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Beam halo in high-intensity hadron accelerators caused by statistical gradient errors
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The particle-core model for a continuous cylindrical beam is used to describe the motion of single
particles oscillating in a uniform linear focusing channel. Using a random variation of the focusing
forces, the model is deployed as proof of principle for the occurrence of large single particle radii
without the presence of initial mismatch of the beam core. Multiparticle simulations of a periodic 3D
transport channel are then used to qualify and quantify the effects in a realistic accelerator lattice.
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The particle-core model used here follows the approach
taken in [6] to derive maximum amplitudes for para-

Outside the core, according to Gauss’s law, the space
I. INTRODUCTION

In high-intensity hadron linacs, parametric 2:1 reso-
nances between coherent oscillations of a mismatched
beam core and single particle oscillations are regarded
as one of the major sources of beam halo. In tracking
studies parametric halo is usually induced using initial
mismatch, often in the form of explicit beam eigenmodes.
For 1D, 2D, and 3D beams one finds one, two, or three
core eigenmodes with distinct eigenfrequencies which
have been derived for instance in [1] or [2]. Energy trans-
fer from the core to the single particle oscillations [3,4]
can drive core particles to large amplitude radii and thus
create a low-density halo surrounding the core. This en-
ergy transfer can be studied with a simple particle-core
model, where single test particles interact with the space
charge forces of the core and the external focusing forces
of a continuous focusing channel. In the following this
approach is used to introduce the workings of initial
mismatch and the development of parametric beam
halo. Subsequently, the particle-core model is extended
to show that statistical gradient errors, which could also
be described as ‘‘distributed mismatch,’’ can also trigger
the development of beam halo. There are strong indica-
tions that the mechanism responsible for expelling single
particles to large radii is the same as in the case of initial
mismatch. It will be shown that statistical errors result in
similar, though much more irregular, core oscillations to
the case of initial mismatch [5] and the differences and
similarities between the two processes will be outlined in
the following. The mechanism of halo development due
to statistical errors can be especially important for the
understanding of halo in ring systems where the effects of
initial or distributed mismatch are generally not taken
into account.
II. PARTICLE-CORE MODEL
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metric halo. An azimuthally symmetric continuous
beam in a uniform focusing channel is described by the
smooth approximation of the envelope equations. One
averages over the external forces of a periodic channel
and simplifies the space charge calculation by assuming a
uniform spatial distribution of the particles within the
core. The transverse equation of motion for the core
radius rc as a function of the axial coordinate z is thus
given by

d2rc
dz2

� k20rc �
"2

r3c
�

K
rc

� 0; (1)

where k0 represents the transverse focusing forces as well
as the zero-current phase advance per unit length. K is a
space charge constant containing mass, axial velocity,
charge, and the number of core particles. Together with k0
it defines the depressed phase advance per unit length
[k2 � k20 � �2K=r20�]. " is the total unnormalized emit-
tance. For a matched beam the core radius remains
constant ( ) d2rc=dz2 � 0) and one obtains the
matched-beam radius as

r2c � r20 �
�
"
k0

�
�u�

��������������
1� u2

p
� with u �

K
2"k0

: (2)

For a single particle, moving radially in the field of the
core, the transverse equation of motion can be written as

d2x

dz2
� k20x� Fsc � 0; (3)

where Fsc represents the space charge forces acting on the
single particle at radius x. Assuming the core as an
infinitely long cylinder of uniform charge, particles ex-
perience linear forces inside the core and nonlinear forces
when leaving the core area:

Fsc �

�
Kx=r2c : jxj< rc;
K=x : jxj 
 rc:

(4)

charge forces acting on the particles no longer depend
on the actual size of the core. By using particles with
different initial radii in the range of 0< x< nrc, the
2004 The American Physical Society 064202-1
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FIG. 1. (Color) Particle and core envelopes for initial mis-
match, � � 0:6, x�0� � 0:9r0, and � � 0:7.
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particle-core model is used to study the circumstances
under which particles can be driven to large amplitude
oscillations. In all of the following simulations the initial
transverse momenta of the single particles are set to zero.

