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Novel single shot scheme to measure submillimeter electron bunch lengths
using electro-optic technique
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A novel, single shot, nondestructive scheme to measure the bunch length of submillimeter relativistic
electron bunches using the electro-optical method is described. In this scheme, the birefringence in-
duced by the electric field of the electrons converts the temporal characteristics of the bunch to a spatial
intensity distribution of an optical pulse. Electric field characteristics, induced birefringence, and retar-
dation are calculated for a few typical electron beam parameters and criteria limiting the resolution are
established.
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I. INTRODUCTION

In the past decade, the bunch lengths of electrons in
accelerators have decreased dramatically to a few mil-
limeters (�10 ps pulse duration) [1,2], and are becom-
ing still shorter. The measurement of bunch lengths and
their longitudinal distributions have been a topic of re-
search in a number of institutions [3–8]. One of the tech-
niques adopted successfully in the mm regime is to use the
electric field induced by the passage of relativistic elec-
trons to change the optical characteristics of a birefringent
crystal [5–8]. Well-established electro-optic (EO) tech-
niques can then be used to measure the temporal char-
acteristics of the electron bunch. Although the inherent
response of the crystal is in the femtosecond regime [9],
the resolution in direct, single shot measurements of bunch
lengths so far has been limited to 70 ps, by the band-
width of the detection equipment [10]. Use of a streak
camera can improve this resolution to a few picoseconds.
A number of schemes to measure subpicosecond electron
bunches have been proposed so far. These include [6,11]
characterizing the frequency shift of a laser spectrum by
the electron bunch, measuring the spectral content of a
frequency chirped laser pulse modulated by the electron
beam, performing autocorrelation measurements, and us-
ing the frequency resolved optical gating technique to de-
termine both the frequency and time distribution of the
laser beam transmitted through a birefringent crystal. In
this paper we propose a novel, nondestructive, single shot
approach that would convert the density profile of the elec-
tron bunch in time to the spatial information of the laser in-
tensity and improve the resolution to tens of femtoseconds.
The criteria to obtain subpicosecond resolution are also
derived.
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II. MEASUREMENT OF SUBPICOSECOND
ELECTRON BUNCH LENGTH

The conceptual experimental arrangement is shown in
Fig. 1. A short, polarized laser pulse, focused by a cylin-
drical lens to form a line focus, propagates along the x
axis. A thin birefringent crystal is positioned at the waist
of the laser beam so that the laser beam passes through the
crystal. The relativistic electron bunch propagates simulta-
neously above the crystal, but not intercepted by it, along
the y axis, parallel to the length of the crystal, and at a
distance r from the laser beam. The laser intensity trans-
mitted by the crystal is passed through a crossed analyzer
and detected by a linear detector array. For relativistic
electrons, the induced electric field radiates from the elec-
trons, normal to the direction of propagation. Hence, only
the section of the crystal directly below the electron bunch
will experience a time dependent change in the refractive
index. Thus, the line focused, short laser pulse arriving
at the crystal simultaneously undergoes a position depen-
dent phase retardation that is proportional to the charge
distribution of the electron beam directly above it. When
viewed through the crossed analyzer and detected by the
linear array, the spatial distribution of the transmitted laser
energy is thus a measure of the temporal distribution of the
charge in the electron bunch.

III. THEORY

Let us consider a focused electron beam of charge den-
sity s, and bunch length d. Let this relativistic charged
particle beam move along the y axis, parallel to the length
of a birefringent crystal and above the crystal, as shown in
Fig. 2.
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FIG. 1. (Color) Simplified schematic of the experimental arrangement to measure subpicosecond electron bunches. The red arrow
denotes the laser beam traveling through the crystal and crossed polarizers along the x axis to the CCD. The x dimension of the
laser beam is determined by its pulse duration while the y and z dimensions are determined by the cylindrical focusing element
used. The yellow arrow denotes the electron beam traveling along the y axis above the crystal.
The electric field in the crystal at a distance r from the
electron beam, due to the charge sdy can be written as

d �E � �g�4p´0�sdy�´r2 �r . (1)

´ is the dielectric constant of the crystal in the z direction
and g is the relativistic Lorentz factor. The field falls off
rapidly along the y axis, beyond the extent of the bunch
length, due to Lorentz contraction. Hence the major com-
ponents of the field can be written as

dE�x, t� � �g�4p´0�sdy�´r2�x��� ? r���� , (2)

dE�z, t� � �g�4p´0�sdy�´r2�z��� ? r���� . (3)

Three sets of electron beam parameters are listed in
Table I. Numerical calculations for the corresponding
field distributions Ez (Figs. 3a–5a) and Ex (Figs. 3b–5b)
at 1 mm from the beam are shown below.

