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High-harmonic electron bunching in the field of a signal wave and the use of this effect
in cyclotron masers with frequency multiplication
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A method of organizing electron-wave interaction at the multiplied frequency of the signal wave is
proposed. This type of electron-wave interaction provides multiplied-frequency electron bunching, which
leads to formation of an intense harmonic of the electron current at a selected multiplied frequency of the
signal wave. This effect is attractive for the use in klystron-type cyclotron masers with frequency
multiplication as a way to increase the output frequency and improve the selectivity.
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FIG. 1. (Color) Principal schematic of a CRM with frequency
multiplication and electron bunching in the case of the
I. INTRODUCTION

Cyclotron resonance masers (CRMs) with frequency
multiplication (conversion) are considered as attractive
sources of high-power coherent radiation in the short-
millimeter and submillimeter ranges of wavelengths.
Their principle of operation is based on selective sponta-
neous phase-locked emission from prebunched electron
beams at higher harmonics [1–3]. A principal scheme of
the klystron-type variant of such a device is shown in
Fig. 1(a). In the first cavity, electrons are influenced by
the bunching force,F�!� at the frequency of the input rf
wave !; this results in electron bunching at frequency !
and its higher harmonics. In the simplest case of the
electron-wave interaction at the fundamental harmonic, a
single bunching center appears on the Larmor circle, which
is initially filled with electrons uniformly. Before entering
the second cavity, the electron beam contains electron-
current harmonics �n at frequencies n!. Therefore, in
this cavity it can radiate at one of these harmonics, N!;
evidently, the number of the cyclotron harmonic of the
electron-wave interaction coincides with the number N
of the ‘‘operating’’ electron-current harmonic [1].

This paper is devoted to improvement of the operation of
the first section [Fig. 1(b)]. It is shown that there exists a
possibility to realize the frequency multiplication already
in the bunching section. This is the case when the signal
wave influences the electrons with a bunching force at the
multiplied frequency F�q!�, and, therefore, the pre-
bunched electron beam contains only higher electron-
current harmonics �qn and can radiate in the second cavity
at frequencies qn!. A special case of the proposed
scheme, when the interaction between electrons and the
signal wave occurs at the doubled frequency q � 2 has
been studied in Ref. [4]; in this case the prebunched
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electron beam contains only even electron-current harmon-
ics �2n, and, correspondingly, the frequency multiplication
factor is N � 2n.

The advantages of this scheme are evident. In the case of
ideal multiplication, the absence of electron-current har-
monics with numbers, which are different from qn (includ-
ing the most dangerous fundamental harmonic), gives a
chance to improve the selectivity significantly. In addition,
since values of �qn in the scheme shown in Fig. 1(b) are as
large as values of �n in the scheme shown in Fig. 1(a), the
possibility to provide a better electron bunching at higher
harmonics appears.
fundamental-cyclotron-harmonic interaction in the bunching
section. The cases of the electron-wave interaction inside the
bunching section at the frequency of the input signal (a) and at
the multiplied (namely, triple) frequency (b).
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II. ELECTRON-WAVE INTERACTION WITH
FREQUENCY MULTIPLICATION

We consider the motion of electrons in the field of a rf
wave under the resonance condition:

! � hvz ��: (1)

Here ! and h are the frequency and the longitudinal wave
number of the rf wave, vz is the axial electron velocity, and
� is the frequency of electron oscillations (the relativistic
cyclotron frequency in CRMs). The mechanism of provid-
ing electron bunching at the multiplied frequency of the
wave can be described on the basis of asymptotic equations
of electron motion, which are valid for a wide class of
electron devices [5,6],

dw
dz

� aRef�ei�g;
d�
dz

� �w� �: (2)

Here w is the change of electron energy, z is the axial
coordinate, a is the rf wave amplitude, � � !t� hz�R
�dt is the electron phase with respect to the wave, � and

� are factors of electron-wave coupling and of the electron
bunching, respectively, and � � ��!� hvz ���=vz is
the mismatch of the electron-wave resonance. At the be-
ginning, z � 0, initial phases of particles of an electron
beam are distributed uniformly within the interval 0 	
�0 < 2�.

