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Coherent synchrotron radiation instability in a bunch compressor
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The coherent synchrotron radiation of a bunch in a bunch compressor may lead to the microwave in-
stability producing longitudinal modulation of the bunch with wavelengths small compared to the bunch
length. It can also be a source of an undesirable emittance growth in the compressor. We derive and
analyze the equation that describes linear evolution of the microwave modulation taking into account in-
coherent energy spread and finite emittance of the beam. Numerical solution of this equation for the Linac
Coherent Light Source bunch compressor gives the amplification factor for different wavelengths of the

beam microbunching.
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I. INTRODUCTION

The design of a magnetic bunch compressor chicane
is a key technical challenge in the development of linac
driven x-ray free-electron lasers. Compression is essen-
tial to reduce the length of the electron bunch and corre-
spondingly to increaseits peak current. In order to achieve
compression, a relativistic electron bunch is given an en-
ergy chirp while passing through linac sections off crest.
Since higher energy electrons follow a shorter trgjectory
through the chicane, the high energy electrons at the back
of the bunch catch up with the lower energy electronsin the
front. A major concernin the design isto assure that bunch
compression does not degrade the quality of the electron
beam. In particular, it is important not to increase the
energy spread or transverse emittance beyond acceptable
tolerances.

The beam in the chicane can radiate coherently if the
wavelength of the radiation exceeds the length of the
bunch. This radiation results in an undesirable growth of
the beam emittance [1], which can, however, be cured (at
least partially) by a special design of the compressor [2].

Aswas pointed out in Ref. [3], coherent synchrotron ra-
diation (CSR) can aso be a source of modulation of the
beam density at wavelengths small compared to the bunch
length. The results of Ref. [3] refer to the microbunching
instability in aring; however, asimilar effect can also occur
in a bunch compressor where coherent synchrotron radia-
tion often playsarole. Indeed, the effect of microbunching
caused by CSR has been observed in computer simulations
of the bunch compressor [4] designed for the Linac Co-
herent Light Source (LCLS) at SLAC [5], and aso in the
simulations of the TESLA Test Facility bunch compressor
[6]. Analytical estimates of the CSR effectsin bunch com-
pressors have been published in Ref. [7].

An approach to treat the CSR induced microbunching
in the case when the beam is being compressed in the
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magnetic chicane has been developed in [8]. Reference [8]
used an oversimplified one-dimensional model which does
not take properly into account the transverse motion of
the beam. The importance of the correct account of this
motion has been recently pointed out in Ref. [9], where
the microbunching of the beam is considered as due to
the klystron instability under the influence of the CSR
wakefield. However, the treatment in Ref. [9] isvalid only
in the absence of the energy chirp, and hence neglects the
effect of compression on the instability.

In this paper, we discuss the amplification of a high-
frequency density modulation of the electron beam in a
bunch compressor. The effect of the beam compression
on the microbunching is taken into account. The high
frequency means that the wavelength of the disturbance is
short compared to the electron bunch length. We assume
that the shielding effect of the conducting wallson CSR is
not important, which is usually true when the bunch length
is short enough. We will also neglect the transient effects
in the CSR wake [10] occurring in short magnets.

Our analysisis based upon alinearized Vlasov equation
that includes longitudinal and radial degrees of freedom.
It is necessary to take into account the radial degrees of
freedom since the variation of the path length with energy
in the chicane results from the transverse dispersion of the
trajectory.

In order to solve the linear Vlasov partial differential
eguation, we use the method of characteristics to reduce it
to alinear Volterra integral equation for the Fourier com-
ponent of the density modulation. The integral equation
provides a description of the microwave instability as well
as klystron-type amplification. Landau damping due to
the electron beam energy spread and transverse emittance
isincluded in our analysis.

