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Robinson instabilities with a higher-harmonic cavity
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A radio frequency system with a fourth-harmonic “Landau” cavity suppresses coupled-bunch instabili-
ties and increases the beam lifetime of the Aladdin electron storage ring. When the storage ring is operate
with a small momentum compaction, instabilities limit the utility of the Landau cavity. Analytical mod-
eling of instability frequencies and growth rates, simulations, and experiments suggest that the observe
instabilities result from coupling between dipole and quadrupole Robinson modes.

DOI: 10.1103/PhysRevSTAB.4.074401 PACS numbers: 29.27.Bd, 29.20.Dh, 41.75.Ht
r
n
th
a
ity

o
.
b
in

t
g
th
it

un

d
th
c-
e
o

ra
e

s
ar
”

e

e
t

a
n

d
are
ies
th
hat
o

led

th
ve
tic
nd
le

ist-
ty.
nt
t
e
),

and
ty

d-

f

e-

-

ce
I. INTRODUCTION

A radio frequency cavity with resonant frequency nea
harmonic of the fundamental rf cavity may increase La
dau damping of synchrotron oscillations and lengthen
bunch, thereby suppressing coupled-bunch instabilities
increasing the Touschek lifetime [1–9]. A Landau cav
may be operated in passive mode, where its voltage is
duced by the beam current, or active mode, where its v
age is maintained by an rf power supply and feedback
either case, quiet operation requires avoidance of Ro
son instabilities [3,5,10–16], which are coupled-bunch
stabilities where all bunches oscillate in unison.

Since 1995, a fourth-harmonic cavity has been opera
at the Aladdin 800 MeV, 300 mA electron storage rin
suppressing coupled-bunch instabilities and doubling
beam lifetime [6]. Passive-mode operation is stable w
beam currents exceeding 120 mA. Experimentally, t
ing in the Landau cavity at lower beam currents results
instability before optimal bunch lengthening is obtaine
in approximate agreement with the predicted onset of
dipole Robinson instability [5,17]. Active operation su
cessfully provides optimal bunch lengthening at all valu
of the beam current (0–300 mA) when using feedback
the fundamental and Landau cavities that is predicted
avoid dipole Robinson instabilities [11].

To increase the brightness of Aladdin’s synchrotron
diation, a low-emittance mode of operation is being d
veloped. Successful operation of the Landau cavity
required to suppress coupled-bunch and microwave in
bilities and to obtain a lifetime comparable to the stand
Aladdin lattice. In low-emittance mode with the “LF20
lattice, the momentum compaction of 0.0043 is about1�8
of its value of 0.0335 in the standard Aladdin lattice, r
ducing the synchrotron frequency by a factor of�3 [18].
Experimentally, passive operation of the Landau cavity
unstable with optimally lengthened bunches, but stabl
ring currents of 80–300 mA when the bunches are leng
ened beyond optimal to assume a double-hump sh
Active operation with optimally lengthened bunches is u
stable at ring currents exceeding�100 mA; instabilities
include an oscillation of the bunch position and length.
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By modeling the coupling between dipole an
quadrupole Robinson modes, the observed instabilities
predicted. Simulations and experiments show instabilit
in which the bunch centroid and length oscillate wi
comparable magnitudes. Experimental data show t
instability results when the oscillation frequencies of tw
collective modes converge, consistent with a coup
dipole-quadrupole instability.

In Sec. II, we discuss formulas for the bunch leng
and Robinson instabilities. In Secs. III and IV, passi
operation of the Landau cavity is studied using analy
modeling, simulations, and experiment. Sections V a
VI describe active operation of the Landau cavity, whi
Sec. VII discusses our results.

II. ROBINSON INSTABILITY FORMULAS

A. Synchrotron frequency and bunch length

Consider a bunch confined in a double-rf system cons
ing of a fundamental cavity and a higher-harmonic cavi
Let Cavity 1 be the fundamental rf cavity with resona
frequencyv1 near vg, the rf generator frequency. Le
Q1 be its quality factor,R1 its impedance at resonanc
(1�2 of the “accelerator” definition of shunt impedance
andf1 its tuning angle�290± , f1 , 90±�, defined by
tanf1 � 2Q1�vg 2 v1��v1. This tuning angle is the
same as that used by Marchand [14] and Sands [19],
the negative of that used by Wilson [20]. The cavi
impedance at frequencyvg is R1 cosf1eif1 . R1 andQ1,
which describe the loaded cavity including fast rf fee
back, equal1��1 1 b1� times the unloaded valuesRo

1 and
Qo

1 , whereb1 is the equivalent rf coupling coefficient o
Cavity 1 [17,19,20].

Cavity 2 is a higher harmonic cavity with resonant fr
quencyv2 near nvg, wheren is its harmonic number.
The unloaded impedance and quality factor areRo

2 and
Qo

2 , while the equivalent rf coupling coefficient of Cav
ity 2 is b2. Q2 is the loaded quality factor equaling
Qo

2 ��1 1 b2�, R2 is the loaded impedance at resonan
given byRo

2 ��1 1 b2�, andf2 is the tuning angle, which
obeys tanf2 � 2Q2�nvg 2 v2��v2.
© 2001 The American Physical Society 074401-1
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We let e . 0 represent the magnitude of the elec-
tronic charge, To the storage ring recirculation time,
vo � 2p�To the angular revolution frequency, E the
storage ring energy, sE the natural electron energy spread,
a the momentum compaction, and I . 0 the ring current.
For symmetric bunches, F1 and F2 denote the bunch form
factors in Cavities 1 and 2 for bunch length st [5,20]. We
let VT1 and VT2 denote the peak voltages in Cavities 1
and 2, while c1 and c2 denote the synchronous phases
in each cavity, equaling zero for a bunch passing through
the cavity at the peak accelerating voltage. This definition
of c1 and c2 is the same as that used by Sands [19]
and Wilson [20], and it is the complement of the phase
angle used by some authors. A synchronous electron
receives an energy of e�VT1 cosc1 1 VT2 cosc2� � eVs
when passing through the rf cavities, and radiates (on
average) an energy of eVs per revolution, where Vs is the
synchronous voltage.

Choosing a time coordinate where t � 0 is a syn-
chronous time, the accelerating voltage experienced by an
electron passing through the rf cavities at time t is

V �t� � VT1 cos�c1 1 vgt� 1 VT2 cos�c2 1 nvgt� ,
(1)

where V �0� � Vs. Neglecting radiation damping and the
random nature of synchrotron radiation emission, the ar-
rival time of a single electron �t� relative to the syn-
chronous time obeys

d2t

dt2
�

ae
ETo

�V �t� 2 Vs� � 2
dU
dt

, (2)

where

U�t� � 2
ae
ETo

Z t

0
�V �t0� 2 Vs� dt0 (3)

is the synchrotron effective potential. The potential may be
expanded in a Taylor series U�t� � at2 1 bt3 1 ct4 1

· · · , where [5]

a �
aevg

2ETo
�VT1 sinc1 1 nVT2 sinc2� , (4)

b �
aev2

g

6ETo
�VT1 cosc1 1 n2VT2 cosc2� , (5)

c � 2
aev3

g

24ETo
�VT1 sinc1 1 n3VT2 sinc2� . (6)

When as2
t ¿ jbs3

t j and jcs4
t j, the synchrotron poten-

tial is “mostly quadratic” in the region occupied by the
bunch [5].

For small oscillations, the linear synchrotron frequency
vs $ 0 therefore obeys
074401-2
v2
s � 2a �

aevg

ETo
�VT1 sinc1 1 nVT2 sinc2� . (7)

Defining j � 2nVT2 sinc2�VT1 sinc1 as the negative of
the ratio of the Landau-cavity longitudinal “ force” to that
from the fundamental cavity [13], Eq. (7) may be written
as

v2
s �

aevg

ETo
�1 2 j�VT1 sinc1 . (7a)

For 0 , j , 1, the synchrotron frequency is reduced and
the bunch is lengthened by the harmonic cavity. For
j � 1, the forces from the two cavities cancel; there is
no net linear restoring force and the linear synchrotron fre-
quency is zero. A long bunch length confined in a cubic 1

quartic potential may thereby be obtained; we refer to the
case j � 1 as “optimal bunch lengthening.” When j . 1,
the synchrotron potential is a double well with two min-
ima, resulting in a double-hump bunch shape.

For bunch lengthening, the rf phases obey 0± , c1 ,

90± and 2180± , c2 , 290± for either passive opera-
tion of the higher-harmonic cavity [5] or for active op-
eration in which the cubic term �b� of the synchrotron
potential is made to equal zero [11]. When the fun-
damental cavity is operated in the “compensated condi-
tion” where the rf current is in phase with the cavity
voltage [19,20], its tuning angle obeys 0± , f1 , 90±

(i.e., v1 , vg). In contrast, passive operation of the har-
monic cavity or active operation in the compensated condi-
tion yields 290± , f2 , 0± (i.e., nvg , v2) for bunch
lengthening.

The synchrotron potential is occupied to the “fi lling
height” Uo � a2�sE�E�2�2, and the bunch length obeys
s2
t � �t2� 2 �t�2 	 �t2�, where [1,15,21]

�tn� �

R
tn exp�2U�t��2Uo� dtR

exp�2U�t��2Uo� dt
. (8)

In Eq. (8), the integration should be taken over an inter-
val in t that greatly exceeds st , but is smaller than the
confining rf bucket. Equation (8) gives, for a quadratic
synchrotron potential �U�t� � at2�, st � a�sE�E��vs,
and, for a quartic synchrotron potential �U�t� � ct4�,
st � 0.69�Uo�c�1�4.

B. Collective oscillations

In a quadratic synchrotron potential, where the fre-
quency of a synchrotron oscillation is independent of
amplitude, the natural frequency of a collective bunch
oscillation is the linear synchrotron frequency. In a
general synchrotron potential produced by two rf cavities,
we estimate the collective dipole oscillation frequency
(the “Robinson” frequency) by approximating the dipole
motion as a small rigid oscillation of a symmetric bunch.
Neglecting the rf voltage induced by the motion (the
excited rf sidebands) yields
074401-2
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d2�t�
dt2

�
ae
ETo

��V �t� 2 Vs�� �
ae
ETo

�VT1�cos�c1 1 vgt�� 1 VT2�cos�c2 1 nvgt�� 2 Vs�

�
ae
ETo

�F1VT1 cos�c1 1 vg�t�� 1 F2VT2 cos�c2 1 nvg�t�� 2 Vs�

�
2aevg

ETo
�F1VT1 sinc1 1 nF2VT2 sinc2� �t�, (9)
where �· · ·� denotes the average over all electrons in a
symmetric bunch. Thus, the frequency of collective dipole
oscillations vR approximately obeys

v2
R �

aevg

ETo
�F1VT1 sinc1 1 nF2VT2 sinc2�

�
aevg

ETo
�F1 2 jF2�VT1 sinc1 . (10)

For a quadratic synchrotron potential (in which F1 �
F2 � 1), vR � vs.