When this time dependent electric field is applied to
an anisotropic crystal, the refractive index ellipsoid of the
crystal undergoes a time dependent modulation. The equa-
tion of the index ellipsoid for an anisotropic crystal in the
presence of an external electric field is given by [12]

Z Crystal

Y 

X 

FIG. 2. (Color) Schematic of the focused electron beam (orange)
traveling above the crystal and inducing a transient electric field
in the crystal.
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where x, y, and z are coordinates parallel to the principal
dielectric axes of the crystal when no field is present. n1,
n2, and n3 are the indices of refraction along x, y, and z,
respectively, rij are the elements of the electro-optic tensor,
and Ej ( j � 1, 2, 3) are the components of the applied
field along x, y, and z.

rijEj � ri1E1 1 ri2E2 1 ri3E3 . (5)

As can be seen from Eq. (4), the principal axes of the
index ellipsoid in the presence of the electric field are in
general not aligned with the axes of the field-free crystal,
but rotated by an angle f. To obtain the velocity of a laser
beam through the crystal in the presence of this electric
field, the principal axis (Xi) and the refractive indices (Ni)
of the modulated crystal have to be calculated.

When a laser beam travels through the crystal, a retarda-
tion is introduced between the two orthogonal components
(resolved along the new principal axes) of the laser beam
due to the difference in the principal indices of refraction.
This retardation can be written as

d �
2p

l

Z L

0
�Nj 2 Ni� dxk , (6)

where xk is the direction of propagation of the laser beam
while L is the thickness of the crystal through which the
laser beam propagates.

When the crystal is placed between crossed polarizers,
the intensity modulation in the laser beam traversing the
crystal, observed after the analyzer, can be written as
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TABLE I. Three sets of electron beam parameters for the electric field simulations.

Bunch Shown
duration/length Radius Charge Energy Transverse Longitudinal in

ps�mm mm nC MeV profile profile Figs.

3�900 50 1 45 Gaussian Gaussian 3a,3b
Line charge, Line charge,
Gaussian in Gaussian in

2�600 50 3 9000 y y 4a,4b
Line charge, Line charge,
Gaussian in Gaussian in

0.08�24 50 3 9000 y y 5a,5b
I � Io sin2�2u 1 2f� sin2 d

2
, (7)

where Io and I are the intensities of the laser beam incident
on the crystal and exiting the analyzer, respectively, u is
the angle made by the E vector of the laser beam with the
y-z plane, and f specifies the field dependent orientation
of new principal axes with respect to the old ones.

In subsequent sections, lithium niobate (LiNbO3), a tri-
gonal crystal with large electro-optic coefficients, is used
as an example for calculating the rotation of the principal
axes and the retardation introduced in a laser beam due
to a relativistic charge bunch. The equation for the index
(a)

 

(b)

FIG. 3. (Color) (a) Distribution of Ez for an electron beam of 3 ps bunch length, 45 MeV energy, and 1 nC charge with Gaussian
distributions truncated at 1�e in both transverse and longitudinal dimensions. (b) Distribution of Ex for an electron beam of 3 ps
bunch length, 45 MeV energy, and 1 nC charge with Gaussian distributions truncated at 1�e in both transverse and longitudinal
dimensions.

(a)

(b)

FIG. 4. (Color) (a) Distribution of Ez for an electron beam of 2 ps bunch length, 9000 MeV energy, and 3 nC charge with line
charge; Gaussian distribution in y, truncated at 1�e. (b) Distribution of Ex for an electron beam of 2 ps bunch length, 9000 MeV
energy, and 3 nC charge with line charge; Gaussian distribution in y truncated at 1�e.
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(a) (b)

FIG. 5. (Color) (a) Distribution of Ez for an electron beam of 80 fs bunch length, 9000 MeV energy, and 3 nC charge with line
charge; Gaussian distribution in y truncated at 1�e. (b) Distribution of Ex for an electron beam of 80 fs bunch length, 9000 MeV
energy, and 3 nC charge with line charge; Gaussian distribution in y truncated at 1�e.