The paper is organized as follows. In Sec. Il we intro-
duce optical functions in the compressor, solve equations
of motion, and find integrals of motion for the particle.
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The equilibrium distribution function of the beam with
the energy chirp is introduced in Sec. Il as a solution
of the Vlasov equation. The CSR waketerm isadded to the
Vlasov equation in Sec. 1V, and the equation is linearized,
assuming that the perturbation of the equilibrium distribu-
tion function is small. Integrating the linearized Vlasov
equation along the unperturbed trgjectories in Sec. V, we
reduce it to a one-dimensional Volterra integral eguation.
In Sec. VI we present the results of numerical solution
of the integral equation for the LCLS bunch compressor.
In the last section, Sec. VI, the results of the paper are
summarized.

I1. OPTICS OF BUNCH COMPRESSOR

Let us consider, first, single particle motion in a bunch
compressor. We use the notation x for the horizontal off-
set of a particle relative to the nomina orbit, 6 = dx/ds
isthe angular slope of the orbit, p = AE/E istherelative
energy deviation of the particle, z isthe longitudinal coor-
dinate of the particle in the bunch, and s is the path length
aong the nominal orbit.

Equations for x, 6, z, and p have the form

dx do )
Lo, =k + L
ds ds pls)x R( )’
1)
dz _ X dr _,
ds R(s)’ ds ’

where R(s) is the bending radius in dipole magnets and
kg(s) isthe focusing strength. Typically, quadrupole mag-
nets are not used in bunch compressors, however, for
the sake of generality, we include the focusing term in
Egs. (1). These equations have a formal solution

v = Dp + ﬁ(%m&p + 9omgm//>,

0=D’p—%(x—Dp)

@)
— ﬁ(ﬁ sing — 00\/7cos¢>

z =20 + Rssp + xoRs51 + OoRs2,

where xo, 6y, and zo are constants given by initial condi-
tions, B(s) = w(s)? is the beta function, By is the initial
value of the beta function at the entrance to the compressor,

= B(0), a(s) = —(1/2)dB/ds, D(s) isthe dispersion
function, D'(s) = dD/ds, and w(s) and D(s) satisfy the
following equations:

1
" 2
w' + kgw = —,
B w3

. ©)
i
D" + k}D

x| =

The functions Rs;, Rsz, Rse, and the betatron phase s can
be computed by integration [11]

B s dsl
o = [ 5
_ D(S/)
Rso(s) = [0 R(s) “
VB(s') N gl
Rsi(s) = \/—] R(s) cosiy(s') ds’,
Rsy(s) = \/_] Rﬁ((,) sing(s') ds’.

We assume that the dispersion function and its deriva-
tive, by design, have zeroiinitial valuesD(0) = D'(0) = 0.
In this case, D is given by the following equation:

D) =86 [

;ZQJB@0§W¢@)—1MMH-
5)

The parameters xy, 6y, and zo are the constants of mo-
tion. They determine the amplitude and phase of the be-
tatron oscillations and can be expressed as functions of
current coordinates of the particle x, 4, and p at posi-
tion s,

xo(x,0,p,s) = \/%(x — Dp)cosy — \/,30,3[9 - D'p + %(x — Dp)]sing,

0o(x,0,p,s) =

20(x,0,p,8) = 2 — Rsp

x\/jg%p sing + \/g[e - D'p + %(x - Dp)i|COS¢/I, (6)

— xoRs51 — 6oRs; .

Note that Egs. (6) constitute a canonical transformation from the variables x, 8, z, p to xg, 6y, zo, p, with the Jacobian of

the transformation equal to unity.
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[11. DISTRIBUTION FUNCTION OF THE BEAM IN 5 s 5 5
BUNCH COMPRESSOR ﬂ_£ﬂ+9ﬂ+<_kéx+£>ﬂ=0,
. L . as R o0z ox R/ 06
We define the distribution function p(x,6,z,p,s) ™

of the beam in a bunch compressor so that the integral
[dxd6dp p gives the number of particles per unit
length of the beam. Neglecting the wakefield effects, the
equilibrium distribution function po(x, 0, z, p, s) satisfies
the Vlasov equation,

