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Extracting edge radiation within a straight section of an electron storage ring
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Edge radiation may be extracted within a straight section of an electron storage ring by using a tilted
mirror with a hole (or slot) for passage of the electron beam and its velocity field. At wavelengths much
greater than the critical wavelength of the ring’s synchrotron radiation, the flux distribution upon the mir-
ror is almost independent of wavelength. When the reflected radiation is extracted through a nearby win-
dow, diffraction reduces the extracted flux at wavelengths exceeding �2p times the hole radius. For the
Aladdin 800 MeV electron storage ring, the extracted edge radiation may find application as a broadband
source for wavelengths of 1 mm 60 mm or as a diagnostic of the bunch dimensions.
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I. INTRODUCTION

Long-wavelength radiation may be extracted within a
straight section of an ultrarelativistic electron storage ring
by using a tilted mirror with a hole (or slot) for passage
of the electron beam [1–4]. When the hole subtends a
half-angle exceeding 1�g with respect to the entrance of
the straight section (where g is the relativistic factor), the
mirror intercepts little of the Liénard-Wiechart velocity
field produced within the straight section [5]. In this case,
the extracted radiation at wavelengths much greater than
the critical wavelength is primarily edge radiation [5–8],
which is emitted at the bending magnet edge upstream of
the straight section.

At these long wavelengths, the calculated flux distribu-
tion upon the mirror is nearly independent of wavelength
[5–8], consistent with measurements at wavelengths up to
200 mm [6,7]. A long-wavelength cutoff of the extracted
radiation is expected when the edge radiation is not effi-
ciently reflected. We previously estimated that this occurs
for wavelengths exceeding �2p times the radius of the
hole (or �2p times the half-gap of a slotted mirror) [5].
For the Aladdin electron storage ring, wavelengths exceed-
ing �60 mm are expected to be cut off with a hole radius
or half gap of 9.5 mm [5]. In contrast, a feasible large aper-
ture for ordinary synchrotron radiation or edge radiation
downstream of an Aladdin straight section is computed to
cut off wavelengths exceeding �500 mm [9].

Because the main apparent advantage of extraction
within a straight section is the increased cutoff wavelength,
it is important to verify its value by computation of the
extracted radiation. In this article, the extracted radiation
is computed by evaluating the Kirchoff scalar diffraction
integral [10] for each component of the radiation field.
We demonstrate the validity of this method by comparison
with previous results, and obtain an approximate formula
for the extracted flux. For Aladdin, we compute the spatial
distribution of extracted radiation for a mirror with no
hole that extracts edge and diffraction radiation and for
a mirror with a hole that extracts edge radiation. When
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radiation is extracted through a window in close proximity
to the mirror, the flux is cut off at wavelengths exceeding
�60 mm in both cases.

However, a mirror without a hole is not feasible at
Aladdin, where a long beam lifetime is required. For
a ring current of 200 mA, a mirror with a hole of
9.5-mm radius is expected to extract an incoherent flux of
6.8 3 1012 photons�s-0.1% bandwidth for wavelengths
of 1 mm 60 mm. The extracted edge radiation may be
useful as a diagnostic of the bunch dimensions or as a
broadband infrared and microwave source.

II. INFINITE-LENGTH STRAIGHT SECTION

A. Backward diffraction and transition radiation

When an ultrarelativistic electron travels in a straight
line for all time, a mirror that intercepts its Coulomb field
extracts radiation. Consider the radiation reflected in the
backward direction by a perfectly conducting mirror lying
in a plane perpendicular to the electron’s path. Let the elec-
tron’s path be the z axis with z � 0 at the mirror and time
t � 0 when the electron passes the mirror. We use spheri-
cal coordinates (r , u1 � p�2, f1) to describe the z � 0
plane, while (R, u, f) describe an observer of the reflected
radiation, with u � 0 in the backward direction.