A restoring force for collective dipole oscillations is pre-
dicted when v

2
R . 0, which occurs for values of j ,

F1�F2, where F1�F2 exceeds 1 because of the smaller
form factor in the Landau cavity. Phase stability may there-
fore be obtained for small beam currents when the bunch is
optimally lengthened with j � 1, or when a double-hump
bunch is obtained with 1 , j , F1�F2.

For j � 1, approximating the form factors in Eq. (10)
as F1 � 1 2 �vgst�2�2, F2 � 1 2 �nvgst�2�2 gives

v2
R 	

aev3
g

2ETo
�n2 2 1�s2

t VT1 sinc1 . (11)

Equation (11) yields a dipole Robinson frequency 10%
higher than that obtained by the Vlasov equation for a
quartic potential, where rigidity of the bunch oscillation
is not assumed (see Appendix A).

Without a harmonic cavity �j � 0�, Eqs. (8) and (10)
indicate that st and vR are proportional to a1�2. The low-
emittance LF20 lattice �a � 0.0043� is therefore expected
to have bunch length and Robinson frequency equaling
36% of the values obtained with the standard Aladdin lat-
tice �a � 0.0335� at the same rf voltage. With a harmonic
cavity utilized for optimal bunch lengthening �j � 1�,
Eqs. (8) and (11) indicate that st ~ a1�4 while vR ~

a3�4. For the case of optimal bunch lengthening, the ex-
pected LF20 bunch length is 60% of that obtained with
the standard lattice, while the Robinson frequency is only
21% of that obtained with the standard lattice at the same
rf voltage. The large decrease in the Robinson frequency
may increase the susceptibility to Robinson instabilities
when the low-emittance lattice is utilized.

C. Single-mode Robinson instability formulas

To approximately model Robinson instabilities in a gen-
eral synchrotron potential produced by two rf cavities, we
substitute the rigid dipole estimate of the collective oscil-
lation frequency �vR� in place of the linear synchrotron
frequency �vs� in a formula obtained for a quadratic po-
tential [22]. In this model, the real angular frequency V

and damping rate aR of the moth Robinson mode approxi-
mately obey, for jaRj ø jVj,
�V 2 iaR�2 � �movR�2 1
iaev2

oI

pE
mo�vost�2mo22

2mo�mo 2 1�!

X
n
n2mo21F2

nvo
Z�nvo 1 V� , (12)

where Z is the ring impedance, Fnvo is the bunch form factor at angular frequency nvo, and the sum is over n � Mj
�j � 2`, . . . , `�, where M � vg�vo is the number of rf buckets. The modes with mo � 1, 2, 3, and 4 are the dipole,
quadrupole, sextupole, and octupole modes, respectively.

For the case of two rf cavities, we keep the dominant terms in the sum over Z�nv0 1 V�, where n � 6M, 6nM, to
obtain a formula for the moth mode frequency

V2 � �movR�2 2
aevgI

ETo

mo�vgst�2mo22

2mo �mo 2 1�!
�R1F

2
1 �sin2f12 1 sin2f11� 1 n2mo21R2F

2
2 �sin2f22 1 sin2f21�� .

(13)

The sideband tuning angles are defined by tanf16 � 2Q1�vg 6 V 2 v1��v1 and tanf26 � 2Q2�nvg 6 V 2

v2��v2. A zero-frequency instability onsets when V2 ! 0, in which case f16 ! f1 and f26 ! f2. Zero-frequency
instability is therefore predicted when

v2
R ,

aevgI

ETo

�vgst�2mo22

2mo21mo!
�R1F

2
1 sin2f1 1 n2mo21R2F

2
2 sin2f2� . (14)
074401-3
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The dipole mode zero-frequency instability criterion may also be obtained as the condition under which the rf generator
voltages do not provide a restoring force for slow rigid bunch motions in which the wake fields move with the bunch
[19]; the instability is known accordingly as the equilibrium phase instability [3].

When zero-frequency instability is avoided, the Robinson damping rate is given by

aR �
aevgI

VETo

mo�vgst�2mo22

2mo�mo 2 1�!
�F2

1R1�cos2f12 2 cos2f11� 1 n2mo21F2
2R2�cos2f22 2 cos2f21�� . (15)

Using the definitions of f16 and f26, Eq. (15) may be written in the form

aR �
8aeI
ETo

mo�vgst�2mo22

2mo �mo 2 1�!
�F2

1R1Q1 tanf1 cos2f11 cos2f12 1 n2mo22F2
2R2Q2 tanf2 cos2f21 cos2f22� , (16)
showing that aR approaches a finite limit as V2 ! 0.
A negative value of aR indicates growth. Because
0± , f1 , 90± and 290± , f2 , 0± for bunch length-
ening, the fundamental cavity contributes to Robinson
damping while the higher-harmonic cavity contributes
to Robinson growth. Radiation damping increases the
damping rate of the moth mode by mot

21
L , where tL

is the longitudinal radiation damping time which obeys
t

21
L ø jVj.
Equations (13)–(16) may be obtained directly for the

dipole mode by assuming a rigid bunch motion in the syn-
chrotron potential produced by two rf cavities [5].

For the dipole mode of an optimally lengthened bunch,
Sec. II B indicates that v

2
R ~ a3�2, while the second

term on the right-hand side (RHS) of Eq. (13) is ap-
proximately ~ a. Consequently, real frequency shifts
comparable to vR may result for sufficiently small a.
This may cause the equilibrium phase instability (when
V ! 0) or strong coupling to the quadrupole mode (when
V ! 2vR).

Because the above Robinson-mode results are valid for
a quadratic synchrotron potential (where vR � vs), ap-
proximate validity is expected for low Landau-cavity volt-
ages with j ø 1, in which case the potential is mostly
quadratic [consisting of a quadratic confining potential
with relatively small cubic and quartic terms given by
Eqs. (5) and (6)]. For a quartic synchrotron potential with
j � 1, the above results are in approximate agreement
with Vlasov-equation results (see Appendix A) for the
dipole and quadrupole modes. The above sextupole and
octupole results overestimate the frequency shifts (real and
imaginary) in a quartic potential, and therefore may over-
estimate instability growth rates.

The approximate validity of the above formulas for
dipole and quadrupole Robinson modes in both quar-
tic and quadratic synchrotron potentials suggests that
Eqs. (12)–(16) will provide a good approximation for
these modes in a general synchrotron potential with
j # 1. For j . 1, a double-hump bunch is formed in
which a given electron may be confined to a single hump.
Because our model does not account for any associated
modification of the dynamics, its accuracy may be reduced
for double-hump bunches with j . 1.
074401-4
D. Coupling between the dipole and quadrupole
Robinson modes

In modeling a passive harmonic cavity, we find that the
quadrupole Robinson frequency may be comparable to
the dipole Robinson frequency, so that coupling of these
modes may occur [12,22]. To better model these modes,
dipole-quadrupole mode coupling may be included in their
frequencies and growth rates by using Eqs. (B11)–(B13)
of Appendix B. When the mode coupling is insignifi-
cant, these formulas reproduce the single-mode dipole
and quadrupole results of Sec. II C. We refer to the
coupled modes as the coupled-dipole and coupled-
quadrupole modes. If the frequencies of the coupled-
dipole and coupled-quadrupole modes become equal, the
threshold for a fast “mode-coupling” instability is reached.

Because fast instabilities involving many synchrotron
modes may result when there is no restoring force for
a perturbation of the bunch position or length [15], the
mode-coupling model may be applicable only when the
equilibrium phase and zero-frequency quadrupole Robin-
son instabilities are avoided. Thus, these instabilities are
also considered in the coupled-mode analysis.

E. Coupled-bunch instability

When a harmonic cavity has a low value of Q or is de-
tuned far from the frequency nvg, it may excite dipole
coupled-bunch oscillations with longitudinal mode num-
bers of 1 or M 2 1 (i.e., 61). This instability is described
by Eq. (12) provided that the sum is over n � Mj 6 1
�j � 2`, . . . , `� [15]. Consequently, for nvg ¿ vo,
the oscillation frequency and damping rate approximately
obey Eqs. (13) and (15), provided that (V 6 vo) is substi-
tuted for V in the definitions of the sideband tuning angles
f11, f12, f21, and f22.

F. Landau damping

To estimate whether Landau damping is overcome in a
general synchrotron potential, we would like to compare
the complex frequency shift of the moth mode, DV 

V 2 iaR 2 movR , to a Landau damping rate that is
proportional to the synchrotron frequency spread. For a
074401-4
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dipole mode in a mostly quadratic synchrotron potential,
the Landau damping rate is 0.78svs [23,24], where the
synchrotron frequency spread is given by [5]

svs �
a2�sE�E�2

vs

Ç
3c
v2
s

2

µ
3b
v2
s

∂2 Ç
. (17)

In a quartic synchrotron potential, Appendix A indicates
that the Landau damping rate is 0.31svs , where

svs � 1.17�Uoc�1�4, (18)

yielding a Landau damping rate of 0.36�Uoc�1�4. An ap-
proximate formula for the dipole Landau damping rate in
a general synchrotron potential is given by

jDVjthresh � 0.78
a2�sE�E�2

vR

Ç
3c

v
2
R

2

µ
3b

v
2
R

∂2 Ç
.

(19)

For a mostly quadratic synchrotron potential �j ø 1�,
Eq. (19) is valid because vR 	 vs. For a quartic syn-
chrotron potential �j � 1, b � 0�, Eq. (19) yields a Lan-
dau damping rate of 0.34�Uoc�1�4, which is 6% lower than
that obtained with the Vlasov equation. Thus, Eq. (19) is
expected to provide a good model of the dipole-mode Lan-
dau damping rate for j # 1.

For a quadrupole mode in a mostly quadratic potential,
the Landau damping rate is 2.24svs [23,24], while Ap-
pendix A indicates that, in a quartic potential, the Landau
damping rate is 0.58svs . Assuming that the quadrupole
Landau damping rate is 2.24�0.78 times the dipole damp-
ing rate of Eq. (19) gives a valid result for j ø 1. For a
quartic synchrotron potential, a damping rate of 0.83svs

is thereby obtained, which is 43% high. A reasonable
approximation of the quadrupole damping rate is thereby
obtained for j # 1. An estimate of sextupole Landau
damping may be obtained by multiplying the dipole damp-
ing rate by 4.12�0.78, while octupole Landau damping
may be estimated by multiplying the dipole damping rate
by 6.36�0.78 [24].

III. PASSIVE LANDAU CAVITY WITH THE
ALADDIN LATTICE

A. Analytic modeling

To analyze a passive Landau cavity, we have modified
an algorithm described in Ref. [5] to consider Robinson
instabilities for a given fundamental rf voltage VT1, ring
current I , and harmonic cavity tuning angle f2. This
analysis also calculates whether resonant interaction with
a real parasitic impedance Z�vCB� at frequency �vCB

will excite a dipole coupled-bunch instability, where the
values of Z�vCB� and vCB are inputs to the analysis. Thus,
one may estimate whether sufficient Landau damping is
provided by the harmonic cavity to suppress parasitic
coupled-bunch instabilities. The parameters used in
modeling the standard Aladdin lattice and the LF20 low-
emittance lattice are shown in Table I. The values of
074401-5
TABLE I. Standard Aladdin parameters, with low-emittance
(LF20) values of VT1, a, and tL in parentheses.