Equations (6) are characteristics of Eq. (7). Therefore, the
solution of Eq. (7) is an arbitrary function of the integrals
of motion

po(x,0,z,p,s) = folxo(x,0,z,p,s),00(x,0,z,p,s),z0(x,0,2,p,s), p]. (8)

For the equilibrium function f, we choose a model of a |

coasting beam with Gaussian distributions over the initia
coordinates xy and 6, as well as over p,

M <_x(% + (Bobo)*

B 2776() 260,80

fo Joatp + uz). @

where

_ 1 _r
PG(P) - mo_p eXp( 20_12)>’ (10)

np is the number of particles per unit length of the beam
at the compressor entrance (s = 0), € is the horizonta
emittance, and o, is the uncorrelated energy spread of the
beam. The chirp parameter u in this equation accounts
for the correlation between the position of the particle in
the bunch and its energy. This correlation is generated by
an acceleration section at the entrance to the compressor.
For negative values of Rsg, the chirp u < 0 leads to the
compression of the bunch.

Note that in this model the linear density of the beam
[dx d6 dp py does not depend on z, in agreement with
the fact that p, describes a coasting beam.

V. VLASOV EQUATION WITH THE CSR WAKE

L et us now take into account the CSR wake of the beam.
It can be described by the wake function W(z,s) such
that W # 0 for z > 0 [12,13]. For our purposes it is
convenient to introduce the CSR impedance Z(k, s),

ik/3A

rops 0

Z(k,s) = fmdg W(L,s)e ™ = —
0
where
A=3""TG)(W3i—1) =163 — 094, (12

with T the complete gamma function. In Eqg. (11) and
below we use the cgs system of units. Using Eq. (11) we
assume that the retardation time for the coherent radiation
issmall compared to the length of the bend and neglect the
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formation length of the radiation in comparison with the
length of the magnet [10].

The Vlasov equation for the distribution function
p(x, 0,2z, p,s) including the wake takes the form:

d d Jd d
—p—f—p+9—p+<—k}3x+3>—p
as R oz 0x R/ 06

= r_e a_pfdz/ W(Z - ZI, s)n(zl9 S)’ (13)

where n(z,s) = [dxd@dp p(x,0,z,p,s).

Note that the equilibrium distribution function p¢, which
we found as a solution of Eq. (7), aso satisfies Eq. (13),
because the equilibrium beam density ny(z, s), where

no(Z,S)=[dXd9dPPO

[ dxodbodp fo

np
= 14
1 - uR56 ( )

isindependent of z, and [dz’ W(z — z')no(z,s) = 0 [in
Eq. (14) we changed variables using the invariance of the
phase volume dxd @ = dxyd6].

Let us consider a small perturbation of the equilibrium
distribution function

p=po+t pi, (15)

where p; < pg. Thelinear stability of the beam is defined
by the linearized Vlasov equation for p; which takes the
form

m_1m+(,@+<_k§“£>m
ds R 0z dx R/ 06

e 0
— e 2P0 f dzZ’ Wz — 2/, s)mi(Z',s),  (16)
Yy dp

where ni(z,s) = [dxd6dp pi(x,6,z,p,s).
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We will seek solution of Eq. (16) as a function of the  9x Bo a .
invariants xo, 6, zo, and also p and s: ap fDCOS‘J’ + VBIB()(D/ + ED>S'n‘/”

pl(xa&Z»p,S)=fl(x0»90,Z07P7S)7 (17) 8_00 _ D : _ ﬁ / g
ap B8, sing 5 (D + s D)cos:,lf, (20)

where xg, 6y, and zo are the functions given by Egs. (6).

The function f, satisfies the following equation: 920 dxg 469

—— = "Rss = Rs; — — Rsp —

9ft _re dpo [ Ip p p
as y op ¢ are functions of s only.

