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Resistive-wall wake and impedance for nonultrarelativistic beams
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The usual formulas for the resistive-wall wake field are derived considering ultrarelativistic beams,
traveling at the speed of light. This simplifies the calculation, and it leads to a cancellation between
electric and magnetic fields. However, for proton beams below 10 GeV and for many heavy-ion beams,
the velocities may significantly differ from the speed of light. In this paper, we compute the
longitudinal and transverse wake fields for velocities smaller than ¢ and examine under which
conditions nonrelativistic effects become important. We illustrate our results by a few examples.
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L. INTRODUCTION

Presently several accelerators are under construction
which aim to produce intense proton or ion beams
at energies around 1 GeV, for example, the Spallation
Neutron Source (SNS) [1] and the Japan Proton
Accelerator Research Complex (J-PARC) [2]. Also the
Large Hadron Collider (LHC) beam in the CERN
Proton Synchrotron (PS) and in the PS booster [3] is
not or only moderately relativistic. One possible perfor-
mance limitation for these types of beams may arise from
the resistive-wall impedance.

The conventional treatment of the resistive-wall
wake field considers an ultrarelativistic beam; see, e.g.,
Refs. [4,5]. Only few papers have attempted to treat the
general case. A rare and early example is Ref. [6], but in
the ultrarelativistic limit its wake field does not reduce to
the conventional form. An expression for the longitudinal
impedance due to space charge and the resistive wall for a
beam of finite transverse size can be found in Ref. [7]. A
general formalism for computing impedances of nonre-
lativistic beams, including resistive-wall boundaries, was
given by Gluckstern [8].

Our results differ from the earlier papers in that we (i)
derive an explicit nonrelativistic correction of the resis-
tive-wall impedance, (ii) start from the exact solution of
Maxwell’s equations inside the wall for a circular geome-
try, (iii) derive the associated Green-function wake fields,
(iv) use an alternative method for calculating the trans-
verse impedance, and (v) examine implications for sev-
eral operating and planned accelerators.

This paper is organized as follows. The terms wake
field and impedance are defined in Sec. II, for the general
nonultrarelativistic case. In Sec. III we derive the non-
ultrarelativistic longitudinal monopole impedance and
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the associated Green-function wake field—the wake gen-
erated by a pointlike source —through first order in the
skin depth and second order in 1/7. In Sec. IV we repeat
this calculation for the more complicated case of the
dipole mode. We here obtain the transverse impedance
and the transverse Green-function wake field. Section V
compares some of our results with earlier calculations.
Section VI investigates various limits of our treatment,
most of which are related to the breakdown of Ohm’s law
under certain conditions. In Sec. VII we apply the wake-
field expressions derived in this paper to four example
accelerators, in order to unveil the significance of the
nonrelativistic correction for each case. The main con-
clusions are summarized in Sec. VIIL

II. DEFINITIONS

Some authors reserve the terms wake field and imped-
ance exclusively for ultrarelativistic beams, where the
longitudinal monopole and the transverse dipole wake
fields have special features, e.g., they are equal to zero
ahead of the source by virtue of causality and they do not
depend on the transverse position of the test particle nor
on the beam energy. However, we can easily generalize
the concepts of wake field and impedance to beams of
arbitrary velocity. As in the ultrarelativistic case, also for
the general nonultrarelativistc situation we may define
the longitudinal monopole wake field W, the longitu-
dinal dipole wake field W}, and the transverse dipole
wake field W, ) via the fields experienced by a charged
test particle propagating a distance z behind a source
with monopole moment (charge) g or dipole moment
qa (where a has units of length), respectively. More
precisely, the general Green-function wake fields per
unit length can be expressed in analogy to Eq. (2.50) of
Ref. [4] as
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—EY = qWi(z, 1, v),
—EV = qarW, | (z, r, y)(ii, cose — ii, sing),
—(E + i, X E)(ll) = gaW, | (z, 1, y)(ii, cose — ii, sing),
(D

where ug, u,, and u, denote unit vectors in cylindrical
coordinates with u pointing in the direction of beam
propagation, the coordinates r, ¢, and z describe the
position of the test particle, the superindices “(0)” or
“(1)” distinguish monopole and dipole wakes, and the
dipole-moment source density has the assumed angular
dependence cose. In the ultrarelativistic limit, the wake
functions W}, Wy, and W, introduced above are inde-
pendent of r and y and equal to the functions W/(z),
Wi(z), and W;(z) of Ref. [4].

As in the ultrarelativistic case, with each general
Green-function wake a frequency-dependent impedance
is associated via a Fourier transform. For example the
wake field Wj(z, r,y) and its associated longitudinal
monopole impedance Zj(w, r, y) are related by

1 00 .
Wie ) = 5 ] doe " Zy(w, r,y),  (2)

and

o dz .
Zj(w, 1, 7)=f ¢ w0/ VWi(z, r, y). 3)

— 00

IIL. LONGITUDINAL WAKE
A. The problem

We consider a beam pipe of radius b with conductivity
o, independent of angular frequency w. Also we assume
that the beam charge line density A, exp(iks — iwt) trav-
els at the center of the beam pipe with frequency w = vk
and velocity v < c¢. Following Chao’s treatment of the
ultrarelativistic case [4], we introduce a new variable z =
(s — v1). Then all quantities have the same dependence
exp(ikz) on s and t.

B. Potentials and Lorentz condition

The electric and magnetic fields are related to_the
scalar potential ¢ and the magnetic vector potential A via

E=-V¢ — 0A/a, 4)

B=VXA. (5)

For an arbitrary medium with relative dielectric constant
€, and relative magnetic permeability u, Ampere-
Maxwell’s law is

> M€, GE
c? ot

(6)
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or

.. €, 0 0A .
V(@A) = (g - S Vo, )

which can be rewritten as

>

T M€ 9%A _’<-> e /'Lrera(i)) 2
—AA+ —+ V|V -A+ — = .
c ar 2 o ) Mok
(®)
Imposing the Lorentz condition
S Mr€r a¢
<V A+ 7 s + MoMrU¢>= 0, )
the potential A fulfills the equation
. € 9*A 0A .
—AA+ — + — = — oE).
2 o2 Mol r O ot MOM}‘(J o )

(10)

Similarly, from Gauss’s law V-E= p/(€y€,), and using
the Lorentz condition (9) we obtain for the potential ¢

W€ 9P ¢ _ p
LAl W_ P m
2 9 | MoRTT €€, (in

— A+

The two wave equations (10) and (11) are well known.
Together with the Lorentz condition (9), they form the
starting point of our impedance calculation.

