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Saturation of the coherent beam-beam instability
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The nonlinear regime of the beam-beam instability for flat beamsis considered. Excitation of coherent
modes and mode interaction is studied above the threshold of instability. It is shown that the exponential
growth of the linear approximation may saturate, leading to a finite growth of transverse emittance.
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I. INTRODUCTION

The beam blowup due to the beam-beam interaction is
one of the main factors limiting luminosity and lifetime in
circular colliders. This effect is well known and has been
studied theoretically, numerically, and experimentally. In
particular, the coherent beam-beam instability was stud-
ied and its importance was emphasized; see, for example,
[1-5].

This paper considers two mechanisms of beam-beam
blowup: one is due to harmonics of periodic beam-beam
kicks generated by arigid bunch of the opposite beam, and
the second mechanism is due to saturation of the linearly
unstable beam-beam coherent modes. The latter is similar
to the microwave instability. This mechanism can be de-
scribed as excitation of unstable modeswhich, in their turn,
modify the bunch distribution to anew steady-state equilib-
rium. We hope these mechanisms may explain emittance
blowup in the flip-flop regime. A flat beam is assumed
with parameters of the PEP-11 B Factory [6]. For the sake
of completeness, the basic formulas are rederived.

This paper is organized as follows: In the next section,
the notations are introduced and the explicit form of the
beam-beam potential and tune shift are given for a flat
beam. Emittance growth due to beam-beam resonances
for rigid bunches is estimated in Sec. Ill. In Sec. IV, we
consider a nonlinear resonance, which selects two coupled
resonance azimuthal modes. The Vlasov equations for the
selected azimuthal modes are derived and solved in Sec. V
in the linear approximation. The solution describes the ra-
dial modes and alows analysis of their stability. Theradial
modes, independent in the linear approximation, interact
due to coupling between modes. The mode interaction
is considered in Sec. VI in quasilinear theory. Saturation
of a single linearly unstable radial mode is described in
Sec. VII. Interaction of two radial modes is analyzed in
Sec. VIII. The results are summarized in Sec. IX.

1. BASIC KINEMATICS AND NOTATIONS

Beam-beam interaction of flat beams can be described
by 1D model averaging the Coulomb interaction (doubled
to take into account the magnetic field force) over Gaussian
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distribution in the horizontal plane. The steady state can
be described by the Hamiltonian averaged over the revolu-
tion period. Below the threshold of coherent instability,
action-angle variables I, « can be chosen to make the
steady-state (Haissinski) Hamiltonian Hy (1) independent
of a. In the lowest order in the beam-beam parameter,
we can neglect al anharmonic terms of particle motion.
In this approximation, the vertical position of a particle
y = Ayo + w,/2T€, cosa, where e = o2/ is vertical
beam emittance, 2Ay, is distance between beam centroids
(vertical beam offset), w = /By, and B, is vertical beta
function.

The steady-state normalized distribution function py (1)
of abeam aso depends only on 1, py(I) = %e*. Dis-
tribution py is normalized, 27 [dIpy(I) = 1.

The full distribution function p (7, @, ¢) is the sum of
azimuthal harmonics. For the first bunch,

pilad) = p )+ S p(L $)e,

n=-—o0

pP—n =Py 1)

Here d¢ = ds/R, where s is the particle position along
the ring and 27 R is the ring circumference. The aver-
age effect of the beam-beam interaction depends on the
beam-beam parameter £gg which isusualy small, égg <
0.05. Hence, the steady-state effect of the beam-beam
force leads only to small transverse potential well distor-
tion and cannot explain the beam blowup. Thisalso alows
usto use Gaussian distribution as the zero-order bunch dis-
tribution function.