The radiation field incident upon the mirror is given by
the Lorentz transform of the Coulomb field. For g ¿ 1,
nearly all of the field is radially polarized [ �E � E�r�r̂],
with radial component at wavelength l in SI units [10],

ECoul�r� �
Z `

2`
E�r , t�eivt dt �

µ
e

´0clg

∂
K1

µ
2pr
lg

∂
.

(1)

Here, v is angular frequency, c is the speed of light, e , 0
is the electron charge, ´0 is the permittivity of free space,
and K1 is a modified Bessel function of the second kind.
ECoul is the Liénard-Wiechart velocity field of an electron
that travels at constant velocity for all time [10], and is
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proportional to 1�r for r ø lg�2p and nearly zero for
r . lg.

According to Kirchoff scalar diffraction theory, each
component of the reflected radiation at an observer location
with R ¿ l�2p and u ø 1 is given by a scalar diffrac-
tion integral with obliquity factor equaling one, so that [10]

�E�R, u, f� �
2i
l

Z
d A �E�r , p�2, f1� exp�ikD��D .

(2)

The integration is over the mirror, where �E is the reflected
field, k � 2p�l, and dA � rdrdf1. Here, D is the dis-
tance between (r , u1 � p�2, f1) and (R, u, f), obeying
for r ø R

D � R 1 r2�2R 2 r sinu�cosf1 cosf 1 sinf1 sinf� ,
(3)

where sin�u� � u for u ø 1. When �E is radially polar-
ized and the mirror is an annulus of radius b containing a
hole of radius a, it is sufficient to consider an observer with
f � 0. Integrating over f1 [11] yields the radial compo-
nent of the observer’s field,

E�R, u� � 2eikR

µ
2p

Rl

∂ Z b

a
r dr E�r�J1�kru�

3 exp

µ
ikr2

2R

∂
, (4)

where E�r� is the radial component of the reflected field on
the mirror. Letting E�r� � 2ECoul�r� gives the Kirchoff
diffraction integral for backward diffraction radiation,

E�R, u� � eikR

µ
2pe

Rgl2´0c

∂ Z b

a
r dr K1

µ
2pr
lg

∂

3 J1�kru� exp

µ
ikr2

2R

∂
. (5)

When a mirror occupies the entire z � 0 plane (a � 0,
b � `), the radiation is called backward transition radia-
tion. Because K1�x� � 0 for x ¿ 1, the integrand of
Eq. (5) is nearly zero for r . lg. In the far field where
R ¿ lg2, approximating exp�ikr2�2R� � 1 in Eq. (5)
gives [12]

Efar�R, u� � eikR eg2u

2pR´0c�1 1 g2u2�
. (6)

The flux distribution of far-field transition radiation is in-
dependent of wavelength, and peaks when u � 1�g. In
the near field where R ø lg2 and Ru ø lg, taking the
g ! ` limit where K1�x� ! 1�x in Eq. (5) gives [13]

E�R, u� � eikR ie
pR´0cu

sin

µ
pRu2

2l

∂
exp

µ
2ipRu2

2l

∂
.

(7)

The near field radiation peaks when u � �l�R�1�2. As
expected by the method of images, the backward transition
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radiation given by the Kirchoff integral is the opposite
of the radiation field from a suddenly deflected electron
[14,15].

For R , l�2p , Eqs. (2)–(7) do not apply. Since tran-
sition radiation is equivalent (up to a sign) to the radiation
from a suddenly deflected electron, the backward transi-
tion radiation primarily has a longitudinal polarization for
R ø l [14].

When the mirror occupies part of the z � 0 plane,
the radiation is known as backward diffraction radiation.
Since

Rb
a �

R`
a 2

R`
b , it is sufficient to evaluate Eq. (5) for

b � `. In the far field where R ¿ lg2, approximating
exp�ikr2�2R� � 1 in Eq. (5) gives, for b � ` [16],

E�R, u� � eikR eg2u

2pR´0c�1 1 g2u2�
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∂
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µ
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∂∏
. (8)

To extract a substantial amount of radiation requires that
a ø lg�2p , in which case Eq. (8) becomes [1,3]

E�R, u� � eikR eg2u

2pR´0c�1 1 g2u2�
J0

µ
2pau

l

∂
. (9)