Let us consider the situation when the coupling factor is
a periodic function of the coordinate, ��z� � ��z� L��,
so that it can be represented as a Fourier expansion, ��z� �P
�meim �hz, where �h � 2�=L�. If period L� is much

smaller than the characteristic length of the electron-
wave coupling, L� 
 �a�max���1=2, where �max is the
maximum of ��z�, such a profiling causes small perturba-
tions of the electron motion. This allows splitting w and �
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into slow (averaged) and fast (oscillating) components [7]:

w � W � w�; � � ���� ��� 
 ��: (3)

Representing the fast phase in the form �� �P
m�0�meim �hz and expanding it into Taylor series,

exp�i��� � 1� i�� � �i���
2

2 � � � � , one can conclude
the following equations for slow components of energy
and phase:

dW
dz

� aRe
�
ei�

�
�0 � i

X
s�0

�s��s

�
X
p;q�0

�p�q��p�q � � � �

��
;

d�
dz

� �W � �;

(4)

and the recurrent expression for spatial harmonics of ��:

�m � �
�a

2m2 �h2
ei�

�
�m � i

X
s�0

�s�m�s

�
X
p;q�0

�p�q�m�p�q � � � �

�

�
�a

2m2 �h2
e�i�

�
�
�m � i

X
s�0

�
s�

�m�s

�
X
p;q�0

�
p�

q�
�m�p�q � � � �

�
: (5)

For various factors of multiplication m, coefficients �m
and, hence, the right-hand part of the equation for the
electron energy (4) can be found from (5) by the method
of successive approximations, �m � ��0�

m ���1�
m ���2�

m �
� � � , with small parameter � � �a�

�h2

 1:
��0�
m � 0; ��1�

m � �
�a

2m2 �h2
��mei� � �

�me�i��;

��2�
m � i

�2a2

4m2 �h4
X
s�0

�s�m�se
2i� � �

s�

�m�se

�2i� � �
�s�m�s � ��s�


�m�s

s2
;

(6)

and so on. Since the order of smallness of�k
m appears to be not greater than�k, such a procedure is correct. Substitution of

(6) into (4) yields

dW
dz

� RefS�1 e
i� � S�1 e

�i�g � ImfS2e2i�g � RefS3e3i�g � � � � ; (7)

where

S�1 � a
�
�0 �

�2a2

4 �h4
X
s;p�0

3�s�

p�p�s � �s�p�


s�p

s2p2

�
; S�1 � a

�
�2a2

4 �h4
X
s;p�0

�s�

p�


s�p � �

s�

p�


s�p

s2p2

�
;

S2 � a
�
�a

2 �h2
X
s�0

�s��s

s2

�
; S3 � �a

�
�2a2

2 �h4
X
s;p�0

�s�p��s�p

s2p2

�
:

(8)

In the right-hand part of Eq. (7), the first term describes the electron-wave interaction at the frequency of the signal wave;
this interaction is weak when �0 � 0. The second term ��S2e2i�� is responsible for the interaction at the doubled
frequency, and the next term ��S3e3i�� describes the bunching force at the triple frequency. Evidently, the right-hand part
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FIG. 2. (Color) Electron bunching in the case of the klystron-
type profile of the electron-wave coupling factor: motion of
particles over the Larmor orbit after the first, positive, push (a)
and the second, negative, push (b) from the input wave, sym-
metrical averaged bunching force (c), and nonsymmetrical elec-
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of Eq. (7) includes also the higher-order terms ��Sneni��,
which correspond to electron-wave interaction at the fre-
quencies n!.

