig. 2 are used. The linear regression is performed every
2 s, or two modulation periods.

Using linear regression technique, the time for one
projection ratio measurement can be greatly reduced below
10 s. However, FFT analysis is still needed sometimes,
 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 0  10  20  30  40  50  60

P
ro

je
ct

io
n 

R
at

io
 

Time [ s ]

FIG. 5. (Color) Example of projection ratio continuous measure-
ment.

01400
especially when the quality of the PLL tune data is not
good enough. FFT data analysis is more robust and reveals
more physics than does the linear regression analysis.

IV. BEAM EXPERIMENT RESULTS

A. Measurements at injection

Table I shows one example of the residual coupling
measurements at RHIC blue injection. The machine was
coupled before the measurement. The three skew quadru-
pole families were modulated one by one to measure the
residual coupling projection ratios. For each skew quadru-
pole family modulation, the skew quadrupole current
modulation amplitude was 1.0 A, and the modulation
frequency was 1.0 Hz. For the three projection ratio mea-
surements, according to the RHIC optics model, their
modulation coupling amplitudes jC�

mod;ampj are the same
since their current modulation amplitudes are the same.

Table I lists the measured residual coupling projection
ratios and the projection directions. Table II gives the
residual coupling calculated from either two of the above
three projection measurements, where the residual cou-
pling is given in the unit of the modulation coupling
amplitude jC�

mod;ampj. The average of the measured residual
coupling projection ratio is 3.35, the average of the mea-
sured residual coupling direction is about 338.7	.

B. Measurements at store

Table III gives one measurement example at RHIC store,
where we modulated skew quadrupole families F1 and F3
simultaneously, producing a coupling modulation (F1F3)
orthogonal to that only from family F2’s modulation. The
top and bottom block of Table III give the measured
projection ratios before and after family F3 integrated
strength change from �0:0004 to �0:0002 m�1. For
each skew quadrupole modulation, the skew quadrupole
TABLE I. One example of coupling measurements at injec-
tion.

Modulation family Projection ratio Projection direction (	)

F1 2.04 289:5	

F2 0.92 49:0	

F3 3.45 169:7	

TABLE II. Residual coupling from measurements.

Residual coupling Residual coupling
Combination projection ratio direction (	)

(F1; F2) 3.00 336:8	

(F2; F3) 3.59 333:8	

(F3; F1) 3.47 343:6	
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FIG. 7. (Color) Projection ratios on ramp with constant skew
quadrupole current amplitude modulation.

TABLE III. One measurement at store.

Projection ratio Projections ratio
Modulation from FFT from linear regression

F2 0.32 0.32
(F1F3) 0.22 0.19
F2 1.37 1.48
(F1F3) 2.53 2.45
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current modulation amplitude was 1.0 A, and the modula-
tion frequency was 1.0 Hz.

The integrated skew quadrupole strength change of
0:0002 m�1 should give 2.2 A change in the skew quadru-
pole power supplies’ current. From the measurements, the
averaged projection ratio changes averaged from FFT and
linear regression onto F2 and (F1F3) modulation direc-
tions are about 1.1 and 2.3, respectively. The predications
for the predication ratios are 1.1 and 1.9, respectively.

C. Measurements on the ramp

Figure 6 shows one example of skew quadrupole modu-
lation on the ramp, where the modulation frequency is
0.2 Hz. The observed PLL tune losing lock in the end of
modulation is possibly due to the very small tune split that
the PLL system failed to distinguish. This small tune split
may happen at the exact difference coupling resonance.

Figure 7 shows the projection ratios from the above
measurement, where only the valid PLL tune data are
used. The time scale is not the same as for Figs. 6 and 7.
The linear regression is performed every two modulation
periods, or 10 s.

From Fig. 7, the projection ratio from the linear regres-
sion increases with time, which is due to the constant
current amplitude modulation. In the future, the constant
skew quadrupole strength amplitude modulation will re-
place the constant skew quadrupole current amplitude
modulation on the ramp.
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FIG. 6. (Color) An example of measurement on the ramp.
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To obtain good quality tunes from the PLL system was
most important during the beam experiments on the ramp
measurement. PLL losing lock was the big challenge in the
skew quadrupole modulation measurement. To reduce the
demands on the PLL system, the modulation time was
shortened and linear regression data processing was used.
Lowering the frequency of skew quadrupole modulation
was found helpful on the ramp.
V. CONCLUSION

Skew quadrupole modulation is a promising technique
to replace the skew quadrupole scan to measure the global
coupling. This technique has several advantages that
makes it suitable for coupling measurements and correc-
tions on the ramp. The analytical solution to the tune split
from the skew quadrupole modulation is given. Some
preliminary results were obtained from the beam experi-
ments in RHIC Run’04. The hardware requirements and
challenges for this technique are also discussed. More
beam experiments and online application are needed be-
fore the method is put into routine operation at RHIC.
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