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Suppression of two-stream hose instabilities at wavelengths shorter than
the beam’s transverse size
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Transverse hose instability may disrupt the propagation of a charged-particle beam in a channel of
oppositely charged particles. A theoretical model predicts stabilization of this two-stream instability
when the instability wavelength becomes smaller than the beam’s transverse size in a frame of reference
where the instability’s phase velocity is nonrelativistic. Suppression of short-wavelength instability is
also predicted when a proton beam propagates through a channel consisting of electrons and positive

ions, consistent with previous experimental results.
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L. INTRODUCTION

When a beam of charged particles propagates in a
channel of particles with the opposite charge, a transverse
dipole (hose) instability may result [1,2]. For a proton
beam, this instability has been called the e-p instability
[3-8], while for an electron beam it has been called the
ion hose instability [9-13]. For colliding beams, this
instability may give rise to the coherent dipole beam-
beam effect [14]. The instability can adversely affect a
magnetically focused beam or a beam whose only focus-
ing is provided by the charged-particle channel.

In this paper, the hose instability is considered theo-
retically for a flat beam, whose width is much greater than
height. We study a rigid-beam model in which damping
terms represent the phase-mix damping of beam and
channel oscillations. In this model, the force on the
beam from a channel perturbation and the force on the
channel from a beam perturbation are both reduced for
short-wavelength perturbations. As a result, instability is
suppressed when the instability wavelength becomes
shorter than the beam height in a frame of reference
where the instability’s phase velocity is nonrelativistic.
Typically, this is satisfied in the laboratory frame for the
ion hose instability, and in the beam frame for the e-p
instability. For the ion hose instability, suppression may
occur at a high channel density, while for the e-p insta-
bility suppression may occur at a high beam density. For
the coherent dipole beam-beam effect, short-wavelength
suppression may occur for large values of the disruption
parameter [14], where multiple hose oscillations occur
within a single bunch.

Our model also predicts instability suppression at
wavelengths shorter than the beam height for a proton
beam propagating in a channel of electrons and positive
ions. This is consistent with previous experiments that
demonstrated stable propagation of an intense 1 MeV
proton beam in such a channel [15-18].
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PACS numbers: 29.27.Bd, 41.75.—i, 52.35.—g, 52.40.Mj

IL. RIGID-BEAM MODEL OF BEAM AND
CHANNEL

Consider a flat uniform-density beam of height &
coasting through a uniform-density oppositely charged-
particle channel with the same height. Vertical centroid
perturbations with wavelength > 1 may be approxi-
mated by a rigid-beam model with smooth quadrupole
focusing and damping terms [2,10,11]

d*b db
o + w%b + ZabE = —a)i(b —0),
1)
d’c dc (
W + ZQCE = —w%(c - b),

where b(z, ) is the beam displacement and c(z, 1) is the
channel displacement, both functions of propagation dis-
tance z and time 7. Here, wg is the betatron frequency
from smooth magnetic focusing. The ‘“bounce’ frequen-
cies of the beam and channel are given by

wy, = (n.e*/egym,)'?, w. = (n,e*/eom)'?, (2)

where n;, and n. are the densities of the beam and chan-
nel, m; and m, are the masses of the beam and channel
particles, ¢ < 0 is the electron charge, g, is the permit-
tivity of free space, and v is the beam’s relativistic factor.

Realistic growth rates may be obtained with a rigid-
beam model, provided that phase-mix damping of the
beam and channel is included [11]. The phase-mix damp-
ing may be modeled by considering a distribution of
bounce frequencies [9], or more simply by damping terms
[2,5,7,10,11]. In Eq. (1), «;, and « are the damping rates
for beam and channel oscillations. When phase-mix
damping is the dominant damping mechanism, reason-
able values of these rates give damping within a few
oscillations for the case where wg = 0 [11]. We therefore
consider the values
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a,/w, = a./w, = 0.1, 3) d’b db
7 + w%b + 2abE = —wi(b — Fo),
which are consistent with numerical simulations of the ﬁ @ — —w(c — Fb) ®)
ion hose instability [19] and in approximate agreement dr? ot @ele :