In the following we will apply the wave equations
either to the vacuum inside the beam pipe, or to the
beam-pipe wall, and, for simplicity, we will consider
only wall materials with u, = €, = 1.

C. Wave equations in vacuum

We first consider the potentials and electric fields for
the vacuum region enclosed by the beam pipe, for which
oc=0 and €, = u, =0. In case of the longitudinal
wake, the only nonzero field components are E;, E,,
and B, because of symmetry, i.e., there is no dependence
on ¢. We can thus set A, = 0 and A, = 0.

Note, for example, that if A, is not zero, we can make it
vanish by a gauge transformation to the new A’ and ¢’,

A=A —-Vy, (12)
' WY
¢—¢+a[, (13)

through the gauge function ¢ = ["A,(r')dr'. It is easy to
see that this preserves the Lorentz condition (9), since A,
is a solution of (10) and j, = 0.

The Lorentz condition (9) relates the two nonzero
components of the potential, A; and ¢, as

b =""A, (14)
w
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Thus it is sufficient to compute A,. We decompose the two
potentials and the sources as

d) — (ieikz

1kz

A, = A ek,
Ay = ppe Js = Jse*

The phasor coefficients ¢, and A, must fulfill the two
wave equations

d [ 0A, .
1—<r ) kZA = —UoJs (15)
ror ar
8q5 p
— K¢ = —pPo 16
r 8r< 8r> ¢ 0 ( )

where the parameter k,, related to the nonrelativistic
speed of the beam, is given by

|kol

k, = (K* = k3)'/? = By 0, (17)

with k) = w/c.

D. General solution for longitudinal potential

The right-hand sides of (15) and (16) are zero except
for inside the beam. Outside the beam, the general solu-
tion to Eq. (15) is

A = ply(k,r) + gKo(k,r), (18)

where I, and K, denote the modified Bessel functions of
Oth order, and ¢ and p are coefficients yet to be found.
From (14) we also know that

. c*k
b= j[pl()(krr) + gKoy(k,1)]. (19)

Considering a right-handed coordinate system (r, ¢, z),
the nonvanishing electric and magnetic fields are ob-
tained from the potential via

b L OA
¢ ar
= [_pkrl(/)(krr) - qeré(krr)] CXP(ikZ)
= [—pkd,(k.r) + gk.K(k.r)]exp(ikz), (20)
d
g %A
as at
k; .
= —za)k—(z)[plo(k,r) + gKo(k,r)] explikz), 21
0 c2kk, :
£ = =20 ) — gk explik),
(22)
where we have used I, = I} and K|, = — K.
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E. Source boundary

The coefficient g is determined by the source current,
and the coefficient p by the surface condition at r = b.
First we compute ¢g. The source term — uj, on the right-
hand side of (15), after integration over the transverse
plane, equals —pugA,v. The Green function of the
operator on the left-hand side for a point source is
Inr/(27). Hence, the potential A; should approach
[—moA,vInr/(27)]. For small arguments, the modified
Bessel function [, approaches 1, whereas K, has the
expansion — Inz. By comparing the diverging term gk,
with the required asymptotic expansion, we obtain

MoApv

g="5" 23)

F. Wall boundary

To find the missing coefficient p, we assume that the
inside of the conducting metallic wall is characterized by
the absence of a net charge, by a relative magnetic per-
meability, and a relative dielectric constant equal to 1,
and by Ohm’s law:

j =0k, (24)
w, =1, (25)
6 =1, (26)
p=0. 27)

Then, inside the wall the right-hand sides of (10) and
(11) vanish, and the wave equations for the potentials
become

d 0A;
5 () ontr, oo
r or ar

L2 (20 )= ~imoro — 08 9)
ror\ odr
where k? = k? — kj as before. We note that for the
more general case w, # 1, not further considered below,
the conductivity o and the square free-space wave num-
ber k(z), on the right sides of (28) and (29), must be multi-
plied by w,.

We would like to rewrite this in a more compact form.
To this end, we introduce the skin depth

2
5skin = ) (30)
poolol

and the two related parameters
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| —i
Ay = isgn(w) 31)
6skin
and
A= /\% + k2= —(ipgow — k2). (32)

In (32), we recognize the coefficients on the right-hand
sides of (28) and (29). These latter equations become

d A,
L < ) A2A, =0, (33)
r or ar
X
r 6r< or ) d) (34)
Again the solutions are Oth order Bessel functions,
A, = ¢V Ky(Ar) exp(ikz), (35)
1 w .
¢ = o e |1 Ko(Ar) exp(ikz), (36)

where, in the last line, we have invoked the Lorentz
condition (9); the value of A, in (32), is chosen so that
in the ultrarelativistic limit it coincides with Ay of (31). In
(35) and (36), all other possible solutions of (33) and (34),
namely, those involving the Bessel function I, or the
second value of A permitted by (32), A = —A,, were
discarded, since for these solutions the magnitude of the
Bessel functions would diverge as a function of radius r.
This approximation applies only if the thickness of the
beam pipe is large compared with the skin depth.

The longitudinal and radial electric fields in the wall
are obtained from (21) and (22) as

Es = qszO(/\r) eXp(ikZ)y (37)
E, = g, K (Ar) exp(ikz), (38)
where
. A ”
qsw = _lw|:k2 )lz i| ’ (39)
kA
G = (kz ) , (40)

o ILLo/\bU

K3AK | (bk,)Ko(bA) + k(A2 — k*)Ko(bk,)K(AD)

and A, defined in (32), is complex. The electric fields
fulfill the Oth and 1st order modified Bessel equations,

10

JE,
_—<r ) AE, =0, @1)
r or ar

2 10E, E

OE 8 pp = (42)

9r? r or r

We note that A, (32), can be expanded as

k2
A= )\0<1 ) A0< + isgn(w) —>2
2)3

2 2

r 5Skln )) (43)

where, in the last step, we explicitly convey a nonrelativ-
istic correction. However, since this correction term is of
higher order in the skin depth, we will neglect it in our
final expressions.