TABLE II. Angle of rotation of principal axes of the crystal f, induced by the electric field for three possible propagation directions
of the optical and electron beams.

Direction of
propagation

Direction of propagation of laser light

of charge bunch x y z

x f � 1
2 tan21� 36.4310212Ey

20.01613.4310212Ey221.1310212Ez
� f � 0 f � 0

y f � 0 f � 1
2 tan21� 36.4310212Ex

20.016221.1310212Ez
� f � 6p�4

z f � 1
2 tan21� 36.4310212Ey

20.01613.4310212Ey
� f � 1

2 tan21� 36.4310212Ex

20.01623.4310212Ey
� f � 1

2 tan21� Ex

Ey
�

TABLE III. Total retardation d experienced by the laser beam for three possible propagation directions of the optical and electron
beams. It is assumed that the optic axis is along the z direction, and the electric field along the direction of propagation is zero for
charge bunches with g ¿ 1.

Direction of
propagation

Direction of propagation of laser light

of charge bunch x y z

x d � 2�1.19 3 106�L d � 2�1.19 3 106�L d � 2�0.0011�
RL

0 Ey dz
2 �0.0014�

RL
0 Ez dx 2 �0.0014�

RL
0 Ez dy 1 �6.69 3 10214�

RL
0 EyEz dz

1 �0.0003�
RL

0 Ey dx 1 �0.0003�
RL

0 Ey dy 2 �3.51 3 10224�
RL

0 EyE2
z dz

2 �2.97 3 10212�
RL

0 E2
y dx 1 �1.95 3 10213�

RL
0 E2

z dy 2 �9.13 3 10225�
RL

0 E3
y dz 1 · · ·

1 �1.95 3 10213�
RL

0 E2
z dx 2 �1.67 3 10214�

RL
0 EyEz dy

2 �1.67 3 10214�
RL

0 EyEz dx 1 · · · 2 �3.69 3 10215�
RL

0 E2
y dy 1 · · ·

y d � 2�1.19 3 106�L d � 2�1.19 3 106�L d � 2�0.0005�
RL

0 Ex dz
2 �0.0014�

RL
0 Ez dx 2 �0.0014�

RL
0 Ez dy 1 �3.34 3 10214�

RL
0 ExEz dz

1 �1.95 3 10213�
RL

0 E2
z dx 1 �2.96 3 10212�

RL
0 E2

x dy 2 �1.76 3 10224�
RL

0 ExE2
z dz

2 �2.51 3 10223�
RL

0 E3
z dx 1 · · · 1 �1.95 3 10213�

RL
0 E2

z dy 1 · · · 2 �1.14 3 10225�
RL

0 E3
x dz 1 · · ·

z d � 2�1.19 3 106�L d � 2�1.19 3 106�L d � 2�0.0005�
RL

0 Ex dz

1 �0.0003�
RL

0 Ey dx 2 �0.0014�
RL

0 Ez dy 2 �0.0007�
RL

0
E2

y
Ex

dz

2 �2.97 3 10212�
RL

0 E2
y dx 1 �0.0003�

RL
0 Ey dy 2 �1.14 3 10225�

RL
0 E3

x dz 1 · · ·

2 �5.71 3 10222�
RL

0 E3
y dx 1 · · · 2 �2.96 3 10212�

RL
0 E2

x dy

2 �5.92 3 10212�
RL

0 EyEx dy

2 �3.69 3 10215�
RL

0 E2
y dy 1 · · ·
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ellipsoid for LiNbO3 (plane of reflection symmetry is per-
pendicular to x) in the presence of the applied field is as
follows:
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∂
1

y2

µ
1
n2

o
1 r22Ey 1 r13Ez
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1 z2
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e
1 r33Ez

∂
1

2yz�r42Ey� 1 2xz�r42Ex� 2 2xy�r22Ey� � 1 ,
(8)

where x, y, and z are parallel to the principal axes of
the crystal when no field is present. no and ne are the
indices of refraction along and orthogonal to the optic axis,
respectively. z is the optic axis. Ex , Ey , and Ez are the
components of the applied field along x, y, and z.

Tables II and III show the rotation of the index ellipsoid
and the total retardation (expanded as a double Taylor se-
ries) for the three different directions of propagation of the
laser light and the three possible directions of propagation
of the electron bunch. The EO coefficients rij are of the
order of 10212 m�V. Hence for electric field magnitudes
,108 V�m, the integrals linear in the electric field provide
a good approximation to the series.