Since J0�x� � 1 for x , 1, the far-field diffraction radia-
tion through an aperture subtending �u , uap� is inde-
pendent of a for a , l�2puap, indicating that little flux
is obtained from the mirror region where r , l�2puap.
Approximating the incoherent flux of far-field diffraction
radiation into �u , uap� as the flux incident upon the mir-
ror region where r . l�2puap [17], and approximating
K1�x� � 1�x for x , 1 and 0 elsewhere, we obtain

flux�u , uap� � 2

∑
a

Dv

v

I
ep

∏
ln

∑
min�b, lg�2p�

max�a, l�2puap�

∏
,

(10)

where a � 1�137 is the fine structure constant, Dv�v is
the relative bandwidth, and I , 0 is the storage ring cur-
rent. A flux of zero [i.e., øa�Dv�v� �I�ep�] is expected
when Eq. (10) yields a negative value.

B. Forward diffraction and transition radiation

Consider an observer downstream of the mirror. We re-
fer to the portion of the z � 0 plane that is not occupied
by the mirror as the “opening,” and the radiation from the
opening as Eopen. Radiation also arises from the portion of
the electron orbit downstream of the mirror. The Liénard-
Wiechart velocity field generated downstream of the mirror
(Eyexit) by itself does not obey Maxwell’s equations. A so-
lution with the correct boundary condition may be obtained
by summing Eyexit with the field of far-field transition ra-
diation Efar. The field of forward diffraction radiation is
therefore
020701-2
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E � Eyexit 1 Efar 1 Eopen . (11)

Eyexit nearly equals ECoul for u , 1�g and nearly vanishes
for u . 1�g [5]. Equation (11) may also be written as

E � ECoul 1 Emirror , (12)

where Emirror describes the backwards diffraction radiation
from the mirror.

When Eopen is negligible (e.g., the mirror fills the entire
z � 0 plane), the radiation is called forward transition ra-
diation, which obeys

E � Eyexit 1 Efar � ECoul 2 Eyentrance 1 Efar , (13)

where Eyentrance is the portion of the Coulomb field pro-
duced when z , 0 [5,14]. For an observer with u , 1�g,
E � ECoul, while for u . 1�g, E � Efar [5]. For u .

1�g, the radiation distribution is nearly independent of
wavelength.

The radiation within a finite-length straight section of
an electron storage ring is equivalent to forward transition
radiation at wavelengths where the edge radiation equals
020701-3
that from a sudden deflection [5]. This applies for wave-
lengths l ¿ d�g2, where d is the distance required to
deflect an electron through an angle of 1�g at the bend-
ing magnet edge. For a hard-edged bending magnet, this
criterion is obeyed for wavelengths long compared to the
critical wavelength of the bending magnet’s synchrotron
radiation. For Aladdin, the radiation from a sudden deflec-
tion provides a good approximation for l . 1 mm [5,14].

III. FINITE STRAIGHT SECTION LENGTH

Consider the radiation reflected in the backward direc-
tion by a mirror at a distance L from the upstream end of
a straight section for l ¿ d�g2, or at a distance L from a
source of forward transition radiation. We let z � 0 at the
mirror position and t � 0 when an electron passes the mir-
ror. The Kirchoff diffraction integral is given by Eq. (2),
where the reflected field �E is the negative of the incident
field given by Eq. (13). For an annular mirror, Eq. (4)
gives the backward radiation for an observer at (R, u, f)
as
E�R, u� � eikR

µ
2p

Rl

∂ Z b

a
r dr �ECoul�r� 1 Efar�r� 2 Eyentrance �r�	J1�kru� exp

µ
ikr2

2R

∂
. (14)

In the integrand of Eq. (14), the fields should be evaluated in a coordinate system where t � 0 when the electron passes
through the mirror. In this coordinate system, ECoul�r� is given by Eq. (1). Letting u � r�L and R � �L2 1 r2�1�2 �
L 1 r2�2L in Eq. (6), and multiplying by exp�2ivL�bc� to account for the difference in time coordinate gives

Efar�r� �
eg2�r�L�

2pL´0c�1 1 g2r2�L2�
exp�2ikL�2g2 1 ikr2�2L� , (15)

while in the coordinate system employed here [14]

Eyentrance �r� �
e

p´0cr

Z gr�L

0

w
�1 1 w2�2 exp

∑
ipr
lg

µ
w 2

1
w

∂∏
dw . (16)
Equations (1) and (14)–(16) constitute a solution for
cylindrically symmetric backwards radiation when u ø 1
and R ¿ l�2p .