From (20), it follows that

B, = Aq"K;(Ar) exp(ikz), (44)
which, inserting (39), can be rewritten in terms of ¢, as

1 K2

BQD = l—a) <— 7 + )\)Kl (/\r)q\w exp(lkz) (45)

Matching the tangential fields E; and B, (37) and (45),
at the chamber wall, r = b, with those inside the beam
pipe, Egs. (20) and (21), we obtain two equations:

—iwk;[plo(k,b) + qKo(k,b)] =
k2
ok L= phkb) + aKi(ky)] = gou(A = JK1O)
(46)

q\wk(z)KO()\b)r

We can now solve these for the two unknown coeffi-
cients p and g, :

ik; Aw[1,(bk,)K(bk,) + I,(bk,)K,(bk,)]
q KA (bk,)Ko(Ab) + k(K2 — AD)Iy(bk,)K{(bA)’
P _ KgAK (bk,)Ko(bA) + k(A% — k) Ky(bk,)K(Ab)
g KGAL(bK)Ko(bA) — k(A2 = K)Io(bk,)K,(Ab)

qSW

From (18) and (23), the complex amplitude A, of the
magnetic vector potential A; = A e’** becomes

= POV Ralr) + Do)

G. Impedance

The longitudinal impedance is closely tied to the lon-
gitudinal electric field. The latter can be computed from
the longitudinal vector potential A, in (47) as E, = E e’*
with

E, = —ic%k?/wA,. (48)

044201-4

KGALL(bk,)Ko(bA) — k(A% — k)Io(bk,) K, (AD)

}. 47)

We define the impedance by Fourier transformation with
respect to time ¢ and not with respect to z, since the
frequency is a continuous variable, while the wave num-
ber k does not assume any values between —k, and %,.

The longitudinal impedance per unit length at
frequency

044201-4
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w = c\k* — k2 49)
is related to the field E (k) via
where j, = A,v, or
iZyck? W’ AK,(bk,)Ky(bA) + k,c*(A> — k*)Ky(bk,)K;(AD) }
Z = Kok, r) + Iy(k , 51
1@ == [ olker) + I (k1) W? M, (bk,)Ko(bA) — k,c2(A2 — k2)1,(bk,)K,(AD) oD

and Zy = poc = 1207} denotes the vacuum impedance.
Equation (51) is our general result for the impedance in
the longitudinal plane. As we shall see, it contain a
component related to the space charge and another related
to the resistive wall as well as mixed expressions, which
represent the nonrelativistic corrections to the resistive-
wall impedance.

For many applications, we may simplify the formula
(51) by expansions and approximations. In particular, we
may consider the common case that the skin depth
is small compared with the beam-pipe aperture, or
[Ab| > 1. In this limit, we can expand the Bessel |

iZyck?

Z)(w) =

[1 — isgn(w)]c*Ko(k,b) + Byin @K, (k,b)

| functions of a complex variable z = Ab with |arg(z)| <
/2 as [9]

T 1 T
Ko(2) ~ e |1 — — |~ e %)/ — 2
Ki(x) =~ e* z<1+3>z e (53)
e 2z 8z 2z

If we further assume that k,6;, < 1, from Eq. (43) we
can approximate A = A,. Then the impedance in Eq. (51)
simplifies to

o Kotk -

mTw

where the skin depth Jg;, refers to the angular fre-
quency w.

Expanding Zj(w) of Eq. (54) to second order in
(k,c/w) and to first order in (Syi,@/c), keeping the
mixed terms proportional to (8y;,k2), this becomes

Z (a)) =~ ﬁ[ [sgn(a)) B i]waskin<1 _ k%(sz — r2)>
! 2mc 2b 2
212
_ ;¢ k2 In’ } 55)
w b

We have verified that exactly the same expansion is
obtained, if we start from (51) and approximate the
Bessel functions as in (52) and (53), but do not make
the approximation A = Ay. Hence, the nonrelativistic
corrections to A indeed contribute to the impedance in
higher order only.

We may identify the last term in (55), which is inde-
pendent of A, with the space-charge impedance,

; ZO Czk%

2mc

lnz .
b

The other terms, which are linear in the skin depth,
describe the resistive-wall contribution including the low-
est-order nonrelativistic correction:

[ )]

ﬁ[[sgn(w) - i]waskin
(57)

2mc 2b
If k., # 0 this impedance depends not only on the

le,sc(w) = (56)

2 - )
4

Z) (o) =
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[1- isgn(w)]czlo(krb) - 5skmw211(krb)

hwnﬂ, (54)

| longitudinal distance z from the source, but also on the
radial position r and, via k,, on the relativistic Lorentz
factor .
In the ultrarelativistic limit, k, — 0, (57) becomes

Zyw [sgn(w) = i]0gin _ 1 — isgn(w)
7 =k . —0 = ’
w (@) r e 2b 27b & yin O
(58)

which agrees with Eq. (2.77) in Ref. [4].

H. Green-function wake

From the impedance we compute the longitudinal

Green-function wake per unit length as
Wi(z) = L f Zy()e' Y dw. (59)

27 )~

If the impedance has no singularity for w in the upper
complex plane, the wake is zero ahead of the source
(z > 0). In our case, the impedances (51) and (54) have
many singularities in the upper complex plane, so that the
wake field in front of the source is not zero in general.
This is expected, since the electromagnetic fields can
propagate faster than the beam, if the latter is not ultra-
relativistic. However, approximating the impedance by
(55) eliminates all these singularities. In particular, under
this approximation, the Green-function wake that corre-
sponds to the space-charge impedance, Eq. (56), is pro-
portional to the derivative of a delta function &’(z). For
the resistive-wall impedance, in (57), we are left with a
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peculiar smgularlty at the origin, which is of the type
(lo| — iw)/+/lw|. A rigorous solution to performing the
integral for th1s impedance may be found by invoking

We now consider the region z < 0, where the wake is
finite. The impedance (57) is rewritten as

advanced techniques of complex analysis. We here present Zjj (@) =D M (1 + Cw?), (60)
a heuristic way of computation. Namely, to fulfill cau- ' |w]
sality, we move the singularity into the lower complex
plane, by replacing w with |w + i€|, where € is an infini- where
tesimal number. This implies that the wake is damped in 2p2 — 2
time as exp(—e€?). So we might think of € as representing C=- Y InIk (61)
a small damping term, e.g., representing Ohmic heating Bryie
or radiation. After introducing e, for z > 0 we can close and
the integration contour in the upper complex plane
and, without any singularity left in this half plane, the _Zy 2
integral is zero by virtue of Cauchy’s theorem. Therefore, D= dwbe m' (62)
causality is fulfilled in the ultrarelativistic limit, as it
should be. | For z <0, we can evaluate (59) as follows:
Wi(z) = hmL ol — (1 + Cw?)e' /" dw
1 m
—1; 2\ iwz/v —_ _ 2 xlzl/v
lsl_r%#Re[ m(l + Cw?)e dw} f \/__lxx(l Cx?)e™ dx
_ V2 [ 2y —sdlfvgy — V2DV < 15 )
- ﬂ) D+/x(1 — Cx?)e dx = - 2(|z|/v)3/2 11— C4(|z|/v)2 . (63)

In (63), we have first performed the substitution w — (—ix) and, thereafter, chosen the root /—i = (1 — i)/+/2 for

reasons of continuity.
Inserting the expressions for D and C, we finally get

Bcz, T 1 ( 1
Wiz r) =~ ——= —— -1 +
oz 1) 47> \pooc2b [sen(z) = 1] |z|3/2

where the nonrelativistic correction term depends on the
radial position r of the test charge. Our convention is such
that the wake field decelerates, if W((z) > 0. Hence, the
wake field is accelerating in the parameter regime con-
sidered here. We recall that in (55) we have expanded
under the assumption (wdy4,/c) < 1, which corresponds
to distances |z| > 2yb, where y = 1/(ouybc) is a pa-
rameter defined by Chao [4]; we have also assumed, in
(54), that |Ab| > 1, which is equivalent to |z|] < b/ y.
Equation (64) should be accurate for the intermediate
values of z: 2yb < |z| < b/ x.