From Table II we see that, in four out of the nine pos-
sible cases, the rotation of the index ellipsoid is a constant.
For these four cases, the time dependent modulation arises
only from d and not from f. If the laser beam propagates
along the x axis while the electron bunch moves along the
y axis, the EO integrals for retardation are dependent only
on Ez , whereas in the other three cases the EO integrals
contain mixed terms. The absence of rotation and cross
terms makes this orientation ideal for measuring the tem-
poral characteristics of the electron bunch. In addition,
the large coefficient associated with the integral results in
larger retardation for a given electric field. It should be
noted, however, that there is a large static, time indepen-
dent retardation. In orientations where the retardation is
dependent on two components of the applied field, the
trajectory of the charge bunch relative to the laser beam
determines the dominant terms. Thus the crystal, its di-
mensions, and orientation have to be optimized to maxi-
mize the signal and minimize noise at the detector.

IV. OPERATIONAL CONSIDERATIONS

As the energy of the electron beam increases, so does
the electric field associated with it. For electron bunches of
1 nC charge with constant linear charge density, a bunch
length of 3 ps (0.9 mm), and energy values of 4.5, 45, 450,
and 4500 MeV, the z component of the electric field as a
function of y in the crystal center (x � 0) at a distance of
1 mm from the laser beam is shown in Fig. 6.

As can be seen from Fig. 6, as g ! `, Ey ! 0 and
the field is confined to the region directly below the elec-
042801-5
FIG. 6. (Color) The z component of the electric field as a func-
tion of y for electron bunches of 1 nC charge with constant linear
charge density, bunch length of 3 ps (0.9 mm) and energies 4.5
(brown line), 45 (green line), 450 (blue line), and 4500 MeV
(red line) at r � 1 mm. As g increases, the y extent of the
electric field approaches the electron bunch length shown as the
solid black bar.

tron beam, resulting in a more accurate measurement of
longitudinal charge distribution. Similar plots for identi-
cal electron beam parameters, but at a distance of 100 mm
from the laser beam are shown in Fig. 7.

The comparison between Figs. 6 and 7 indicates that
for a given charge and bunch length, lower energy electron
beams need to be much closer to the laser beam. Hence, for
low energy electron beams, lower emittance and smaller
spot size are necessary.

The length of the crystal that is illuminated by the laser
beam must clearly be longer than the electron bunch length.
However, the optimum length is determined by the avail-
able optical energy, sensitivity of the detection system, and

FIG. 7. (Color) The z component of the electric field as a func-
tion of y for electron bunches of 1 nC charge with constant linear
charge density, bunch length of 3 ps (0.9 mm) and energies 4.5
(brown line), 45 (green line), 450 (blue line), and 4500 MeV
(red line) at r � 0.1 mm. The electron bunch length is shown
as the solid black bar.
042801-5
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temporal jitter between the electron and laser beam. Since
the temporal characteristics of the electron beam are con-
verted into spatial information of the laser beam, timing
jitter between the electron and laser beams is seen as the
variation in the spatial location of the laser beam modu-
lated by the electron beam. Hence, the line focus must
be long enough to accommodate this variation. However,
since the total optical energy is distributed over this length,
the energy density of this beam available for modulation is
decreased proportionately. Using a typical diode array of
1024 elements, crystal length of 1 cm and laser energy of
�100 pJ in a 1 cm line focus, jitter up to 30 ps can be tol-
erated as well as measured with this scheme. Mode locked
lasers that are phase locked to external rf clocks with jit-
ter ,2 ps are commercially available. If two pulses are
selected from this mode locked pulse train using a Pock-
ell’s cell, and one is used to generate the electron bunch
while the other is used for bunch length measurement, the
overall jitter between the electron and the laser pulse can
be kept to well under the 30 ps requirement. A number
of laser-electron bunch interaction experiments have been
successfully completed [13] indicating that such synchro-
nization is indeed feasible.

The choice of the crystal thickness is dictated by the
following factors.

(1) The electric field induced by the electron bunch:
As shown in Table II, the total retardation experienced
by the laser beam is directly proportional to the electric
field and the effective length of the crystal. Hence, the
larger the field, the smaller is the thickness required. As
shown in Figs. 3a and 3b, the range of x values over which
Ez remains constant and Ex is �0 is very narrow. The
crystal thickness has to be comparable to this range as
well. Crystals with thickness �100 mm are commercially
available. Thinner films have also been successfully grown
[14] to meet this requirement.