The Hamiltonian of the system is the sum of the Hamil-
tonians of two beams

H = H\(,a1,¢) + Hy(l,as,¢). 2

Each one of them depends on the distribution function
of another bunch. The Hamiltonian in the angle-action
variables takes into account all azimuthal harmonics of the
distribution function py, H(I, &, ¢) = Hy + AH,
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AH(I @, $) = 27, Y. e ) f dAr'[S,o(1, ', Ay)pii (I')

n,m#0
+ > Suupd U] + 2mA, Y e f dI'S, (1.1 Ay)p2 (1, ). 3)
k n k
Here, | or /7 /2) depending on whether the averaging is carried
2ng2) ro out for both beams or only over the x distribution of the
A= ——5- (4 fist beam. This difference does not affect the following

2y €y
Function S, ; is obtained directly from the kick due to
Coulomb interaction between bunches averaged over the
Gaussian distribution in the x plane. The numeric fac-
tor in S, for the first beam is dlightly different (1/+/2 |

Sui(1,1', Ayg) = — fo wd—xerfc[x\/i Ix Hcos[(n -4 Ayo\/ix}Jn(z:;: ﬁx>1,(zﬁx) - 1}, ()

X T2y 2 T2y

consideration. Assuming equal horizontal rms dimensions
o, of two beams at the interaction point (1P) and neglect-
ing anharmonic corrections to the particle trgjectories, we
write the function S,,; for a flat beam as

where erfc(€) = e¢°[1 — erf(£)], erf(¢) is the error function. Here we dropped the factor e */47% = 1 for typical
lx] < oy.

For a flat beam, the main contribution is given by ¢ = xo, /o, > 1. In this case, erfc(é) = 1/(¢é+/7). For more
details, see [7].

The steady-state Hamiltonian HS)(I) =0 — AHS), where Q; is the zero-current tune. The second term, AHy (1),
takes into account the average part of the beam-beam potential defined by the contribution of pg, which is not included

in Eq. (3),
(1) Aoy fw d{ (201,y\/7 ) S{Ayo\/i } e }
AHy (I) = — —1Ji cos| — - 1;. 6
H ( ) ma_x 0 X2 0 Tay X T2y X |e ( )
Equation (6) defines frequency w;(I) = dHﬁ,l)/dI _ | Aoy
07 + AQ;(I), wherethe beam-beam tune shift for thefirst Un(l) = . Ner
beam (averaged over distribution in the x plane) is * . 4
X _ .2 O-I,y
A ' X] —ex.l,,|:2x—\/f}co 2(x)].
AQl(I) _ 101y 0 )C2 o2, ilﬁ ( )]

* 2 I 2
X f d—xJ1<m’—y\/_x> co AyL\Ex)e"‘ . Here, ¢,(x) = nm/2 + (Ayo/o2y)V/2x. For zero offsets
o X 02y 02y U, # 0 only for even n = 2k. In this case, U,; is given
(7)  interms of the degenerate hypergeometric function,

For small amplitudes 7 and Ay, = 0, 5Q(I) is propor- Uy = (— 1)1 Aoy Tk —1/2) <ﬂ>2k<L>k

tional to the beam-beam parameter £gg. The extra factor 20027 T2k + 1) Oy €
1/+/2 comes from averaging over the x distribution. oo\ ]
Hamiltonian H, for the second beam can be obtained X F[k —1/2,2k + 1, —(—”) —] (11)
by interchanging indices 1 and 2, and substituting Oy2/ €
Seal', 1, Ay) for S, (1,1, Ay). Hamiltonian Eq. (8) is the Hamiltonian of a nonlinear

oscillator with frequency w(I) = dHy(I)/dI in the ex-
I1l. EFFECT OF THE NONLINEAR RESONANCES terna periodic potential.