As an example, let us consider the following simplest
case:

��z� � ei �hz � e�i �hz � 2i sin� �hz�;

when ��1 � 1, whereas all other coefficients of the
Fourier expansion of ��z� are equal to zero. In this case,
the only nonzero factor in (8) is S2 �

�a2

�h2
and, therefore, the

signal wave interacts with electrons at the doubled fre-
quency. In the case of a more complicated profile of ��z�,

��z� � ei �hz � e�2i �hz;

when �1 � ��2 � 1, the only nonzero factor is S3 �
�2a3

8 �h4
,

which corresponds to the interaction at the triple frequency.
In general, a profile having the following form,

��z� � A1ei �hz � A2e��n�1�i �hz;

provides electron-wave interaction at the frequency n!.

tron bunching (d).
III. PONDEROMOTIVE-FORCE
INTERPRETATION

In the case of the frequency doubling, n � 2, this effect
can be explained in terms of the averaged ponderomotive
force (so-called Miller force [8]). As an example, we
consider electron-wave interaction in a CRM at the exact
(� � 0) fundamental-harmonic resonance, and study the
case of the klystron-type dependence of the coupling co-
efficient on the coordinate, ��z� � �̂L��!�z� � !�z�
L�=2�� within the interval 0 	 z < L� [here !�z� is the
delta function]. The electron bunching under the effect of
the force F � a� cos� is illustrated in Fig. 2. Let us
compare the motion of two electrons with initial phases
��0. At the beginning, z � 0, these electrons get the same
positive push from the bunching force,

d��

dz

��������z��0
�
d��

dz

��������z��0
� a��̂L� cos�0;

and within the interval 0< z< L�=2 both of them go up:
���z� � ��0 � a��̂L�z cos�0. It is important that the
upper electron ( ��0) shifts toward the point of zero
bunching force, � � �=2, whereas the lower one ( �
�0) moves toward the maximum of F���, � � 0
[Fig. 2(a)]. Then, at the point z � L�=2 both the electrons
get a negative push from the bunching force,

d��

dz

��������z��L�=2
�
d��

dz

��������z��L�=2
� �a��̂L� cos��;

so that the full effect of two pushes is expressed in the
following form:
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d��

dz

��������z��L�=2
� a��̂L� cos�0 � a��̂L� cos��

� �
�a��̂L��2

4
L� sin2�0:

Since the displacement of the electrons with respect to the
maximum of F��� is opposite, the absolute value of the
second push is smaller (as compared to first one) for the
upper electron, and it is greater for the lower electron
[Fig. 2(b)]. Thus, the averaged force is positive for the
upper particle and negative for the lower one. Hence,
symmetrical electron bunching with two centers, which
are � � �=2 for upper (0<�0 <�) electrons and � �
��=2 for lower ( � �<�0 < 0) ones, occurs [Fig. 2(c)].
The existence of two bunching centers during the process
of the electron-wave interaction at the fundamental cyclo-
tron resonance corresponds to doubling of the frequency of
electron bunching.

Although the averaged bunching force is symmetrical,
the klystron-type approach predicts the nonsymmetrical
character of the nonaveraged electron motion [Fig. 2(d)]:

���L� � ��0 � a��̂L�
L�
2

cos�0

�
�a��̂L��

2

8
L2
� sin2�0: (9)

All upper electrons shift to the bunching center � � �=2,
but at the same time part of the lower ones move toward
this point too. The reason for such nonsymmetry is the
existence of the preferential direction, which is the direc-
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tion of the first push, as well as the inertia of particles.
Formally, the nonsymmetry is associated with the second
term of expression (9), which corresponds to the electron
motion between the first and the second pushes. This effect
makes worse the electron bunching at even harmonics and
spoils the selectivity due to the appearance of odd harmon-
ics (especially the fundamental one).