In the ultrarelativistic limit, (64) reduces to the famil-
iar form [see, e.g., Eq. (2.53) of [4]]

WO()~C7’T’“2°1/ "

IV. TRANSVERSE WAKE
A. The problem

1
Ui (69

As before, we consider a current flowing in the longi-
tudinal direction, with j, =0, j, = 0, and fjsdrdgo =
vA,. However, for computing the transverse wake, we

044201-6

1526 — 12) )

— 64
16 ’}/2|Z|7/2 ( )

| now assume a source equal to a pure multipole of order m
with an effective strength A,d™, where d can be thought
of as a net displacement between positive and negative
charges. Every quantity, V, has the dependence V =
Vexp(ime + iks — iwt) = Vexp(ime + ikz) on s, ¢,
and . In the following we consider only the dipole
wake, for which m = %1. For a normal dipole wake (as
compared to a skew wake) the perturbation depends on
the combination cosp = (e'® + ¢7/¢)/2.

B. Wave equations in vacuum

With a dipole moment as our source, all field compo-
nents are nonzero, and, in particular, we can no longer
assume that A, and A, vanish. The wave equations (10)
and (11) are still valid. However, in cylindrical coordi-
nates the equations for the various components of the
vector potential are no longer independent. Indeed, using
the definition
V(V - A),

—ANA=VX(VXA) - (66)

the wave equations in vacuum become

044201-6
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. 1ol 04,7 2im - 1+ m? . lof[ oA 1+ m? - 2im -
—WoJr =—— ——A, — + k24, —MoJo =——| r—=2 |— +k2|A, + —-A,
Mol r8r|:r8 j| e |: r? } Hole r8r|:r or i| [ r? rj| 2
. lo[ o m? ~ Po EX) m? =
— oy = —— S| =+ k2 A, —— = ———+k2} .
Hols 8r|:r r :| [r2 r} § ) r8r|:r 8ri| [r2 34
(67)
By introducin,
Y £ . | A0 = p1(k,r) + ¢ VK, (k) (75)
A=A, FiA,, (68)
A_=A, — A, (69) ¢ = p'1(k,r) + ¢V K, (k,p), (76)
Je=jr* i, (70) and, form = —1,
the equations for A, and A, can be decoupled: ACY = pUV k) + ¢S VK (K, r), (77)
d [ dA. 1 + m)? .
1—(}’ - >_<( gm) + k%>At = —poj= (7D -
ror\ odr r ACD = pCDL(k,r) + ¢ VK, (K, 1), (78)
where A. = A. exp(ikz), etc. Note that the original ra-
dial and azimuthal components of the vector potential are - (-1) -1) 1
given by Ay = py 'Likr)+qs 'K (k1) (79)
A +A_ AL —A_
A, = +—» Agp = +7 (72) (-1) (-1)
2 2 ¢ = pO Il(krr) + LIO Kl(krr)- (80)
C. General solution for dipole wake For a perturbation with ¢ dependence cosp = (e +
2.b ¢ h ) _ ) ) )
Outside the beam, but inside the vacuum, the solution )/ (y )Symme ik We aveg; % (‘?) P 1) — p ty
for each component again is a superposition of two Bessel q?—n _ q?l) 1 (- 1) (1) Pv = P=% P- P+
. . and g . This gives
functions, i.e., form = 1,
~ (1) (=1) (1) (=1)
AV = pVnkr) + ¢V Ky (k1) (73) g A tA 7 _Ae tAy g
r 2 ’ [} 2 ’ ( )
AW = pW[i(k,r) + gV Ko(k,r), (74) |

= (p+lr + q+ Ky + p_Iy + q_Ky) cospe’™,

(psll + qul)COSQDelkz d)

(poly + QOK1) cospe

With (72), we finally obtain

= (P+12 +q Ky — p_Iy — q_Kp) sinpe®?,

(82

where the argument of the Bessel functions is (k,r), and we have dropped the superindex “(1)” of all coefficients.

The Lorentz condition (9) relates these coefficients as

k, k,
E[p+ll(krr) —q+K(k,r)]+ E[Pfh(kr”)

which yields the two equations

k, k, . . @
—p++—p- tikp, —i—pot poopy =0, (83)
2 2 c
k, k, . LW
T4 T 54 + ikq, — 540 + pmoogo = 0. (84)

We still have some gauge freedom. Namely, similar to
the longitudinal case, we can add the gradient of a scalar
gauge function y to A. For example, if o = 0, using the

044201-7

— q-Ki(k,r)] + ik[ i1y (k,r) + g, Ky (k,r)]+

R)
<_l? * M00>[Poll(krr) + qoK (k,r)] = 0

| gauge function y = al,(k,r) cosp exp(ikz) we may trans-
form the vector potential as A' = A — Vy and ¢' = ¢ +
dx/dt. The Lorentz condition is preserved, since [—c*V-
(6,\/) + 92x/0t*] = 0. Choosing a = (p_ + py)/k,, we
can achieve

pP-= "D+ (85)

which can be verified by employing the relations /](z) =
Iy(z) — I,(2)/z and (—=2/2)I,(z) + Iy(z) = I,(z). Inside
the vacuum chamber, where o = 0, the Lorentz condition

044201-7
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(83) then simplifies to

2k
Po = —Ds- (86)
w

D. Source boundary

To determine the unknown coefficients, we proceed in
analogy to the longitudinal case. We first consider the
source terms. The current in the transverse direction is
zero,