The perturbation due to beam-beam kicks is small,
of the order of &g, except for I near the resonances
w(Ig) = m/n. Particles with amplitudes I = I are
trapped in a separatrix and the modulation of their ampli-

_ i(na—ma)
H\(l,a,¢) = Hy + ; Z#) Un(D)e () tudesis of the order of the size of the separatrix, Al =

where the funclions 22U 1)/ '} (Ix), Where i (1) = d>Hy(1)/dI>. Usi-
aly, o' due to lattice nonlinearities is small. In this

U,(I) = 27 A, f dl' Suo(L, 1, Ay)p (1) (9)  case, both terms U, and o' are proportional to A and
dependence of the width A7 on current arises only through

are the dependence of the shape py on current. For AT of the

If nonzero components p; can be neglected, the ssimpli-
fied Hamiltonian is

044401-2 044401-2



PRST-AB 4

SATURATION OF THE COHERENT BEAM-BEAM INSTABILITY

044401 (2001)

0 0.5 1.0 1.5
102 x AQ

FIG. 1. Distortion of the beam emittance A/ due to
n = 2k-order resonance vs detuning from the resonance.
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order of 1, therms o, defining U, ,, has to be understood
as a self-consistent parameter.

For small I and zero offsets, the width of an even reso-
nance n = 2k is

_ 42 kaf oy )2
(Al = T2k = 1k (ayz> - (12

The width is small for higher order £ > 1 resonances.
Particles trapped in the resonance separatrix change the
distribution function [8]. For small separatrices

p(l) = —(l/T)[H(1)+w(1R)AI‘I’(0)] (13)

where H(I) = 0,1, T = Qy¢,, ¥(0) = 0.69, and the
plus (minus) sign corresponds to amplitudes above (be-
low) resonance amplitude /.

Resonance changes unperturbed rms (/) = 1 to

() =1+ 2(AD»Y(0)Ige ', (14)
for small (AI),.

Emittance distortion is small for higher order reso-
nances, see Fig. 1.

)

IV. THE FOKKER-PLANCK EQUATION

In this section we assume that the weak-strong reso-
nances w = n/m considered in the previous section are
avoided by a proper choice of the working point in the tune
diagram. This allows us to drop the term proportional to
pg. Perturbation in this caseis produced by the azimuthal
ha(rlr)nonics of the distribution function, H,(I, a, ¢) =

o]

AH%I) =27 A Z glna—md)

2
< [ar' S suolue). a9
k=—o
Term k = 0 describes dynamic variation of the distribu-
tion function and plays a crucia role in the following
considerations.
Let us start with the Fokker-Planck equation in y, g =

dy/ds, and ¢ variables:
[ D a
—[ @2 qp] (16)

ap
ag dg Lyo dq

Here the diffusion D is due to fluctuations of the synchro-
tron radiation (SR) in the horizontal plane and (x-y)
coupling, 7y, is damping in the vertical plane. Damping
gives (¢) = e~ vs/R diffusion causes rms growth (¢2) =
2Ds/R, and their ratio defines equilibrium temperature
T ={(¢*>) =D/yo = €,/B, and the vertica emit-
tance e, .

The right-hand side (RHS) of Eq. (16) averaged over «
can be written in I, « variables as
(1)

1) d | dpi
R = yo—1I
Y { ol

Here we have neglected betatron resonances Q, = n/m
considered above, replaced Q,8, by its average value
over one turn [(d¢/2m)QyB, = R, and introduced di-
mensionless vy = 1/(wo7sr), Where wg/(27) is revolu-
tion frequency and 7R is radiation damping time.

The Fokker-Planck equation for azimuthal harmonics

{H p}q) =70

(1) K
+ka}_')’04 pr - (A7)

| pi(I, p) takes the form

Pt kel + ity 3 (k= Dplle? f ar'dad pP (1) L)
A Z la(PH5k1 + Pk z) lm(/)fdl da' p(Z)(I/)Sln . R]((l). (18)
m,n,l
Harmonics p satisfy the following equation:
"’a”—g) —iA glz[ pl P [ ar' da’ o111 Ave) = R (19)

The eguation for the second beam can be obtained by replacing index 1 — 2 and S,,;(1,1, Ayo) by S;,(I',1,Ayo)

ba:au% Sll’l(]’ 1’7 _AYO) = S’Zl(lla Ia AyO)-

For small coherent tune shifts AQ <« 1, dependence on ¢ of azimuthal harmonics is given mainly by the factor

e_ikQ,\'(/5 .
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Generally, thereis a dense net of resonances in the plane
0,1, Qy2. The width of the resonance line is of the order
of the beam-beam parameter and increases with the bunch
current. Eventualy, resonances overlap and the motion
becomes stochastic.