An obvious way to avoid the nonsymmetry of the elec-
tron bunching is to decrease the effect of the first push.
Namely, smooth entrance of electrons into the interaction
region should be used; this can be provided by creating a
smoothly increasing profile of the rf amplitude (or the
coupling coefficient) at the beginning of the interaction
region. This is illustrated by calculations of (2) using
sinusoidal profiling of the coupling coefficient, ��z� �
sin�2�z=2:5�, in the cases of uniform rf wave amplitude,
a � 1, and a tapered amplitude,

a�z� �
�
z=15; 0 	 z 	 15;
1; z > 15:
In these calculations, the spread in electron velocity is
modeled by uniform distribution of the mismatch within
the interval �0:1 	 � 	 0:1. Figure 3 illustrates evolu-
tions of the first and second harmonics of the electron
current, �1;2. In the case of the uniform rf wave amplitude,
both electron-current harmonics grow together up to the
value of about 0.4 [Fig. 3(a)], whereas the input profiling of
a�z� leads to improved electron bunching at the second
harmonic, j�2j � 0:6, and to almost total disappearance of
the first harmonic, j�1j< 0:05 [Fig. 3(b)].
FIG. 3. (Color) Results of simulations of universal asymptotic
equations (2) in the cases of the uniform wave amplitude (a) and
of a smooth entrance of electrons into the interaction region (b).
First and second harmonics of the electron current versus the
axial position.

01070
IV. TWO-WAVE INTERPRETATION

Let us consider the case when the electron-wave cou-
pling factor has the following profile,

��z� � A1 exp�im1 �hz� � A2 exp��im2 �hz�;

and assume that the integer numbers m1 and m2 are co-
prime. Evidently, in this case in the right-hand part of
Eq. (7) the averaged bunching force at the frequency n!,
ImfSnein�g, is determined by a term like this:

Sn �
X
p

Ap1A
n�p
2 exp�i�pm1 � nm2 � pm2�z�

z:

This sum can include one nonzero item, provided that
item’s number p satisfies the following condition:

p�m1 �m2� � nm2:

Evidently, this is possible only if m1 �m2 � n (and the
number of the nonzero item is p � m2).

Thus, the chosen profile of the coupling factor should
provide electron-wave interaction at the frequency �m1 �
m2�! . On the other hand, in this case the motion equations
(2) take the following form:

dw
dz

� Refa1 exp�i�1� � a2 exp�i�2�g;

d�1

dz
� �w�m1 �h;

d�2

dz
� �w�m2 �h;

(10)

where ak � aAk. These equations correspond to the case of
interaction of electrons with two waves, which have
cyclotron-resonance mismatches �1 � �m1 �h and �2 �
m2 �h, so that

m2�1 �m1�2 � 0:

Note that the requirement for smallness of the period L� �

2�= �h of the profile of the coupling factor means that
the waves should be far enough from the cyclotron reso-
nance (1).

In terms of parameters of two waves with frequencies
!1; !2 and longitudinal wave numbers h1; h2, condition
m2�1 �m1�2 � 0 takes the following form:

m2�!1 � h1�z ��� �m1�!2 � h2�z ��� � 0:

This can be rewritten as the following condition of the
‘‘average’’ two-wave resonance:

m2!1 �m1!2 � �m2h1 �m1h2�vz
m1 �m2

� �: (11)

If this condition is fulfilled, then there exists a slow combi-
nation phase,m2�1 �m1�2, whereas the cyclotron phases
of electrons with respect to the waves, �1;2 � !1;2t�
h1;2z�

R
�dt, are relatively fast. The averaged pondero-

motive force has the following dependence on the slow
phase:
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hFi / am2
1 am1

2 exp�i�m2�1 �m1�2��; (12)

therefore, the electron bunching at the frequency m2!1 �
m1!2 is to be provided. In the case of !1 � !2 � !, this
means multiplication of the input frequency with factor
n � m1 �m2.
V. ELECTRON BUNCHING AT HIGHER
HARMONICS IN BRAGG CAVITIES

Thus, there are two equivalent methods to provide elec-
tron bunching at a multiplied frequency of the signal wave.
The first one is the use of a signal wave, which is close to
the cyclotron resonance with electrons, along with a peri-
odical profiling of the electron-wave coupling factor ��z�.
The second way is the use of two waves, which are rela-
tively far from the cyclotron resonance (1) but close to the
two-wave averaged resonance (11).

