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Misalignment effects of segmented undulator in self-amplified spontaneous emission
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Effects caused by misalignment of undulator segments on the gain of a free electron laser (FEL) based
on the process of self-amplified spontaneous emission are theoretically studied. The well-known FEL
equations are solved analytically and numerically with boundary conditions describing the misalignment
effect in order to obtain the amplification gain as a function of the distance from the undulator entrance.
The two worst cases of alignment are considered. One is that the phase slip over the drift section between
the adjacent segments is p, and the other is that the radiation is cut off at the drift section. Calculations
show that if the undulator segment is several times as long as the gain length, the radiation power is
close to that of no segmentation in both cases.
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I. INTRODUCTION

In x-ray free electron laser (FEL) projects based on the
process of self-amplified spontaneous emission (SASE),
e.g., Linac Coherent Light Source [1], TESLA [2], and
SPring-8 Compact SASE Source [3], a long undulator
(typically longer than 20 m) is to be installed. In such
a case, the undulator is usually divided into several seg-
ments to provide drift sections for installation of focusing
magnets and beam-diagnostics instruments. In order to re-
alize the x-ray FEL, the whole undulator should have good
performances as well as the accelerator.

To date, a great number of undulators have been con-
structed and installed in many synchrotron radiation facili-
ties, which has improved the technologies necessary for
undulator development. The support structure has good
mechanical tolerances and the magnetic fields are precisely
measured and finely corrected. By means of these tech-
nologies, it is possible to construct one undulator segment
close to an ideal device with low phase errors and electron-
orbit deviations.

What is more important to realize the x-ray FEL is an
alignment of each segment. The electron path length over
the drift section should be adjusted (longitudinal align-
ment) to obtain good phase matching between radiation
fields emitted from adjacent segments. The electron de-
flection and displacement should be kept small (trans-
verse alignment) to ensure overlap of the electron and
photon beam.

For the longitudinal alignment, optimization of the end
structure of the undulator magnet is necessary. Further-
more, the undulator gap should be fixed to ensure the
phase-matching condition, because the phase slip over the
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drift section is a function of the magnetic strength of
the undulator. For the transverse alignment, steering mag-
nets placed in the drift section or alternative schemes are
used to correct the electron orbit with the beam-based
alignment technique [4,5] that uses beam position moni-
tor readings as a function of deliberate variations in the
electron energy. Thus, both alignments cause a lot of
trouble in the operation of the accelerator.

Here we pose one question. Is the alignment really nec-
essary? What is important for the amplification process in
SASE is the density modulation or bunching in the elec-
tron beam. Even if the phase matching or overlap between
the photon and electron beams is completely lost at the
drift section due to bad alignment, the density modulation
is conserved. We can therefore expect much more intense
radiation than is obtained for the spontaneous emission.
Under several conditions, the intensity may be close to
that obtained for the ideal FEL. In order to discuss the
problem concretely, let us consider simply the amplifica-
tion process of FEL. The electric field of radiation in FEL
is roughly scaled as e

p
3 z�2Lg [6] where z is the distance

from the undulator entrance and Lg the gain length. If the
length of one segment is 5 times as long as Lg, the power
at the exit of the segment is calculated as e5

p
3 � 5770

times as large as that at the entrance. This means that the
radiation emitted from the preceding segment contributes
little to the total power. In other words, we can expect the
same radiation intensity regardless of the optical relation
between segments.

The qualitative discussions above suggest that if one seg-
ment of the undulator is sufficiently long compared to the
gain length, neither longitudinal nor transverse alignment
is important; rather, the radiation from the upstream can be
cut off to stabilize the operation. The purpose of this article
is to investigate quantitatively the effect of misalignment.
The two worst cases are considered. One is that the over-
lap of the electron and photon beams is completely lost
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due to the transverse misalignment, and the other is that
the phase slip over the drift sections between adjacent seg-
ments is equal to p due to the longitudinal misalignment.
We call the former optical cutoff because the photon beam
seems to be intercepted by an optical shutter at the drift
sections and the latter phase flip.

II. THEORY

Let us consider an undulator composed of several seg-
ments with the length of L and drift sections in between
as shown in Fig. 1. The phase-slip error (longitudinal mis-
alignment) and degradation of the electric field (transverse
misalignment) are assumed to be the only effects caused
by the drift sections on the amplification process. Other
possible effects are neglected because they are small as
shown by Kim et al. [7,8]. All equations are written in the
one-dimensional case using SI units. Also, the initial en-
ergy spread of the electron beam is neglected to simplify
the problem. Three-dimensional and energy-spread effects
will result in the lengthening of the gain length Lg to be
introduced later. The three-dimensional gain length Lg,3D
with the energy spread taken into account can be evalu-
ated by the universal scaling function developed by Xie
et al. [9] and is about 1.1–2 times longer than Lg. Thus,
the following discussions can be applied to the case when
the three-dimensional and energy-spread effects are taken
into account, by replacing Lg with Lg,3D.