Let us consider bunch current slightly above the thresh-
old of the coherent beam-beam instability. In this case,
the tune spread with amplitude within the bunch distri-
bution can be smaller than the distance to the low or-
der resonances. Higher order resonances are suppressed
by the synchrotron damping. For electron machines it is
sufficient to consider resonances of the order of |ng| +
|mg| <= 4. In this case, we can consider isolated reso-

nances and assume that beam dynamics is defined by
the resonance (ng, o) with the smallest detuning Am =
noQ1y — loQ2y — my.

Thisallowsusto averagefast osci [lating termsand retain
only equations for harmonics p and p(2)

)andf

Let us introduce slow functions f,,o @

pay = freTm@iTidn/20, (20)
pzé) = fre Qb =idm/2$

In the linear approximation, these functions satisfy the
coupled system of equations

(1)

3—2 + l|:n0(wl(1) - Q) + ATm}fl — iAng Sp fdl'da/fz(ll)sno,zo(l,ll) =0, (21)
df2 Am (2) / / / /
g + l[lo(wz(l) Q) — —}fz - lAzlo fdl da' fi(I')Sn00', 1) = 0. (22)
The system has a solution in the form
ap p®
fild, ¢) =\||Aino 81 Xe ®, foll, ) =1\||A20o 81 Ye V9. (23)

The vectors (X, Y) are eigenvectors of the matrix

(noAQy + Am/2)8(I — I')
—sgn(lo)K™ (1. 1')

—sgn(no)K (1.1 )

(lbAQ2 — Am/2)6(1 — I')

Here K(I1,1') = 277\/|A Aznoloa”“ ,(Z)I, and K7 isthe
transposed matrix K7 (1,1') = K(I',I). Because this ma-
trix is real and symmetric, the eigenvalues v are real and
the system is stable provided ngly > 0. Hence, instability
is possible only if nyly < 0, i.e., for the sum resonances.

It should be mentioned though that this conclusion is
derived from the explicit form of S,,;(Z, I’) which was cal-
culated by neglecting all anharmonic terms in the trajec-
tory Y(I, a, ¢). It iswell known that, for the microwave
instability, exactly these terms are responsible for the on-
set of instability. However, for the beam-beam interaction
at the sum resonances these terms give only small correc-
tions although they may be important for the difference
resonances.

Itisworth noting that if » — [ = odd, S,,; # 0 only for
nonzero offsets Ayy.

The effect of a resonance on beam dynamics depends
on the resonance order |ny| + |lo| and the detuning Am =

o

(—10AQ> + Am/2)6;p
M,

044401-4

noQ1,y — loQ2y. For the sum resonances nyly < 0, which
are above and to the right of the working point, the tune
is shifted toward the resonance due to finite amplitudes of
betatron oscillations.

V. THE LINEAR APPROXIMATION

Inthelinear approximation, let us expand slow functions
in Egs. (21) and (22) over eigenvectors V,, = {Y,, X, },

fill, ) = a”H S Ay
(24)

ol $) = a”H Ak,

Vectors V,(I) = (X,,Y,) are the eigenvectors (radia
modes) of the matrix M, [ M(1,1')V,(I')dlI' = —vV,(I),

M,
(—npAQ) — Am/2)511/>, (25)

044401-4
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FIG. 2. (Color) The fastest growth rate of the radial modes
for the resonance n = 2, I = —1 vs beam currents. Bunch
pOpulation (N/NO)LER =1+ 02(1 - 1), (N/NO)HER =1+
02(j — 1), (i,j)=1,...,10; Qy LER = 34.64; Q, HER =
23.64.

where 5]]/ = 5(1 - Il)!

