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Transver se to longitudinal emittance exchange
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A scheme is proposed to exchange the transverse and longitudinal emittances of an electron bunch. A
general analysis is presented and a specific beam line is used as an example where the emittance exchange
is achieved by placing a transverse deflecting mode radio-frequency cavity in a magnetic chicane. In
addition to reducing the transverse emittance, the bunch length is also simultaneously compressed. The
scheme has the potential to introduce an added flexibility to the control of electron beams and to provide
some contingency for the achievement of emittance and peak-current goals in free-electron lasers.
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I. INTRODUCTION numbers cannot be changed with an rf field. A discussion

. . . of the physical mechanism of this general principle as it
The main challenge of the Linac Coherent Light Sourceapplies to a dipole mode cavity was presented in Ref. [7].
[1] and other free-electron lasers (FEL) that are currently"". "~ " C

Cylindrical cavities operating in the T mode (thus

planned or under design remains the achievement of {iith a quadratic dependence of the longitudinal electric

bright electron beam in the transverse plane. AlthOUQr?ield on the distance from the axis) to couple the longi-

the FEL also requires a small longitudinal emittance, it =~ . .
appears to be more easily obtainable than that of the trantsudlnal and transverse motion to enhance laser cooling of
PP y - . jons in a storage ring [8], or to establish a correlation be-
verse plane. In fact, the predictions are that the incoher- : o
S . tween betatron amplitude and momentum deviation to con-

ent momentum spread originating from the photoinjector

is too small to effectively damp the microbunching insta-d'tIon an FEL electron beam [9], have also been proposed.

bility induced by coherent synchrotron radiation (CSR) inFor.the system und.er qon5|derat_|on_ We use a re_ctan_gular

L ., cavity having a longitudinal electric field which varies lin-
bunch compressors [2—4]. A motivation therefore eXIStSearl with transverse distance, from the axis, as shown
to reduce the transverse emittance and increase the Ion%- F?/g 1 " ’

tud!ngl, since thI.S may lead to self-amplified spontaneous In the neighborhood of the axis: (< a) we have an
emission lasing in a shorter undulator length and simulta-

neously less CSR microbunching in the compressor. a_u:c:elerating field for an electron crossing the cavity at
We show that, under certain conditions, a transfer Opme b
emittance from the transverse to the longitudinal plane
(and the reverse) is possible and not impractical. Our im-
plementation uses a radio-frequency cavity in a dispersive
region of a four dipole-magnet chicane. The cavity op- X
erates in the dipole mode, having a longitudinal electric + E —
field with gradient such that its strength varies linearly with  e-eY->
transverse distance from the axis. A time dependent mag- T <
netic deflecting field is also present. A complete emittance _| =— _
analysis is presented and a specific example is studied. <<

E. ~ Ey-codwt), E.=E =0, (1)
a

Il. THE DIPOLE MODE CAVITY y

Occasionally, an application arises of an rf cavity oper-
ating in a dipole mode, where the longitudinal electric field N
varies linearly with transverse distance from the axis. The TS E
earliest mention of such cavities, to the authors’ knowl- s
edge, appeared in Ref. [5]. The hope of using such cavities s
to change the damping of the three modes of oscillation of .-
particles in an electron circular accelerator was dashed by \/'
Robinson’s classic paper [6] that shows that the partition - c[v x B]

FIG. 1. Electric field (top left) in a dipole mode cavity at

. ) synchronous time (¢ = 0), and the magnetic field (top right)

*Electronic address: Cornacchia@SLAC.Stanford.edu one-quarter oscillation later. Longitudinal electric and vertical
"Electronic address: Emma@SLAC.Stanford.edu magnetic fields around ¢+ = 0 (bottom).
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where z isthe longitudinal axis of the reference trajectory,
x the horizontal axis, y the vertical, w the frequency of the
cavity oscillations, and «a is a constant characteristic of the
cavity dimensions. The peak fieldis E, = V,/1, where V,
is the peak rf voltage and [ the cavity length. The vertical
motion is neglected in this analysis, since, to first order, no
force of the cavity actsin the vertical plane. The associated
magnetic field is obtained from Maxwell’ s equation:

0B

Eo .
VXE=-—, B,~—sin(wf), B,=B,=0.
at aw

)

The small relative energy change, §(= Ay/7v,18| <
1), of an electron traversing the cavity at a distance x from
the axis (|x| < a) is

6 = Vo fcos(wt), 3
E a

where E is the nomina electron energy. We phase the
cavity such that the center of the bunch (the reference
particle) passes through the cavity at time ¢ = 0, when the
electric field gradient is at its maximum and the magnetic
field passes through zero. We consider abunch length, o,
much shorter than the reduced rf wavelength, A¢/27 (i.e.,
o, < Af/27 or lwt| < 1). Thus, to first order,
5~YoxX _ = Vo @)

aE

The horizontal deflection angle due to the vertical mag-
netic field of the cavity is

eVo ct _
Z 4 = kct = kz, 5)

and z is the longitudinal distance from the center of this
ultrarelativistic bunch. Note the final choice of dimensions
in Sec. V below is consistent with these linear approxima:
tions, where 27o,/A < 1 and o,/a < 1, and the next
order termsin (4) and (5) scale as the cube of these small
levels.

Ax' =

[11. EMITTANCE EXCHANGE

We now analyze the emittance exchange concept and
return to the cavity implementation later. The following
is a general 4-dimensional linear beam transport anaysis
[10] in the x-z plane (or x-y plane). Theinitia uncoupled
4 X 4 beam covariance matrix, o, can be written as [11]

[ SXOBX T ExyAx 0 0
—&x,0x  ExVx 0 0
oo = 0 0 €2,B: T &0y
0 0 —&,0; &47:
ro, 0
-9 o] ©

084001-2

where ay ., Brz and vy (={1 + af,z}/ﬁx,z) are the
beam envelope functions, and €,, and €., are theinitial un-
coupled beam emittancesin the horizontal and longitudinal
planes. The rms beam sizes (horizontal and longitudinal)
are related to the respective rms emittances by

Ox = stoﬂx > Oz = 4 £, - (7)

The bunch “chirp,” or linear energy slope along the bunch
length, is related to the longitudinal parameters by

@) _ e

0'12, B: ’

with the total rms relative energy spread, o s, given by
o5 = el + ad)/B. = fod + 3.

Here o5, and o5, are the time-uncorrelated and time-
correlated relative energy spread components, respectively,
which add in quadrature. The normalized longitudinal

emittance is
ye, = y\olos — (z8), (10)

with y (= E/mc?) the beam energy in units of electron rest
mass. In the simple case, with no time-correlated energy
spread (i.e., (z8) = 0), the longitudinal emittance is

©)

OF

— 11
mc?’ (11)

ye(a, =0) = yo.05 = 0
where o is the absolute rms energy spread.
Now propagate the beam through a 4 X 4 beam line
transfer matrix, R, starting from an initial beam o7, with
R” as the transpose of the matrix R.

o = RoyRT. (12)

Since R is symplectic and therefore det(R) = |R| = 1,
the 4D emittance (= e, €;,) of oy isunchanged by R. The
4 X 4 matrix R is constructed from four 2 X 2 blocks, A,
B, C, and D (asin Ref. [12]), as

R=[‘é g}, (13)

with
ap  ap by bu)
A= B — . (4
<6121 azz)’ <b21 b , etc,  (14)

and it follows from (12) that the propagated beam, after
beam line R, is

o — Ao AT + Bo,B”
Co,A” + Do.BT

>

(15)

with o, and o, the initial 2 X 2 block matrices of the x
and z planes as shown in (6). The squares of the projected
rms x and z emittances are the determinants of the2 X 2
on-diagonal blocks,

Ao.CT + Bo,DT
Co.CT + Do, DT

084001-2
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= |Ao AT + Bo.B7|,
= |Co,CT + Do, DY]|.

(16)

2
S.X

2
SZ

Werecall that the determinant of thesumof 2 X 2 matrices
can be expressed using the trace (tr) as

X + Y| = [X] + Y] + tr{XY}, 17)

where X“ is the adjoint (or symplectic conjugate) of X
(used here to avoid inverting A, B, C, or D, which may
be singular).