Consider a mirror that fills the entire z � 0 plane. For
L . lg2, Eyentrance is negligible [14], so the backward ra-
diation is the superposition of a transition radiation source
located at the mirror and an edge radiation source located a
distance of L upstream, equivalent to the superposition of
two edge radiation sources. This agrees with the method
of images.

When L ø lg2, the radiation incident upon the mirror
approximately equals ECoul�r� for r , L�g, where
we may approximate K1�x� � 1�x and multiply by
exp�ikr2�2L� � 1. For r . L�g, the incident radiation
approximately equals Efar�r�, where we may approximate
�1 1 g2r2�L2� � g2r2�L2 and exp�2ikL�2g2� � 1.
Thus, the incident radiation field approximately equals
�e�2pe0cr� exp�ikr2�2L� for all r , so that Eq. (14)
integrates to [13]
E�R, u� � eikR ie
pR´0cu

sin

µ
pReffu

2

2l

∂

3 exp

µ
2ipReffu

2

2l

∂
, (17)

where Reff 
 RL��R 1 L�. The incoherent flux into
�u , uap� equals [15]

flux�u , uap� � 2a
Dv

v

I
ep

∑
C 1 ln

µ
pReffu

2
ap

l

∂

2 ci

µ
pReffu

2
ap

l

∂∏
,

(18)

where C � 0.577 215 . . . is Euler’s constant and ci is the
cosine integral (also written Ci). An aperture that subtends
�u , uap� cuts off wavelengths exceeding �Reffu

2
ap.

As expected by the method of images, Eq. (17) is the
opposite of an electron’s edge radiation at a distance R
020701-3
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downstream of a straight section of length L ø lg2, when
either R ø lg2 or R ¿ lg2 is obeyed [15,18]. Equa-
tion (17) also agrees with numerical computations [19]
and experimental results [20] for edge radiation. The va-
lidity of Eq. (17), obtained from Eq. (14) when a � 0
and b � `, supports the validity of Eq. (14) for arbitrary
mirror dimensions.

When a mirror subtends a half-angle ,1�g with respect
to the upstream end of the straight section (b�L , 1�g),
the radiation field upon the mirror is nearly unaffected by
the finite length of the straight section and approximately
equals ECoul. The extracted radiation, known as back-
ward diffraction radiation [1–4], may be evaluated using
Eqs. (5) and (8)–(10). Equations (6) and (7) also apply
when b . lg and a � 0.
020701-4
When the hole in a mirror subtends a half-angle .1�g

with respect to the upstream end of the straight section
(a�L . 1�g), the field upon the mirror is primarily
edge radiation, whose flux distribution is independent
of wavelength. As in the case of backward diffraction
radiation, the radiation field upon the portion of the mirror
where r , l�2puap varies on a scale length ,l�2puap,
and is therefore expected to diffract by an angle exceeding
uap. Thus, when edge radiation is extracted through
an aperture subtending �u , uap� that is sufficiently
large to collect a specular reflection, the extracted flux
is approximately given by that incident upon the mir-
ror region where r . l�2puap. The incoherent flux of
extracted edge radiation may therefore be approximated by
[14,15]
flux�u , uap� � a
Dv

v

I
ep

Ω∑
ln�1 1 g2u2

mirror� 2
g2u

2
mirror

1 1 g2u
2
mirror

∏
2

∑
ln�1 1 g2u2

min� 2
g2u

2
min

1 1 g2u
2
min

∏æ
, (19)
where umirror 
 b�L, umin 
 max�a�L, l�2puapL�.
When Eq. (19) yields a negative value, a flux of zero [i.e.,
øa�Dv�v� �I�ep�] is expected. Because of diffraction,
a reduction in the extracted flux is expected above a
cutoff wavelength of 2pauap. When a large aperture with
uap � 1 is used to extract most of the reflected radiation,
the expected cutoff wavelength is �2p times the radius
of the hole.