A. FEL equations

The equations describing the FEL process are [10]

g0
j � 2

2kuD1

g0
�Eeicj 1 c.c.� , (1)

c 0
j �

2ku�gj 2 g0�
g0

2 Dku , (2)

E0 �
kuD2

2g0
�e2icj � , (3)

with

D1 �
eK�JJ�
2mc2ku

,

D2 �
n0m0ec2K�JJ�

ku
,

FIG. 1. Undulator composed of several segments with the length of L. In the drift sections, focusing magnets (indicated by Q)
and beam position monitors (BPM) are installed.
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�JJ� � J0

µ
K2�4

1 1 K2�2

∂
2 J1

µ
K2�4

1 1 K2�2

∂
,

Dku � ku

µ
v

v1
2 1

∂
,

v1 �
4pcg2

lu�1 1 K2�2�
,

where E is the electric field of the amplified radiation, gj

and cj the energy and phase of the jth electron, K and
2p�ku the deflection parameter and periodic length of the
undulator, n0 the number of electrons per unit volume, v

the energy of the amplified radiation, and the prime denotes
differentiation with respect to z, the distance along the
undulator axis.

Now let us consider the case with a certain phase jump
Dc existing at the drift space. In this case, the phase
growth equation (2) should be modified to

c 0
j �

2ku�gj 2 g0�
g0

2 Dku 1 D�z� ,

with

D�z� �
X̀
n�1

d�z 2 nL�Dc ,

where d�z� is a delta function. Let us introduce a new
phase

fj � cj 2 Q�z� 1 Dku ,

with

Q�z� �
X̀
n�1

u�z 2 nL�Dc ,

where u�z� is a step function. Then the FEL equations
(1)–(3) can be modified as follows:

g0
j � 2

2kuD1

g0
�EeiQ�z�2iDkuzeifj 1 c.c.� , (4)

f0
j �

2ku�gj 2 g0�
g0

, (5)

E0 �
kuD2

2g0
e2iQ�z�1iDkuz�e2ifj � . (6)
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B. Analytical solution

Now let us solve analytically the modified FEL
equations (4)–(6) within the framework of linear
approximation.

Multiplying Eq. (6) by eiQ�z� and differentiating twice,
we have the third-order ordinary differential equation

�E0eiQ�z��00 2 2iDku�E0eiQ�z��0 2

Dk2
u�E0eiQ�z�� � i�2rku�3�EeiQ�z�� ,

(7)

with

�2r�3 �
2D1D2

g
3
0

,

where we have neglected the term �fj�2 as being second
order and changed the variable from z to t defined by

t �
z

Lg
,

with

Lg �
1

2rku

being the gain length in one-dimensional form. The quan-
tity r is known as a FEL parameter and usually of the
order of 1023.

Let us look for the general solution within one segment.
In this case Q�z� is constant, therefore Eq. (7) is simplified
to

E000 2 2i

µ
Dku

2rku

∂
E00 2

µ
Dku

2rku

∂2

E0 � iE . (8)

The general solution of Eq. (8) is given by a superposi-
tion of three linearly independent solutions [11]

E �
3X

j�1

Cje
ljt ,

with lj being a solution of the dispersion relation

l

µ
l 1 i

Dku

2rku

∂2

� i .

The coefficients Cj are determined by the initial conditions0BB@
E0

E0
0

E00
0

1CCA �

0BB@
1 1 1
l1 l2 l3

l
2
1 l

2
2 l

2
3

1CCA
0BB@ C1

C2
C3

1CCA .

The solution in the nth segment is therefore expressed as0BB@ E
E0

E00

1CCA � M�z�

0BB@
En0

E0
n0

E00
n0

1CCA ,
040701-3
where En0 is the electric field at the entrance of the nth
segment and the matrix M�z� is defined as

M�z� �

0BB@ el1z el2z el3z

l1el1z l2el2z l3el3z

l
2
1el1z l

2
2el2z l

2
3el3z

1CCA
0BB@ 1 1 1

l1 l2 l3

l
2
1 l

2
2 l

2
3

1CCA
21

.

Now let us consider the boundary condition between
segments. To satisfy Eq. (6), the derivatives of E should
have discontinuous boundary conditions

lim
z!nL10

E0�z� � eiDc lim
z!nL20

E0�z� , (9)

lim
z!nL10

E00�z� � eiDc lim
z!nL20

E00�z� , (10)

while E has

lim
z!nL10

E�z� � h lim
z!nL20

E�z� , (11)

where h denotes the cutoff effect due to transverse mis-
alignment. Finally, we have the solution for the whole
undulator 0@ E

E0

E00

1A
z

� m

0@ E0
E0

0
E00

0

1A (12)

with

m � M�z 2 nL�

2
40@ h 0 0

0 eiDc 0
0 0 eiDc

1AM�L�

3
5n

.