with numerical studies of the e-p instability [8]. A larger
damping rate (a./w. = 0.25) may be used to model a
beam with a large variation in dimensions [20]. For a
Lorentzian distribution of bounce frequencies (also
called a Cauchy distribution), damping terms describe
the phase-mix damping of periodic perturbations whose —Q2%p + wzﬁb — 2ia, Ob = —wfj[b — F(h/Ao)c)
amplitude is independent of bounce frequency [7,19]. 5 ) _ 5
This suggests that damping terms will approximately —wc = 2iacwe = —wle = F(h/20)b]
describe the damping for more realistic bounce-frequency  \here ) = w — vk, in which v > 0 is the beam velocity.
distributions. In Eq. (6), the wavelength Ay = 27/kg, where k; is the
For a channel perturbation whose wavelength is com-  rea] wave number in a frame of reference where the real

parable to or smaller than the beam height, the electric  frequency is zero. Since the real frequency and wave
force upon the beam caused by the channel perturbation  nymber form a  4-vector [21], 12 = [Re(k)]? —

is modified by a factor F(h/A,), whose value is obtained [Re(w)2/c2, where ¢, is the speed of light.
in Appendix A: Eliminating b(z, f) and c(z, f) from Eq. (6) yields

For a disturbance of the form b(z, ) = by expli(kz —
w?)], c(z, 1) = cyexpli(kz — wt)], we utilize the convec-
tive derivative for the beam, d/dt = 9/dt + vd/dz, to
obtain

2 _ (2 2 - 2,2, 2/(02 _ 2
—exp(—2mh/Ay) W = (0p + @) + 2ia, () = FPoj0i/(0® — o?

Qahin) @ +2iaew). (7)

The right-hand side (RHS) of Eq. (7) may be written as
The force upon the channel from a beam perturbation is  (—ile|B1/m,y)(Z, /L) where I > 0 is the beam current
modified by the same factor. Here, A is the wavelength  and 8 = v/c,;. Here, Z| /L is a generalized impedance
evaluated in a frame of reference where the perturbation’s  per unit length that depends upon w, I, and Ay, with
phase velocity is nonrelativistic, i.e., much smaller than  negligible dependence upon Ay for Aq > 27h.

F(h/Ag) =

the speed of light. Typically, this is satisfied in the labo- In a circular accelerator, consider a disturbance with
ratory frame for the ion hose instability, and in the beam wave number k = m/R, where R is the machine radius
frame for the e-p instability. Therefore, a single-wave-  and m is an integer. From Eq. (7), instability may be
length perturbation of arbitrary wavelength may be de-  described by a complex oscillation frequency () that
scribed by | obeys

02 — (a)%, + 03) + 2ia, Q) = F2olo?/[(Q + mwy)® — 0? + 2ia (Q + mo,)], 8)

where w, = v/R is the beam’s angular revolution frequency.

In a linear accelerator, a disturbance of any wavelength is possible, a worst-case scenario. An oscillation with real
frequency w may be characterized by solving Eq. (7) for complex k(w). This describes the case of a ““tickler” excitation
at frequency w [19]. The resulting dispersion relation is

®

F2w?w? 1/2
vk=w+iabt|:w%+w12,—ai+ 5 b —c i|

0> — 02 +2ia.0

For brevity, we consider a linear accelerator with real

X ; ) ’ - | (0w = w,), the instability wavelength and spatial growth
frequency w in this article. A strong-focusing circular

’ " ) - rate obey
accelerator is considered in Appendix B to show that
short-wavelength instability suppression also occurs in vk = w, + iayp
circular geometry. + [w% 4 w% — a,% — i(sziwc/zac)]1/2~ (10)
The modes where wRe(k) > 0 and Im(k) < O describe
hose oscillations that propagate downstream and grow, The approximate validity of Egs. (9) and (10) is

with laboratory-frame wavelength A = |277/Re(k)| and  supported by application to the ion hose instability of
spatial growth rate —Im(k). The long-term growth of a  an electron beam propagating in an ion channel with
disturbance is dominated by the frequency with maxi- wy, > wg, 0, > w., and Ay > h. For this case [11],
mum growth, which very nearly equals the channel the instability wavelength, growth rate, rise time, and
bounce frequency. For this case of resonant excitation  group velocity from Egs. (9) and (10) are in approximate
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agreement with numerical modeling [9] and experiments
[12,13].