IV. EDGE RADIATION EXTRACTION AT
ALADDIN

At the Aladdin 800 MeV electron storage ring [21], ra-
diation may be extracted within a straight section by a 45±

mirror filling the cylindrical vacuum chamber, whose ra-
dius is 32 mm. The radiation then passes through a circular
window of 32-mm radius at a distance R0 from the straight
section axis, as shown in Fig. 1. R0 � 32 mm describes a
window flush with the vacuum chamber wall, while R0 �
64 mm describes a window mounted in a standard flange.
For comparison, we also consider R0 equaling 128 or

FIG. 1. Geometry for extraction of edge radiation within an
Aladdin straight section, where L � 3 m, a � 9.5 mm, and
b � 32 mm. Values of R0 that are considered are 32, 64, 128,
and 256 mm.
256 mm. It is possible to extract radiation at a distance L
of 3 m from the straight section entrance, in which case the
mirror subtends a half-angle of 16.71�g with respect to the
straight section entrance. Since R0 ø L, the window will
collect nearly all of the specularly reflected edge radiation.

For g ¿ 1, the extracted radiation is expected to depend
only slightly upon the tilt angle of the mirror [3], so we

FIG. 2. Radiation distribution at the extraction window from a
mirror with no hole when the window is located 64 mm from the
straight section axis. The dashed line shows the 32-mm radius of
the window. (a) l � 10 mm, (b) l � 100 mm, (c) l � 1 mm,
(d) l � 10 mm, and (e) l � 100 mm.
020701-4
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model cylindrically symmetric backward extraction, with
b � 32 mm. We first consider a thin-foil mirror with no
hole (a � 0), which extracts edge radiation and diffraction
radiation. Figure 2 shows the radiation from an electron
for a window mounted in a standard flange (R0 � 64 mm),
computed from Eq. (14). For observer locations within
the window, the radiation distribution nearly equals that
of a mirror with infinite extent [given by Eq. (17)] for
10 mm # l # 10 mm. The finite mirror size has little
effect because the mirror is as large as the window. At
much longer wavelengths, little radiation is extracted.
Equations (14) and (17) become inaccurate at wavelengths
exceeding �2pR � 400 mm, where longitudinally po-
larized radiation is expected to predominate [14].

Figure 3 shows the computed incoherent flux through
the window and that given by Eq. (18) for a mirror of
infinite extent. The close agreement confirms that the finite
mirror size has little effect on the extracted flux. The
flux decreases with increasing wavelength and is cut off
at wavelengths exceeding �Reffu

2
ap � b2�R0. However,

using a mirror with no hole is not feasible at Aladdin,
which requires a long beam lifetime.

Since the flux plots of Fig. 3 are nearly identical to those
of a mirror with infinite extent, they also apply for an edge
radiation beam line whose circular entrance aperture has a

FIG. 3. Extracted flux versus wavelength from a mirror with
no hole, for different values of R0, the distance from the axis
to the extraction window. Solid line: computed flux. Dashed
line: flux given by Eq. (18) for a mirror of infinite extent.
(a) R0 � 32 mm, (b) R0 � 64 mm, (c) R0 � 128 mm, and
(d) R0 � 256 mm.
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radius of 32 mm, located 32, 64, 128, or 256 mm down-
stream of a 3-m short straight section. However, the closest
feasible entrance-aperture location is 1 m downstream of
an Aladdin short straight section, in which case we expect
that unreflected radiation is cut off by the vacuum chamber
for l . 500 mm [9], while reflected radiation is shielded
for l . 3 mm [22].