()41
d I
My(1,1') = 27 Ayng 7p51/( ) Swoao(,1'), (26)
1) /4y
b
My(1,1') = 27 Asly d’gil,() Snop0(I', 1) (27)

The norm [dIV,V, = §,,, where V,, are eigenvec-
tors of the transposed matrix M7 .

The nominal parameters of the B Factory are[LER/HER
stand for the low energy (positron) and high energy (elec-
tron) rings, respectively] Njigr = 1.74 X 10'°, Ngr =
5.617 X 1010, Oy = 145.4 pMm, Oy 1LER = Oy HER =
3.79 um, (wory)~ ! =292 X 1073, and the values
A = 1988, A, = 1.782 have been used for numerical
calculations unless specified otherwise.

At low bunch currents al eigenvalues are real. At a
threshold current, one of the modes becomes linearly un-
stable; see Fig. 2.

2 8
o
<
=
o
Q4
X
n
o
—

0

0 04 0.8 1.2 1.6

Socons (N/No)per

FIG. 3. The maximum growth rate of radial modes for the
resonance n =2, [ = —-3. Q, LER =3457, 0, HER =
23.62, nominal bunch population. Beam offset is shown in
units of o,.
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FIG. 4. Eigenvectors V(I) and V(I), I = 0.05(k — 1), of the
most unstable radial mode vs k = 1,..., 100. The left part of
thecurvesk = 1,..., 50 corresponds to vector X, the right part
toY.

The threshold current depends on the detuning from the
closest resonance and the beam offset Ay. Figure 3 shows
the maximum growth rate of radial modes for the reso-
nance ng = 2, lo = —3 vs (N/Ny)ugr for the three off-
set Ayo. The latter is given in units of the vertical rms
Ayo/or = 0.1 +02(j — 1),j =1,...,10.

At the nominal bunch current there is only one linearly
unstable radial mode. The matrix M(1,1'), eigenvectors
V,(I), and the functions f , were discretized on the mesh
i,j = 100 X 100. It is worth noting that the number of
radial modes depends on the rank of the matrix M, i.e.,
on the discretization step Al, and does not have physical
meaning. However, only a few of the modes are real
coherent modes while others can be considered as single-
particle modes. The first can be defined as modes whose
widths are larger than AI. Such modes have the lowest
maximum magnitude of the normalized eigenvector |V|?.

Figure 4 gives an example of the mode structure, i.e.,
[V|? and |V|? of the most unstable mode. The eigen-
vectors of the most linearly stable mode (the mode with
eigenvalue which is complex conjugated to the eigenvalue
of the unstable mode) has the same structure. Nomi-
nal currents were used in caculations, Qyggr = 23.64;
OyLer = 34.61. The resonance ng = 2, lp = —1 de
tuned by AQ = —0.03 was used as an example. Maxi-
mum linear growth rate in this case is for the mode 62,
v = 0.00479 + 0.0011#, mode 61 isthe most stable mode
(u = v™). The SR decrements were set to be equal to 7.

VI. INTERACTION OF RADIAL MODES

Consider a resonance with azimuthal numbers ng, [
neglecting al other azimuthal modes. At the threshold of
instability, one of the radial modes V,, becomes unstable.
Time evolution of the mode depends on the interaction of
this mode with linearly stable radia modes of the same
azimuthal mode. Thisis true if the coherent tune shift of
the radial modesis small compared to the distance to other

044401-5
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linear resonances. The validity of this assumption depends
on the choice of the working point in the tune diagram
but usually appears naturally for the moderate beam-beam
parameters.