Parameter Value

E 800 MeV
sE�E 4.8 3 1024

Vs 17.4 kV
To 2.96 3 1027 s

vg�2p 50.6 MHz
M 15 bunches

Ro
1 (unloaded) 0.5 MV

Qo
1 (unloaded) 8000

b1 11
n 4

Ro
2 (unloaded) 1.24 MV

Qo
2 (unloaded) 20 250

b2 (passive) 0
vCB�2p 1 GHz
Z�vCB� 10 kV

VT1 90 kV (50 kV)
a 0.0335 (0.0043)
tL 13.8 ms (13.5 ms)

Z�vCB� and vCB represent a typical higher-order mode
of the Aladdin fundamental rf cavity.

We initially set F1 � 1 and F2 � 0.1, and iterate until
the form factors are consistent with the computed bunch
length. Our algorithm proceeds as follows.

(i) Calculate c1, the synchronous phase (with 0± ,

c1 , 90±), using the equation

Vs � VT1 cosc1 1 VT2 cosc2

� VT1 cosc1 2 2IR2F2 cos2f2 . (20)

If this equation can only be solved with jcosc1j . 1, there
is no equilibrium phase and the calculation is discontinued.

(ii) Calculate the tuning angle of Cavity 1 for operation
in the compensated condition in which the beam-loaded
cavity appears as a resistive load to the rf generator. In
this case, 0± , f1 , 90±, and f1 obeys [19,20]

f1 � tan21�2F1IR1 sinc1�VT1� . (21)

(iii) Calculate the coefficients of the Taylor expansion
of the synchrotron potential, U�t� � at2 1 bt3 1

ct4, using Eqs. (4)–(6), in which, for a passive
Landau cavity, VT2 cosc2 � 22IF2R2 cos2f2 and
VT2 sinc2 � IF2R2 sin2f2.

(iv) Calculate the bunch length using Eq. (8) with
U�t� � at2 1 bt3 1 ct4.

(v) Calculate the form factors from the bunch lengths
using the Gaussian bunch formulas F1 � exp�2v2

gs
2
t �2�

and F2 � exp�2n2v2
gs

2
t �2�. We repeat steps (i)–(v) if

the newly computed form factors differ significantly from
the values input at step (i). For new input values of F1 and
F2, we use a weighted average of the newly computed form
factors and their previous values. After several iterations,
the form factors are consistent with the bunch length.
074401-5
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(vi) Estimate whether the dipole longitudinal coupled-
bunch instability is damped for resonant interaction with
a parasitic longitudinal cavity mode of impedance Z�vCB�
at approximate frequency vCB. For resonant interaction
with a parasitic cavity mode, the complex frequency shift
is imaginary with magnitude equaling the coupled-bunch
growth rate, given by

jDVCBj �
eIavCBZ�vCB�F2

vCB

2ETovR
, (22)

where FvCB is the bunch form factor at frequency vCB.
If, after subtracting the radiation damping rate t

21
L , the

growth rate remains positive, it is compared with the cal-
culated dipole Landau damping rate of Eq. (19) to es-
timate whether Landau damping is sufficient to prevent
instability.

We now consider Robinson instabilities.
(vii) To analyze Robinson stability without consid-

eration of mode coupling, the single-mode formulas of
Sec. II C are applied. For the moth mode (where mo � 1,
2, 3, or 4), the zero-frequency instability is first consid-
ered. If the zero-frequency instability is not predicted,
the frequency and Robinson damping rates (including
radiation damping) are then calculated. If the resultant
damping rate is negative (corresponding to growth), the
magnitude of the complex frequency shift is compared
with the Landau damping rate to predict whether Landau
damping is overcome.

(viii) Next, we compute the frequency and damping rate
of the dipole coupled-bunch modes with longitudinal mode
numbers of 61, according to Sec. II E. We add t

21
L to

the damping rate to account for radiation damping. If the
damping rate is negative, implying growth, we compare
the frequency shift magnitude with the calculated dipole
Landau damping rate to estimate whether Landau damping
is overcome.

(ix) To include the effects of dipole-quadrupole mode
coupling, the computation of dipole and quadrupole mode
frequencies and damping rates is replaced by computation
of the coupled-dipole and coupled-quadrupole Robinson
frequencies and damping rates using Eqs. (B11)–(B13),
which include radiation damping. To estimate whether the
coupled-dipole mode overcomes Landau damping, we
use the dipole-mode criterion. To estimate whether the
coupled-quadrupole mode overcomes Landau damping,
we use the quadrupole-mode criterion. Because a restor-
ing force for slow dipole and quadrupole motions may
be necessary for the dipole-quadrupole mode coupling
theory to apply, we also test for the equilibrium phase and
zero-frequency quadrupole instability thresholds.

We solve Eqs. (B11) and (B13) by iteration, starting
with the values �V, aR� � �vR , t21

L � for the coupled-
dipole mode and �V, aR� � �2vR , 2t

21
L � for the coupled-

quadrupole mode. To stabilize the iteration, we take
an absolute value before performing the square root in
Eq. (B13). If the argument of the square root is negative
074401-6
in the converged solution, a fast mode-coupling insta-
bility is predicted. We have confirmed that this method
identifies the threshold in which the coupled-dipole and
coupled-quadrupole mode frequencies are equal.

In Fig. 1(a), uncoupled dipole and quadrupole Robinson
instabilities are predicted for the Aladdin lattice with a
passive fourth harmonic cavity. The analysis is performed

FIG. 1. (a) Robinson instabilities are predicted without consid-
eration of mode coupling, for passive Landau-cavity operation
with the Aladdin lattice and a fundamental rf voltage of 90 kV. A
solid curve shows the parameters for optimal bunch lengthening,
in which case the linear synchrotron frequency is zero. A symbol
is plotted when Robinson instability is predicted for a given ring
current and Landau-cavity tuning angle. Vertical line: dipole
instability; *: quadrupole instability. (b) Dipole-quadrupole
mode coupling is included in Robinson instability predictions. In
this case, the dipole and quadrupole modes are perturbed by the
coupling, but a fast mode-coupling instability is not predicted.
Vertical line: coupled-dipole instability; *: coupled-quadrupole
instability. (c) Instabilities observed in 500 000 turn simulations.
When the relative energy spread at the end of a simulation ex-
ceeds the natural value �4.8 3 1024� by $10%, a circle is plot-
ted to signify instability.
074401-6
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for currents that are multiples of 20 mA and Landau-
cavity tuning angles that are multiples of 0.25±. A solid
curve shows the tuning angle for optimal bunch lengthen-
ing �j � 1� versus ring current. For j � 0, the Robinson
angular frequency vR � 62 900 rad�s 	 vs �fR 

vR�2p � 10 000 Hz�, while, for j � 1, vR �
28 600 rad�s �fR � 4550 Hz�. When tuning in the
cavity with currents below 180 mA, a dipole Robinson
instability is predicted to onset before optimal bunch
lengthening is attained. For currents exceeding 200 mA, a
quadrupole Robinson instability is predicted to occur when
the Landau cavity voltage is 15% higher than optimal
�j 	 1.15�. The sextupole Robinson instability is pre-
dicted to occur where the quadrupole Robinson instability
is already present, in the upper right-hand corner of
the plot where I . 140 mA and f2 . 283±. Because
the calculated quadrupole mode frequency (�11 kHz)
exceeds that of the dipole mode (�10 kHz) by only ~10%
in the region of Fig. 1(a) where 0.9 , j , 1.15, the un-
coupled mode analysis may be inapplicable for optimally
lengthened bunches.

In Fig. 1(b), dipole-quadrupole mode coupling is in-
cluded in the analysis. When tuning in the Landau cavity
at currents below 120 mA, the coupled-dipole Robinson
instability is predicted to onset well before optimal bunch
lengthening is obtained. When tuning in the Landau cavity
at higher currents, the coupled-quadrupole Robinson insta-
bility is predicted to onset after optimal bunch lengthen-
ing is obtained, when the Landau cavity voltage is �15%
higher than required for optimal bunch lengthening.

B. Simulation

To study the evolution of unstable behavior, simula-
tions have been performed in which 900 macroparticles are
evenly distributed among the 15 buckets of Aladdin. The
macroparticles of the nth bunch initially pass through the
rf cavities at time t � ntg with energy equaling the syn-
chronous energy, where tg � 2p�vg is the time between
buckets. On subsequent revolutions, random energy offsets
of the macroparticles are generated by “synchrotron radia-
tion” ; these offsets then decay away from radiation damp-
ing. Passage of the macroparticles through the rf cavities
results in energy gain or loss (depending upon the time of
passage) and excitation of wake fields.

To speed up the simulations, the rf fields are described
using slowly varying “ in-phase” components [Vc1�t� and
Vc2�t�] and “quadrature” components [Vs1�t� and Vs2�t�]
which yield the total rf voltages in each cavity according
to [25,26]
074401-7
V1�t� � Vc1�t� cos�vgt� 2 Vs1�t� sin�vgt� ,

V2�t� � Vc2�t� cos�nvgt� 2 Vs2�t� sin�nvgt� .
(23)

Here, Vc1�t� � Vgc1 1 Vbc1�t� is the sum of the constant
rf-generator in-phase voltage Vgc1 and that resulting from
the beam’s wake Vbc1�t�. Similarly, Vs1�t�, Vc2�t�, and
Vs2�t� are sums of rf-generator voltages and wakes. For a
passive Landau cavity, Vgc2 � Vgs2 � 0. Within a single
bunch, we neglect the time variation of the in-phase and
quadrature rf-field components, except for that resulting
from the accumulation of wake fields from each passing
macroparticle. This is valid for rf cavities with Q ¿ 1,
provided that the macroparticles remain bunched within
their rf buckets.

For a given ring current I , fundamental rf voltage
VT1, and Cavity 2 tuning angle f2, we first perform
steps (i)–(v) of Sec. III A to determine the synchronous
phase c1, form factors F1 and F2, and Cavity 1 tuning
angle f1. Steady-state operation has Vc1 � VT1 cosc1,
Vs1 � VT1 sinc1, with beam-loading contributions Vbc1 �
22F1IR1 cos2f1, Vbs1 � F1IR1 sin2f1, so that the rf-
generator in-phase and quadrature voltages are given by

Vgc1 � VT1 cosc1 1 2F1IR1 cos2f1 ,

Vgs1 � VT1 sinc1 2 F1IR1 sin2f1 .
(24)

The resonant frequencies of the rf cavities are deter-
mined from the tuning angles by

v1 � vg��1 1 tanf1�2Q1� ,

v2 � nvg��1 1 tanf2�2Q2� ,
(25)

while the rf decay times are

t1 � 2Q1�v1, t2 � 2Q2�v2 . (26)

We now track macroparticles. When the mth macropar-
ticle belongs to the nth bunch, let tm denote its arrival time
at the rf cavities relative to the reference time ntg, while its
energy offset relative to the synchronous energy is denoted
´m. We begin our simulation with tm � ´m � 0 for all
macroparticles, and no wake fields [Vbc1�0� � Vbs1�0� �
Vbc2�0� � Vbs2�0� � 0]. Physically, this corresponds to
injecting cold bunches at the synchronous phase during a
single revolution.