To allow passage of the beam without reducing its life-
time, measurements indicate that a mirror in a straight
section must have a hole or slot with half-height exceed-
ing 9.5 mm; we consider a hole with radius a � 9.5 mm.
Since the hole subtends a half-angle of 4.96�g with respect
to the upstream end of the straight section, the mirror ex-
tracts edge radiation without intercepting the velocity field
of the straight section.

Figure 4 shows the radiation from an electron for a win-
dow mounted in a standard flange (R0 � 64 mm), com-
puted from Eq. (14) for a � 9.5 mm. Nearly the same
results are obtained from Eq. (14) when ECoul and Eyentrance

are neglected, confirming that the extracted radiation is
mostly edge radiation. For wavelengths less than 1 mm,
the radiation is a specular reflection with slight diffraction
effects; nearly all of the extracted flux passes through the
window. At longer wavelengths, where the Fresnel num-
ber b2�lR0 does not greatly exceed 1, diffraction becomes
important, and the flux through the window is less than the

FIG. 4. Radiation distribution at the extraction window from a
mirror with a hole radius of 9.5 mm when the window is located
64 mm from the straight section axis. The dashed line shows
the 32-mm radius of the window. (a) l � 10 mm, (b) l �
100 mm, (c) l � 1 mm, (d) l � 10 mm, and (e) l � 100 mm.
020701-5
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flux incident upon the mirror. As in Fig. 2, it is evident that
the finite mirror radius has little affect on the flux through
the window, since the mirror is as large as the window.

The computed incoherent flux through the window and
the approximate flux given by Eq. (19) are shown in Fig. 5.
Equation (19) is in good agreement at wavelengths well be-
low the cutoff, and approximately gives the cutoff wave-
length. However, Eq. (19) overestimates the extracted flux
near the cutoff wavelength of �2pauap � 2b2�R0.

The cutoff wavelengths are comparable with and without
a hole in the mirror. A mirror without a hole has the ad-
vantage of extracting a larger flux at shorter wavelengths.
A mirror with a hole has the advantage of minimal pertur-
bation to the beam (so that it is feasible at Aladdin) and
gives a flux that is nearly independent of wavelength over
a large wavelength range.

For a window flush with the vacuum chamber wall
(R0 � 32 mm), a mirror with a hole gives an incoherent
flux of 2.36a�Dv�v� �I�ep� for 1 mm , l , 60 mm,
equaling 6.8 3 1012 photons�s-0.1% bandwidth for a ring
current of 200 mA. The cutoff wavelength is decreased
if the window is placed farther from the straight section
axis, so that a standard flange geometry with R0 � 64 mm
has a wavelength cutoff of �30 mm. Since the incoherent
flux is nearly independent of wavelength for 1 mm , l ,

30 60 mm, the coherent edge radiation may be a useful

FIG. 5. Extracted flux versus wavelength from a mirror
with a hole radius of 9.5 mm, for different values of R0, the
distance from the axis to the extraction window. Solid line:
computed flux. Dashed line: approximate flux from Eq. (19).
(a) R0 � 32 mm, (b) R0 � 64 mm, (c) R0 � 128 mm, and
(d) R0 � 256 mm.
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diagnostic of the bunch length. The edge radiation at short
wavelengths may be focused to determine the transverse
beam dimensions at the bending magnet edge [15,23]. In
addition, the edge radiation may be used as a broadband
infrared and microwave source [23].

V. CONCLUSION

Using Kirchoff scalar diffraction theory, we modeled
the extraction of edge radiation by a tilted mirror with
a hole within a straight section of Aladdin. For wave-
lengths less than 1mm, the radiation extracted through a
nearby window is approximately a specular reflection of
the edge radiation incident upon the mirror. At longer
wavelengths, diffraction becomes important. When ra-
diation is extracted through a window close to the mir-
ror, the incoherent flux for a ring current of 200 mA is
6.8 3 1012 photons�s-0.1% bandwidth for wavelengths of
1 mm 60 mm. The edge radiation may be useful as a di-
agnostic of the bunch dimensions or as a broadband source.
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