Let us consider the initial condition where there is no elec-
tromagnetic field but the electron beam is modulated in
density at the entrance. In this case we have

E0 � 0 ,

E0
0 �

kuD2

2g0
�eifj �0 ,

E00
0 �

kuD2

2g0
iDku�e2ifj �0 .

The last two formulas are derived from Eq. (6) and its
derivative. Substituting into Eq. (12), the electric field is
calculated as

E �

µ
D2

4rg0

∂ µ
m12 1 i

Dku

2rku
m13

∂
�e2ifj � ,

where m12,13 are the elements of the matrix m. In the
case of SASE, the modulation term �eifj � plays a role
of the input signal and the electric field is expressed as
a superposition of the plane wave E. In other words, it is
given by the Fourier transform

E�z, t� �
1

2p

Z `

2`
Ev�z�e2ivt dv ,
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with

Ev � S�v, z�
Iv

I0
E0 ,

S�v, z� � m12 1 i
Dku

2rku
m13 ,

E0 �
D2

4rg0
,

where Iv is the Fourier transform of the electron beam
current and I0 the average beam current. The power den-
sity is calculated as

dP
dS

�
e0c
pT

Z `

0
�jEv�z�j2� dv .

Let us define a normalized power k as the power of the
amplified radiation normalized by the electron beam power
calculated as

k �
r

Nl

Z `

0
jS�v, z�j2

dv

v1
,

with

Nl �
2pI0

ev1
,

being the number of electrons per resonance wavelength,
l1 � 2pc�v1.

C. Numerical integration

In order to investigate the amplification process near sat-
uration, the FEL equations (1)–(3) are solved numerically
with boundary conditions (9)–(11) and initial conditions
described later being taken into account. It should be noted
that the SASE process is time dependent, i.e., the ampli-
fied radiation advances the electron by the resonance wave-
length while the electron travels the periodic length of the
undulator, lu � 2p�ku. We therefore divide the electron
bunch into many boxes with the length of l1, solve the
FEL equations in each box to obtain the amplified field,
and then transfer it into the preceding box after advancing
the electron beam by lu [12]. The normalized power is
obtained by averaging the power in all boxes, and the spec-
trum is obtained by Fourier transformation of the electric
field in each box.

In SASE simulation, the initial condition of the density
modulation, or the shot noise, should be taken into account
carefully. Ideally, the FEL equations should be solved for
all the electrons in the beam bunch. Needless to say, it is
impractical to perform such a computation because of the
limited CPU time. We have to substitute a limited number
of macroparticles for all the electrons. In order to obtain
a reasonable result with less CPU time, we have adopted
the procedure developed by Penman et al. [13]. Because
the electron has a random phase, the values j�e2ifj �j2 in
each box will be distributed with the negative exponential
distribution given by
040701-4
p�j�e2ifj �j2� �
1

Nl

exp

µ
2
j�e2ifj �j2

Nl

∂
.

In order to reproduce this distribution, the initial electron
phase is determined by the equation

fj �
2p

Nm

µ
j 2

1
2

∂
1 �2r 2 1�

s
3Nm

Nl

,

where r is a pseudorandom number uniformly distributed
between 0 and 1, and Nm is a number of macroparticles in
each box.

III. NUMERICAL RESULTS

Now let us investigate the misalignment effect of
the segmented undulator in SASE using the analytical
formulas derived in Sec. II B and the numerical solution
described in Sec. II C. The parameters considered are
summarized in Table I. The total length of the undulator is
assumed to be 15Lg and four cases of numbers of segments
are considered: 1, 3, 10, and 15. If the entire bunch is
taken into account, the number of boxes to be considered,
Nb , is calculated as 0.15 �mm��3.6 �nm� � 4.2 3 104.
In order to save the computation time, we have reduced
Nb to 500 and confirmed that applying a longer bunch
length does not change the result significantly.

A. Optical cutoff

First the optical cutoff effect is considered. In this case,
both h and Dc are equal to 0. Figure 2 shows the de-
pendence of the normalized power �k�r� on the normal-
ized distance from the undulator entrance �t� for different
numbers of undulator segments calculated with the two
methods, i.e., analytical and numerical solutions of FEL
equations.

In each figure, the numerical solutions in the exponen-
tial gain regime are in good agreement with the analytical
ones. In the case of no segmentation, the normalized power
saturates around t � 13 and has the maximum value of
r. The discontinuity observed at the drift section be-
tween segments is due to the optical cutoff. In the case

TABLE I. Electron beam and undulator parameters. The num-
ber of boxes �Nb� and macroparticles �Nm� used for numerical
integration are also shown.