The macroparticles within a bunch are considered one at
a time, starting with the one that arrives earliest. According
to the fundamental theorem of beam loading, 1�2 of each
macroparticle’s wake is added to the cavity fields before
computing its energy gain or loss; the remaining half of the
wake is added afterwards. One-half of the wake from the
macroparticle charge q � 2ToI�900 causes the Cavity 1
wake voltage to change at the reference time ntg by [26]
DVbc1 �
q
2

∑
2R1

t1
cos�vgtm� 1

R1

Q1t1
sin�vgtm�

∏
, DVbs1 �

q
2

∑
R1

Q1t1
cos�vgtm� 2

2R1

t1
sin�vgtm�

∏
. (27)
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Similarly, the Cavity 2 wake voltage at the reference time is changed by

DVbc2 �
q
2

∑
2R2

t2
cos�nvgtm� 1

R2

Q2t2
sin�nvgtm�

∏
, DVbs2 �

q
2

∑
R2

Q2t2
cos�nvgtm� 2

2R2

t2
sin�nvgtm�

∏
. (28)

When tm . 0, the wake voltage increments of Eqs. (27) and (28) are fictitious because the reference time ntg precedes
the macroparticle’s passage. However, the incremented wake voltage is used only to compute the wake at times $tm, so
that no fictitious effects arise in the tracking.

For a natural energy spread of sE and radiation damping time tL, the macroparticle energy offset is incremented by
[27,28]

D´m � �22To�tL�´m 1 2sE�To�tL�1�2Rmn 1 e�V �tm� 2 Vs�

� �22To�tL�´m 1 2sE�To�tL�1�2Rmn
1 e�Vgc1 cos�vgtm� 2 Vgs1 sin�vgtm� 1 Vgc2 cos�nvgtm� 2 Vgs2 sin�nvgtm�

1 Vbc1 cos�vgtm� 2 Vbs1 sin�vgtm� 1 Vbc2 cos�nvgtm� 2 Vbs2 sin�nvgtm� 2 Vs� , (29)

where Rmn is a random number with zero mean and unity standard deviation. For a passive Landau cavity, we have Vgc2 �
Vgs2 � 0 in Eq. (29). The remaining half of the macroparticle’s wake field is now included by executing Eqs. (27) and
(28) again. The macroparticle time offset is incremented by

Dtm � aTo´m�E . (30)

We then consider the remaining macroparticles in the bunch.
After considering all of the macroparticles within a bunch, the Cavity 1 wake fields are propagated ahead one rf period

to the new reference time �n 1 1�tg using [26]

Vbc1��n 1 1�tg� � exp�2tg�t1� �cos�Dv1tg�Vbc1�ntg� 2 sin�Dv1tg�Vbs1�ntg�� ,

Vbs1��n 1 1�tg� � exp�2tg�t1� �cos�Dv1tg�Vbs1�ntg� 1 sin�Dv1tg�Vbc1�ntg�� ,
(31)
where Dv1 
 v1 2 vg. The Cavity 2 wake fields are
propagated by the same equation with subscripts “1”
changed to “2” and Dv2 
 v2 2 nvg. The macropar-
ticle tracking of the next bunch may now be performed. As
beam diagnostics, we calculate the average and rms values
�t�, �´�, st , and s´ for each turn, in addition to the distri-
butions of tm and ´m after the final turn that is tracked.
We have typically tracked for 500 000 turns �0.148 s�,
which is �11 times the radiation damping time.

In our simulations, the energy spread s´ increases above
its natural value when oscillations of the bunch centroid �t�
or length st indicate instability, or in cases where electrons
are not confined to their rf buckets. Because such cases
generally occur within a regime of strong instability, they
may also be taken to signify instability. Figure 1(c) shows
simulation results for a passive Landau cavity in which a
circle indicates that the average energy spread during the
final 10 000 turns exceeds its natural value by more than
10%. The simulation results are in approximate agreement
with the analytic predictions of Fig. 1(b) in which dipole-
quadrupole coupling is included.

The simulated instability growth and saturation for a
current of 100 mA and f2 � 286± is shown in Fig. 2.
The amplitude of the beam centroid oscillations greatly ex-
ceeds that of the oscillations in st , indicating a dipolelike
instability. From the simulation, an oscillation frequency
of 9900 Hz and exponential growth rate of 95 s21 were
determined. This agrees approximately with the analytic
074401-8
prediction that the coupled dipole mode is unstable, with
frequency equaling 10 000 Hz and growth rate of 70 s21.

Figure 3 shows the simulated unstable behavior for a
current of 200 mA when f2 � 285±, showing a relax-
ation oscillation in st . The amplitude of st oscillations
is much greater than that of the beam centroid, consistent
with analytic prediction of a coupled-quadrupole instabil-
ity. The simulated oscillation frequency of 14.4 kHz is 8%
higher than the analytic calculation of 13.3 kHz, within the
expected �10% accuracy of the analytic calculations for

0 100000 200000 300000 400000 500000
turns
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0

1

2
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e 
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s)

 σt

< t >

FIG. 2. Simulation of coupled-dipole Robinson instability for
passive Landau-cavity operation with the Aladdin lattice, for a
ring current of 100 mA and Landau-cavity tuning angle of 286±.
The time offset of the bunch centroid �t� and bunch length st
are plotted every 100 turns.
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FIG. 3. Simulation of coupled-quadrupole Robinson instability
for passive Landau-cavity operation with the Aladdin lattice,
for a ring current of 200 mA and Landau-cavity tuning angle
of 285±.

j � 1. An exponential growth rate could not be estimated
from the simulated relaxation oscillations.

C. Experiment

Experimental results were obtained by varying the tun-
ing angle of the Aladdin harmonic cavity at a fixed beam
current. The bunch shape and length were obtained from
a capacitive pickup [6] whose time response broadens the
bunch length measurements by �100 ps. For single-hump
bunches, a computer program fits the measured data to a
Gaussian bunch shape to yield a bunch length. An uncali-
brated voltage monitor in the harmonic cavity was used
to estimate j within �5% by assuming that j is propor-
tional to voltage and equals 1 at the dividing line between
single-hump and double-hump bunches.

Without the Landau cavity, synchrotron sidebands were
observed on a tune signal by slightly turning down the
sextupoles. They were separated from the main tune signal
by 10 kHz, in agreement with the analytic prediction that
fR 
 vR�2p � 10 kHz.

Experiments with ring currents of 113 and 213 mA were
compared with analytic results and simulations for 100 and
200 mA. For I � 113 and 213 mA, parasitic coupled-
bunch instabilities were suppressed experimentally when
j exceeded 0.3, within 8% of analytic estimates of the
threshold values of j. For I � 113 mA, an apparent
Robinson instability onset when j � 0.78, within 10% of
the predicted value of j for onset of coupled-dipole Robin-
son instability. For I � 213 mA, an apparent Robinson in-
stability onset when j � 1.09, agreeing with the analytic
prediction for the coupled-quadrupole Robinson instability
within 5%.

In Fig. 4, we display experimental measurements of the
bunch length versus j taken with I � 213 mA, as well as
the analytic result of Eq. (8) and values from simulations.
The three curves agree within the �100 ps experimental
uncertainty. With optimal bunch lengthening �j � 1�, the
bunch length is approximately doubled [6].
074401-9
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FIG. 4. Bunch length determined from experiment, analytic
modeling, and simulations, for passive Landau-cavity operation
with the Aladdin lattice. The parameter j is proportional to the
Landau-cavity voltage, equaling unity for an optimally length-
ened bunch.

The analytic modeling of coupled dipole-quadrupole
modes, simulations, and experiments agree for passive op-
eration of the harmonic cavity with the standard Aladdin
lattice. Because of Robinson instability, optimal bunch
lengthening with passive operation of the harmonic cavity
is limited to currents exceeding �120 mA [6].

IV. PASSIVE LANDAU CAVITY WITH THE
LOW-EMITTANCE LF20 LATTICE

A. Analytic modeling

The analytic results for passive harmonic-cavity opera-
tion with the LF20 lattice were obtained by changing three
parameters input to the analysis. The momentum com-
paction was decreased from 0.0335 to 0.0043, while the
longitudinal radiation damping time changed slightly from
13.8 to 13.5 ms. For comparison with experimental data
taken with an rf voltage of 50 kV (where maximum LF20
lifetime is achieved experimentally), the rf voltage was re-
duced from 90 to 50 kV.

In Fig. 5(a), instability predictions are made analytically
for uncoupled dipole and quadrupole Robinson modes.
Unstable sextupole and octupole modes are predicted for
parameters where the quadrupole mode is also unstable, in
the upper right-hand corner of the plot where I . 100 mA
and f2 . 282.5±. For j � 0, the Robinson angular
frequency vR � 16 450 rad�s 	 vs �fR 
 vR�2p �
2620 Hz�, while, for j � 1, vR � 5280 rad�s �fR �
840 Hz�. For currents exceeding 60 mA, stability is
predicted for optimally lengthened bunches. However,
for 0.85 , j , 1.10 (approximately), the calculated
quadrupole mode frequency is less than the calcu-
lated dipole mode frequency of �2500 Hz, so that the
uncoupled-mode analysis may be invalid.

In Fig. 5(b), dipole-quadrupole mode coupling is in-
cluded in the analysis. A fast mode-coupling instabil-
ity is predicted for near-optimal bunch lengthening where
0.85 , j , 1.10, while a large stable region is predicted
for double-hump bunches with j . 1.10 and I . 80 mA.
074401-9
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FIG. 5. Robinson instabilities are predicted without considera-
tion of mode coupling, for passive Landau-cavity operation with
the LF20 low-emittance lattice and a fundamental rf voltage of
50 kV. Vertical line: dipole instability; *: quadrupole instability.
(b) Dipole-quadrupole mode coupling is included in Robinson
instability predictions. Vertical line: coupled-dipole instability;
*: coupled-quadrupole instability; #: fast mode-coupling insta-
bility. (c) Instabilities observed in 500 000 turn simulations.

B. Simulations

For passive harmonic cavity operation with the LF20
lattice, Fig. 5(c) shows the instabilities observed in simu-
lations, where a final energy spread exceeding the natural
value by more than 10% is taken to signify instability. The
simulation results confirm the existence of a band of insta-
bility for optimally lengthened bunches with j 	 1.

In simulations with I � 200 mA and j 	 1, the
amplitude of unstable oscillations is largest when f2 �
288.08±. Because of instability, the values of j and sE�E
do not remain constant. At the end of the 500 000th turn, j

equals 1.14, while the relative energy spread sE�E equals
5.9 3 1024, 23% larger than the natural energy spread
of 4.8 3 1024. The simulation results, shown in Fig. 6,
074401-10
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FIG. 6. Simulation of a fast mode-coupling Robinson instabil-
ity for passive Landau-cavity operation with the LF20 lattice,
for a ring current of 200 mA and Landau-cavity tuning angle of
288.08±.

indicate that the bunch centroid position and bunch length
undergo oscillations of comparable magnitude, suggesting
a large degree of dipole-quadrupole mode coupling.
Indeed, instability for these parameters is not predicted
when coupling between dipole and quadrupole modes
is neglected, while analytic modeling which includes
dipole-quadrupole mode coupling predicts a fast mode-
coupling instability.