Apparently, the most attractive variant is the realization
of the second method for the case of two counterpropagat-
ing traveling waves with equal frequencies !1 � !2 � !
and rational relation of longitudinal wave numbers
h1=h2 � �m1=m2, when condition (11) is reduced to the
following simple form [Fig. 4(a)]:

! � �: (13)

Such a scheme can be realized in a Bragg cavity [Fig. 4(b)]
FIG. 4. (Color) Dispersion diagram for the case of the averaged
two-wave resonance (a) and longitudinal structure of forward
and backward waves inside the microwave system of the bunch-
ing section (b).
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[9], when a forward-propagating wave with its longitudinal
wave number h1, which is put in the resonator by the input
mirror, transforms inside the output Bragg reflector to the
backward-propagating wave with longitudinal wave num-
ber h2 � �h1m2=m1 and then back again to the initial
wave inside the input reflector. The following relation
between the wave numbers should be observed for this
transformation:

h2 � h1 �
2�
d
;

where d is the period of the Bragg structure. The longitu-
dinal distribution of the forward and backward waves in-
side the cavity is illustrated in Fig. 4(b). If the input and
output mirrors are equal, and the frequency of the waves
coincides with the eigenfrequency of the cavity, then re-
flection of the input wave from the resonator is absent and
the forward wave has the same amplitudes both at the input
and output.

Advantages of this scheme are the simplicity of its
realization, as well as the unique character of the
electron-wave interaction. Indeed, the frequency ! can
be far from the cutoff. However, resonance condition
(13) and the operating phase of the resonant ponderomo-
tive force (12),

m2�1 �m1�2 � n
�
!t�

Z
�dt

�
; n � m1 �m2;

have the gyrotronlike character; namely, they do not in-
clude the longitudinal electron velocity. Therefore, the
bunching process has weak sensitivity to the velocity
spread. One more advantage is the simplicity of providing
a smooth entrance of electrons into the interaction region
(as well as a smooth output), which is needed to achieve
ideal frequency multiplication (see the end of Sec. II).
Mutual scattering of the forward and backward waves
inside the Bragg reflector provides smoothly increasing/
decreasing profiles of the rf amplitudes [Fig. 4(b)], which
is equivalent to smooth profiling of the coupling factor.

Numerical simulations based on the nonaveraged equa-
tions of electron motion in a rf field with a fixed spatial
structure confirm the possibility to provide electron bunch-
ing at a multiplied frequency. As an example, we examine
the case of a beam of electrons moving in the longitudinal
uniform magnetic field and encircling the axis of a Bragg
cavity with a circular cross section. Electrons interact with
a superposition of two counterpropagating waves, which
are the waveguide modes TE1;s and TE1;p having the free-
space wavelength # � 8 mm and being far from the cutoff.
The uniform magnetic field corresponds to the exact reso-
nance condition (13).

In numerical simulations we succeeded in achieving
electron bunching at up to the fourth harmonic of the signal
wave frequency. The results of these simulations are illus-
trated in Table I. It should be noted that for m1 � m2 � 1
2-5



TABLE I. Parameters and results of numerical simulations.

Frequency multiplication factor n 2 3 4

Electron energy 20 keV 20 keV 40 keV
Averaged electron pitch factor 1 1 1.4
Total length of the Bragg sections 8.5 cm 14.9 cm 20 cm
Length of regular waveguide section 6 cm 6.9 cm 10.9 cm
Waveguide modes (forward/backward waves) TE1;1=TE1;1 TE1;2=TE1;3 TE1;2=TE1;3