A. Strong magnetic focusing

When magnetic focusing of the beam greatly exceeds
focusing by the channel (wg > w;), the most unstable
solution of Eq. (10) is a “backward” wave, whose phase
velocity is smaller than the beam velocity

vk=w,+ wg+ 0}/ 20 — a3 /2w
+ila, — FPojo./4a.wp). (11)

For a typical ion hose instability with wg > ., the
instability wavelength is determined by the betatron fre-
quency from magnetic focusing, and the phase velocity
w/Re(k) is nonrelativistic in the laboratory frame. For
a typical e-p instability where w, > yzwﬁ is obeyed
[4-8], the instability wavelength is determined by the
bounce frequency of the electron channel, and the phase
velocity is nonrelativistic in the beam frame [ie., |v —
w/Re(k)| < ¢;/v?, where ¢, is the speed of light].

Equation (11) predicts stability [Im(k) > 0] when the
incoherent betatron-frequency shift from the channel
Awg satisfies

2

Awg i} 8aja?

=~ . 12
wg 20 Flojo; 12)
When phase-mix damping described by Eq. (3) is the
dominant damping mechanism, this condition for stabil-
ity becomes

Awg  0.0008
= < .

4

13)

For a long-wavelength perturbation with Aq>> h, the
factor F =~ 1, so that stability requires that Awg/wg <
0.0008. When Ay <h, F becomes less than 0.16 and
instability is suppressed throughout the strong magnetic
focusing regime (where wg > w;). For a typical ion hose
instability with g > w,, suppression is therefore pre-
dicted when the laboratory wavelength A = A, is smaller
than the beam height &. For a typical e-p instability with
w. > y?wg, suppression is predicted when the beam-
frame wavelength Ay = yA is smaller than A.

B. Weak magnetic focusing

Let us now consider the case where focusing by the
channel dominates (w;, > wg). Anticipating that insta-
bility suppression requires a small value of F, we consider
Eq. (10) for F>w,/2a, < 1. The most unstable solution is
a backward wave that obeys

vk = w, + w, + ila, — FPo,w./4a,). (14)
For a typical ion hose instability with w, > . [12,13],

the instability wavelength is determined by the beam’s
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bounce frequency in the ion channel, and the phase ve-
locity is nonrelativistic in the laboratory frame. For a
typical e-p instability with w, > y?w,, the instability
wavelength is determined by the bounce frequency of the
electron channel, and the phase velocity is nonrelativistic
in the beam frame.

Equation (14) predicts stability when

apa. \1/2
WpW, ‘

F(h//\0)<2< (15)
For the case where phase-mix damping described by
Eq. (3) is the dominant damping mechanism, this con-
dition for stability becomes

F(h/Ay) <0.2, (16)

which occurs when Ay < 1.25k. For a typical ion hose
instability, suppression is predicted when the laboratory
wavelength A = A, < 1.25h. For a typical e-p instability,
suppression is predicted when the beam-frame wave-
length Ay = yA < 1.25h.

IIL. THE e-p INSTABILITY WITH THREE
SPECIES

In experiments where the short-wavelength e-p insta-
bility was apparently suppressed [15—18], a 1 MeV proton
beam propagated through a channel of electrons contain-
ing a secondary species of positive ions. Let s(z, f) denote
the centroid position of a secondary species with density
ng and mass mg; > m,, whose charge is the same as the
beam. We generalize Eq. (5) to

d*b db
d? d
—d; + 2acd—j = —w2(c — Fb) — w’,(c — Fs),
d? d
d—tj + 2as£ — w2,(s — Fb) — wl(s — Fe),

(17)
where

Wps = (”sez/so?’mb)l/zy Wsp = (”bez/soms)l/zy

Wes = (nsez/somc)l/z’ Wse = (ncez/s()ms)l/z-

(18)

Focusing of the beam by the channel and secondaries
requires that w, > w,, (i.e., n. > ny). When the domi-
nant damping mechanism for the beam and channel is
phase-mix damping within a few oscillation periods, the
damping rates approximately obey

ap .