C. Experiment

Experiments were performed on the LF20 lattice with
a fundamental rf voltage of 50 kV. Without the Lan-
dau cavity, synchrotron sidebands were observed on a
tune signal by slightly turning down the sextupoles. They
were separated from the main tune signal by 2.75 kHz,
in approximate agreement with the analytic prediction that
fR 
 vR�2p � 2.6 kHz.

For I � 107 and 220 mA, parasitic coupled-bunch in-
stabilities were suppressed experimentally for j $ 0.7, in
approximate agreement with the analytic estimates. This
threshold value of j is about twice as large as that mea-
sured with the standard Aladdin lattice and a 90 kV rf
voltage. For I � 107 mA, Robinson instabilities were ob-
served experimentally for 0.88 , j , 1.13 and j . 1.23.
For I � 220 mA, Robinson instabilities were observed ex-
perimentally for 1.01 , j , 1.15 and j . 1.30. The ex-
perimental observations confirm the existence of a band of
instability for optimally lengthened bunches with j 	 1,
as did the simulations.

Figure 7(a) displays experimental measurements of the
LF20 bunch length versus harmonic cavity voltage (pa-
rametrized by j), for ring currents of 107 and 220 mA.
The time response of the capacitive pickup broadens the
measurements by �100 ps. For j # 1, the bunch lengths
are given by a Gaussian fit to the bunch shape, while the
double-hump bunch length for j � 1.2 was determined
from an oscilloscope trace. Analytic modeling and simula-
tions give nearly identical results for I � 100 and 200 mA;
results for I � 200 mA are plotted.
074401-10
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FIG. 7. (a) Bunch length determined from experiment, analytic
modeling, and simulations, for passive Landau-cavity operation
with the LF20 lattice. The parameter j is proportional to the
Landau-cavity voltage, equaling unity for an optimally length-
ened bunch. (b) Bunch oscillation signal for passive Landau-
cavity operation with the LF20 lattice and a ring current of
128 mA, for a stable double-hump bunch with j � 1.12. Peaks
are observed at 3.1 and 3.4 kHz. (c) Bunch oscillation frequen-
cies observed for passive Landau-cavity operation with the LF20
lattice at a ring current of 128 mA. Instability occurs when
the frequencies converge for j � 1.07. Analytic modeling of
the coupled-dipole and coupled-quadrupole mode frequencies is
also shown.

For j ø 1, the measured 200 mA bunch length is larger
than the measured 100 mA bunch length. This is an
apparent effect of the microwave instability caused by
the ring’s broadband impedance (estimated to be in the
range of 10 15 V), in which the energy spread increases
with current. Measurements of the beam’s horizontal size
suggest that the microwave instability increases the en-
ergy spread above its natural value for currents exceeding
�60 mA without the Landau cavity and for currents ex-
ceeding �180 mA when a long bunch is obtained with the
074401-11
Landau cavity. Because the ring’s broadband impedance
is poorly characterized, it is not included in the analytic
modeling or simulations.

In Fig. 7(b), we display a bunch oscillation signal ob-
tained by connecting a spectrum analyzer to a beam phase
detector circuit, for the case of a stable double-hump bunch
with I � 128 mA and j � 1.12. When taking the data of
Figs. 7(b) and 7(c), an rf circulator was attached to the
Landau cavity coupling loop, so that b2 	 1.5. We ob-
serve two peaks, which may be interpreted as frequencies
of collective oscillations excited by noise. The frequen-
cies of these peaks were observed as a function of j by
varying the Landau cavity tuning angle. The frequen-
cies converge when j equals 1.07, at which point instabil-
ity increases the oscillation amplitude by 25 dB (a factor
of 18). In Fig. 7(c), the observed frequencies are com-
pared with analytic calculations of the coupled-dipole and
coupled-quadrupole Robinson mode frequencies, showing
approximate agreement. The data supports our interpreta-
tion of instability resulting from dipole-quadrupole mode
coupling.

Approximate agreement between analytic modeling,
simulations, and experiment is therefore obtained for
passive operation of the harmonic cavity with the LF20
lattice, provided that dipole-quadrupole mode coupling is
included in the analytic modeling.

V. ACTIVE LANDAU CAVITY WITH THE
ALADDIN LATTICE

A. Analytic modeling

To analyze an active Landau cavity, we modified an al-
gorithm described in Ref. [11]. The fast-rf feedback of the
two cavities is included in the equivalent rf-coupling co-
efficients b1 and b2. For active operation of the harmonic
cavity, the combination of a circulator and fast feedback
is estimated to be approximately equivalent to an rf-
coupling coefficient of b2 	 160. We consider operation
of the rf cavities in the compensated condition [19,20]
with the rf-generator current in phase with the cavity
voltage, for the case where the cubic term of the syn-
chrotron potential is made equal to zero to produce an
approximately symmetric bunch.

For a given ring current I, fundamental rf voltage VT1,
and Landau cavity voltage parametrized by j, our algo-
rithm proceeds as follows.

(i) Calculate c1 and c2, the synchronous phase angles
of Cavities 1 and 2, and VT2, the peak voltage in Cavity 2.
For a given value of j, we have

VT1 sinc1 1 �1�j�nVT2 sinc2 � 0 . (32)

The cubic term of the synchrotron potential is zero when

VT1 cosc1 1 n2VT2 cosc2 � 0 . (33)
074401-11
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The energy of a synchronous electron is unchanged by a
revolution about the ring,

Vs � VT1 cosc1 1 VT2 cosc2 . (34)

From Eqs. (32)–(34), we obtain

c1 � cos21

∑
Vs

�1 2
1
n2 �VT1

∏
, (35)

c2 � tan21�nj tanc1� 2 180±, (36)

FIG. 8. (a) Robinson instabilities are predicted without con-
sideration of mode coupling, for active Landau-cavity opera-
tion with optimally lengthened bunches in the Aladdin lattice
with a fundamental rf voltage of 90 kV. A symbol is plotted
when Robinson instability is predicted for a given ring current
and effective rf coupling of the Landau cavity (b2). Vertical
line: dipole instability. (b) Dipole-quadrupole mode coupling
is included in Robinson instability predictions. Vertical line:
coupled-dipole instability; #: fast mode-coupling instability.
(c) Instabilities observed in 500 000 turn simulations. When the
relative energy spread at the end of a simulation exceeds the
natural value �4.8 3 1024� by $10%, a circle is plotted to sig-
nify instability.
074401-12
VT2 � 2jVT1 sinc1��n sinc2� . (37)

If Eq. (35) cannot be solved with c1 between 0± and 90±,
there is no equilibrium phase.

(ii) Calculate the quadratic and quartic coefficients of
the synchrotron potential (a and c) using Eqs. (4) and (6).

(iii) Calculate the bunch length using Eq. (8) with
U�t� � at2 1 ct4, and the form factors using formu-
las for Gaussian bunches, F1 � exp�2v2

gs
2
t �2� and

F2 � exp�2n2v2
gs

2
t �2�.

(iv) Calculate the tuning angle of the rf cavities for op-
eration in the compensated condition

f1 � tan21�2F1IR1 sinc1�VT1� ,

f2 � tan21�2F2IR2 sinc2�VT2� .
(38)

(v) We now analyze instabilities in the same manner as
with a passive Landau cavity, described in steps (vi)–(ix)
of Sec. III A.

In Fig. 8(a), uncoupled dipole and quadrupole Robin-
son instabilities are predicted for an optimally lengthened
bunch �j � 1�, for a variety of ring currents I and Landau-
cavity coupling coefficients b2. Figure 8(b) displays pre-
dictions when coupling between dipole and quadrupole
modes is included in the analysis. Stability is predicted
for b2 . 40. Nearly the same predictions were obtained
for optimally lengthened bunches by using the quartic-
potential formula for the coupled dipole-quadrupole insta-
bility [Eq. (B5)]. Simulation results (described below) are
shown in Fig. 8(c).

To model Landau-cavity operation for a specified value
of b2 (i.e., a given feedback gain), dipole-quadrupole
mode coupling is included in the analysis for a variety
of Landau-cavity voltages (parametrized by j) and ring
currents. In Fig. 9, we consider the case where b2 �
160. The loaded Q is sufficiently low that the coupled-
bunch instability with longitudinal mode number equaling
1 is predicted to be excited by the harmonic cavity for

FIG. 9. Instability predictions which include dipole-
quadrupole mode coupling, for active Landau-cavity opera-
tion with the Aladdin lattice and b2 � 160. c: coupled-bunch
instability with longitudinal mode number of 1.
074401-12
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I $ 140 mA and j , 0.3; stable operation is predicted
when j . 0.3.

B. Simulations

To simulate an active Landau cavity for a specified ring
current I , fundamental rf voltage VT1, and value of j, we
first perform steps (i)–(iv) of Sec. V A to determine the
synchronous phases c1 and c2, form factors F1 and F2,
tuning angles f1 and f2 (for operation in the compen-
sated condition) and Landau cavity voltage VT2. The rf-
generator in-phase and quadrature voltages for Cavity 1
are then determined by Eq. (24); the rf-generator voltage
components for Cavity 2 are determined by substituting
the subscript “2” for “1” in Eq. (24). From this point on,
the simulations proceed identically to those for a passive
harmonic cavity.

An evaluation of j and VT1 at the end of stable simu-
lations indicates that the specified values are obtained
within �3% except when j ¿ 1, in which case the spec-
ified value of j was obtained within �10%. Thus, the rf-
generator voltage components are accurately obtained by
the above method.

In Fig. 8(c), instabilities observed in simulations are
shown for an optimally lengthened bunch �j � 1�, for a
variety of ring currents I and Landau-cavity coupling co-
efficients b2. The simulations agree approximately with
the analytic results of Fig. 8(b).

Simulations were performed for b2 � 160 with I �
100, 200, and 300 mA and 0 , j , 2. Consistent with
the analytic predictions, no Robinson instabilities were ob-
served. For I � 200 mA, a coupled-bunch instability with
mode number of 61 was observed for 0.02 # j # 0.16
while, for I � 300 mA, this instability was observed for
0.008 # j # 0.29, in excellent agreement with the ana-
lytic predictions of Fig. 9. A coupled-bunch instability
with mode number of 61 was identified in simulations
by the sinusoidal dependence of bunch arrival time versus
bunch number.

Simulations performed for b2 equaling 20 and 40 dis-
played Robinson instabilities, in agreement with the ana-
lytic predictions of Fig. 8.

C. Experiment

Experimental studies of active harmonic cavity opera-
tion with the Aladdin lattice were performed for ring cur-
rents of 84 and 193 mA, with an estimated value of b2 �
160. Parasitic coupled-bunch instabilities were suppressed
for j $ 0.21 and j $ 0.33, respectively. These threshold
values of j agree with the analytic predictions within 10%.