A. Initial mismatch

In the matched case the core radius as well as the
amplitudes of the single particle oscillations remains
constant. If the core is mismatched initially (� �
rc=ro � 1), its radius starts to oscillate around its equi-
librium value r0. In our simple 1D model an initial radial
mismatch corresponds to the excitation of the breathing
mode (fast mode), which is the only beam eigenmode for
an azimuthally symmetric, continuous beam. Single par-
ticles traversing the core can obtain a net energy gain if
the core radius is different for a particle during entering
and leaving the core. As an example we integrate the
equations of motion for a tune depression of � � k=k0 �
0:7, a core mismatch of � � 0:6, and an initial single
particle radius of 0:9r0 (see Fig. 1).
FIG. 2. (Color) Stroboscopic plot for � � 0:95, 0:2 �
x�0�=r0 � 3:5, and � � 0:8.
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If the oscillation frequency of the single particle has a
1:2 parametric ratio with the oscillation frequency of the
core, the particle gains energy and increases its oscilla-
tion amplitude until the resonant condition is no longer
fulfilled. As a result one finds a certain maximum for the
halo radius as well as so-called fixed points in phase space
around which halo particles start to conglomerate. The
maximum halo radius is determined by the amount of
initial mismatch, while the time constant for the develop-
ment of beam halo is influenced by the tune depression
[6]. The position of the fixed points seems to be fairly
insensitive to changes in tune depression or mismatch
amplitude. In [7], however, it was shown that the fixed-
point core distance changes for nonequipartitioned
beams ("tkt � "lkl). To visualize the fixed points as
well as the maximum halo amplitudes one uses strobo-
scopic plots showing the phase space position of the single
particle once per core-oscillation period. For Figs. 2 and 3
the transverse momentum and position of the particle is
plotted every time the core oscillation reaches its mini-
mum, which coincides with the occurrence of the maxi-
mum single particle radii (compare Fig. 1). To obtain a
coherent resonance pattern a large number of focusing
periods is needed (4000 in this example). Each dotted line
represents a single particle with a certain initial radius
and zero initial transverse momentum. In the case of
weak initial mismatch (e.g., 5%, Fig. 2) particles that
start within the core (x=r0 � 1) remain basically undis-
turbed in their trajectory. They either need a nonzero
initial momentum or an initial radius larger than the
core radius to gain energy by means of a parametric
resonance. In contrast, for strong initial mismatch (e.g.,
40%, Fig. 3), the resonant regions surrounding the fixed
points become very large and the core area where par-
ticles remain undisturbed in their trajectories shrinks
considerably. In both cases particles with large initial
radii, exceeding the resonant areas around both fixed
points, remain as unperturbed in their orbits as the inner
FIG. 3. (Color) Stroboscopic plot for � � 0:6, 0:2 � x�0�=r0 �
3:5, and � � 0:8.
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core particles. This pattern can be explained by remem-
bering that the net energy gain for the single particles is
determined by the different core sizes, when particles
enter and leave the core region. As a consequence, par-
ticles with very large amplitudes, which spend only a
small fraction of their trajectory inside the core, do not
obtain significant energy kicks, since they cannot enter
into a resonance with the core oscillation. The same is
true for particles with small initial radii which remain
within the (oscillating) core volume, even if their trajec-
tories change slightly. Most affected are the particles ‘‘in
between’’ which cross the core boundaries very often and
which are then ‘‘caught’’ in a parametric resonance.

Assuming that all particles are initially confined
within the core, this classic 1D particle-core model pre-
dicts maximum halo radii of � 3r0. It is worth noting that
particles which are initially outside the core and get into
resonance with the core oscillations have the same maxi-
mum halo radius as particles starting inside the core.
Studies with a more sophisticated 3D particle-core model
[8] show that the maximum halo extent due to initial
mismatch can amount to 5 or even more times the radius
of the matched beam, if the longitudinal to transverse
focusing ratio is larger than 1.