T o2 T 5 5, = 0L 19
@}~ @l)” " W+ Wt "

Larger damping rates may be used to model a beam with a
large variation in dimensions.
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For a disturbance of the form b(z, 1) = byexpli(kz — wt)], Eq. (17) gives the dispersion relation:

vk=w + ia,

F2w? w?
* —a%%—w%—i—wi—w%sﬁ- p - bs sz 5
+ 2ia,w + wa - w5,
2 F? wlﬂwu F?w? a)
(th + w +2wz w+w *wz )(Fw + w +2ta w+w‘ *wZ) 1/2
* 2 2 2 Foi o} (20)
o+ 2w — 0 — ©; — cs L

w?+2ia; a)+(u —w?,

For resonant excitation of the channel (w? = w? + w2, with w > 0), Eq. (20) describes the three-species e-p
instability:

vk = (02 + 02)'? + ia,

2.2 2
F Wiy Wi

+|—a2+ 0wt + 0w — w +
|: b P b bs W+ Wl + w2, — o +2iaw
2 2 s @b
(th + w%+w§x+w 7wm+21a w)(Fw + w?+w§s+wf_b*w§(+2iaxw) 1/2
+ s . 1)

cS SC
w2+ w; +‘”. —w? 2ia,w

anu2 sz F?w?,0?

i, —

Because of the small electron mass, ®w?> = w? + w2, > w?. is typically obeyed [16]. For example, this relation is

satisfied in the quasineutral case where n; + n, = n.. Consequently, Eq. (21) simplifies to

iF?w?w? 1/2
vk = (02 + 02)'? + i« i[—a2+w2+w2—w2— b—c } 22
( s) b b B b bs zac(w% + wgs)l/z ( )
A. Strong magnetic focusing

For strong magnetic focusing (0% > wj — wj,), the most unstable solution to Eq. (22) is

2 2 2 Flol?
vk =~ (0 + 02)'? + » +wh—ab—w’”+i|:a b } 23
(e ) B 2w 2w 2wg " da(w? + o2 N wpg 9

For a typical e-p instability where (w? + w2)"? > y?w g 1s obeyed, the instability wavelength is determined by the
natural frequency of channel oscﬂlatlons (w2 + w%,)'/2, and the phase velocity is nonrelativistic in the beam frame.
Equation (23) predicts stability when the incoherent betatron-frequency shift from the channel and secondaries obeys

2_ 2
Awg  wj — o

wp 2&)%
L )
F* a)iz— w%s w§2+ w?, culz7 w?
8 a; ar >|: n i|2
=— 1- +ng — . 24
F* (a)%, - w3, ><w% + w?, nyn,. (ny + 15 = 1) 24
For the case where phase-mix damping described by [ ingtability is suppressed throughout the strong magnetic
Eq. (19) is the dominant damping mechanism, this con- focusing regime (where a)ﬁ > wb — ‘”is)
dition for stability becomes
A a)ﬁ 0.0008 B. Weak magnetic focusing
wpg F* [1 B npn, (np 1y = n")} ’ (25) Consider weak magnetic focusing with a) < wb

7 . . wis Provided that F’w2w}/2a.(0?+ 02)/*(w; —
When the beam’s space charge is neutralized by the w3,) < 1, the most unstable solution of Eq. (22) is
channel and secondaries (n, + n, — n, = 0), the RHS

of Eq. (25) equals the RHS of Eq. (13). For long wave- vk = (0? + 022 + (w} — wb&)l/Z
lengths with Ay >> h, the factor F = 1, so that stability szbwz
requires that Awg/wg < 0.0008. When the beam-frame + l[ " ia (@ + 02) (0} — w0l )12 }

instability wavelength becomes shorter than the beam
height (Ag = yA < h), F becomes less than 0.16 and (26)
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For a typical e-p instability where (w2 + w2)'/2 > y*(w

2 — w7)"/? is obeyed, the instability wavelength is deter-

mined by the natural frequency of channel oscillations (w? + w2)!/2, and the phase velocity is nonrelativistic in the

beam frame. Equation (26) predicts stability for

apd.

—_ 2
Wi

r<d
(@~ w}) (w2

apQ&,

1/2
il -
(w]27 - w}Zﬂ)l/Z(w% + w%s)l/z npne

For the case where the dominant source of damping is
phase-mix damping with the rate given by Eq. (19), this
condition for stability becomes

1/2

F< 0.2[1 _ s (28)

(nb +ng — nc)i|
npn

When the beam’s space charge is neutralized by the
channel and secondaries (n, + n, —n,.=0), F<0.2
gives stability. Thus, instability suppression is predicted
when the instability wavelength in the beam frame Ay =
v A becomes shorter than 1.254.