In Fig. 10, the measured bunch length with I �
193 mA is compared with analytic modeling and simula-
tions performed for I � 200 mA. The agreement is quite
good, considering that the experimental determination
of j is accurate to within �5%, while the experimental
074401-13
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FIG. 10. Bunch length determined from experiment, analytic
modeling, and simulations, for active Landau-cavity operation
with the Aladdin lattice. The parameter j is proportional to the
Landau-cavity voltage, equaling unity for an optimally length-
ened bunch.

measurement of bunch length is increased by �100 ps by
the time response of the capacitive pickup.

When j was increased above 1.25 for I � 84 or
193 mA, a loss of beam current occurred. At this level
of the Landau cavity voltage, the fast feedback amplifiers
on the rf system are saturating so that the effective value
of b2 is decreased. Analytic modeling predicts that
saturation of the feedback gain will result in Robinson
instabilities if b2 drops below �50. Thus, a possible
explanation for the beam losses is the onset of Robinson
instabilities caused by saturation of the fast rf feedback.

A previous test of feedback where b2 was estimated
to equal 40 displayed unstable operation, consistent with
analytic modeling and simulations. In normal Aladdin
operations, the harmonic cavity is used actively with an
estimated value of b2 � 160, for currents of 0–300 mA,
achieving stable operation for optimally lengthened
bunches.

Thus, for active operation of the Landau cavity with the
Aladdin lattice, the analytic modeling, simulations, and
experiments are in approximate agreement.

VI. ACTIVE LANDAU CAVITY WITH THE LF20
LATTICE

A. Analytic modeling

In Fig. 11(a), uncoupled dipole and quadrupole Robin-
son instabilities are predicted for an optimally length-
ened bunch, for active Landau-cavity operation with the
LF20 lattice and a fundamental rf voltage of 50 kV. For
large feedback gains where b2 . 170, the equilibrium
phase instability is predicted when the ring current exceeds
200 mA.

When dipole-quadrupole mode coupling is included
in the analysis [Fig. 11(b)], a fast mode-coupling insta-
bility is predicted for b2 , 130, even though the dipole
and quadrupole mode frequencies differ greatly in the
074401-13
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uncoupled-mode analysis. The prevalence of equilibrium
phase and fast mode-coupling instabilities indicates
that frequency shifts produced by the beam current are
comparable to the Robinson frequency vR , whose value is
small when using the LF20 lattice. Stable operation with
a current of 300 mA is predicted for a narrow range of b2
values with 130 , b2 , 170. Nearly the same predic-
tions for optimally lengthened bunches were obtained by

FIG. 11. (a) Robinson instabilities are predicted without con-
sideration of mode coupling, for active Landau-cavity opera-
tion with optimally lengthened bunches in the LF20 lattice,
with a fundamental rf voltage of 50 kV. A symbol is plot-
ted when Robinson instability is predicted for a given ring
current and effective rf coupling of the Landau-cavity (b2).
Vertical line: dipole instability; / : equilibrium phase instability.
(b) Dipole-quadrupole mode coupling is included in Robinson
instability predictions. Vertical line: coupled-dipole instability;
#: fast mode-coupling instability; / : equilibrium phase insta-
bility; \ : zero-frequency coupled dipole-quadrupole instability.
(c) Instabilities observed in 500 000 turn simulations.
074401-14
using the quartic-potential formula for the coupled dipole-
quadrupole instability [Eq. (B5)]. Simulation results
(described below) are shown in Fig. 11(c).

In Fig. 12, we include dipole-quadrupole mode coupling
to model bunches with 0 , j , 2, for the cases where
b2 � 40, 80, and 160. For the lower values of b2, a
fast mode-coupling instability is predicted when j � 1.
The equilibrium phase instability is predicted for b2 �
160 when a large current ��300 mA� is lengthened with
j 	 1. A coupled-bunch instability with mode number of
1 is predicted for large currents and small values of j.

FIG. 12. Instability predictions which include dipole-
quadrupole mode coupling for active Landau-cavity operation
with the LF20 lattice for three values of the Landau-cavity ef-
fective rf coupling (b2). Vertical line: coupled-dipole Robinson
instability; *: coupled-quadrupole Robinson instability; # : fast
mode-coupling Robinson instability; / : equilibrium phase
instability; c: coupled-bunch instability with longitudinal mode
number of 1. (a) b2 � 40, (b) b2 � 80, and (c) b2 � 160.
074401-14
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B. Simulations

For optimally lengthened bunches, Fig. 11(c) shows in-
stabilities observed in simulations, where a final energy
spread exceeding the natural value by 10% is taken to
indicate instability. The simulations are in approximate
agreement with Fig. 11(b), in which dipole-quadrupole
mode coupling is modeled. While the analytic modeling
predicts a narrow range of b2 values for which optimally
lengthened 300 mA beams are stable, the simulations pre-
dict instability when I $ 260 mA for all values of b2
considered.

In Fig. 13, simulations are shown for comparison with
the analytic modeling of Fig. 12. The simulations display
a region of Robinson instability for optimally lengthened

FIG. 13. Instabilities observed in 500 000 turn simulations of
active Landau-cavity operation with the LF20 lattice for three
values of the active Landau-cavity effective rf coupling �b2�.
(a) b2 � 40, (b) b2 � 80, and (c) b2 � 160.
074401-15
and double-hump bunches, consistent with the fast mode-
coupling instability predicted in Fig. 12. Optimally length-
ened bunches are unstable for I $ 120 mA when b2 �
80; they are unstable for I $ 260 mA when b2 $ 160.
Throughout most of the 0–300 mA current range, stable
operation with optimally lengthened bunches is obtained,
provided that b2 $ 160.

For single-hump bunches �j # 1�, the simulations are in
approximate agreement with the analytic modeling. How-
ever, simulations of double-hump bunches may display
instability that is not predicted by the analytic model. Such
a discrepancy may result if the collective oscillation fre-
quency of double-hump bunches �vR� is overestimated by
the rigid dipole model, if the frequency shift resulting from
the beam current is underestimated in the analytic model,
or if coupling to higher-order synchrotron modes (e.g.,
sextupole and octupole) becomes important in these
lengthened bunches.

Figure 14 displays simulated unstable behavior for a cur-
rent of 300 mA, b2 � 160, and j � 1.03. According to
analytic modeling, the system is at the threshold of equi-
librium phase instability. The bunch position and length
undergo relaxation oscillations of comparable magnitude,
during which the relative energy spread oscillates between
its natural value of 4.8 3 1024 and �1.5 3 1023.

With an increased fundamental rf voltage of 90 kV
(identical to that of standard Aladdin operation), the
equilibrium phase instability is no longer predicted for
LF20 with currents of 0–300 mA. For 0–300 mA,
stable optimally lengthened bunches are predicted analyt-
ically for b2 $ 110. Simulations for b2 � 160, shown
in Fig. 15, indicate that double-hump bunches with j

slightly greater than 1 are unstable for I $ 200 mA. In
simulations for b2 � 80, optimally lengthened bunches
are unstable when I $ 160 mA. For 90 kV rf operation
of LF20, simulations of optimally lengthened bunches are
stable for 0–300 mA, provided that b2 $ 160 [29].

0 100000 200000 300000 400000 500000
turns
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0.5
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FIG. 14. Simulation of Robinson instability for active Landau-
cavity operation with the LF20 lattice, for a ring current of
300 mA, b2 � 160, and j � 1.03.
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FIG. 15. Instabilities observed in 500 000 turn simulations of
active Landau-cavity operation with the LF20 lattice and b2 �
160, with an increased fundamental rf voltage of 90 kV.

C. Experiment

Experimental studies of active harmonic cavity opera-
tion with the LF20 lattice and VT1 � 50 kV were per-
formed with an estimated value of b2 � 160. For currents
of 100–200 mA, coupled-bunch instabilities were sup-
pressed when the Landau cavity voltage was sufficiently
large that j exceeded 0.6–0.85, in rough agreement with
the analytic estimate that j must exceed 0.8–0.9 to sup-
press coupled-bunch instability.

For a ring current of 16.5 mA, an apparent Robinson
instability was observed when j . 1.14. For a ring cur-
rent of 104 mA, apparent Robinson instabilities were ob-
served when 0.81 , j , 1.24, and when j . 1.41. For
ring currents of 160 and 174 mA, instability was ob-
served for j . 0.84 and j . 0.74, respectively. For these
higher currents, beam losses occurred when j was in-
creased above the threshold values.

The experimental results approximately agree with the
modeling and simulations of Figs. 12 and 13. The model-
ing and simulations for b2 equaling 40 or 80 agree closely
with experiment, suggesting that the value of b2 in the ex-
periment is less than 160. This could result if the feedback
gain is less than the low-signal value used to estimate b2.
In addition, there is considerable uncertainty in the experi-
mental values of a, sE�E, and j.

In Fig. 16(a), we display the bunch oscillation frequency
observed on a spectrum analyzer connected to a beam
phase detector circuit for an extremely low current of
1.5 mA. The observed frequency is �20% higher than the
analytically calculated coupled-dipole frequency, which
nearly equals vR�2p for this low ring current. This
discrepancy may arise from the experimental momentum
compaction exceeding the value used in the calculation.
With a current of 155 mA, two oscillation frequencies
are observed with the values shown in Fig. 16(b). When
the frequencies converge for j � 0.89, instability results
in which the oscillation amplitude increases by 18 dB (a
factor of 8). Also shown are analytic calculations of the
074401-16
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FIG. 16. (a) Observed bunch oscillation frequency as a func-
tion of j, for active Landau-cavity operation with the LF20
lattice and a ring current of 1.5 mA. Analytic modeling of the
coupled-dipole Robinson frequency is also shown. (b) Bunch
oscillation frequencies observed for active Landau-cavity opera-
tion with the LF20 lattice at a ring current of 155 mA. Instability
occurs when the frequencies converge for j � 0.89. Analytic
results for the coupled-dipole and coupled-quadrupole mode fre-
quencies are shown for b2 � 40, 80, and 160.

coupled-dipole and coupled-quadrupole mode frequencies
for b2 equaling 40, 80, and 160. Comparison with the
analytic calculations suggests that the value of b2 in the
experiment is less than 160. This data supports our in-
terpretation of instability resulting from dipole-quadrupole
mode coupling.

For active harmonic cavity operation with single-hump
bunches in the LF20 lattice, the analytic modeling of
dipole-quadrupole mode coupling, simulations, and ex-
periment are in approximate agreement. For double-hump
bunches, instabilities are more prevalent in simulations
than in the analytic model.

VII. DISCUSSION

Using analytic modeling, simulations, and experiments,
we have studied Robinson instabilities when a Landau
cavity is utilized with the standard Aladdin lattice and the
low-emittance LF20 lattice, whose momentum compaction
is much smaller. Passive and active operation of the
Landau cavity were considered. In our analytic model, we
estimate the frequency of collective dipole oscillations by
approximating the dipole motion as rigid. Instabilities are
modeled by substituting the estimated collective frequency
074401-16



PRST-AB 4 ROBINSON INSTABILITIES WITH A HIGHER-… 074401 (2001)
for the synchrotron frequency in formulas applicable to a
quadratic synchrotron potential. This model is expected
to predict dipole and quadrupole mode frequencies and
growth rates within �10% for single-hump bunches.

