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Development of axisymmetric rf focusing effects for an ion linac
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High intensity ion beam dynamics in an axisymmetric rf focusing acceleration structure is considered.
New equations of particles motion in polyharmonic rf field are devised by means of smooth approxi-
mation. Analysis of these equations allows one to formulate the conditions of beam stability. A new ap-
proach to rf focusing acceleration channel parameters choice is suggested. The relationship between 4D
phase space volume of the bunch and transmission is studied by means of Hamiltonian analysis. The influ-
ence of the space charge on rf focusing conditions, transmission, longitudinal and transverse emittances,
and other acceleration system characteristics is investigated by computer simulation. The “superparticles”
method is being applied. The efficiency of the approach is confirmed by numerical simulation.
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I. INTRODUCTION

Simultaneous longitudinal and transverse stability of
the beam motion in linacs is known to be ensured either
by using external focusing elements or by applying special
configurations for accelerating rf fields (rf focusing); for
low energy ion linacs, the latter is more effective. The fol-
lowing types of such focusing are currently known: alter-
nating phase focusing (APF), radio frequency quadrupoles
(RFQ), and undulator rf focusing (RFU). Only axisym-
metric systems are discussed here. The main principles
of the one wave-approach for APF were described in
Refs. [1–3]. It was shown that alternating the sign of the
equilibrium particle phase in each acceleration gap can re-
sult in focusing effect. In later studies, the model with two
traveling waves was taken as the basis of APF description
[4]. In this model, a beam is accelerated by the field of
a synchronous wave with a fixed sign of synchronous
particle phase. Here, the transverse focusing results from
the nonsynchronous harmonic action. Attempts to prove
the equivalence of these two approaches has been done
[5]. Further analysis [6] has shown that in some cases two
nonsynchronous field harmonics should be considered as
well. The case of the large number of standing wave space
harmonics in the short gaps approximation was discussed
in Ref. [7]. The ordinary Wideroe-type structure was used
in the majority of previous works. The focusing influence
of higher harmonics is insignificant since the amplitudes
of these harmonics decrease fast compared to their number
in such structures. Increasing equilibrium particle phase
to avoid the transverse defocusing leads to a decrease
of longitudinal acceptance. Attempts to apply the basic
harmonic as a focusing wave and the higher harmonic as
an accelerating wave were unsuccessful. Additionally, the
formulated APF theory has other significant shortcomings.
No relation between longitudinal and transverse motion
was considered. This concerns the influence of rapid
longitudinal oscillations as well. The averaging technique
which was used for rf focusing analysis in [5] is not well
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defined. Therefore, the developed APF theory does not
allow one to make use of all rf focusing potentials. There
has been a great deal of interest in increasing transmission
for low energy linacs. In the scope of ordinary APF
description, it is impossible to achieve a large value of
longitudinal acceptance and output current. A decrease of
interest in axisymmetric rf focusing (ARF) in recent years
is accounted for by these circumstances. Smooth approxi-
mation use was taken as a basis of the rf focusing systems
considered in [8]. In such an approach, the Hamiltonian
analysis can be used for a complete 3D description of
beam motion. This method in a single particle model
with the use of harmonic expansion for rf fields was
further developed in [9,10] without taking into account
the Coulomb interaction of particles.

In this work, the version of the ARF system based on
using the modified Wideroe-type structure is suggested.
Methods to increase the transmission coefficient are of-
fered. The influence of the Coulomb interaction is studied
entirely by means of computer simulation.

II. MOTION EQUATION

First, we study the single particle approach taking no
account of space charge field. The acceleration cavity rf
field is given by

Ez �
X̀
n�0

EnI0�hnr� cos

µZ
hn dz

∂
cos�vt� ,

Er �
X̀
n�0

EnI1�hnr� sin

µZ
hn dz

∂
cos�vt� ,

(1)

where En is the rf field harmonic amplitude on the axis,
hn � h0 1 2pn�D, h0 � m�D, m is the phase advance
per period of structure D, and I0, I1 are modified Bessel
functions. The particle trajectory in the polyharmonic field
(1) can be presented as a sum of slowly varying coordinate
rslow and rapidly oscillating coordinate rrapid. We obtain
the motion equation in the form
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d2R
dt2 � 2