(2) Bunch length and resolution: The thickness of the
crystal needs to be significantly smaller than the bunch
length. One of the factors limiting the resolution is the
distance traveled by the electron bunch during the transit
time of the laser beam through the crystal. The transit time
of the laser beam through a birefringent crystal of 30 mm
thickness is 200 fs for a refractive index of 2. The relativis-
tic electron bunch traverses 60 mm during this time. If the
electron bunch length is 30 mm, this gives rise to a large
uncertainty in the bunch length measurement. To reduce
the uncertainty due to this movement and improve the reso-
lution for ultrashort electron pulse durations, either this
effect needs to be deconvoluted from the observed modu-
lation or a thinner crystal has to be used.

(3) Mechanical stability: As the ratio between the
length and thickness of the crystal increases, mechanical
integrity comes into question. Issues such as surface flat-
ness and quality, parallelism between the two faces, and
strain-induced birefringence need to be evaluated prior to
measurement. Birefringent crystals with thickness as small
042801-6
as 30 mm are available and would be suitable for these
measurements.

(4) Radiation damage: Since the crystal is exposed to
both the relativistic particles and x-ray beams, the radiation
hardness of the crystal is another important consideration.
Radiation damage studies [15] on lithium niobate crystals
indicate that exposure up to 50 Mrad of gamma radiation
does not affect the transfer characteristics and hence the
optical properties of the modulator. In our experiments,
when the 50 MeV, 1 nC electron bunch was deliberately
steered into the birefringent crystal, we observed opacity
of the crystal with opacity decay time of a few hours,
after which the optical properties were restored to original
values. Since in this scheme, the electron beams are not
intercepted by the crystal, but typically interact through the
electric field, we do not anticipate any damage. Indeed,
except for the opacity mentioned before, no damage was
observed to the lithium niobate crystal in the presence of
the relativistic electron beam in more than three years of
studies.

Optical parameters: Since the electric field in the crystal
must be constant across the transverse dimension, h of
the laser beam, a tight focus (h ø r) in the z direction
is required. This tight focusing also increases the number
of photons/pixel of the detector. A well-defined spatial
profile of the laser beam along the y axis is essential. To
preserve the fidelity of the temporal characteristics of the
electron bunch, the pulse duration of the laser beam must
be a small fraction of the electron pulse duration.

For an electron beam traveling along the y axis and the
laser light along the x axis, f � 0. If the polarization
of the E vector of the incident beam is set at 45± to the
field-free optic axis (u � 45), Eq. (7) can then be rewritten
as

I�t� � I0�h 1 sin2�db 1 d�t��� , (9)

where h is the intensity extinction coefficient of the op-
tical arrangement (fraction of the transmitted intensity in
the absence of the crystal), db is the static retardation, and
d�t� is the time dependent component of the retardation.
Figure 8 represents the dependence of the transmitted in-
tensity as a function of the total retardation.

In general, a wave plate is placed after the crystal so
that the total static retardation is �p�4 where the oper-
ating region has the maximum linear dependence on the
field. However, the time independent component arriv-
ing at the detector is nearly half the input intensity, which
needs to be suppressed in order to measure the time de-
pendent component. This requirement necessitates a very
low noise laser as well as the capability to ac couple the
signal. Choosing the operating regime in low db reduces
the magnitude of the time independent component. How-
ever, the dependence of the signal on the field is sublinear,
resulting in a smaller signal, but a higher modulation.
042801-6
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FIG. 8. (Color) Dependence of the transmitted signal as a func-
tion of the total retardation.

V. CONCLUSION

The analysis shows that the pulse duration of subpi-
cosecond electron bunches can be determined using this
novel, single shot, nondestructive, electro-optic technique
that is relatively insensitive to the timing jitter between
the electron and the laser beam. Choices of the birefrin-
gent crystal, laser beam, and optical arrangement are de-
termined critically by the electron beam parameters. As
the electron bunch length gets shorter, the induced elec-
tric field would contain high frequency components in the
terahertz range. At these frequencies, the refractive in-
dices are modified not only by the electronic contribution
included in this analysis, but also by ionic contributions
through optical phonon interaction. Hence more detailed,
crystal specific, analysis is required for EO modulation by
electrons with bunch lengths shorter than 30 mm.
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