B. Statistical errors

To study statistical errors, the focusing constant k0 in
Eqs. (1) and (3) is modified in every focusing period,
simulating the effect of statistically distributed gradient
errors in a transport channel. The errors are applied using
a Gaussian distribution with a cutoff at twice the rms
value. Figure 4 shows the effect of a 1% (rms) focusing
error on the core and the single particle envelopes using
an initial single particle radius of x�0�=rc � 1:2. After a
certain number of periods the core starts oscillating in a
similar manner as for initial mismatch. Because of the
irregular excitation of the core its oscillation amplitude is
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FIG. 4. (Color) Particle and core envelopes for a matched
beam with 1% rms statistical focusing gradient errors
x�0�=r0 � 1:2, � � 0:8.
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now subject to a slowly changing random modulation.
The oscillation frequency, however, remains almost con-
stant at the frequency of the eigenmode and only changes
within a few per cent around this reference value. Only for
very small oscillations, as in the first periods of Fig. 4, can
the oscillation frequency change by up to � 20%.

Even though the errors are statistically distributed, the
core oscillations can reach considerable amplitudes, a
phenomenon that has also been observed in realistic linac
simulations [5]. Since the core oscillations are irregular
as opposed to those resulting from initial mismatch (e.g.,
Fig. 1), it is unlikely for single particles to enter a stable
parametric resonance for more than a few oscillation
periods. Nevertheless, there are regions where the core
oscillations maintain an almost constant amplitude (e.g.,
periods 25–40 in Fig. 4), and during these it seems that
the single particle enters a similar oscillation pattern as
for initial mismatch in Fig. 1: the maximum amplitude of
the single particle is rising and falling with a more or less
sinusoidal modulation. This pattern suggests that even a
few oscillation periods which are more or less ‘‘in phase’’
suffice to transfer energy from the core to the single
particle trajectories. Comparing once more with the
case of initial mismatch in Fig. 1 this explanation seems
very likely, since also there the energy transfer practically
starts from the first few core oscillations onwards, imply-
ing that the mechanism to transfer energy is the same as
for initial mismatch. In the case of initial mismatch the
core immediately oscillates with a large amplitude yield-
ing an increase of single particle radii by a factor of 2–3
within a few periods. For statistical errors, however, the
particle-core model suggests that several hundred periods
can be necessary to achieve core-oscillation amplitudes
that are large and stable enough to result in comparable
single particle radii.

Plotting the maximum and minimum values of core
and single particle envelopes along the channel for differ-
ent initial single particle radii (Fig. 5) confirms that
the single particle envelopes are oscillating in a manner
similar to initial mismatch. It also shows that particles
from within the core boundaries are only weakly
affected, whereas particles starting outside of the
core boundaries show a clear increase in their oscillation
amplitudes.
1. Average effects

In order to show which particles experience on average
the largest amplitude growth, Figs. 6–8 show the growth
factors for single particle amplitudes as a function of their
initial radius. Each of the plotted points represents the
average of maximum amplitude values found in 1000
simulations with different error sets. The curves connect-
ing the points are interpolated with cubic splines.

Figure 6 shows that for an emittance dominated beam
(0:71< �< 1:0) the maximum growth factors (or halo
064202-3
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FIG. 7. (Color) Maximum amplitude growth for single par-
ticles over 100 zero-current betatron periods as a function of
their initial radius and of the rms error amplitude. Each dot
represents the averaged results of 1000 runs with different error
sets for a tune depression of � � 0:8.
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FIG. 5. (Color) Maximum envelope values for core and
single particle oscillations in the case of a matched beam
with 1% rms statistical focusing gradient errors 0:2 �
x�0�=r0 � 3:5, � � 0:8.
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amplitudes) clearly depend on the tune depression of the
beam, while they remain basically constant for space
charge dominated beams (0:0< �< 0:71). The same ob-
servation was made in [6] for halo development due to
initial mismatch.

Figure 7 shows, not surprisingly, that the maximum
oscillation amplitudes depend on the amplitude of the
statistical variation that is applied to the focusing forces,
and finally, Fig. 8 explores how the maximum amplitude
growth depends on the length of the simulated transport
channel.