≠

≠R
Ueff , (2)

using averaging over rapid oscillations (as was done in [8,9]). Here, Ueff � U0 1 U1 1 U2 1 U3 is the effective po-
tential function

U0 �
1
2

esbc�I0�h�bc� sin�c 1 x�bc� 2 �x�bc� cosc� ,
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1
16
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nfis

e2
n

D22
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1
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X
n

e2
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D12
s,n
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U2 �
1
16

X
nfis
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enep

D22
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�f
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(3)
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1
8
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c , zc, and bc � v�hsc are phase, coordinate, and veloc-
ity of the synchronous particle, respectively, and s is the
synchronous harmonic number.

The effective potential function Ueff describes 3D
particle dynamics completely and defines the relationship
between longitudinal and transverse motions. It also
determines the system Hamiltonian

H �
1
2

µ
dR
dt

∂2

1 Ueff . (4)

By using the Hamiltonian (4) and analyzing the bunch form
in the 4D phase space, one can find the relationship be-
tween the defined longitudinal acceptance and the limit
value of transverse emittance, which provides the maxi-
mum transmission coefficient. In general, the averaging
procedure can be carried out with regard to the Coulomb
field.

The terms comprising Ueff are determined by the rf field
harmonic structure. Summand U0 describes the interaction
of particles with single synchronous harmonic accelerat-
ing and defocusing of the beam. The term U1 evaluates
transverse focusing only and is independent of the syn-
chronous wave phase. These two summands correspond
to the so-called two-waves approach, when synchronous
and single nonsynchronous harmonics exist in the cavity.
The terms U2, U3 describe the influence of higher harmon-
ics on beam motion. If condition n 1 p � 2s is satisfied,
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U2 fi 0. This term affects both transverse and longitudi-
nal motion. Finally, in the case of hn 2 hp � 2hs, n fi s,
summand U3 also appears. This term influences phase and
radial dynamics, but in some cases of the two-wave ap-
proach it can differ from zero.

The necessary condition for simultaneous transverse and
longitudinal focusing is the existence of the total minimum
of Ueff. In this case the effective potential function is 3D
potential well in the beam frame. Expanding the Ueff near
equilibrium particle coordinate �x ! 0, h ! 0� we can
formulate these conditions as

v2
x �es, en, . . .� . 0, v2

h�es, en, . . .� . 0 , (5)

where vx , vh are frequencies of small longitudinal and
transverse oscillations.

Another important restriction on the choice of space
harmonic amplitudes can be obtained from the condition of
nonoverlapping for different waves resonances in the phase
space. This restriction defines limits of the applicability
of the averaging method. Moreover, it is the necessary
condition of longitudinal stability.

III. CAVITY PARAMETERS CHOICE

A. rf field harmonic structure

Let us consider the acceleration system in the two-waves
approach (synchronous and one nonsynchronous harmon-
ics of the rf field). Such a system is effective for accel-
eration of low energy nonbunched beams. In this case
Ueff � U0 1 U1; i.e., the focusing effect is achieved by
using one nonsynchronous harmonic and longitudinal mo-
tion is determined by the only synchronous wave. In
the bunching part of the structure, the influence of terms
U2, U3 can bring some undesirable effects, such as phase
capture decrease, second bunch formation, and others [10].
In the two-waves approach the transverse stability condi-
tion for all particle phases gives
070101-2
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It can be seen from Eq. (6) that ARF efficiency depends
significantly on the beam velocity. The nonsynchronous
wave moves faster or slower than the synchronous wave.
The particle is acted on by two transverse forces: the de-
focusing force of the synchronous wave and the focusing
force of the nonsynchronous wave. In the bunch frame,
the second one affects the particle similar to the periodi-
cical sequence of electrostatic lenses. This is an analogy
of either the electrostatic focusing or the undulator focus-
ing mechanism. It is more effective in the case of low
beam velocity. Choosing the rf field harmonic structure it
is necessary to satisfy Eq. (6) along all acceleration chan-
nels. Thus, the rf focusing effectiveness is limited above by
the beam energy. Equation (6) also shows that transversal
focusing with arbitrary synchronous phase for the consid-
ered range of beam energy (see below) can be achieved
only if the amplitude of the nonsynchronous wave is larger
than the amplitude of the synchronous wave.