The density perturbation n; can be calculated by chang-
. ing the integration variables and introducing an additional
X ni(z',s). (I8) 5 function in the integrand:

X W(zo + pRss + xoRs1 + 6oRsy — 2, 5)

Here the derivative dpo/dp is understood as a function
of variables xg, 0y, zo, and s and can be calculated using
Egs. (8) and (9),

nl(z,s)=/dxd0dpp1

apo _ 0[ X % Bobo 960 Z/dxodeodZOdel(xo,90,Z0,P,S)
P €0Bo 9p € P X 8(z0 + Rssp + xoRs1 + OoRsy — 2).
+ d
P () )] g (2
Tp p Substituting Egs. (19) and (21) into Eq. (18) we obtain the
where the derivatives | following equation for f:
_l’_
o _ _r_e‘o{x_om 4 Bobo 960 P_zuzo<1 + M@ﬂ
as 0% €Bo Ip € OJp oy ap

X fdx{) deé)dzdp' fi(x4. 64,20, p'ss)WI(z0 — 2y + (p — p')Rse + (xo — xp)Rs1 + (6o — 6y)Rs2,s].
(22)

It is convenient to use anew variable po = p + uz, instead of p and consider f, asafunction of xq, 6y, and pg, fo =
fo(xo, 60, po), and f asafunction of variables xo, 6o, zo, po, and s, f1 = f1(xo, 60, zo, po, s). Notethat the transformation
from x, 6, z, and p to xo, 69, zo, and pg is canonical and has a unit Jacobian. Then, Eq. (22) takes the form

ofi _ _re 0[ X0 9xo ﬁo(’oa_%+1’_g<1 H%ﬂ
as Y €pBo Ip € dJp O, ap
X fdx(/) doy dz dp} f1(xh, 04, 2h, pb» 5)
X Wl(zo — z0) (1 = uRse) + (po — po)Rse + (xo — xg)Rsi + (6o — 69)Rs2, 5]. (23)

V. SOLUTION OF THE LINEARIZED VLASOV EQUATION

Now we will assume a sinusoidal dependence of f versus zy,

f1(x0, 80, 20, Po, ) = fi(x0, 00, Po, )€’ (24)

Substituting Eq. (24) into Eq. (23) and using definition of the impedance Eq. (11) casts the integral in the left-hand side
to the following:

fdx(/) d6y dpg fr(xp, 96,P6,S)[ dzh e™W[(zo — z5) (1 — uRss) + (po — py)Rss
+ (xo — x))Rs1 + (6o — 6()Rs2, 5]
= C(s)Z(kC(s),s)f dx do} dp{ fi(xh, 04, pbss)

X exp{ikC(s) [zo(1 — uRse) + (po — po)Rse + (xo — xp)Rs1 + (6o — Op)Rs:1}, (25)
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where we introduced the compression factor C(s):

1

Cls) = 1 — uRse(s)

(26)

It is easy to see that the factor exp(ikzo) will cancel out in the left- and right-hand sides of Eq. (23), and the resulting
equation can be written as follows:

e _ _Te _Xo_9dx0 , Pobo 360 , p + uzo 920
Py y foC(s)Z(kC(s),s)[EOBO ap o 37 + —012, (1 +u apﬂ S
X gi(s) explikC(s) [ poRss(s) + xoRs1(s) + OoRs2(s)]}, (27)
where
6u(5) = [ dxo 8 dpo fulxo, o, po ) XP{~IKC(5) [ poRsels) + xR () + BoRs2(5)]) (29)

From Egs. (21), (24), and (26), we see that g, (s) is related to the amplitude of the density perturbation with the wave
number k,

nix(z,s) = C(s)gi(s)e™ s, (29)

The solution of Eq. (27) can be written as an integral of the right-hand side with an initia condition f(xo, 6o, po, 0).
Substituting this solution in Eq. (28) we obtain the integral equation

gx(s) = 8%(s) + [0 " K(s.8)gu(s) ds', (30)

where the kernel K is

0 0o 06 + 9z
Xo ﬂ+m_0+1’72ﬂ0<1+uﬁ>}
€Bo Ip € dp o

K(5,5) = = 2 CZ(C(6) ") [ dvodbodpo folro. 00, po)| g
Y p

X exp{—ik[ poRse(s,s") + xoRs1(s,s’) + OoRsa(s,s")]}, (31)

s!

and

Rsi(s,s') = C(s)Rsi(s) — C(s")Rs51(s"),
Rsy(s,s") = C(s)Rsz(s) — C(s")Rs2(s'), (32
Rse(s,s") = C(s)Rse(s) — C(s")Rse(s').