In all three cases (Figs. 6–8) the maximum amplitude
growth is found for particles with initial radii around
1:5r0, suggesting that these particles have the highest
probability of entering a parametric resonance with the
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FIG. 6. (Color) Maximum amplitude growth for single par-
ticles over 100 zero-current betatron periods as a function of
their initial radius and tune depression �. Each dot represents
the averaged results of 1000 runs with different error sets for
1% rms error.
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core oscillation. In order to show that the underlying
mechanism is indeed based on a resonance, Fig. 9 shows
the wave numbers (or tunes per meter) for the core (kcore)
and the single particle (2kparticle) oscillations, assuming
one random error set with different initial radii for the
single particle. The data are approximated by bezier
curves to reduce the amplitudes of the rapidly changing
wave numbers and to obtain smooth and easily distin-
guishable curves.

After 20–30 zero-current betatron periods the core
wave number assumes a relatively stable value of � 3:7.
A few periods later the wave numbers of particles, that
start with an initial radius between 1.3 and 2.1 times the
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FIG. 8. (Color) Maximum amplitude growth for single par-
ticles as a function of their initial radius and the length of
the transport channel (in zero-current betatron periods). Each
dot represents the averaged results of 1000 runs with different
error sets for a tune depression of � � 0:8 and an rms error
amplitude of 1%.
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matched core radius, begin to oscillate around an average
that is half as big as the core wave number, meaning that
they fulfill the condition for a parametric 1:2 resonance
with the core. It is interesting to note that particles whose
initial wave numbers are very close to 0.5 times the core
wave number start very quickly to resonate with the core,
while it takes more time until particles with larger or
smaller wave numbers are affected. Particles that start
with initial radii � 1:2r0 or 
 2:3r0 have either too small
or too high a wave number to enter a resonance within the
length of the calculated transport channel.

We expect that the range of particles likely to interact
with the core oscillations will be much larger in a more
realistic 3D beam with altogether three different core
eigenfrequencies. Furthermore the maximum amplitude
values and their associated time constants will certainly
be different for more realistic beams with nonuniform
distributions and nonlinear space charge forces within the
core area.

Even though one could imagine that for statistical
errors, the particles experience on average as much nega-
tive energy kicks as positive kicks, Fig. 8 clearly shows
that statistical errors have a cumulative effect. This can be
understood by interpreting statistical errors as a continu-
ous supply of ‘‘free energy’’ which can only increase the
transverse beam temperature (or energy) but never yield a
decrease (compare [9,10]). In the case of initial mismatch
the beam obtains one large energy kick at the beginning
and the particles as well as the core perform regular
oscillations around their equilibrium. Without further
disturbance these oscillations are maintained indefinitely
in the particle-core model, while a continuous supply of
‘‘energy’’ via statistical errors yields ever increasing par-
ticle amplitudes. We note at this point that the core
oscillations of a realistic 3D beam, caused by initial
mismatch, are eventually damped by the energy transfer
from the core to the single particle oscillations. This
064202-5
transformation from mismatch to beam halo and rms
emittance growth has been found to develop much more
rapidly for Gaussian beams than for the idealized 6D
waterbag beams (compare Fig. 14 and also [11]).
2. Halo development

While the average effects give a good indication of the
general particle behavior due to statistical errors, they
provide little information about the development of
beam halo and its maximum extent in phase space. To
illustrate the formation of halo driven by statistical errors
we use the same kind of stroboscopic plot that showed the
resonance pattern for initial mismatch (e.g., Fig. 3).
Figure 10 depicts the pattern of one particle for one
particular error set, which has a larger than average
amplitude growth. One can see that initially the particle
maintains a phase space trajectory close to the core
boundaries. At some point the particle receives a kick
that, within a few periods, rapidly increases its maximum
radius from � 2r0 to � 3:5r0, where it remains for an-
other � 150 zero-current betatron periods. Later on an-
other kick expels the particle even further to radii > 4r0.
Contrary to initial mismatch, particles seem to increase
their maximum radii further and further, provided the
length of transport channel is long enough.

To assess more generally the potential for halo develop-
ment we evaluate in Fig. 11 the probability for particles to
reach large amplitudes as a function of their initial radius
and the length of the transport channel.