J+ =J-=Jjr=Je =0 87)

so that we are left with a longitudinal dipole current j
and a dipole charge p. The dipole-moment Green func-
tion for the right-hand sides of Egs. (67) is 1/(27r). In
addition, it follows from the free-space solution for a 2-
dimensional pointlike dipole moment of strength (A,d),
that for decreasing distances to the origin the scalar
potential should approach

b— — Apd

exp(zkz) cos, (88)
r—0 2e (4

and the longitudinal vector potential should approach

Ayd
A — — PoVd

s exp(ikz) cose. (89)
r—0 27y

For small argument, the 1st order Bessel function K, (k,r)
expands as 1/(k,r). By equating the asymptotic solutions
with the singular behavior of K, in the expressions for A;
and ¢, we thus find that

Ay

g, = F2725 (dk,), (90)
2k

qo = —¢4s o1
w

q+ =0, (92)

g =0. (93)

Taking account of these simplifications, the potentials
inside the beam pipe become

Ar=p+(12
= (psll + QSKI)COS§D€

lkZ lk7

A, =pi (I, +1y)singpe
lkZ

Iy)cospe

¢ =—(PJ1 +q,K))cospe’, (94)

where ¢, is given in (90). Two coefficients are still un-
known, namely p, and p;.

E. Wall boundary

As for the longitudinal case, we invoke the wall
boundaries to determine the remaining two coefficients.

044201-8

Thanks to j’= oE inside the metal the equations for
the potentials are the same as in vacuum, (67), except that
k2 is replaced by A? defined in (32):

M=+ =—(ingow — k2). (95)

The general solutions for the potentials are as given in
Eq. (82), only that the arguments of the Bessel functions
are now (Ar). We mark the coefficients for the solution
inside the metal by the superindex “w.” The coefficients
of the Bessel functions [, are all zero, because these
functions diverge for increasing argument. We can again
apply a gauge transformation, this time to ensure g'} =
—¢g", which is achieved by the gauge function y =
—(gq% + ¢¥)K;,(Ar)/ Xexp(ikz) cosg, employing the rela-
tion (2/7)K,(z) + Ky(z) = K»(z). Then the potentials in
the wall are

AY = g4 (K, — Ko)cospe™, Al = g% (K, + Ko)singe'™,

lkZ zkz

1
w=gV¥K,cospe ¢W—qu K, cosgpe
2

(96)

where the argument of the Bessel functions is now (Ar),
and we have used the Lorentz condition (84)

1) :
gy = [@ +iB2 }qaﬂ 97)
Now, we have four unknowns: ¢} and ¢/ inside the wall,
plus p, and p, for the solution inside the chamber. These
coefficients are determined by field matching at the
chamber wall.

The longitudinal and azimuthal field components both
inside the chamber wall and in the inner vacuum are
related to the potentials via

~ d
= (ikA, - —A )cosgae’kz (98)
ar

1. 9A, A, N
B, = <7A, + — + — [singe™, (99)
r ar r

B, = (— %AS — ikA )smgoe’kz (100)
E,= Gqﬁ + iwA )smgoe’kz (101)
E, = (—ikd + iwA,) cospei*?, (102)
E, = <— % + iwAr>cos¢eikZ. (103)

Requiring continuity of E;, E,, B,, and By, at the
chamber wall leads to the four constraints:

044201-8



PRST-AB 7 FRANK ZIMMERMANN AND KATSUNOBU OIDE 044201 (2004)

iko A2
R—X

2
0

2

k
K (pittb) + K lhob) ﬁqwl()&b))—ikﬁ[ﬂ(lﬁub) £ Ko(AB) = p (L(k,b) + Io(k,H)] = 0, (105)

ikp Tk, ) = Tk, )] = py 5 Thok, ) + 1k, D)1+ 5 [ Kok, b) + Kok, b))~

ikq{[K>(Ab) — Ko(AD)] — q?%[Ko()\b) + Ky(Ab)] =0, (106)

Ptk b) = kb)) + ok LI b) + 1k 0] + P2 (k) + Ik, b)) = 4 g% [Ko(AD)—

KoAD)] = G ATKSOD) = K, (AB)] = 1 g2 [Ko(AD) + Ko(AD)] =0, (107)

where use has been made of

I1(z) = %[lo(z) + L(2)] (108)

Ki(@) = =3 [Ko(2) + K>(2)] (109)

The magnetic field component B, is also continuous at the wall, if
1 . 1 .
- E[Psll(krb) + q,K,(k,b)] — ikp [ 1r(k,b) + Io(k.b)] + ZCIKVK1(/\I7) + ikqy[K,(AD) + Ko(AD)] = 0. (110)

This condition is automatically fulfilled, if E; and E, are continuous, as specified in Egs. (104) and (105).
Solving Egs. (104)—(107) for the unknown p,, we obtain a rather complex expression, which we write as
Ps N
=2 111
qs D (1D

where N and D, respectively, denote the numerator and denominator. In the limit [Ab| > 1, we can expand the Bessel
functions for the solution inside the wall,

K;(Ab) = ,/&ﬂb, fori=0,...,3 (112)

and in this limit the numerator and denominator are given by

N = 2bkZl LK, + 2b2 K3k AL Ky + 2bkZk, N2 [, Ky + 202Kk, AN LK + b2 K3k Ky + b2k3k2 A3 15K — 4b2 KKK
—AbRIKZAL K, + 4KGAALK, + 4K ALK, — 4b2 k3K ALK, + 4b2 kA3 L K| — 4DK3ANILK | + 4b2K2 ALK
—2D2IBIS ALK, + 22K ANIK | + 2bIK LK, + 2b% kG ALK, + 2bkk, ARL K, + 202Kk, A3 LK, + b2 K3k K,
+ b2k ALK, + 302 KA [k (k2 + A3 Ko + +2k,A(A§ — K3)K | + k3 (k2 + A3)K, ]
= 21o[—bk3k,(bA — 1) (K2 + A3 K + 2{(k3 + k2)A% — bKZA(K2 + A3) + D2k (K3 — A3) (K2 + A3)}K,

— i3k, (— 1+ bA) (k2 + A3)K,], (113)

D = 2bk3k, (b — 1) (k2 + AJ)IE + 6> KAk — AP + b3k, (A3 + k2)L,[2(1 + bA)L, + bk, I3]
+ L[{—4(K3 + k2)A3 + 4bkZA(K? + A3) + b*k2(ThG — 4A3) (K2 + A3}, + 2b% k3 A (k3 — A3)15]
+ Lo[{4(k3 + k2)A3 — 4bK3A(K2 + A2) + b2k (ThkE — 423) (K2 + A2, + b*K3k, (k2 + A2)(4AL, + k. 13)],  (114)

where all remaining Bessel functions K; and I; (i = 0, .. ., 3) are evaluated at the argument k,b.
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The longitudinal vector potential A, in the vacuum

around the beam now follows from (94) as
A, = (%Il(k,r) + Kl(k,r)>qs cosgpeks, (115)
where g, was determined in (90).