X =IX|X"!, X|#0, or X¢=J'X"J,

0 1 2

Applying (17), (16) becomes

with J = (

er = |AlPel + |B]’el, + tr{(Ao A")'Bo,B"},

20

g2 = |Cle2, + DI’ + tr{(Co . CT) Do, DT},

20

(19)

where |A], |B], |C|, and |D|, are the determinants of the
2 X 2 blocks of the transfer matrix R. Using an alternate
form for the initial uncoupled beam, o, and o,

o = e,QQ0. Q. \//187 <_B0j" (1)>,(2o)

oo=e,00l = =5 Y).

and the property of the trace: tr{XYZ} = t{YZX} =
tr{ZXY}, we obtain, from (19)

2 IAI2.2 2.2 T
ey = |Al gy, + |B| g, + €x,€,tHUU" }, 1)
s? = |C|28)2(0 + |D|28§0 + &, 8,t{VVT},
where
U= Q;IAGBQZ N (22)

vV =0Q,'CDQ,.

The following symplectic relations between submatrix
determinants are then used to simplify (21). These rela-
tionships are derived in detail in Appendix A (see also
Ref. [12]).

|Al + IC| =1, |A| = [D|, IBl = IC|. (23)

The U and V matrices of (22) are shown to be related
by

V=Q,'C'DQ. =Q,'J"'C'NDQ., (24

using (18), and from the upper right off-diagonal 2 X 2
block of (A2), CTJD = —ATJB, so that

V=0Q;'J7'(C"JD)Q. = Q. 'J ' (-ATJB)Q;
= -Q,'A“BQ, = - U, (25)
and therefore
tr{UUT} = tr{VVT}. (26)

084001-3

This trace is the magnitude of the coupling and is the
sum of the sguares of the four elements of the normalized
coupling block of the transfer matrix (i.e., U or V) and is
positive. That is,

t{UUT} = U}, + UL, + U3 + U3, = A2 =0. (27)

The emittances at the exit of the beam line in (21) are
now related to the emittances at the start of the beam line
(subscript “07), using (23), (26), and the definition of A2
in (27), by

= |APe}, + (1 — JAD?el, + eq,64A7,
=(1-— |A|)28§0 + |A|2£§(J + £y,8,A%

(29)

e
2
b4

From (28), if &,, = &, then e, = g,. That is, equal
initial uncoupled emittances will aways remain equal
through a symplectic map. Similarly, equal uncoupled
emittances cannot be generated from unegual uncoupled
initial emittances. (Setting |[A| = % produces equal emit-
tances, but they are then highly coupled with A% # 0.)
Additionally, if A% is insignificant, which it can be, then
setting |A| = 0 will produce a complete x- to z-plane
emittance exchange. Note that A> = 0 if and only if all
A;; = 0, or thetrivial case of no coupling at all, where all
Bij = C,‘j = 0.

IV. AN EMITTANCE EXCHANGER BEAM LINE

We then apply this derivation to the chicane and dipole
mode cavity system shown in Fig. 2. A magnetic chicane
sets up a dispersive region at its center, where the cavity
is located. The chicane, of full length L, is made of four
bending magnets and no quadrupole magnets.

From (4) and (5), the transfer matrix of the “thin-lens’
cavity is

1 000
o1 ko
Re=109 01 0/ (29)
kK 0 0 1
Rk
%:Ee

L

FIG. 2. (Color) Schematic diagram of the chicane and transverse
cavity at its center.
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which is similar to a thin-lens skew quadrupole trans-
fer matrix, but in (x, x’, z,6) space, rather than (x, x/,
y,y') space. (The effects of a thick lens are discussed in
Sec. VI). The transfer matrix across the entire chicane is

R = RszR] . (30)

where R; and R, are the transfer matrices of the first and
second sections of the chicane, respectively (see Fig. 2),
and ¢ is the momentum compaction (¢ = Rsg) of the full
chicane (¢ > 0 for chosen coordinates with bunch head at
z > 0).