Particles that start at 1:2< x�0�=r0 < 2:1 show an al-
most equal probability of reaching certain large ampli-
tudes, which can be explained by the enhanced amplitude
growth that was observed earlier for particles with initial
radii around � 1:5r0. The plots also confirm the ex-
tremely low probability for particles starting from within
the core to actually transgress the core boundaries.
064202-5



FIG. 11. (Color) Probability for single particles to reach final
radii with large amplitudes; 200 and 800 zero-current betatron
periods. The black bars represent one out of a total of 1000
simulations.

TABLE I. Parameters for the transport channel in the
particle-core model.

Tune depression (�) 0.5–0.9
Energy 11.4 MeV
Focusing period (l) 0.333 m
Zero-current phase advance

per period (lk0) 38.5 deg

 1

 0  20  40  60  80  100

200 focusing periods
150 focusing periods
100 focusing periods

50 focusing periods

rms (input) emittances: nε rms, t

fr
ac

tio
n

of
pa

rt
ic

le
s 10 − 1

10 − 2

10 − 3

10 − 4

10 − 5

FIG. 12. (Color) Averaged fraction of particles exceeding
n"rms;t for transport channels of different length (100 focusing
periods correspond to � 10:7 zero-current betatron periods),
6D Gauss with 1% (rms) quadrupole gradient errors, 500
simulations, normalized to transverse input emittance.
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C. Limitations of and conclusions from the particle-
core model

A continuous, azimuthally symmetric, unbunched
beam in a constant focusing channel is a very crude
approximation for a realistic 3D linac beam propagating
through a periodic, accelerating lattice which is subject to
the influence of nonlinear forces. However, as a proof of
principle, the model shows that halo development can be
triggered by statistical errors and that the process of
expelling single particles to large amplitudes is based
on a parametric resonance. It also suggests that in a space
charge dominated beam the maximum halo amplitudes
are independent of the tune depression. Furthermore it
shows that the maximum radii depend on the error am-
plitudes and on the length of the transport channel.
Contrary to initial mismatch there seems to be no bound-
ary for the extent of the halo produced, suggesting that
particles will inevitably get lost even if one uses accel-
erating lattices that allow large bore radii (e.g., super-
conducting cavities). The model cannot predict rms
emittance growth and allows only very limited conclu-
sions about the time constants for halo development along
with the associated maximum amplitudes.While the time
constants for single particles to become halo particles
might seem very long, the situation certainly changes
when considering the large number of particles in a
realistic beam. There, even a tiny fraction of particles
(10�5–10�7� acquiring large radii may cause losses that
limit the maximum machine currents.
064202-6
III. 3D PARTICLE TRACKING

To study the effects of statistical errors on a realistic 3D
beam we use a periodic focusing channel without accel-
eration and with the same basic properties as used for
the particle-core model (see Table I). For each case
considered in the following, 500 randomly created error
sets (Gaussian error distribution with cutoff at twice the
rms value) are simulated with IMPACT [12], using 105

particles.
Figure 12 characterizes the output distribution for

transport channels of different lengths, showing the aver-
age fraction of particles exceeding a certain multiple of
the initial transverse rms emittance ["t � �"x � "y�=2].

The fraction of particles exceeding the initial distribu-
tion increases approximately linearly with the length of
the transport channel. In terms of the ‘‘free energy ap-
proach’’ one can argue that statistical errors represent a
continuous feed of ‘‘free energy’’ into the system, which
is transformed into rms emittance growth and beam halo.

As predicted by the particle-core simulations, the
maximum halo amplitudes in the case of statistical errors
can reach significantly higher radii than in the case of
initial mismatch. The probability, however, of reaching
radii in excess of 10 times the rms radius or more, seems
very low. Nevertheless, the simulations suggest that the
064202-6
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effects of statistical errors could be seen in linear accel-
erators, which have a high number of focusing elements
in their low-energy sections. Below 150 MeV one finds
approximately between five and ten zero-current betatron
periods in a typical normal conducting linac ( � 200
quadrupoles plus 300 rf gaps), which, depending on the
lattice characteristics, may already be long enough to
yield losses due to statistical errors. Using for instance
only five zero-current betatron periods with a 1% rms
gradient error (Fig. 12), one already finds 10�5 of the
particles beyond 50 rms input emittances which corre-
sponds to � 7 rms radii.