The function g\”(s) is related to the initial value of f;:
0 —i s 56(8) T xoRs1 (s 0Rs2(s
g (s) = f dxq By dpo fi(xo, 00, po, )¢ KCW [PoRsel) “xoRs (5) 0oRes(5)], (33)

The integrals over x¢ and 6, in Eq. (31) can be calculated explicitly,

Jd Jd + d
X0 9x0  Bobo 960  p ”ZO<1+Mﬂ>}

€pBo Ip € dp o ap

, exp{—ik[xoRs1 (s, s") + ORs2(s,s)]}

fdx() dBO fO(xo’ 00’ pO) |:

N

d
+p—g<1 + uﬂ>
s O ap

a 30 — (12 2 .ol o
= nypc(po) [—ikR51(s, s') % —ikng(s,s') Rad }e (K*€0/2B0) [B3 RS (5.5') + R, (5.5 )1 (34)

p s 8p
This simplifies the kernel Eqg. (31):

S,

ik d 00 ) d
Ks,5) = 1 (240, ) [ dpopotpo)| Rei(o,) Z2| +Rats, ) S| w28 (14 u 20| |
y ap s/ ap s/ ka'p ap s/
X o~ €0/2B0) LBGRS (5.5 + Riy(s.)] (35)
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Integration over dp gives finaly:

ikrenp
K(s,s') = Xelh

It is shown in Appendix A that the factor

0
Rs(s,s") Sl
ap

s/

can be written as C(s)Rs¢(s’ — s), where

_fs' R(Sl)f dsz

Rso(s' — 5) =

C(sHZ(kC (s, S/)[Rﬂ(s )2 =1

X 6_(k €0/2B0) [BoR3 (5.5")+ R (5,5")]— (K20 5/2)R56(S!X/)'

s’

00
+Rs(s,5") ==
ap

00
+R52(S9 sl) _0
ap

d
+Rs6(s, s") (1 +u ﬁ)
ap

s/

(@)
920

) +Rs6(s, s )(1 + u&p) y (37)

VBGDBGSIG) = vl = = [ s 2

which depends only on the phase advance between radiation and observation points. The dispersion D(s’, s) in Eq. (38)

satisfies the second equation of Egs. (3) with the initial conditions D(s’, s') = 0 and dD(s’,s)/ds|s—y =

0. Using this

representation, the kernel can be rewritten in the following form:

K(s.s') = tkren;7

For the initial distribution function of the perturbation we choose f;(xo, 89, po,0) =

()

C(s")C(s)Z(kC(s"), s")Rsg(s' — s)e™ (K€0/20) [BoR3: (5.5)+ R5y(s.8) 1= (K 0 /2) R (5.5)

(39)

0
(ng,/)c/nb)fo(xo, 6o, po), Where

ny isthe amplitude of the initial density perturbation with the wave number k. Then

V(s) = n\e [COPE/2BIBIR O+ RO)-COPE L R(3)/2

(40)

Equations (30), (35), and (40) describe beam stability |
for an arbitrary optics and initial longitudinal and trans-
verse emittances, and form the basis for the numerical cal-
culations described in the next section.