Forward-wave power at the input/middle of the cavity 0.1/15 kW 0.5/70 kW 4.5/40 kW
Electron-current harmonic �n for the ideal beam 0.6 0.6 0.6
Electron-current harmonic �n for 10%/15% velocity spread 0.6/0.6 0.6/0.5 0.4/0.3
Ratio �n=�1 at the maximum of �n for 15% spread >20 >10 �2

I. V. BANDURKIN AND A. V. SAVILOV Phys. Rev. ST Accel. Beams 8, 010702 (2005)
(which corresponds to frequency doubling, n � 2) the
waveguide radius can be chosen optionally, because in
this case both the forward and the backward waves are
formed by the same mode TE1;1 (in simulations the case of
vgr � 0:8c is chosen). At the same time, for different m1

and m2 (which corresponds to the bunching at harmonic
n � m1 �m2 > 2), the waveguide radius R is determined
from the condition

h21 �
&2s
R2 � h22 �

&2p
R2 �

!2

c2
;

FIG. 5. (Color) Frequency doubling: operating (black curves)
and spurious (color curves) harmonics of the electron current �n
versus the longitudinal coordinate and distribution of electrons
over their gyrophases and Larmor radii for the case of 15%
velocity spread.

01070
where &s;p are the corresponding zeroes of the first-order
Bessel derivative.

Let us notice that although the resonance condition (13)
has a gyrotronlike character (it does not include the elec-
tron velocity), at great frequency multiplication factors n a
significant sensitivity to the spread in electron velocity
occurs. The evident reason is a strengthening of the depen-
dence of the bunching force (12) on the velocity with the
FIG. 6. (Color) Frequency tripling: operating (black curves) and
spurious (color curves) harmonics of the electron current �n
versus the longitudinal coordinate and distribution of electrons
over their gyrophases and Larmor radii for the case of 15%
velocity spread.
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FIG. 7. (Color) Frequency quadrupling: operating (black curves)
and spurious (color curves) harmonics of the electron current
versus the longitudinal coordinate �n distribution of electrons
over their gyrophases and Larmor radii for the case of 10%
velocity spread.
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increase of n. Actually, the coupling factor for each wave
in Eq. (10) is proportional to the pitch factor: a1;2 /
v?=vk. Since Sn / �n, the bunching force at the nth
harmonic is proportional to the nth degree of pitch factor,
F�n!� / �v?=vk�

n.
Figures 5–7 illustrate the dependence of electron-

current harmonics on the longitudinal coordinate, as well
as the form of electron bunches on the Larmor circle.
Simulations demonstrate electron bunching at a multiplied
frequency with very high efficiency for an ideal beam and,
at the same time, gradually increasing influence of the
velocity spread upon the bunching quality with enhance-
ment of the multiplication factor n. In all cases, after the
bunching section the electron beam contains intense cur-
rent harmonics divisible by n (j�nj � 0:6 without spread),
whereas the values of other harmonics are considerably
small. It is also important that the bunching leads to a very
small additional spread in electron energy (for instance, the
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averaged change in electron energy does not exceed 0.5%
in the case of frequency doubling). This means that bunch-
ing process can be quite correctly described by simple
asymptotic equations (10).
VI. CONCLUSION

It is shown that there exists a possibility to organize
electron-wave interaction at the multiplied frequency of
the signal wave, and, therefore, to provide the multiplied-
frequency electron bunching. This leads to the appearance
of only high-number harmonics of the current in the elec-
tron beam, whereas values of undesired low harmonics
(including the fundamental one) stay considerably small.
This effect seems to be attractive for use in the bunching
sections of klystron-type electron masers (including
CRMs) with frequency multiplication as a way to increase
the output frequency and to improve selectivity. Such an
interaction takes place if a single wave is in the cyclotron
resonance with electrons and a special periodical profiling
of the electron-wave coupling factor is provided. This is
analogous to the case of electron bunching in the field of
two waves, which are close to the special two-wave reso-
nance. Apparently, the most attractive variant of such a
realization of the effect is the use of two counterpropagat-
ing waves, which form a periodical rf structure inside the
cavity.
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