For single-hump bunches and passive operation with
double-hump bunches, analytic modeling, simulations, and
experiments are in approximate agreement, provided that
dipole-quadrupole mode coupling is included in the an-
alytic modeling. For active operation with double-hump
bunches, instabilities are more prevalent in simulations
than in the analytic model.

With the Aladdin lattice and a 90 kV rf voltage,
passive operation of the Landau cavity gives stable opti-
mally lengthened bunches for currents of 120–300 mA,
while active operation succeeds for currents of 0–300 mA.
Landau-cavity operation with the LF20 lattice and a 50 kV
rf voltage suffers from increased instability resulting from
coupling of the dipole and quadrupole Robinson modes.
Studies of LF20 with a 90 kV rf voltage confirm that the
increased instability results from the small momentum
compaction of the LF20 lattice rather than the lower rf
voltage [29].

The mode-coupling Robinson instabilities limit the util-
ity of the Landau cavity for active operation with the LF20
lattice. According to analytic modeling and simulations,
several options exist for improving this situation. Increas-
ing the effective rf-coupling coefficient of the Landau cav-
ity is predicted to increase stability; this may be accom-
plished by a modification of the feedback circuitry and/or
074401-17
rf cavity. Modeling and simulations show slightly better
stability with the higher rf voltages we intend to use if the
momentum aperture of the LF20 lattice is successfully in-
creased. Stability may also be improved by using a lattice
which has a larger momentum compaction, in which case
the emittance may also be increased, since emittance is
roughly proportional to momentum compaction. In addi-
tion, our analytic modeling and simulation techniques may
be used to find rf-cavity parameters that are more con-
ducive to stability.
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APPENDIX A: SINGLE-MODE ROBINSON
INSTABILITIES IN A QUARTIC SYNCHROTRON

POTENTIAL

According to Eq. (9.11) of Ref. [15], coherent Robinson
oscillations in a quartic synchrotron potential obey rm �P
n Tm,nrn, where m and n take on the values Mj �j �

2`, . . . , `� andM is the number of rf buckets. For jaRj ø
jVj, Tm,n may be written in our notation as
Tm,n � 2inZn

∑
aev2

oC5I

2pEDv2
s

∏
4

�nro�2

X̀
m�1

Z `

0
dx

x4e2x4
Jm�nrox�Jm�mrox�

x2 2 �V 2 iaR�2��mDvs�2 , (A1)

where C5 � 4.686, ro � 1.720vost , and Zn 
 Z�nvo 1 V�. Here, m denotes the mode number, equaling 1 for a dipole
mode, 2 for a quadrupole mode, etc. The synchrotron frequency spread is parametrized by Dv2

s � �aev3
g�2.825ETo� 3

�n2 2 1�s2
t VT1 sinc1. The rms synchrotron frequency spread obeys svs � Dvs�1.720. A comparison with Eq. (11)

indicates that the rigid dipole model predicts a Robinson frequency of vR � 1.19Dvs.
When mode coupling is negligible, there are oscillations for which only one value of m, denoted mo, contributes to

Tm,n. In this case, Tm,n 	 T �mo�
m,n , where

T �mo�
m,n � 2inZn

∑
aev2

oC5I

2pEDv2
s

∏
4

�nro�2

Z `

0
dx

x4e2x4
Jmo�nrox�Jmo�mrox�

x2 2 �V 2 iaR�2��moDvs�2 . (A2)

Just above the threshold of instability, aR � 02; in this case the Plemelj formula [30] gives

T �mo�
m,n � 2inZn

∑
aev2

oC5I

2pEDv2
s

∏
4

�nro�2

"
P

Z `

0
dx

x4 exp�2x4�Jmo�nrox�Jmo�mrox�
x2 2 V2��moDvs�2

1
ipx4

mo
exp�2x4

mo
�Jmo�nroxmo�Jmo�mroxmo�

2V��moDvs�

Ç
xmo �V�moDvs

#
. (A3)
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For a sufficiently short bunch length, we utilize the fact that Jm�x� ~ xm for small x to obtain

T �mo�
m,n � 2inZn
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Note that T �mo�
m,n may be written as A�mo�

m B�mo�
n (i.e., T �mo�

m,n is of rank # 1 [15]) so that rm �
P
n Tm,nrn has solution whenP

n T
�mo�
n,n � 1.

We now consider a real impedance Z. In the case of a quadratic synchrotron potential, such an impedance causes growth
or damping without shifting the real Robinson frequency. In order that

P
n T

�mo�
n,n � 1, we must have Im�

P
n T

�mo�
n,n � � 0,

which is satisfied when the real oscillation frequency V obeys

P
Z `

0
dx

x412mo exp�2x4�
x2 2 V2��moDvs�2 � P

Z `

0
dx

x412mo exp�2x4�
x2 2 x2

mo

� 0 . (A5)

Evaluating Eq. (A5) yields x1 � 1.076, x2 � 1.164, x3 � 1.236, x4 � 1.298, etc. Thus, at the threshold of dipole
Robinson instability, the oscillation frequency obeys V � 1.076Dvs � 0.90vR , where vR ��1.19Dvs� is the dipole
Robinson frequency calculated in Eq. (11) by assuming a rigid-bunch oscillation. For the quadrupole mode �mo � 2�,
V � 1.164�2Dvs� � 0.98�2vR�. For the sextupole mode, V � 1.236�3Dvs� � 1.04�3vR�, while, for the octupole
mode, V � 1.298�4Dvs� � 1.09�4vR�. For the dipole, quadrupole, sextupole, and octupole modes, the Robinson oscil-
lation frequencies at threshold in a quartic potential are within 10% of the value movR , where vR is the dipole oscillation
frequency obtained in Sec. II by assuming a rigid dipole oscillation.

The beam current I at the instability threshold for the moth mode follows from Re�
P
n T

�mo�
n,n � � 1:

1 �
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n
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Far above the instability threshold, we have

T �mo�
m,n � 2inZn
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In the absence of mode coupling, Tm,n � T �mo�
m,n , where T �mo�

m,n is of rank #1, so that instability requires
P
n T

�mo�
n,n � 1.

According to Eq. (A7), this gives

�V 2 iaR�2 � �xmomoDvs�2 1 m2
o
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n
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 �xmomoDvs�2 1 idV2
mo

. (A8)

For a real impedance, our assumption that the instability threshold is exceeded requires that the RHS of Eq. (A6) exceed
1. Because both the real and the imaginary components of a complex frequency shift are effective in overcoming Landau
damping [15,23], we generalize this criterion for an arbitrary impedance by requiring that the RHS of Eq. (A6) have
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magnitude exceeding 1, which is equivalent to

jdV2
mo
j . �moDvs�2

∑
2

R
`
0 dxx

412mo exp�2x4�

px
2mo13
mo exp�2x4

mo
�

∏
. (A9)

For the dipole mode, this criterion for overcoming Landau damping becomes

jdV2
1 j

1�2 . 0.622Dvs . (A10)

Equation (A10) was obtained in a different manner in Eq. (9.28) of Ref. [15]. For the quadrupole, sextupole, or octupole
modes, Landau damping is overcome, according to Eq. (A9), when

jdV2
2 j

1�2 . 0.625�2Dvs�, jdV2
3 j

1�2 . 0.626�3Dvs�, jdV2
4 j

1�2 . 0.627�4Dvs� . (A11)

For the dipole Robinson mode, we expand the Bessel function in Eq. (A8) using

Jmo�nroxmo� 	
1

G�mo 1 1�
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nroxmo

2
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∑
1 2
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mo 1 1
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nroxmo

2

∂2∏
(A12)

to obtain

�V 2 iaR�2 � �1.076Dvs�2 1
iaev2
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2pE
�1.076�

X
n
nZnF

2
0.93nvo

, (A13)

where, to order s2
t , F0.93nvo is the bunch form factor evaluated at angular frequency 0.93nv0. In contrast, the assumption

of a rigid dipole oscillation gives the mo � 1 term of Eq. (12),

�V 2 iaR�2 � v2
R 1

iaev2
oI

2pE

X
n
nZnF

2
nvo

. (A14)

The low-current dipole Robinson frequency in a quartic potential, 1.076Dvs, is given within 10% by the rigid-dipole
value of vR � 1.19Dvs, while the coefficient of the coherent frequency shift term differs by 8%, in addition to a 7%
change in the frequencies where the form factors are evaluated. This confirms that Eq. (12) provides a good approximation
for the dipole mode (frequency and growth rate given within �10%) when the synchrotron potential is quartic.

For V . 0, let us define the coherent frequency shift DV 
 V 2 iaR 2 1.076Dvs as the change in the complex
Robinson frequency resulting from the beam current. The criterion for overcoming Landau damping given by Eq. (A10)
may then be written as

jDVj �

Ç
dV

2
1

2�1.076Dvs�

Ç
. 0.18Dvs � 0.31svs . (A15)

For the quadrupole mode, expanding the Bessel function in Eq. (A8) yields

�V 2 iaR�2 � �1.164 ? 2Dvs�2 1
iaev2

oI

2pE
�0.982�

X
n
nZn�nvost�2F2p

2�3 nvo
. (A16)

In contrast, the mo � 2 term of Eq. (12) gives

�V 2 iaR�2 � �2vR�2 1
iaev2

oI

2pE

X
n
nZn�nvost�2F2

nvo
. (A17)

The low-current quadrupole Robinson frequency in a quartic potential, 1.164�2Dvs�, is given within 2% by Eq. (12),
while the coherent frequency shift coefficient differs by 2%, in addition to an 18% change in the frequencies where the
form factors are evaluated. This confirms that Eq. (12) provides a good approximation for the quadrupole mode when
the synchrotron potential is quartic.

Letting DV denote the change in the complex quadrupole Robinson frequency resulting from the beam current �DV 

V 2 iaR 2 1.164 ? 2Dvs�, the criterion for overcoming Landau damping given by Eq. (A11) may be written as

jDVj �

Ç
dV

2
2

2�1.164 ? 2Dvs�

Ç
. 0.34Dvs � 0.58svs . (A18)

For the sextupole mode, expanding the Bessel function in Eq. (A8) yields

�V 2 iaR�2 � �1.236 ? 3Dvs�2 1
iaev2

oI

2pE
�0.258�

X
n
nZn�nvost�4F2

0.75nvo
. (A19)
074401-19 074401-19



PRST-AB 4 R. A. BOSCH, K. J. KLEMAN, AND J. J. BISOGNANO 074401 (2001)
In contrast, the mo � 3 term of Eq. (12) gives

�V 2 iaR�2 � �3vR�2 1
iaev2

oI

2pE
�0.375�

X
n
nZn�nvost�4F2

nvo
. (A20)

The low-current sextupole Robinson frequency in a quartic potential, 1.236�3Dvs�, is given within 4% by Eq. (12), while
the coherent frequency shift coefficient differs by 31%, in addition to a 25% change in the frequencies where the form
factors are evaluated. This indicates that Eq. (12) overestimates the real and imaginary frequency shifts of the sextupole
mode when the synchrotron potential is quartic.