VI. NUMERICAL SOLUTION OF THE INTEGRAL
EQUATION

We applied the theory developed above to the analy-
sis of stability in the latest design of the second LCLS
compressor [14]. The bunch compressor consists of four
dipole magnets of length 0.4 m with a bending radius of
12.2 m. It is located at the point in the linac where the
beam energy isequal to 4.54 GeV, and compresses the rms
bunch length o; from 195 wm down to 23 um. Other
relevant parameters of the bunch compressor are uncor-
related rms relative energy spread at the entrance to the

0 e T T
-05F .
E i ]
D:g o 4
-15F ]
-2 F ]
| | Ll Tttt

0 5 10 15 20

s (m)

FIG. 1. Plot of Rss for the LCLS bunch compressor.
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compressor o, = 3 X 107°, number of particles in the
bunch N = 6.5 X 10°, the normalized beam emittance
€ = 1 um, and the energy chirp parameter u in Eq. (2)
is —39.83 m~!. The calculated Rs¢ as a function of s is
shown in Fig. 1, and the plot of the dispersion function
D(s) is shown in Fig. 2.

We calculated the microbunching effect in the bunch
compressor by numerically solving Eg. (30) with the ker-
nel given by Eq. (39). The numerical method used dis-
cretization of the Volterra equation on a mesh, typicaly
with 400—600 points, and approximation of an integral by
asum using a trapezoidal quadrature rule [15].

We assumed that the initial distribution function is
given by Eq. (9) and the initial perturbation is defined
by Eqg. (40). The linear bunch density n;, was calculated

15 20

.10. L
s (m)

FIG. 2. Plot of the dispersion function for the LCLS bunch
COMpressor.
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[T [ 1 71 LB B LR B
L 15 B
2r 1 ]
& | j
i 2
1r ]
3
ob—=<%". . 1+ v v v vt v vyt OBttt Tt
0 25 50 75 100 5 10 15 20

A ()

FIG. 3. Amplification factor G, as a function of wave-
length A of the perturbation at the compressor entrance
for various beam emittance and energy spread: (1) o, =
30X 107% e=1pum; (2) o0, =3.0x%x107% € =0; and
B o,=30%x10°%€=1pum

based on the beam current of I = 4 kA after compression.
The current I isrelated to i, at the entrance to the chicane
by the following formula:

1 1
— — 41
b Cre IA’ ( )

where C isthe compression factor for the chicaneand I, is
the Alfvén current, I, = mc3/e = 17 KA. For C = 8.33,
we find n, = 10'' cm™ .

At the entrance to the compressor, an initial density
perturbation nﬁ(’g with the wavelength A = 27 /k has been
specified and the ratio |n; x(z, s)|/n(s) has been calculated
throughout the compressor, where ;. isgiven by Eq. (29)
(note that the absolute value |n; (s, z)| is a function of
s only). The amplification factor G(s) for the density
perturbations is defined as

80 | .

60 | .

Gt

0 e . T
0 25 50 75 100

A (um)

FIG. 4. Amplification factor G, as a function of wavelength
for the zero beam emittance and o, = 3.0 X 107°.
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s (m)

FIG. 5. Amplification factor G(s) fore = 1 um, o, = 3.0 X
1075 for three values of A: (1) A =50 um, (2) A = 20 um,
and (3) A =5 um.

1.4 (s, 2)]
C(s)niy

which characterizes the growth of the relative density per-
turbation of the beam [the linear beam density n(s) in-
creases by a factor of 8.3 at the end of the compressor].

To illustrate the dependence of the amplification factor
on the energy spread and the beam emittance, in addition
to the nominal LCLS beam parameters listed above, we
performed calculations for 10 times smaller energy spread
o, = 3.0 X 107% and zero beam emittance. The amplifi-
cation factor at the end of the chicane G, as a function of
theinitial wavelength of the modulationisshownin Figs. 3
and 4 for four cases of various beam emittance and energy
spread. We see that both alarger energy spread and the fi-
nite beam emittance in Fig. 3 result in the strong suppres-
sion of the growth relative to the case o, = 3.0 X 107°,
e = 0 shown in Fig. 4.

The profile of the amplification factor G(s) for sev-
eral different wavelengths inside the bunch compressor is
shown in Figs. 5-7.