It is convenient to describe mode interaction expanding
azimuthal harmonics of the distribution function in radia
eigenmodes of the linear approximation,

(1)
P;(qlo) _ 9pH e*in0Q1¢+iAm/2¢ ZAMYM’

10 # (28)
pij) — 9PH_ ,~ily0:p—i(Am/2)$ ZAMX,M,
dl m

where X, and Y, are components of the vector V, =
(X, Y,) of thematrix M, Eq. (25), with the eigenvalue .

We assume that V,, are normalized, [dIV,V, = §,,,
where V,, are eigenvectors of the transposed matrix M7
with the same eigenvalue as vector V.

Let us neglect all azimuthal modes pi(1, ¢) except
modes in the resonance pair (ny, lp), and take into account
only two radia modes: the linearly unstable mode V,
and a linearly stable mode V,,. The choice of Vv, will
be specified later. To simplify notation, we denote their
amplitudes as Ay, k = 1 for unstable mode v, and k = 2
for stable mode with eigenvalue w. The amplitudes satisfy
the system of two coupled equations

9A =
a—df + (iAd + YA = lzdk,lAl’ (29)
=1

| whereA; = v, A, = u. The SR decrement vy, is given by

2 (1)
Yoy = / dl |: Xk(R)I() ilQs+Am/D¢p Ykﬁ;zo i(no 01— Am/2)q5:| (30)
LoV Lon Y
where R(?) are given by Eq. (17). Here we used notation [p] = dp/dI. The RHS is of the order of SR decrement vy,
and small. This allows us to neglect mode coupling due to the effect of the SR. In this case, Eq. (30) defines SR mode

decrements. It is interesting to notice that the SR decrement for the unstable mode is minimal.
The coefficients dy; describe mode coupling due to perturbation of the zero harmonics p, of the distribution function,

A ! dSool, 1
dk,l Z[ dIXk(I){<—)\1 + l()AQz - B )Xl [,0(2)% 27TA210X1fd1 p(()l)(l) OO( )}
. vy 1,1
+ deYk(I){( A+ moAQ; + —)Yl [p(l)] 27TA1n0YZde (”(I)dSL()} (31)
2 lon ) dl
Time variation of these coefficients can be obtained from Eg. (19),
ad
4 yody = IZPk/ i[Aw Ay, (32)
ad) k'l
where parameters PV, are
d Am\ X (DX, d oo
A —f dI—[( A+ I — A Keld) ’}—[(Akr — M)XE X))
dl 2 lor']
d Am\ Y (DY, e
= [ar S (-n+ maer+ AL e ayvsevio . (33
dl [PH I
Terms containing Sy are not written here. Their contribu-
tion is small. Ay oA =ida, D) g~ il
d¢ d¢p
VIl. SINGLE MODE IN THE NONLINEAR (34)

REGIME

The dynamics of the unstable mode is defined by per-
turbation of the distribution function py by the growing
mode. This perturbation changes the growth rate and may
lead to the mode saturation. This concept corresponds to
the quasilinear theory [9].

Let us consider first a simple case of a single unstable
mode. In this case, there is only one amplitude A = Ay,
d=d, P = Plljll, v = vy, and the system Egs. (29) and
(31) is reduced to

044401-6

There is always a trivial solution A = 0 corresponding to
the linearly stable beam.

A nontrivial solution d = 0, d = dy, A = Age 1?9,
Im[Q2] = 0 corresponds to an unstable mode which
saturates at some amplitude Ay constant in time. The
momentum d of pg is constant, which corresponds to a
steady-state beam distortion. Such a distortion may con-
tribute to the well-known flip-flop phenomenon when at
least one of the beams is blown up. Equation (34) defines
amplitudes Ay, dy and the coherent frequency shift €,

044401-6
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Im — P w| =no0iy —Am0/2+Qandw2=loQ2y + Amy/2 —
l40l* = yo (E:e][41’]7) dy = i — Aj, Q, correspondingly.
Yo (35) The nontrivial solution changes transverse beam emit-
Im[P] tance by AI = [Id Id apy(I,a). AI can be found from
Q =Relv] + ReP] (Imlv] = ). Eq. (19) where we approximate the RHS Ry = — vy po.