1 L/2 0 g
0 1 0 O
Ri=lo o 1 &2
0O 0 0 1
= - 31
1 L/2 0 —q (31)
o 1 0 O
Ro=1l0 -5 1 &2
0O 0 0 1
The matrix of the full chicane and cavity system is
1 — nk L KL/2  k(5F — )
_ 0 1 + nk k k&j2
k2 k(EE — ) 1 - gk ¢ :
k kL/2 0 1 + nk
(32

Al =Dl =1 - %%  [B] =|C|= n%*> (33

The expression for A2 has four terms and is quite long
and awkward, even for this system.

U = Q;'A“BQ., (34)

A2 = tr{UUT} = 4 terms.

A simpler form of A? is easily written by assuming nk =
1(.e, |Al = 0).

, _ 40+ ad)( +a?)  4ouosn?
k*B.B:

Thus the emittances at the end of the chicane can be ex-
changed up to a cross term which is related to the rms di-
vergence, o, and energy spread, o s, of the initial beam,
or

(35)

€x0€z
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41 + ad) (1 + a?) (&
e e A ) e
szsz €2

= \/8%0 + 40’ 0in? > €2 >
41+ a2)(1 + a?) (g,
g, = &xn| 1 + BB = | —
XMz

= \/8)2(0 + 4oloin? > &y, .

(36)

Ex,

It should be recalled that the parameters, B, @, €x,zs
o, and o, al describe the beam at entrance to the chi-
cane. As demonstrated in the example below, the cross-
term coefficient, A>, can be made insignificantly small
for reasonable beam parameters allowing almost complete
emittance exchange.

V. NUMERICAL EXAMPLE

For an example, we take for the four-dipole chicane
shown in Fig. 2 with an X band rf deflecting cavity
(w/27m = 114 GHz, a = 1.3 cm) at its center. The
beam line and beam parameters at the start of the chicane
are listed in Table I.

Hereweusee,, < &,,, Whichisarequired condition for
the reduction of the transverse emittance, and one which
may not be trivially realized. Note the parameters are con-
sistent with the linear field approximations of (4) and (5)
with27o,/A < 0.025 and o, /a < 0.02. The very small
energy spread at chicane entrance means the horizontal
rms beam size in the cavity (o, = 240 um) is dominated
by emittance, is not significantly dispersed, and is much
smaller than the cavity dimension a = 1.3 cm.

With these parameters used in (36), we have

YEy, =5 pm — ye, = ye, V1 + 0.026 = 1 um,
(37
ye, =1 um— ye, = ye,, V1 + 0.001 = 5 um,

and have completely exchanged the emittance levels.
These results are verified with the computer tracking code
TURTLE [13] up to second order. The tracking output is
shown in Fig. 3.

The system described here, with k = 1/7, leaves the
x and z planes insignificantly correlated (i.e., (xz) = 0,
(x8) = 0, (x'z) = 0, (x'8) = 0). Note that the bunch
length is also compressed by a factor of 5 at the chicane
exit (o; = 100 um — 19 um), which isavery desirable
feature for an FEL requiring a high peak current. Thefinal
bunch length, o, and energy spread, os,, for k = 1/7,
and o, = a, = 0 are

084001-4
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TABLE I. Beam and system parameters as an example for emittance exchange.

Parameter Symbol Vaue Unit
Initial horizontal normalized emittance YEx 5 um
Initial longitudinal normalized emittance Ve, 1 pum
Initial horizontal beta function B 2.6 m
Initial longitudinal beta function B. 2.9 m
Initial horizontal alpha function a, 0

Initial longitudinal apha function o, 0

Initial rms bunch length o 100 pmm
Initial rms relative energy spread o5 34 1073
Electron energy E 150 MeV
Momentum compaction of chicane (Rse) & 17.7 mm
Full chicane length (with 20-cm long drift L 28 m

either side of thin cavity)

Bend angle of each chicane dipole 16] 5.2 deg
Horizontal dispersion in center of chicane n 100 mm
Transverse cavity strength parameter k 10 m™!
Peak rf voltage on crest phase Vo 20 MV
Cavity dimension a 1.3 cm
Cavity rf frequency /2 114 GHz

5 2 The energy spread has also increased to 0.24%, alevel that
o — i, [f Br . 1 <§L _ 1> } + 202, is sensitive to the choice of (= 1/k) and also B, at the
L4 B\ 4 K chicaneentrance. Inaddition, thefinal 8, and «, functions
(38)  are greatly magnified by the transverse deflecting field (in
this case B, = 2.6 m— 580 m, a, = 0 — —410—see