Electron energy 1 GeV
Bunch charge 1 nC
Bunch length 0.15 mm
Energy spread 0
Period length 15 mm
K value 1.3
Total length 20 m
l1 3.6 nm
Lg 1.33 m
r 8.9 3 1024

Nb 500
Nm 100
040701-4
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FIG. 2. (Color) Normalized power k�r versus the normalized
distance t in the optical cutoff case for different numbers of
segments: (a) 3 segments, (b) 10 segments, and (c) 30 segments.
The discontinuity corresponds to the drift section. In each figure,
the no-segmentation case is also shown for comparison.

of 30 segments, the power at t � 13 is lower than the no-
segmentation case by an order of 4. In the case of three
segments, however, the radiation power is restored soon
after the cutoff and the saturation length is about t � 14,
just a little longer than the no-segmentation case.

B. Phase flip

Next the phase-flip effect is considered. In this case, h

and Dc are equal to unity and p , respectively. Figure 3
shows the dependence of k�r on t for different numbers
of undulator segments. Again, the numerical solutions are
in good agreement with the analytical ones.

For the 3-segment case, we can observe a small dip
soon after the drift space. Clearly the radiation power is
040701-5
FIG. 3. (Color) Same as Fig. 2, but for the phase-flip case.

dissipated to accelerate the electrons. In all cases of seg-
mentation, the efficiency does not saturate before the end
of the undulator; however it should be noted that amplifica-
tion occurs in spite of the antiresonance condition. We can
find the reason in Fig. 4 where the spectrum of the ampli-
fied radiation, or the dependence of jEvj

2 on Dku��2rku�,
is plotted for different values of t. The spectrum is nor-
malized so that the power obtained by integration over Dku

is equal to unity. In the case of no segmentation, the radia-
tion around the resonance energy �Dku � 0� is amplified.
On the other hand, no amplification takes place at the res-
onance energy in the case of 30 segments because of the
antiresonance condition, while there are two different en-
ergies where amplification occurs. However, such a peak
split is in general undesirable for the user of the FEL. In
any case, the number of segments should be as small as
possible to obtain high gain.
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FIG. 4. (Color) Growth of radiation spectrum. The nor-
malized spectrum is shown for different distances from the
undulator entrance: (a) t � 1, (b) t � 4, (c) t � 6, and
(d) t � 10. Two cases with no segmentation and 30 segments
are shown.

C. Achievable power

In order to determine the minimum length per segment
which can release us from the alignment troubles, let us
040701-6
FIG. 5. (Color) Achievable power as a function of the undulator
length per segment. The two cases of misalignment are shown.

calculate the maximum power obtained from the FEL sys-
tem. Let us call it achievable power. We should consider
two cases. If the FEL radiation is before saturation, the
achievable power is equal to the power at the undulator
exit, while it is regarded as the saturation power after satu-
ration. Figure 5 shows the achievable power as a function
of the undulator length per segment �L�. If L is longer
than 2Lg, achievable power higher than 0.5r is obtained.
This is one-half of the saturation power r. Therefore, we
can regard L . 2Lg as the condition which allows us to
omit both alignments. Let us call hereafter the undulator
segment long if this condition is satisfied, and short if not.

IV. DISCUSSION

Now let us consider the practical case of misalignment.
Possible sources of the transverse misalignment are error
magnetic fields of the undulator and misalignment of the
focusing magnets placed in the drift section. In fact, care-
ful measurement and correction of the magnetic field will
considerably reduce the field error of the undulator, while
it may be difficult to align the focusing magnets within an
accuracy required so that the system can work as the FEL.
Thus, the possible transverse misalignment will exist at
the drift sections, which, in the worst case, leads to the
optical cutoff already discussed in Sec. III A. As for the
longitudinal misalignment, the only possible source is
the phase-slip variation due to the gap change, if the
undulator segments are placed carefully.

If the length per segment is short, we have to correct
both misalignments. This means that the focusing mag-
nets should be aligned or the magnetic fields of the steer-
ing coils placed in the drift sections should be determined
with the beam-based alignment to correct the transverse
misalignment. The undulator gap should be fixed at the
040701-6
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adequate gap where the phase slip is an integer multiple of
2p to avoid the longitudinal misalignment.

On the other hand, we do not have to take care of both
misalignments if the length per segment is long. This
means that we do not have to perform the beam-based
alignment and are free from restrictions on the available
gap. The lasing wavelength therefore can be tuned by
changing the gap instead of the electron energy. If, like
SCSS, an in-vacuum undulator [14] is adopted, the inner
vertical aperture is not limited by the vacuum vessel and
is identical to the undulator gap, which means that the
vertical aperture is also variable. Therefore, if the resistive-
wall effect is found to be a problem during operation,
we can reduce it by opening the gap as far as the lasing
condition is satisfied.
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