G(s) = (42)

:I T T T T
15 F :
o 1F 1 .
0.5 — 2 -
I 3
0 b ] T e e e e e e s e
0 5 10 15 20

s (m)

FIG. 6. Amplification factor G(s) for e =0, o, = 3.0 X
1075 for three values of A: (1) A =50 um, (2) A = 20 um,
and (3) A =5 um.
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AL B B B
30 F ]
3] ]
o 20 N
10 | 1 .
[ 2]
........... ) —

0 5 10 15 20

s (m)

FIG. 7. Amplification factor G(s) for e =0, o, = 3.0 X
1076 for three values of A: (1) A = 50 um, (2) A =20 um,
and (3) A =5 um.

VIl. CONCLUSION

In this paper we developed a linear theory describ-
ing self-induced microbunching of a beam in a magnetic
bunch compressor. The microbunching results from the
microwave instability driven in a self-consistent way by
the coherent synchrotron radiation of the short-wavelength
modulation. Solving the linearized Vlasov equation with
longitudinal and radial degrees of freedom has provided a
new description of the effect of CSR in bunch compressors.
Including the transverse motion has facilitated a proper de-
scription of the bunching resulting from the CSR produced
energy deviations. Also, the Landau damping due to the
transverse emittance has proved to be an important stabi-
lizing influence. The approach we presented here is com-
plementary to numerical simulation of the problem since
the approximations made are different, as are the sources
of numerical error.

The techniques developed in this paper are aso appli-
cable to investigation of CSR induced instabilities in stor-
agerings. A dispersion relation describing the growth rate
of the microwave instability in a storage ring is derived
in Appendix B using the smooth approximation for the
transverse optics. A detailed analysis of the microwave in-
stability driven by CSR in storage rings will be givenin a
Separate paper.

Numerical calculation for the latest design of the LCLS
bunch compressor shows that an initial density perturba
tion with a wavelength in the range of 30-100 um is
dlightly amplified by a factor less than 2.

We emphasize here that the wake Eq. (11) used in this
paper may not be applicable for very short wavelength. In-
deed, this wake was derived for a bunch that is infinitely
thin in the transverse direction and assumes that al par-
ticles in the cross section of the bunch radiate coherently.
However, the transverse coherence length 7, ~ A2/3R!/3
decreases with the wavelength and at some point becomes
smaller than the transverse dimension of the beam. For
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such wavelength, one has to use a wake that takes into ac-
count the transverse dimension of the beam.

ACKNOWLEDGMENTS

We thank P. Emma who calculated the LCLS bunch
compressor optical functions. Thiswork was supported by
the U.S. Department of Energy Contracts No. DE-ACO3-
76SF00515 and No. DE-AC02-98CH10886.

APPENDIX A: DISCUSSION OF EQ. (37)
Let us consider the factor

J
F = Rs(s,s') Sl
ap

20
+Rs(s,s") =
i ap

K s/

+ Rse(s, s') (l +u %> (A
ap

appearing in Eqg. (36) and rewrite it in aform that clarifies

its physical meaning. The dispersion specified in Eq. (5)

can be written as

D(s) = /BG)| B Rsi(5) (s

S,

1
+ ﬁ Rsy(s) COSlﬁ(S)i| . (A2

Substituting Eq. (A2) into Eg. (20), we find

0x a0

6_0 = ~Rsy(s"), a_o = ~Rsi(s"),

P P (A3)
9z
a_o = —Rse(s").
pls

Now, using Egs. (A3) in Eqg. (A1), the factor F can be
rewritten in the form

F = C(S)R56(S/ i S) . (A4)
where the compression factor C(s) was defined earlier in

Eg. (26), and
RSG(SI —5) = —fj Rd(ill) \/B(Sl)fj] Rd(izz)

X 4 B(s2)sin[ip(s1) — (s2)].

The physical meaning of the quantity defined in Eq. (A5)
isclear. If at position s’ the energy is changed by A p, the
increment in path length from s’ to s is Rse(s’ — s)Ap.