In the simplest case of APF mentioned in [2], the ac-
celeration wave is faster than the focusing wave �s , n�
and harmonic amplitudes decrease with the growth of their
number �es . en� for the ordinary structure period. Thus
the transverse focusing condition can be satisfied only in
the case of jsincj ø 1. It leads to small longitudinal ac-
ceptance. In one of the cases of ARF we considered, it
is also supposed that n . s. But Eq. (6) is satisfied with
jsincj � 1, i.e., with a large longitudinal emittance. This
is possible if the amplitude of focusing harmonic en is
greater than the amplitude of the acceleration harmonic es.
The acceleration gradient dWs�dz � 0.5Es cosc is pro-
portional to es. It sets bounds for the parameter es. This
version of the ARF can be created by special construction
of a structure period containing two or more acceleration
gaps. Equation (6) also shows that systems with s . n
are ineligible because of insufficient transverse focusing.
Structures with a large harmonic number are not effec-
tive. The value of the field amplitude which corresponds
to separatrixes overlapping decreases fast compared to the
growth of the harmonic number. Realization of a structure
with n . 2 is hardly possible since it is necessary to set
many acceleration gaps per period.

One can calculate the transverse oscillation frequency
vh at fixed es, en, c to select the rf field harmonic struc-
ture. The set �m, s, n� providing the most effective trans-
verse focusing is to be chosen. Arguments noted above
should be taken into account. For the cavity parame-
ters we consider (see below), the acceleration structure
�m � p , s � 0, n � 1� is to be regarded as the best.

B. Acceleration channel parameters

Let the acceleration cavity consist of two subsections:
the gentle buncher subsection and the acceleration sub-
section. In the gentle buncher, the synchronous particle
phase increases linearly from c � 2p�2 to some nomi-
nal value, and the rf field amplitude increases as a fair
curve. In the acceleration subsection these parameters are
fixed. Such separation allows one to enlarge the phase
capture significantly. The rf field amplitude versus longi-
tudinal coordinate in the gentle buncher is to be defined.
The goal is to make transmission as high as possible.

It is convenient to define the rf field harmonics ampli-
tudes as En�z�, Es�z� � aEn�z�. To find the optimal func-
tion En�z� let us start from the 1D model. Then the system
Hamiltonian on the axis can be presented as

H �
P2

w

2mw

1 Vext�w� 1 Vc . (7)

Here �Pw , w� are the canonical momentum Pw �
W 2 Wc and the canonical coordinate w �
2p

l

R
dzslow�1�b 2 1�bc�, mw � mc2b2

c�v, Vext �
�2pmc3b3�l�U0�w, h � 0�, where Vc is part of the
potential function related to the space charge. The
distribution function may be chosen in the form

f � f0

q
H0 2 H, if H # H0 ,

f � 0, if H . H0 . (8)

Such distribution allows the neutral equilibrium to be real-
ized. The total potential function Vext 1 Vc has a rectan-
gular shape well under the limit current In. This parameter
is a function of longitudinal coordinate

In�z� ~ b2
c �z�En�z�F�c� , (9)

where F � sin�D

2 1 c� �sinD

2 2
D

2 cosD

2 �, D is the sepa-
ratrix width. It can be shown that the limit current In is
approximately proportional to the longitudinal acceptance.
To provide a high transmission the longitudinal acceptance
should be a nondecreasing function. This statement allows
one to find the function En�z�. Let us assume that in the
gentle buncher section

In�z� � In�0�F�z� , (10)

where In�0� is the initial value of the limit current and
F�z� is some increasing function. Equations (2), (9), and
(10) determine the relationship between the acceleration
cavity parameters En�z�, bc�z�, and c�z�. The unknown
function F�z� is to be chosen as a sufficiently fast growing
function. At the same time, the maximum field amplitude
is restricted by cavity breakdown voltage. Thus, function
F�z� is limited above. The field amplitude function En�z�
found by this approach may be improved using numerical
optimization.
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C. Accelerating resonator