For a mode to be unstable, Im[»] — v has to be positive.
Hence, solution Eqg. (35) exists if Reg[P] > 0. This con-
dition is easily satisfied because P is given by the second
derivative of afunction at the maximum; see Eq. (33).
The condition of stability of the nontrivial solution can
be obtained by linearizing Eq. (34) A = (A9 + a)e '??,
d=dy + c:
da : . .
% + (v +y —iQ)a = i(dya + Apc),
(36)
de(9)
dé

By definition of the fixed point (FP) [cf. Eq. (34)], iv +
vy — iQ = idy. Define phase &, P = |P|e’¢, and intro-
duce g, b, and ¢ = ige'¢, a = be'¢. Then,

dg

— + = 2|Ap| Re[P]b,
G5+ v = 2l ReP]

voc = iPAg(a + a®%).

db

4 lAolg = 0.

o |Aolg = 0
(37)

The eigenvalue g, b x ¢4% is

. 2
(-2 \/270(”“7/ - (2] @

Hence, the nontrivial solution is stable if Im[v] > vy,
whereas the linear solution becomes unstable. Figure 5
shows amplitude A vstime for three initial values near the
FP Eq. (35).

Harmonics p,%) and p,%) of the beam distribution os-
cillate and produce coherent signals at the frequencies

' | |
0.07 —
(b)
A 0.05 /M\/\/\/\/\/\/\/\/\/\/\A/v
o<
0.03 9 | ]
0 2 4 6
BoeonE Yat

FIG. 5. Beam dynamics in the vicinity of the single mode
FP. Resonance ny = 1, lp = —2, linear growth rate Im[»] =
0.0025, SR damping rate y, = 2.92 X 107>, Initial condition
d = d, is given by Eq. (35). Three curves correspond to initial
amplitudes (&) A = Ao, (b) A = 1.54,, and (c) A = 0.5A,.
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This gives for the first beam

0
— AL + yoAIL = —2Im[»]]A,|?
Xo

(1)

X f dl da 221
al
The blowup in the steady state is proportional to the
increment Im[»] > 0 of the unstable mode

2O o [are . a0

Yo
Ay is defined in Eq. (35) and, hence, AI; is independent
of y¢. The result for the second beam can be obtained by
interchanging indices (1,2) and replacing Y, by X,..

In this section we have neglected the coupling of the
unstable mode to other radial modes. In the next section
we show that such an interaction can lead to excitation of
the linearly stable modes and periodic oscillations of the
amplitudes.

lv,12. (39)

AI] =

VIIl. TWO RADIAL MODES

Next, we consider two interacting modes where only one
of themislinearly unstablewith the eigenvalue v, Im[»] >
0. Initialy, the dynamics of the system is dominated
by the exponentially growing mode A,. Equation (32)
shows that dy is driven by the term d,, = iP¥,|A,|%
Let us neglect amplitudes of linearly stable modes and
consider d;;, as constant. Then amplitude A, of the un-
stable mode grows in time with dynamic increment I'), =
Im»] — vy, — Imd,,]. If R§P}}]> 0, the dynamic
increment goes at certain time to zero. The amplitude A,
saturates at

Im[V] ~— Y
Re[P})
From the equation for the linearly stablemode A, u # v,
follows in the same way that A, varies in time with the
dynamic increment I'), = Im[u] — v, — Im[d, . ]. At

saturation, d,, ,, = (i/yo)Pr |A%|? and
Re[ P77’
Re[P})
If T3 > 0, the linearly stable mode u becomes unstable
while linearly unstable mode » saturates. This allows us
to choose the most important stable mode as a mode with
maximum positive I';. Such a mode becomes unstable
first and the amplitude A, may start to grow when the
linearly unstable mode goes to saturation.