Unlike the other five field components, the radial elec-
tric field is not continuous. Its limiting values when
approaching » = b either from smaller or larger values
of r can be obtained from (91), (94), (103), and (115). The
general expressions are rather intricate and we omit them
here. In the limit of a perfect conductor (o — o0) and of a
relativistic beam (k, — 0), the expressions for the radial
field greatly simplify, however, and the change in the
radial electric field at the chamber wall due to the induced
surface charge equals

which is a well-known expression [e.g., Eq. (1.8) in [4]].
In this limit the radial field is zero outside the wall
boundary, or E,(r)|,_,+ — 0.

F. Impedance

The vector potential (115) yields the longitudinal elec-
tric field via (94) and (102),

2k2

. r x

—i——A  cospe
w

E, ikz, (117)

Inserting the above expressions for A, N, and D, we can
expand E, through first order in the skin depth (84, @/¢),
to second order in the parameter (k,r) or (k,.b), and to

E,(N),—p — E.(N)l,mp- = — Ad - e® cosp, (116)  third order in the radial position r [involving products of
mEYD | terms (k,r) and (k,b)]. This gives
. 2 22 41722
Es = ZQs COSQDeikZ<kr(r22 — b2) 6skin1 - lsgn(w) < a)(4 ’ lgr : zkrr )r>
b wr 2 2b°k,
20,2 _ p2 : 22 41722
= icosge't #odsvk,d <krc (r2 &) Oskin L+ isgn(w) @ = b k,3 Fakr )r>. (118)
2 b=wr 2 2b°k,
The longitudinal impedance of the dipole mode is defined as
E
(1) — 5
z =——" 119
| (@) Apdvr cospe’® (119)
which yields
Z0(0) = — ,é(czkz(rz - b?) 5. 1 + isgn(w) w(4 — b?k? + %k%r2)>
I ¢\ 2mbwr? st 4arb?
ck2(r* — b?) (4 — b2k + 1 k2r?)
= —iZy———5——+[1—i T 120
140 27b*wr? [ isgn(w)] 47h S in (20

We identify the first term, which is independent of the
skin depth as the space-charge impedance,

)~ i Zy k% (r* — b?)
() = —i—+ e

Here, we tried to emphasize the similarity with Eq. (56)
for the monopole space-charge impedance Z .

The other term is the longitudinal dipole-mode imped-
ance for the resistive wall including the lowest-order
nonrelativistic correction:

7

[l.sc

(121)

2mc W

(4 — b2+ 1k2r?)

(D) ~[1 —;
Z, (@) =[1 — isgn(w)] pyTEF

(122)

The transverse wake is related to the longitudinal field
by the Panofsky-Wenzel theorem
oFE,
ar

9IE + @ x B, =5, (123)
0z

044201-10

| which, if expressed as above, is valid as in the relativistic
case, thanks to w = vk. Equation (123) implies

(1) (1)
Zy il =) L)
L kK Jo R i

I -
~[1 - isgn(w)] @bk +5kr)
4/ (1)2/6‘2 + k% 4mb 6skin0-
1 —isgn(w) (4 — b?k} + Skir? — 2k c?/ w?)
47Tb365kin0-

>

>

w/c
(124)

which is our final result for the transverse resistive-wall
impedance.

According to their definition (1), the longitudinal and
transverse Green-function dipole wakes are related to the
associated impedances via Fourier transforms as

044201-10
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r-dependent wake functions W; ; and W, are defined
such that they yield the forces acting on a test particle
through the same relations as in Ref. [4].

1 [o )
Wi =5 [ doee vz o, (29

Wiz r) = 2—_sz doe 7 (o, r), (126)

7)o G. Green-function wake
where we have made the dependences on z, w, and r The transverse resistive-wall impedance is strongly
explicit. From relations (123) or (124) it follows that diverging at the origin. Therefore, to determine the trans-
_ 9 verse Green-function wake we start from the longitudinal
Wi1(er) = ar / [Wii(z r)rldz. (127) dipole-mode impedance, and we first compute the longi-

. tudinal dipole Green-function wake per unit length as
We note that due to the nonlinear dependence on r, the P P £

longitudinal dipole wake W, (z, r) is not simply the z 1= o i0z/v

derivative of the transverse wake W, as in the ultra- Wiz r) = Ef_oo le,rw(w)e Mdw. (128)
relativistic case [4], but that an additional factor r and

additional derivative with respect to r enter in (127). Our | The integral is already familiar from (63)

1 [ 15> = 37r°) 7 2 (sgn(z) — 1)
V7 (|2l /v)*? 161z1%y>  Jawbd o/ e 2 '

As indicated above, we obtain the transverse Green-function wake W, (z) by integrating [W, (z, r)r] with respect to z
and differentiating with respect to r:

W) = (129)

11 T [ 1 3b2—%r2"|(sgn(z)—1).

- z 130
2 b3 C,lLoCT_lzll/z 8y2|z|5/2J 2 ( )

d
Wii(zr)= P fz Wy, r)rdu = B3¢z,
rJ)—c

In the ultrarelativistic limit, this becomes

11 7 1 (sgn(z) — 1)
w2 4b3 \ cpoo |z]'/2 2 ’

W 1(2) = cZ,

which agrees with the classical result [see, e.g., again Eq. (2.53) of [4]].
V. COMPARISON WITH EARLIER RESULTS

Equation (57) gives the longitudinal resistive-wall impedance including the nonrelativistic correction to first order in
(Okinw/c) and to second order in (k,c/w) as

% [(sgnwz—bi)waskm (1- i r2>>}

In Ref. [7] Al-khateeb er al. calculated the longitudinal resistive-wall impedance by a different approach and defined
it via the energy loss of a uniform beam with transverse size a. We can identify the parameter o of [7] with our variable
k.. Also setting a = r, Al-khateeb’s complete expression for the resistive impedance [Eqs. (33)—(35) in Ref. [7]], per
unit length, is rewritten as

Z)w(@) = (131)

ZAKhateeb () — ZoOskin @ [ ik
o 4abe  LI3(k,b) — 2aly(k,b)I(k,b) + 2a*1,(k,b)*
. o BUen) ok, b) — 2, (k,b)] } -
Lo(k D) U5 (k,b) = 2aly(k.b) (k.b) + 2021, (k,b)?) |
where
a = (0*8yin)/(2k,c?), (133)

and we have inverted the sign of the imaginary part. Expanding this expression as before to first order in (8, @/c) and
to second order in (k,c/w) we get

Z-khateeb ) ~ Zo[(l — w8 in <1 _ kQ2p* - r2)>+ib2k2 }

27rc 2b 4 4

which differs from our expression (131) by the last imaginary term without a real counterpart.