The system we consider can be realized as some variety
of interdigital H-type structure [11,12]. It consists of a
cavity, two vanes, and a number of drift tubes alternatively
connected to the vanes, thus forming accelerating gaps.
The required distribution of the field amplitude En�z�
along the cavity (ramp by a factor of 6–10) may be
achieved in such a structure [11,12]. By forming the struc-
ture period configuration, it is possible to obtain the rf field
we need: �m � p, s � 0, n � 1� with es , en. In this
case the potential of the rf field has three loops per period.
One can set three electrodes (drift tubes) here to provide
such distribution of field potential (Fig. 1). The main elec-
trode’s geometry parameters are length, internal radius,
and corner radii of each drift tube. There are two types of
tubes (Fig. 1). By varying the ratio between their internal
radii r2�r1 it is possible to control the ratio between
harmonics amplitudes a. One finds that when r2�r1 � 1
only one nonsynchronous harmonic is presented. It means
that a � 0 and there is no acceleration under a good
transverse focusing. On the contrary, if the value r2�r1 is
large, one gets a great acceleration gradient but transverse
motion is defocused. The ratio r2�r1 is an analogy of
the modulation parameter m in RFQ. The problem is
that it influences both the longitudinal and the transverse
motion. In our structure we choose r2�r1 � 1.1 1.6 (see
Fig. 2) in order that a � 0.1. By varying the length and
the corner radii of electrodes one can depress the higher
harmonics and obtain only two waves in the structure. The
second important parameter which allows us to control the
radial focusing is En�z�. The required distribution of field
amplitude En�z� may be obtained by varying radius r1
by analogy with RFQ. For example, in a conventional
four-vane RFQ resonator the field potential on the vanes
is constant as a function of longitudinal coordinate z.
Here the required field amplitude distribution on the axis
can be realized only by varying parameter a (minimum
distance from axis to vane). But it is not so for some other
types of resonators. For instance, in a simple interdigi-

FIG. 1. Structure realization for one period of rf field potential.
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FIG. 2. Ratio r2�r1 versus the longitudinal coordinate.

tal resonator the field potential on the tubes is distributed
as an increasing function in the initial part of the cavity.
There are some special methods which allow one to
modify such structures and to realize the field amplitude
distribution increase in the initial part of the cavity and
uniformity in the main part. Actually, the required distri-
bution En�z� may be realized even if radius r1 is constant
along the cavity [11,12]. The distances from the center of
one gap to the center of the next gap inside the period are
defined by the nonsynchronous harmonic phase velocity
and the parameter a. Here, the length of the electrodes is
about D�5 to D�7 and the corner radii are about D�10
to D�15. The problem of calculating the field potential
distribution can be solved in the electrostatic approach
by use of the POISSON code. It has been proven that by
choosing the tube’s geometry parameters it is possible to

FIG. 3. Example of longitudinal (a) and transverse (b) field
potential distribution.
070101-4
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obtain the field distribution which is described by analytic
expression (1). Examples of the comparison of analytic
formula (curve) and the results of computer simulation
(points) can be seen in Fig. 3. Therefore, the concept
presented in this paper allows one to form the structure
period inside the channel which provides rf fields having
the required properties.

IV. NUMERICAL SIMULATION

The computer simulation of high intensity proton beam
dynamics in the described axisymmetric rf focusing in a
linear acceleration structure was carried out by means of
the “superparticles” method. A specialized computer code
AFILAC was created for this purpose. The cavity rf field is
presented as a Fourier expansion (polyharmonic method).
Such an approach allows one to set the acceleration struc-
ture rf field analytically. The space charge field is calcu-
lated by means of the cloud-in-cell method. Here the space
charge density is computed on the grid which is set into the
bunch area. The Poisson equation on the grid is solved by
using a fast-Fourier transform.