The criterion formulated for selection of the linearly
stable mode shows that such a mode is the most stable
mode in the linear approximation. Indeed, for such amode

|AS2 =y, (41)

I =1mlup] = yu = (mz] = 7,) (42)
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Pyt = —[P?*]> and the ratio Re[P/+ ]/RePLY] is
negative and maximal.

In this case, analysis of the FP of the system is simpli-
fied. To simplify the notations, wechangev — 1, u — 2.
If mode 2 isthe most stable mode in the linear approxima-
tion, then the eigenvectors V; and V, have the same pattern

1,2 1,2 2,1 - 2,1 .
Pii = =Py, = —[P1 ¢ = [Pp].  (44)
That leaves only two parameters p = Plljll/yo andg =
P1t/vo. TheFPsolution ddy /d¢ = 0, A, = =24 with

real () is given by

and coefficients Pi¥ have symmetries: dy = ipx, dip = igx, (45)
dr = dc.CA, drr = dc.c.’
Pii = =Py = —[PITTS = [P35, (49) Ho S A

x|gx|? A Im»] — xR —

|A]|2: 5 q 5 _2: [ ] d:p] '}’ (46)
lgx|> — (Im[»] — xRe[p] — ) A gx
The frequency shift O = Re[v] + x Im[ p], and the parameter x = |A;|> — |A,|? is defined by
1

x=—"—"—"——{mw»R * 4/(mv)?ql?2 + y2(R )2 — |ql?}. 47
Ry T ap M@IREp] = JUmpRlgP + y2Relp)?  laP} (47

A solution exists if x isreal. Stability of the solution can | nQ; — 10, = m, (nl) < 0, in the system of two coupled

be analyzed linearizing Egs. (29) and (32).

Depending on parameters, interaction of two radial
modes may lead to different beam behavior. If the am-
plitude at which a single linearly unstable mode saturates
leaves the dynamic increment of linearly stable mode
negative, the system goes to the single mode saturation
regime described in the previous section. Otherwise, the
linearly unstable mode excites the linearly stable mode
before saturation and dynamics is defined by interaction
of these two modes.

If in the system of two modes there are one or more
fixed points then, again, there are two possibilities. In the
first, both modes go to saturation with some, generaly,
nonegqual amplitudes. Such a regime means that after a
transient period a new line appears in the spectrum while
the line corresponding to the initially unstable mode dis-
appears. Another possibility is that the growing amplitude
of linearly stable mode A, may change the dynamic incre-
ment of the mode A,, and this mode starts to decay while,
if Re[Pyi] > 0, the amplitude A, saturates. The process
can repeat itself and there will be periodic oscillations with
energy exchange between modes. Such amechanismisre-
sponsible for the onset of the sawtooth instability [10].

IX. CONCLUSION

The effect of the coherent beam-beam instability on the
transverse emittance is considered for flat beams. Beam-
beam coherent modes can be excited by periodic beam-
beam kicks. Two types of resonances are considered. The
first type, 01,(I) = m/n, is due to resonance harmonics
of the kicks produced by the opposite rigid bunch in the
steady state. Thistype leads to resonances of nonlinear os-
cillator under externa periodic excitation. In this case, the
rms emittance changes due to finite size of the separatrix of
the resonance. Another type is due to the sum resonances
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beams. In this case, there are linearly unstable modes for
bunch currents above threshold which saturate due to dis-
tortion of the bunch distribution by the unstable mode. The
saturation may occur either for a single mode or duetoin-
teraction of unstableradial mode with linearly stable radial
mode. The result depends crucially on the SR damping of
the radial modes. Results are illustrated numericaly. For
the parameters of the PEP-11 B Factory, saturation occurs
already at amplitudes equal to a small fraction of the rms
o. Thisis, probably, why coherent modes are so difficult
to observe in experiments.
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