Fig. 3, lower left plot).
In this example the initial energy-time correlation, «,,
} + 403 (39)  was set to zero. In fact a reasonable tolerance on this
condition is acceptable. If the initial energy spread is ~3

2

4B«

0%/ = k28x0|:Bx +

4ysx0=5.000 Hm, o =0.210 mm, o/ =0.081 mrad 1yszozl-OOO um, o_,=0.100 mm, (/E),=0.0034 %

2

o
u

0 -

X' (mrad)
AE/E (%)
o

N
o
o

IN
=

5 0 5 0.4 0.2 0 0.2 04
X (mm) z (mm)
y£X=1.013 um, 0X=1.42 mm, ox'=1.02 mrad ysZ=5.003 um, 02=0.018 mm, (O'IZJE)=0.238 %
1

X' (mrad)
o N
AE/E (%)
o
o 2]

N
o
&

IN
=

5 0 5 0.2 0 0.2 04
x (mm) z(mm)

o
»

FIG. 3. (Color) Initia (top) and fina (bottom) phase space tracking plots. The horizontal and longitudinal emittances are completely
exchanged, as predicted by (36).
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times larger due to a linear time correlation [a, = 2.8,
see Eq. (8)], the final horizontal emittance is increased by
~10% in this case, as given by (36). A nonlinear initial
energy-time correlation, such as induced by space-charge
forces or longitudinal wakefields prior to the chicane, will
generate a nonlinear position-angle correlation in trans-
verse phase space after the chicane. The longitudinal and
transverse emittances, ¢,, and ¢, should therefore be con-
sidered as projected emittances, which may be increased
by nonlinear correlations with their conjugate variables.
This presents a practical limitation for the exchange pro-
cess, where the initial beam may need to be cleaned of
aberrations prior to emittance exchange.

Finally, the exchanger beam line has some unusual prop-
erties, which may be surprising on first observation. For
example, betatron centroid oscillations initiated prior to
the chicane will nearly disappear after the chicane (when
scaled to local beam size), instead generating energy and
timing shifts to the electron bunch ((xp) = 1o, — (z5) =
lo,,). On the other hand, bunch arrival time variations
upstream of the chicane will not change bunch arriva
time after the chicane, instead generating horizontal beta-
tron oscillations. This may be an advantage over standard
compressors since it effectively absorbs electron gun-
timing variations and keeps them from becoming final
bunch length and final energy jitter. This behavior is
evident in (32) with nk = 1.

VI. THICK-LENS AND SECOND-ORDER EFFECTS

Second-order optical aberrations can become signifi-
cant, due mostly to the second-order dispersion from cavity
to end of chicane, if the final energy spread (39) becomes
too large. This can be controlled by choosing the right ini-
tial betafunction, 8., or increasing the chicane dispersion,

n (which reduces the cavity voltage). The relative emit-
tance increase above the linear calculation of (36), which
is due to second-order dispersion, is approximately given

by [14]
o, &x ) L2 \?
o) o)
where o, and B, are the initiadl beam parameters at the
chicane entrance, and L is the full chicane length. In
the above case, second-order aberrations are insignificant
(ex,/ex = 1.03), but achoice of n = 50 mm (rather than
100 mm) and B, = 10 m (rather than 2.6 m) causes a
factor of 3 final horizontal emittance increase above the
linear expectations of (36), and a final rms energy spread
of 0.8% (rather than 0.2%). This has been verified using
TURTLE tracking. The valuesfor B, and n should therefore
be chosen carefully with (40) as a guide.