(A5)

APPENDIX B: DISPERSION RELATION FOR
STORAGE RING

For a storage ring, the chirp u vanishes and the com-
pression factor is equal to unity, C(s) = 1. The dispersion
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function D(s) is defined as a periodic function of s andis  calculated using expression (B1). Noticethat sinceu = 0,

given by the following equation: Egs. (32) take the form
D(s) = VB [ s’ Rsi(s,s') = Rsi(s) — Rsi(s'),
2sn(my) Js - R(s) Rsa(s,s") = Rs(s) = Ra(s"), (82)
X y[B(s)) codys(s) — ¢(s') + mv], (BI) Rse(s,s") = Rse(s) — Rse(s').
where L is the ring circumference and v isthe horizontal ~ Using Egs. (4) it easy to show that Rs(s,s’), Rs(s,s’),
tune. Rse(s, s"), and hence the kernel K (s, s’) do not depend on

Our derivation of the integral egquation (30) remains  the choice of the initia position s = 0 in the ring.
valid for the storage ring, with the kernel given by either Specifically, for the ring, the kernel Eq. (36) takes the
Eq. (35) or (36), if the matrix element Rs¢ in EQ. (4) is , form

|
K(s,s') = ikreny Z(k, s"\Rsg(s' — s)e~ K €0/2B0BR s.8)+ R (5.5 (K20 /2R (s.5), (B3)
Y

The integral equation for the ring can be simplified if one uses a smooth approximation for the ring lattice with a tune
v. In this approximation, the bending radius R is constant, 8 = R/v, = vs/R, D = R/v?, a = 0, D' = 0, and
€0 = o2v/R, where o, is the horizontal rms size of the beam. Note also that in this approximation the slip factor for
the lattice 7 is equal to 1/»%. One can show that

BR(5.5) + 5 Rl = 25 11 = cof P
Rsols. s) = =25 (0 =5, (B4)

The kernel Eq. (B3) takes the form:

K(s,s') = Ki(s — s') = —i rez”b kZ (k) [_5 Sin(L_sl)) +5— S/}<km/u>2{1cos[u<ss'>/1e>]}1/2<kcr,)/v2)2<ss'>{
vey 14 (BS)

Thiskernel depends only on the difference s — s/, and one | irom, o R us
can use the Laplace transform to cast it into an algebraic 1= —eT kZ(k)] ds e’”[s - = sin?}
for the Laplace image 8 (u), vy 0 v

% e—(lex/V)z[l—COS(VS/R)]—(ICO',,/V2)252/2'

bl = [ dsatoe, (86)
g;ﬂgé;l r;,?g%g gk(s). Applying the Laplace transform to [1] H.H. Braun, R. Corsini, L. Groening, F. Zhou, A. Kabel,
’ 0 T. Raubenheimer, R. Li, and T. Limberg, Phys. Rev. ST
. 2 () Accel. Beams 3, 124402 (2000).
8i(p) = 1_7f<() [2] P Emma and R. Brinkmann, in Proceedings of the 1997
R K Particle Accelerator Conference, Vancouver, Canada
where K (u) is the Laplace transform of the kernel K/ (s), (IEEE, Piscataway, NJ, 1997).
% [3] S. Heifets and G. Stupakov, SLAC Technical Report
k(u) = f ds e ™K, (s), No. SLAC-PUB-8761, 2001.
0 [4] M. Borland and P. Emma (private communication).
and [5] The LCSL Design Study Group, SLAC Report
No. SLAC-R-521, 1998.
A (0) . * (0) — s [6] T.Limberg, P. Piot, and E. A. Schneidmiller, Nucl. Instrum.
8 (m) = 0 ds gy (s)e*. Methods Phys. Res., Sect. A 475, 353 (2001).
) ) o ] [7] E.L. Sadin, E.A. Schneidmiller, and M. V. Yurkov, Nucl.
The dispersion relation is defined by the zeros of the de- Instrum. Methods Phys. Res., Sect. A 483, 516 (2002).
nominator, K(u) = 1. For the kernel given by Eqg. (B5), [8] S. Heifets and G. Stupakov, SLAC Technical Report
this equation gives No. SLAC-PUB-8988, 2001.
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