In synchrotrons or storage rings for space charge domi-
nated beams, where the bunches are transported through
a large number of lattice periods, statistical errors may
well account for the development of substantial paramet-
ric beam halo that has to be scraped by dedicated beam
collimation systems. In order to show that statistical
errors not only increase the rms emittance but do in fact
produce a low-density beam halo, we plot in Fig. 13 the
averaged fraction of particles exceeding certain multiples
of the transverse rms emittance for three different rms
error amplitudes and normalize each curve by its output
rms emittance, thus removing the rms emittance growth
from the plots.

Compared with a 30% (amplitude) excitation of the
fast mode we find that, on average, the effects of statisti-
cal errors are much less dramatic. For the fast mode
excitation one can observe a certain ‘‘hump’’ in the output
distribution which is probably a result of the very stable
oscillation of the mismatched beam core. For statistical
errors the resonant conditions are changing very rapidly
and thus the output distributions become very smooth. In
the case of initial mismatch one usually finds that
Gaussian distributions develop beam halo more quickly
than waterbag distributions.
064202-7
In Fig. 14 one can see that the transverse rms
core oscillations for a Gaussian beam with 30% fast
mode excitation are rapidly damped from 30% to �
12% where they remain almost constant. At the same
064202-7
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time the waterbag core loses only a fraction of its oscil-
lation energy with the result of much smaller emittance
growth (7% versus 27% for 6D Gauss) and halo develop-
ment in a transport channel of equal length. For statistical
errors we find that there not such a distinct difference
between the two distributions. Figure 15 shows the aver-
aged fraction of particles exceeding a certain multiple of
the rms emittance for simulations with initial waterbag
and Gaussian distributions using initial mismatch and/or
statistical errors.

While in the case of initial mismatch the difference
between the Gaussian and the waterbag beam (27% rms
emittance growth versus 7%) is clearly visible; only a
very small difference can be observed for statistical er-
rors. This is indeed quite surprising since the particle-core
model seems to suggest that those particles mainly af-
fected by statistical errors are initially outside the core.

IV. CONCLUSIONS

Using a simple particle-core model one can show that
statistical errors can excite oscillations of the beam core
which can then, via parametric resonances, transfer en-
ergy to single particles. 3D simulations for a periodic
transport channel show that this mechanism not only
results in rms emittance growth but also initiates the
development of a low-density beam halo surrounding
the core. The process scales more or less linearly with
the error amplitude and the length of the transport chan-
nel but seems to be almost insensitive to the type of
particle distribution that is chosen in 3D simulations.
For emittance dominated beams the effect depends
on the level of tune depression and reaches its maximum
when entering the space charge dominated regime
(� < 0:7� where no further dependency on the tune de-
pression is observed.

For most simulations a 1% rms gradient error was
applied, which may seem high in view of the specifica-
tions for new linac projects like the Spallation Neutron
Source (0.14% rms quadrupole gradient error [13]).
Nevertheless, most of todays operating accelerators do
not fulfill such tight margins and one should keep in
mind that quadrupole gradient errors are only one error
type that has to be added to a whole range of error sources.
However, for high-intensity cw linacs or machines with
very high duty cycles (e.g., linacs as fusion drivers or for
waste transmutation) even much smaller error margins
may not be sufficient to prevent the development of un-
wanted and harmful beam halo. As a rule of thumb we
find that the effect of a 1% rms quadrupole gradient error
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in terms of emittance growth and halo development is
comparable to the effect of a 20% initial fast mode
excitation (assuming a transport channel of � 15 zero-
current betatron periods and a space charge dominated
beam). In circular accelerators, statistical errors provide a
continuous source for halo development as long as the
beam is in a space charge dominated regime. Here, they
may at least partly explain the characteristic ‘‘halo
shoulders’’ that can be observed in most synchrotrons
and that have to be controlled by beam collimation
systems.
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