The emittance exchanger beam line described above
uses a thin-lens model of a transverse deflecting rf cav-
ity to demonstrate the concept. Of course, the cavity will
have some length, especially to produce many megavolts.
A modification of (29), (32), (35), and (36) is necessary
to include this. The symplectic matrix of the thick-lens
transverse cavity is

Ex,

€x

(40)

11 k2 0
0 1 k 0
k ki/2 k*1/6 1

where [ is the cavity length. Using this in (30), and con-
tinuing with the case nk = 1, produces amodified R with
A and B blocks which are then used in (34) to calculate
A%,

/\2

(1 + ad){576 + 48k%1¢ — AkPla.B.(24 + k2E) + aZ(24 + k1€ + kM4BT + £2))
144k2 B, B, ’

(42)

With [ = 0 this reduces to (35), but otherwise can be | k%1£/24 =~ 0.03. Therefore, the emittance exchanger for

a much more significant limitation in the emittance ex-
change. If thisis now minimized with respect to «,, it
becomes
2o 41 + a2)(1 + K21£/24)?
e k2B B
at avaue of a, [related by (8) to the initial energy-time
chirp in the bunch], which is given by
_ L( K*1B. )

Yo T 12 \1 + K21£/24)°
The expression for A% in (43) will approach that of (35)
with a, = 0 if k?1£/24 < 1. For an X-band cavity
with ~50 MV /m, the level of 20 MV is achieved with
[ =04 m. From Tablel, the values of k and ¢ give

(43)

(44)

084001-6

a thick lens works almost exactly like the thin lens as
long as «, (i.e., the incoming energy chirp) is given by
(44) (i.e., a; = 9.4 in this case). From (9), this means an
initial correlated energy spread of 0.03%.

Particle tracking is repeated in Fig. 4 with a thick-lens
cavity (I = 0.4 m) and «, set according to (44). In this
case, for ease of comparison, the 20-cm long drifts on
either side of the cavity in Table | are set to zero to keep
the total chicane length constant. The initial energy chirp
(a; # 0) isevident in the upper right plot. The emittances
are again completely exchanged in this more general and
more realistic case. The emittance exchange relations of
(36) are now modified for the thick-lens case (I # 0), and
are given (with nk = 1) by

084001-6
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ysxo=5.000 um, o x0=0.210 mm, ox’ O=0.081 mrad  ye ZO=1.OOO um, o ZO=O.1OO mm, (0|:JE)0=0'032 %
4 1
2 0.5
el g
E O - W o T
- 3
2 0.5
4 1
5 0 5 0.4 0.2 0 0.2 04
X (mm) z (mm)
ve=1.014 um, 0 =1.34 mm, g,'=0.981 mrad Y€,=5.003 um, 6,=0.019 mm, (GEIE)=0.241 %
4 1
2 0.5
il g
E o us O
= Eul
2 0.5
4 1
5 0 5 0.4 0.2 0 0.2 04

X (mm)

z (mm)

FIG. 4. (Color) Initia (top) and fina (bottom) phase space tracking plots with thick-lens cavity and «, set according to (44). The

emittances are still completely exchanged.

SZU\/ 1 +

Ex

41 + a2)(1 + k?1£/24)? <%> > e,

k2B B: €2
(45)

_ 401+ ad) (1 + K21E/24)* (&
g, = 8x0\/ 1+ 2B, 5. <8x0> > gy, -

In (45), the initial energy chirp, «;, isnot afree parameter
and must follow (44). Otherwise (42) must be substituted

20y
y
181 — [
4s y
: o i
161 : l,’ :
14 ' A )|
E r - N
. 12r : :’ : :
IS E . I
3 W : ) 1
~. 10} A - ] '
ws W : ) " '
. 8t ‘| : l' ‘\ "
ANE ) ) )
W\ /1 ' )
6r i\ - ] ) ’
' . I A4
i
4+ “ S
vo)
' 3
Ao i
G 1 i 1 1 1 1 1 1
0.2 0 0.2 04 0.6 0.8 1 12

nk

FIG. 5. (Color) Normalized projected emittances (solid/red:
ve,, dashed/blue: ye,) as a function of nk. Both emittances
increase, except at nk =0 and nk = 1, due to large x-z
coupling in the beam. The emittances of the principal planes
are evident only at these two points.
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into (28) for the more genera case. Note in (28) that
if nk # 1 and k # 0, both “projected” emittances can
simultaneously increase to very large levels, both much
larger than the largest initial emittance (see Fig. 5). This
is because the beams become highly coupled in this case
and the single-plane projected emittances do not reflect
the intrinsic beam emittances of the principal planes. The
full 4D phase space volume is, of course, preserved since
always |R| = 1.