Letting DV denote the change in the complex sextupole Robinson frequency resulting from the beam current, the
criterion for overcoming Landau damping given by Eq. (A11) may be written as

jDVj �

Ç
dV

2
3

2�1.236 ? 3Dvs�

Ç
. 0.48Dvs � 0.82svs . (A21)

For the octupole mode, expanding the Bessel function in Eq. (A8) yields

�V 2 iaR�2 � �1.298 ? 4Dvs�2 1
iaev2

oI

2pE
�0.0335�

X
n
nZn�nvost�6F2

0.71nvo
. (A22)

In contrast, the mo � 4 term of Eq. (12) gives

�V 2 iaR�2 � �4vR�2 1
iaev2

oI

2pE
�0.0833�

X
n
nZn�nvost�6F2

nvo
. (A23)

The low-current octupole Robinson frequency in a quartic potential, 1.298�4Dvs�, is given within 9% by Eq. (12), while
the coherent frequency shift coefficient differs by 60%, in addition to a 29% change in the frequencies where the form
factors are evaluated. This indicates that Eq. (12) substantially overestimates the real and imaginary frequency shifts for
the octupole mode when the synchrotron potential is quartic.

Letting DV denote the change in the complex octupole Robinson frequency resulting from the beam current, the
criterion for overcoming Landau damping given by Eq. (A11) may be written as

jDVj �

Ç
dV

2
4

2�1.298 ? 4Dvs�

Ç
. 0.61Dvs � 1.04svs . (A24)

In summary, a single-mode analysis of the Robinson instability in a quartic potential indicates that Eq. (12) provides
a good approximation for the dipole and quadrupole modes, while overestimating the coherent frequency shift for the
sextupole and octupole modes.

APPENDIX B: DIPOLE-QUADRUPOLE MODE COUPLING

Let us include mode coupling between dipole and quadrupole Robinson modes by retaining the m � 1 (dipole) and
m � 2 (quadrupole) terms of Tm,n �

P`
m�1 T

�m�
m,n. For a quadratic synchrotron potential, Robinson oscillations with

jaRj ø jVj obey [15,22]

T �m�
m,n � 2i

Zn
n

∑
aev2

oI

2pEv2
s

∏
FmvoFnvo

m! 2m21

mmnm�vost�2m22

1 2 �V 2 iaR�2��mvs�2 . (B1)

Thus, we have

T �m�
m,n � �m�n�m�Fmvo �Fnvo�T �m�

n,n . (B2)

For Tm,n � T �1�
m,n 1 T �2�

m,n, Eq. (B2) implies that rm �
P
n Tm,nrn has a nontrivial solution when√X

n
T �1�
n,n 2 1

! √X
n
T �2�
n,n 2 1

!
�

√X
n
nT �1�

n,n

! √X
n

�1�n�T �2�
n,n

!
. (B3)

When the RHS (which is ~ I2) is negligible, Eq. (B3) reduces to the dipole and quadrupole single-mode formulas. To
include radiation damping, we make the substitution aR ! aR 2 mt

21
L in T �m�

m,n, where tL is the longitudinal radiation
damping time. Consequently, aR becomes the Robinson damping rate including the effect of radiation damping. Includ-
ing the effect of radiation damping, Eqs. (B1) and (B3) yield
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∑
�V 2 iaR1it21

L �2 2 v2
s 2

iaev2
oI

2pE

X
n
nZnF

2
nvo

∏

3

∑
�V 2 iaR 1 2it21

L �2 2 �2vs�2 2
iaev2

oI

2pE

X
n
nZn�nvost�2F2

nvo

∏

�

∑
2iaev2

oI

2pE

X
n
n2ZnF

2
nvo

∏ ∑
2iaev2

oI

2pE

X
n
Zn�nvost�2F2

nvo

∏
. (B4)

In a quartic synchrotron potential, Eqs. (B2) and (B3) are approximately obeyed. Above the Landau-damping thresh-
old, we substitute Eq. (A7) for T �m�

m,n into Eq. (B3) to obtain, including the effects of radiation damping,

∑
�V 2 iaR 1 it21

L �2 2 �1.076Dvs�2 2
iaev2

oI

2pE
�1.076�

X
n
nZnF

2
0.93nvo

∏

3

∑
�V 2 iaR 1 2it21

L �2 2 �1.164 ? 2Dvs�2 2
iaev2

oI

2pE
�0.982�

X
n
nZn�nvost�2F2p

2�3nvo

∏

�

∑
2iaev2

oI

2pE
�1.076�

X
n
n2ZnF

2
0.93nvo

∏ ∑
2iaev2

oI

2pE
�0.982�

X
n
Zn�nvost�2F2p

2�3 nvo

∏
. (B5)

Substituting the natural frequency of collective oscillations vR for the synchrotron frequency vs in Eq. (B1) yields a
result which reduces to Eq. (B4) for a quadratic potential, while approximating Eq. (B5) for a quartic potential

∑
�V 2 iaR 1 it21

L �2 2 v2
R 2

iaev2
oI

2pE

X
n
nZnF

2
nvo

∏

3

∑
�V 2 iaR 1 2it21

L �2 2 �2vR�2 2
iaev2

oI

2pE

X
n
nZn�nvost�2F2

nvo

∏

�

∑
2iaev2

oI

2pE

X
n
n2ZnF

2
nvo

∏ ∑
2iaev2

oI

2pE

X
n
Zn�nvost�2F2

nvo

∏
. (B6)

For jaRj, t
21
L ø jVj, Eq. (B6) becomes, for a double-rf system

Ω
V2 2 2iVaR 1 2iVt21

L 2 v2
R 1

aevgI

2ETo
�R1F

2
1 �sin2f12 1 sin2f11� 1 nR2F

2
2 �sin2f22 1 sin2f21��

1
iaevgI

ETo
�R1F

2
1 �cos2f12 2 cos2f11� 1 nR2F

2
2 �cos2f22 2 cos2f21��

æ

3

Ω
V2 2 2iVaR 1 4iVt21

L 2 �2vR�2

1
aevgI

2ETo
�vgst�2�R1F

2
1 �sin2f12 1 sin2f11� 1 n3R2F

2
2 �sin2f22 1 sin2f21��

1
iaevgI

ETo
�vgst�2�R1F

2
1 �cos2f12 2 cos2f11� 1 n3R2F

2
2 �cos2f22 2 cos2f21��

æ

� �vgst�2

Ω
aevgI

2ETo
�R1F

2
1 �sin2f12 2 sin2f11� 1 n2R2F

2
2 �sin2f22 2 sin2f21��

1
iaevgI

ETo
�R1F

2
1 �cos2f12 1 cos2f11� 1 n2R2F

2
2 �cos2f22 1 cos2f21��

æ2

. (B7)

Defining the real quantities
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Ã 

aevgI

2ETo
�R1F

2
1 �sin2f12 1 sin2f11� 1 nR2F

2
2 �sin2f22 1 sin2f21�� ,

B̃ 

aevgI

2ETo
�vgst�2�R1F

2
1 �sin2f12 1 sin2f11� 1 n3R2F

2
2 �sin2f22 1 sin2f21�� ,

D̃ 
 �vgst�
aevgI

2ETo
�R1F

2
1 �sin2f12 2 sin2f11� 1 n2R2F

2
2 �sin2f22 2 sin2f21�� ,

ã 

aevgI

ETo
�R1F

2
1 �cos2f12 2 cos2f11� 1 nR2F

2
2 �cos2f22 2 cos2f21�� 1 2Vt21

L ,

(B8)

b̃ 

aevgI

ETo
�vgst�2�R1F

2
1 �cos2f12 2 cos2f11� 1 n3R2F

2
2 �cos2f22 2 cos2f21�� 1 4Vt21

L ,

d̃ 
 �vgst�
aevgI

ETo
�R1F

2
1 �cos2f12 1 cos2f11� 1 n2R2F

2
2 �cos2f22 1 cos2f21�� ,

Eq. (B7) becomes

�V2 2 v2
R 1 Ã 2 2iVaR 1 iã� �V2 2 �2vR�2 1 B̃ 2 2iVaR 1 ib̃� � �D̃ 1 id̃�2. (B9)

The real part of Eq. (B9) yields

�V2 2 v2
R 1 Ã� �V2 2 �2vR�2 1 B̃� � D̃2 2 d̃2 1 �ã 2 2VaR� �b̃ 2 2VaR� , (B10)

while its imaginary part yields the Robinson damping rate (including radiation damping)

aR �
ã�V2 2 �2vR�2 1 B̃� 1 b̃�V2 2 v

2
R 1 Ã� 2 2D̃d̃

2V�2V2 2 5v
2
R 1 Ã 1 B̃�

. (B11)

A zero-frequency instability threshold is predicted when Eq. (B10) is obeyed for V2 ! 0, in which case f16 ! f1
and f26 ! f2 while D̃, ã, b̃ ! 0. This yields

0 � ��v2
R 2 Ã� �4v2

R 2 B̃� 1 d̃2�j f11�f12�f1
f21�f22�f2

. (B12)

This threshold cannot be reached without first crossing the threshold of the equilibrium phase instability �v2
R 2 Ã � 0�

or zero-frequency quadrupole Robinson instability �4v
2
R 2 B̃ � 0�. These thresholds occur when there is no restoring

force for slow perturbations of the bunch position or length, in which case fast instabilities may result that involve
many synchrotron modes [15]. Because of the contribution of many synchrotron modes to fast instabilities, the coupled
dipole-quadrupole model (which includes only the dipole and quadrupole modes) may no longer be applicable when the
equilibrium phase instability or zero-frequency quadrupole instability thresholds are reached.

Application of the quadratic formula to Eq. (B10) yields

V2 �
5v

2
R 2 Ã 2 B̃

2
6

∑
�3v

2
R 1 Ã 2 B̃�2

4
1 D̃2 2 d̃2 1 �ã 2 2VaR� �b̃ 2 2VaR�

∏1�2

. (B13)

When the minus sign is taken for 6, we refer to the solution as the “coupled-dipole” mode, while the plus sign gives
the “coupled-quadrupole” mode. In the absence of coupling �D̃ � d̃ � 0�, Eqs. (B11)–(B13) reproduce the uncoupled
dipole and quadrupole mode results of Eqs. (13)–(16). The coupling term D̃ resulting from the imaginary part of the
impedance pulls the coupled-dipole and coupled-quadrupole mode frequencies apart, while the coupling term d̃ result-
ing from the real part of the impedance pushes the coupled-dipole and coupled-quadrupole mode frequencies together.
Consequently, the mode-coupling behavior with a passive Landau cavity (where the impedance is mostly imaginary) may
differ from that of an active Landau cavity (where the effective impedance, including feedback, is mostly real).

When d̃ is sufficiently large, the argument of the square root goes to zero in Eq. (B13); for larger values of d̃ a real value
of V2 is inconsistent with Eq. (B13). In this case, slowly growing or damping Robinson oscillations do not exist because
of strong mode coupling, indicating a fast mode-coupling instability [15,22]. At the fast mode-coupling threshold, the
coupled-dipole and coupled-quadrupole frequencies are equal. When a fast instability occurs, many synchrotron modes
may contribute to the unstable motion [15].
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