(134)
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The expansion of the approximation (37) in Ref. [7]
does not contain this term and it agrees with our (131).
Hence, this formula is not consistent with the preceding
(134) nor with Egs. (33)—(35) of [7]. However, it is
interesting to note that an alternative expression, namely,
Eq. (41) in Ref. [7], which was derived by computing the
power loss in the pipe wall, is equal to our result (131) in
the limit considered here.

In Ref. [8], Gluckstern considered as source a narrow
ring of radius a and, calculating the energy loss over the
distribution, for the nonrelativistic resistive-wall imped-
ance he derived the expression [Egs. (5.7) and (5.8) in [8]]
ZGluckstern(w) — iZOIO (kra)zk%c
lhrw 27w

KO(krb) K()(bkr + (1 + i)aKl (bkr))
[ Io(k,b) — Io(bk, — (1+ Dl (bk,)) }

where o was defined in (133). Expanding again to first
order in (84, @/c) and to second order in (k,c/w) and
setting a = r, Gluckstern’s formula reduces to

ZGluckstem(w) ~ ZO |:(1 - i)wéskin <1 _ k%(zbz - 2}"2) >:|
ll.rw 2arc 2b 4 :

(135)

For w > 0, this expression equals our Eq. (131) except for
a factor 2 in the coefficient of the r-dependent term,
which we attribute to a different definition of impedance.
We note that Gluckstern’s formula (135) does not include
any unpaired imaginary component as is present in Al-
khateeb’s expression (132) or (134).

Gluckstern also computed the transverse nonrelativis-
tic resistive-wall impedance, in this case considering an
ideal dipole-moment source as we have done in Sec. I'V.
Gluckstern’s expression [Egs. (5.23) and (5.24) in [8]] can
be written as

Ub(l - i)ZO(SSkink_% 1
2c 47 b21,(bk,)?

Z?_{l;\i,kStern( w) —

and its expansion is
(1 - i)ZO‘Sskin
87b’

which, up to the order of expansion, agrees with our
solution (124),

Z§luckstem () ~ (4 — D22 — 2022/ ?),

— isgn(w) (4 — b22 + 122 — 259
(L)/C 47Tb365kin0-

ZL,rw(a)) = ! ,
if we evaluate the latter at amplitude r = 0.

Finally, we note that the Green-function wake fields
presented in [10] were incorrect. They were defined and
computed by a Fourier transform with respect to k rather
than with respect to w, without taking into consideration
that, in the general case, k is not continuous, i.e., it does
not assume the values between —k( and +k.
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VL LIMITS OF VALIDITY

We have assumed the conductivity o to be a scalar
quantity, independent of frequency. This is valid only for
metals whose lattice is of cubic symmetry (e.g., Al, Cu, or
Fe), while for metals without this symmetry (e.g., Ti), the
conductivity is a tensor [11]. In addition to changes in-
troduced by the crystal structure, modifications to Ohm’s
law are also imposed by ac conductivity [12], anomalous
skin effect [13], and magnetoresistance [11], none of
which was included in our analysis. These latter effects
become important at high frequency, for low tempera-
ture, or in a strong magnetic field. Our results are also
modified, if the relative magnetic permeability or the
relative dielectric constant differ from 1. Other possible
complications that were not considered in our treatment
are related to the finite length of real beam-pipe compo-
nents and to the relative velocity of the wake and the
beam.

We first discuss the consequences of ac conductivity. At
sufficiently high frequencies the conductivity o can no
longer be treated as a constant o-. It varies with frequency
as [11,12]

o

o(w) = (136)

l—iwty
Table I lists relaxation times 7, for three typical metals
at various temperatures [11] and the implied limits on the
maximum frequency, beyond which the formulas pre-
sented in this paper must be modified. Note that the
maximum frequency w,,,, listed in Table I is related to
the minimum distance z,,;, for which the computed ex-
pression for the wake field remains valid via z.;, =
cB/wn.. For example, at a typical value wg, =
103 57! and for B8 =~ 1 the ac component of the conduc-
tivity becomes significant at distances below 30 um.

The next limit we estimate is due to the anomalous skin
effect. At low temperature and high frequencies, the
mean free path of the electrons exceeds the frequency-
dependent classical skin depth, &y;,, in which case the
surface resistivity deviates from the classical value. The
theory of this “anomalous skin effect” was developed by
a number of authors [13-16]. The classical formulas for
the surface resistance cease to be valid, if [17]

a = %,U,Ow(pl)Z% = 0.02, (137)
or if
PE
= 0027 s (138)

Relevant parameters for the same three example mate-
rials at different temperatures are compiled in Table IL
The anomalous skin effect can be a concern at low tem-
peratures. For example, for @, = 10" s™! and 8 = 1

044201-12



PRST-AB 7

FRANK ZIMMERMANN AND KATSUNOBU OIDE

044201 (2004)

TABLE 1. Relaxation times [11] and implied frequency lim-
its due to the onset of ac conductivity for three metals and
temperatures.

TABLE III.  Limits on the magnetic field beyond which mag-
netoresistance must be taken into account for three metals and
temperatures, using the relaxation times of Table L

Metal, T T (10714 5) Opmax (1012571 Metal, T Biax (T)
Cuat 77K 21 4.8 Cuat 77 K 27
at 273 K 37 2.7 at 273 K 210
at 373 K 53 19 at 373 K 299
Al at 77 K 6.5 15 Al at 77 K 87
at 273 K 0.80 125 at 273 K 710
at 373 K 0.55 182 at 373 K 1032
Fe at 77 K 3.2 31 Fe at 77 K 177
at 273 K 0.24 420 at 273 K 2366
at 373 K 0.14 K 714 at 373 K 4056

the anomalous effect starts to appear at distances
below 3 mm.

The last frequency limit, induced by magnetoresis-
tance, occurs in the presence of large magnetic fields.
Specifically, magnetoresistance is noticeable, if the prod-
uct of the angular cyclotron frequency and the relaxation
time 7, of the metal approaches or exceeds 1, i.e., if

eB
— Trel = 1
e

(139)

Table III lists the implied limits on the magnetic field,
beyond which our formulas are no longer valid. The table
suggests that magnetoresistance might be important only
for a few metals, possibly copper, and only at extremely
low temperatures (a few K) in a high magnetic field
(several T); for an example, see [18].