In the particular case described here, the cavity voltage
must be set according to k = 1/ within |Ak/k| < 0.4%
for a final horizontal emittance increase of <5%, with
quadratic sensitivity to the voltage error (see Fig. 5).

VII. APPLICATIONS

We have shown that, under appropriate conditions, it
is possible to transfer the transverse emittance into the
longitudinal plane, and the reverse. Reducing both x and y
transverse emittances, however, is problematic. The sys-
tem described here can only exchange emittance values
between planes. Sinceit is symplectic, it cannot arbitrarily
vary the emittance ratios and also leave the beams uncou-
pled. One might imagine two chicane-cavity systems in
series, with the second chicane rotated by 90° in the x-y
plane. But since the first chicane raises the z emittance
above the transverse goal, the next chicane will swap the y
emittance with the new large z emittance, inhibiting round
transverse uncoupled beams. Producing small round
beams might be accomplished by using this chicane-
cavity system in conjunction with a flat-beam gun [15],

084001-7
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which initially produces a sufficiently small vertical
emittance.

The advantage of the emittance transfer scheme pro-
posed here is a reduced dependence on the photoinjec-
tor to meet the transverse emittance goals, thus adding
a considerable safety margin to the design. The chicane
also compresses the bunch by altering the path length of
the particles with large transverse rf-cavity-induced kicks,
thereby adding another useful function to the scheme. The
compression takes place entirely in the last bend. Coher-
ent synchrotron radiation or longitudinal wakefields in the
first two bends may present a severe limitation if the en-
ergy spread is increased significantly. Vacuum chamber
shielding or low charge levels may be necessary, depend-
ing on bend magnet and beam parameters. An additional
bonus is that the reduction of the transverse emittance is
accompanied by an increase of the local energy spread, a
desirable requisite for the control of the CSR microbunch-
ing instability. Finaly, the system provides an alternate
approach for the manipulation of bunch length, energy
spread, and emittance and may add to the flexibility in
preparing high-brightness electron beams.

ACKNOWLEDGMENTS

We would like to thank W. Spence for introducing us to
many of the analytical methods employed in this treatment,
and M. Woodley for help in running the TurTLE tracking.
In addition we thank K. Bane, A. Chao, J. Irwin, A. Kabel,
and G. Stupakov for encouragement and useful comments.
This work was prepared for the Department of Energy
under Contract No. DE-AC03-76SF00515 by Stanford
Linear Accelerator Center, Stanford University, Stanford,
California, 94309.

APPENDIX A

To derive the relationships between determinants of
the submatrices we start with the symplectic condition
R7SR = RSR” = §, with S [16] asthe 4 X 4 form of
the matrix J, which is defined in (18),

R’SR = RSR? =§ = <(J) 2) (A1)
or explicitly
RTSR — ATJA + CTJC AT)B + CTJD
“\B’JA + D'JC B7JB + D'JD
J 0
B (0 J ) (A7)
RSR — AJAT + BJB” AJCT + BJD”
~ \CJA" + DJB” cCJC" + DJDT
J o
-3 9) (A3
084001-8

Taking determinants of the on-diagonal blocks from above
provides relationships between the submatrices.
|ATJA + CTJC| = |[AJAT + BJB'| = ]| =1,
IB"JB + DTJD| = |CJC” + DJDT| = |J| = 1.
(A4)

Applying (17) to one of the above eguations (e.g., the first
one, at upper left) produces

IAI> + IC* + tr{(ATJA)’CTIC} = 1, (A5)

and using X”J = JX¢ and X“X = |X]|I from (18), and
aso (XYZ)* = Z°Y*X“, gives

|AI* + |CI* + tr{(JA“A)“JC“C}

= |A]* + |C]* + |AlICItr{J*J} = 1. (A6)
Finally, with J¢J = I, we have
|AI> + |CI* + 2|AlIC| = (Al + IC)* =1. (A7)

Repeating steps (A5) through (A7) for each of the remain-
ing three determinants in (A4) produces
Al +ICl =1, [B]+ D] =1,

ICl + D] =1,

|Al + |B] =1,
(A8)

and we have the following relations between submatrix
determinants:

Al +ICl=1, |Al=D,  [B]=IC[. (A9)
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