The harmonic structure of the cavity was chosen using
the technique described above: �m � p, s � 0, n � 1�.
Figure 4 presents the cavity parameters versus longitudinal
coordinate. Field amplitude En�z� in the gentle buncher
section was optimized numerically by means of the
component-wise descent method. The starting field
function for computer optimization was obtained by
the approach described in the previous section. Table I
contains characteristics of the created acceleration system.
Here, amplitude Emax is the maximum value of function
En�z� (see Fig. 4), and the aperture radius is the minimum
value of the internal radius r1. One can see that trans-
mission is 0.79 under acceleration gradient 0.7 MeV�m,
which is a great achievement for the rf focusing structure.
Transmission versus input current is shown in Fig. 5.

To test the averaging method applicability, computer
simulation was carried out for both the rf field and the
averaged field. All results obtained in the smooth approxi-
mation for the rf field coincide up to 5%–10%.

 

FIG. 4. Acceleration structure parameters versus longitudinal
coordinate.
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TABLE I. Computer simulation results.

Parameter Value

Operating frequency (MHz) 150
Parameter a 0.1
Maximum field amplitude Emax �kV�cm� 300
Input/out energy (MeV) 0.1/2.2
Input/out current (mA) 100/79
Transmission 0.79
Total length (m) 3
Aperture radius (cm) 0.6

 

FIG. 5. Transmission versus input current A.

Therefore, the investigated ARF structure is sufficiently
effective for acceleration of low energy ion beams. In the
considered range of energy, the ARF structure can be used
instead of RFQ because it is easier and cheaper to fabricate
and keep in tune.

V. CONCLUSIONS

In this paper the new approach to rf focusing in the
axisymmetric polyharmonic rf field of an ion linac was
suggested. The method of classification for all types of
axisymmetric rf focusing based on field harmonic structure
analysis was presented. Because of the new ARF develop-
ment, the acceleration cavity parameters choice to achieve
high transmission was done. The method of ARF system
realization based on the modified Wideroe-type structure
was described. The computer simulation of high intensity
ion beam dynamics in an ARF structure was carried out.
The averaging method applicability was shown. The char-
acteristics of the acceleration system found above prove
that the rf focusing efficiencies in some cases are close to
those of RFQ.

[1] M. L. Good, Phys. Rev. 92, 538 (1953).
[2] I. B. Fynberg, Zh. Tekh. Fiz 29, 568 (1959) [Sov. Phys.

Tech. Phys. 4, 506 (1959)].
[3] V. V. Kushin, At. Energ. 29, 123 (1970) [Sov. J. At. Energy

29, 823 (1970)].
070101-5



PRST-AB 4 E. S. MASUNOV AND N. E. VINOGRADOV 070101 (2001)
[4] V. S. Tkalich, Zh. Eksp. Teor. Fiz 32, 538 (1957) [Sov.
Phys. JETP 32, 625 (1957)].

[5] V. K. Baev et al., Zh. Tekh. Fiz. 53, 1287 (1983) [Sov.
Phys. Tech. Phys. 51, 2310 (1981)].

[6] V. D. Danilov and A. A. Iliin, Teoreticheskie i Experemen-
tal’nie Issledovaniya Uskoriteley Zaryazgennih Chastitic
(Energoatomizdat, Moscow, 1985), pp. 93–98.

[7] H. Okamoto, Nucl. Instrum. Methods Phys. Res., Sect. A
284, 233 (1989).

[8] E. S. Masunov, Zh. Tekh. Fiz. 60, 152 (1980) [Sov. Phys.
Tech. Phys. 35, 962 (1990)].

[9] E. S. Masunov, in Proceedings of the 1996 International
070101-6
Linac Conference, Geneva (CERN, Geneva, 1996), Vol. 2,
p. 487.

[10] E. S. Masunov and N. E. Vinogradov, in Proceedings of the
1999 Particle Accelerator Conference, New York (IEEE,
Piscataway, NJ, 1999), Vol. 4, p. 2855.

[11] V. V. Kushin and S. V. Plotnikov, in Proceedings of the 4th
European Particle Accelerator Conference, London (World
Scientific, Singapore, 1994), Vol. 3, pp. 2661–2663.

[12] G. Batskikh et al., in Proceedings of the 1997 Particle
Accelerator Conference, Vancouver, Canada (IEEE,
Piscataway, NJ, 1997), Vol. 1, pp. 950–952.
070101-6