Though we have assumed w, = 1, this is not a real
limitation, as all the formulas derived in this report could
be extended to i, # 1 by the replacements o — o u, and
Ky — K3,

All impedances and wake fields computed in this re-
port refer to the steady -state established in an infinitely
long beam pipe of thickness larger than the skin depth.
For short beam line elements, local variations in the

TABLE II. Resistivity, product (pl) [11], and implied fre-
quency limits where the anomalous skin effect becomes im-
portant, for three metals and temperatures.

Metal, T p (uQcm) (p) (107'° QA m?) ., (10° s
Cuat 77 K 0.2 7.1 0.3
at 273 K 1.56 7.1 160
at 373 K 2.24 7.1 480
Al at 77 K 0.3 4.3 3
at 273 K 2.45 4.3 1700
at 373 K 3.55 4.3 5200
Fe at 77 K 0.66 4.5 23
at 273 K 8.9 4.5 7.5 X 10*
at 373 K 14.7 4.5 3.4 X100

044201-13

surface composition, metallic elements outside of the
chamber, and the resulting 3-dimensional current “‘redis-
tribution” may substantially alter the impedances and
wake fields [19,20].

Last, by invoking the exponential dependence
exp(ikz — iwt), we have assumed that the harmful elec-
tric and magnetic fields constituting the wake propagate
at the same speed as the beam. However, multibunch
resistive-wall instabilities in a large storage ring can be
driven by field components at much smaller phase veloc-
ity [21]. This possibility may be taken into account by
introducing a generalized wake field, which takes wave
number & and frequency w as two independent arguments
[21]. The result is a different concept of nonrelativistic
wake, namely, one that would affect even an ultrarelativ-
istic beam. Such generalized nonrelativistic wake has not
been addressed here.

VIL. APPLICATIONS

Typical parameters of several low-energy proton or ion
accelerators are listed in Table I'V. The abbreviated accel-
erator names in the top row of the table refer to the
Accumulator Ring of the Spallation Neutron Source
(SNS) [1], to the 3-GeV rapid-cycling synchrotron of the
Japan Proton Accelerator Research Complex (J-PARC)
[2], to the booster rings of the CERN Proton Synchrotron
(PS booster) [3], and to an electron-cyclotron resonance
(ECR) ion source (e.g., [22]). The energy decreases from
SNS, over J-PARC and the PS booster to an ECR source.

TABLE IV. Example parameters.

SNS J-PARC PS booster ECR

0% 2.1 1.4 1.05 1.003
o, 25 m 12 m 26 m 100 m
g, 2 cm 2 cm 3 mm 4 mm

b 8 cm 12.5 cm 30 cm 3 cm
b/y 0.038 m 0.089 m 0.286 m 0.030 m
ON, 1.5 X 10™ 4 x 10" 1.2 X 10'2 2% 1013
044201-13
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_“/0! C—3/ZCS]/2 lj(;/24b 7_53/2 [ml/Z]
16

10
.| PS booster
1
°l  JPARC
1012 SNS
.| Ultrarelativistic Limit
10
10° "5
10
10°*
10°
20.08 006  -0.04 002 0
z [m]

FIG. 1. (Color) Longitudinal wake |Wj|47/2b\Joc/po/c? at
r = 0 vs distance z in m, according to (64) (colored lines) for
the examples of Table IV, and in the ultrarelativistic limit (65)
(solid black line).

For each case we consider a stainless steel chamber
with conductivity o = 1.4 X 10°-Q"'m~!. Figure 1
compares the nonrelativistic longitudinal wake functions
at the center of the chamber for these four cases with the
ultrarelativistic expression. Figure 2 presents an analo-
gous picture for the transverse case. The two figures
illustrate that the differences between the ultrarelativistic
limit, (65) and (131), and the more accurate formulas, (64)
and (131), are significant for vy < 3 for all values of z due
to the multiplying factor 832 in (64) and (131). Also, the
additive nonrelativistic corrections, i.e., the terms inside
the parentheses, are seen to become important for short
distances z, specifically, for z > —/15/8b/7y longitudi-
nally, and for z > —\/3_/_81)/ v transversely.

le,rw(w) =

'W C»3/2d/2 IJ-IO/Z b3 ﬂ:s/z [m3/2]
16

10
«| PS booster
10
JPARC
162 SNS
.| Ultrarelativistic Limit
10
10°
6
10
10*
, [EogssEeTo =
10°
-0.08 -0.06 -0.04 -0.02 0
z [m]
FIG. 2. (Color) Transverse resistive-wall wake

(W, L |7/2b3\Joc/uy/c? vs distance z in m, according to
(131) (colored lines) for the examples of Table IV, and in the
ultrarelativistic limit (131) (solid black line).

The deviations from the classical ultrarelativistic ex-
pression can amount to 1 or 2 orders of magnitude. They
are largest for the PS booster and the ECR, i.e., for the
examples with the lowest beam energy.

VIIL. SUMMARY

We have derived the lowest-order nonrelativistic cor-
rections to the longitudinal and transverse resistive-wall
impedances and the associated Green-function wake
fields for a beam passing through an infinite circular
metallic beam pipe.

Our main results are as follows. The longitudinal im-
pedance including nonrelativistic terms is given by (57)

27rc

and the longitudinal Green-function wake by (64)

Wiz, r) =

The transverse impedance, derived in (122), is

7

[l.rw

and the corresponding wake function, in (131),

044201-14

Zy [(sgn(a)) z_bi)w 8 skin (1

Bz, 7 1 ( 1
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(@) = (1 — isgn(w))

_ k%<2b: ) )}
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1

36 =317 (sgn(z) — 1)

—r
Wyi(zr) = ,33/20207*3,/
7 b> \cpuogo

L|z|'/?

The expressions for the impedance are consistent with
some, though not all, formulas previously derived. The
Green-function wakes are here given explicitly for the
first time.

The nonrelativistic formulas for the resistive-wall
wake fields significantly deviate from those of the ultra-
relativistic limit both at low energies, y < 3, and at short
distances, |z|/b < 1/7y.

The expressions developed in this report cease to be
valid for metal lattices without cubic symmetry, at high
frequencies or in strong magnetic fields, i.e., whenever the
response of the chamber material can no longer be de-
scribed by Ohm’s law with a constant scalar conductivity.
Additional complications are expected to arise for metals
with dielectric constants and magnetic permeabilities
different from 1, for beam line elements of finite length
where the electromagnetic fields do not reach a steady
state, as well as in cases where wake fields propagating at
phase velocities different from the beam velocity are
important.
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