When propagation of a proton beam through a plasma
channel results in space-charge neutrality, a sufficiently
dense plasma may shorten the e-p instability wavelength
in the laboratory below 1.25k/7, thereby suppressing the
instability.

IV. DISCUSSION

A charged-particle beam propagating in a channel of
oppositely charged particles may undergo a transverse
hose instability. For a flat coasting beam of uniform
density, this instability was considered by using a rigid-
beam model with damping terms that approximate phase-
mix damping. For short-wavelength perturbations, the
transverse force upon the beam from a channel perturba-
tion and the transverse force on the channel from a beam
perturbation are reduced. As a result, our model predicts
suppression of the hose instability when the instability
wavelength becomes shorter than the beam height in a
frame of reference where the instability’s phase velocity
is nonrelativistic. Typically, this is satisfied in the labora-
tory frame for the ion hose instability, and in the beam
frame for the e-p instability. For the ion hose instability,
suppression may occur at a high channel density, while
for the e-p instability suppression may occur at a high
beam density. For the coherent dipole beam-beam effect,
suppression may occur for large values of the disruption
parameter.

The suppression of short-wavelength hose instability is
also predicted when the space charge of a proton beam is
neutralized by a channel of electrons and positive ions (a |

J(*
Fo ] o

>U1w3+wa>v2
o;

1/2
o (nb + ng — nL)i| .

27)

| plasma channel). This prediction agrees with the inter-
pretation of experiments in which the e-p instability of a
1 MeV proton beam was suppressed by introducing sec-
ondary ions [15-18].

However, a rigid-beam model is a simplification that
does not include changes in the shape or size of the beam
and channel, or longitudinal forces. Thus, studying hose
instabilities at short wavelengths with simulations or
additional experiments is necessary to verify this predic-
tion. It should also be noted that suppression of hose
instability does not ensure successful beam propagation,
since additional transverse modes or longitudinal modes
may disrupt the beam.
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APPENDIX A: ELECTRICAL ATTRACTION
BETWEEN FLAT BEAM AND CHANNEL

For a uniform beam and channel of infinite width and
height &, consider the force exerted upon the beam by a
channel for a perturbation of wavelength A,. For a typical
ion hose instability, the phase velocity of the perturbation
is nonrelativistic in the laboratory, so that the electric field
in the laboratory frame may be obtained in the electro-
static approximation. We consider a channel whose par-
ticles have charge —e with the centroid position given by
c(z) = cycoskyz where ky = 2m/Ay > 0. The channel
density is

n(y,z) = n,, for |y — cycoskyz| < h/2. (A1)

In two dimensions, V2In|r — /| = 278(r — 1), so that
the channel’s electrostatic potential ¢ (which obeys
V2¢ = ne/e,) is given by

$0:9 = g [ a2 [ antot iy =y =2

00 h/2+cq coskyz’
=i f dz,f Tyl - Y2+ (- 22 (A2)
d7ey ) - —h/2+cq coskyz'
The transverse electric field from the channel is therefore
074201-5 074201-5
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Ey(y2) =

Substituting y” = y’ — y and integrating over y” gives

Ey(yr Z) =

h/2+cq coskoz

ay 477'8()[ /

" dMInl(h/2 + cocoskoz — ¥ + (z = )2 = Inl(—h/2 + coeoskyz — 32 + (z — )T

Y 200" — y)
Oy P

(A3)

h/2+c, coskoz

(A4)

Substituting z” = z/ — z and expanding for a small perturbation ¢, gives

en
E.(y,z)= ¢
0 2) 47re

fjo dz{In[(h/2 — y)*> + 2(h/2 — y)c( cosky(Z" + z) + 2%]

—1In[(h/2 + y)? = 2(h/2 + y)co cosky(z" + z) + 2]}

en,

_ ene /: dz"{m[(h/z — )2+ 22+

41re

—In[(h/2 + y)*> + ] +

Using the relations
(7/2B) exp(—aB) for a« = 0, B > 0 [22], we obtain

E\(y,2) = 3 — /2 +yl)

en h/2
+ < k = 7
200 (cocos OZ)[Ih/Z J

[dxIn(x* + a®) = xIn(x* + a*) — 2x + 2atan"'(x/a)

exp(—kolh/2 -

2(h/2 — y)cq cosky(z" + z)

(h/2 — y)* + "

2(h/2 + y)co cosky(z" + Z)}
/24y +%

(A5)

and  [{ dxcosax/(x* + B?) =

h/2 +y

y|)+—|h/2+ |

exp(—kolh/2 + yl)} (A6)

The average transverse field acting upon the beam at longitudinal position z depends upon the beam’s centroid

position b(z)

1 [h/2+b(2)
(E,) =+ / d

—h/2+b(z)

h

To lowest order in b(z) and c(z), Egs. (A6) and (A7) give

en,
€0

1 —exp(—27h/Ap)
(7h/ Ap)

On the RHS of Eq. (A8), the first team equals the average
electric field on the displaced beam segment from an
unperturbed channel, while the second term equals the
average electric field experienced by an unperturbed
beam segment from the periodic channel perturbation.
The first term is independent of the wavelength of the
perturbation while the second term is proportional to a
factor F(h/Ay). For a perturbation whose wavelength is
comparable to or smaller than the beam height, the factor
F reduces the force on the beam caused by the channel
perturbation ¢(z). Multiplying the average transverse
field by e/m,,y, we find that the contribution to the beam’s
acceleration from the channel is —w?(b — Fc).

To determine the average transverse field on the
channel from a beam whose particles have charge e
with centroid position b(z) = by coskyz, we substitute

koh

where

F(h/Ay) =

(A9)

074201-6

1 — exp(—kyh)

VE,(y, 2)- (A7)
} — F(h/20)c(2)], (A8)
| b—c, ¢c—b, and e— —e in Egs. (Al)-(A9).

Consequently, the contribution to the channel’s accelera-
tion from a perturbed beam is given by —w2(c — Fb).
The same factor F(h/A,) modifies the acceleration of the
channel by a beam perturbation and the acceleration of
the beam by a channel perturbation.

For a typical e-p instability of a relativistic beam, the
phase velocity of the perturbation is relativistic in the
laboratory frame and nonrelativistic in the beam frame
[ie., lu — Re(w)/Re(k)| < ¢;/v?, where ¢, is the speed of
light]. Consequently, the electrostatic approximation is
valid in the beam frame, but not in the laboratory. In
this case, Eqs. (A1)—(A9) apply in the beam frame, and
the wavelength A, in Eq. (A9) is the wavelength of the
perturbation evaluated in the beam frame, which is re-
lated to the laboratory-frame wavelength by Aq = yA.

For either a typical ion hose instability or typical e-p
instability, A, = 2/ky, where ky is the real wave number
in a frame of reference where the real frequency is zero.

074201-6
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Since the real frequency and wave number form a 4-
vector [21], k5 = [Re(k)]* — [Re(w)]*/c?.

The factor F given by Eq. (A9) is valid for a uniform-
density beam and channel with width >> height.
Expressions for the electric field of a round beam with a
dipole perturbation [23] or periodic density perturbation
[24] indicate that a short-wavelength modification of
beam-channel forces also occurs with round beams. |

w2

iab

APPENDIX B: INSTABILITY SUPPRESSION
IN A STORAGE RING

Consider a circular accelerator with strong magnetic
focusing where the beam propagates through a channel of
oppositely charged particles. For a perturbed betatron
oscillation with ) = —wg, Eq. (8) yields

sz%a)%

~ _ b _

2wg[(—wg + mwy)

. Bl
2 — 0l +2ia(~wg + mwy)] B

Instability growth is largest when there is a betatron |
sideband whose frequency nearly equals the channel
bounce frequency: —wg + mw, = w.. For this case

2 F2olw.
0wy 2 i, TOR)
2wp dwga,
Stability occurs when Im(Q)) < 0, i.e., when
Awg w? 8asa? (B3)

wg 2a)2ﬁ F 4w%w%.
Equation (B3) is identical to Eq. (12), which is the stabil-
ity condition for a linear accelerator. Thus, the stability
condition for a linear accelerator ensures stability for the
worst case in circular geometry—when —wg + mew, =
w. is obeyed for an integral value of m.
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