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Analysis of shielding charged particle beams by thin conductors
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We present an analysis of shielding of electromagnetic fields excited by beams of charged particles
surrounded by thin conducting layers or metal stripes inside an externa structure of finite length. The
ability of shielding by alayer thinner than the skin depth is explained and expressions for the impedance
are derived. A previous result showing preferential penetration through the shielding layer at the resonant
frequencies of the surrounding structure is verified and extended to include finite resistivity of the outer
structure. Integration over the spectrum of the beam bunch showsthat penetration is (nearly) independent
of the quality factors of the resonances. The transition of these results to those for a geometry of infinite

length requires numerical evaluation.
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. INTRODUCTION

The shielding of rf fields emanating from coaxial cables
was treated in the literature more than 50 years ago [1]. A
large number of publications followed afterwards, and an
entire journal issue was devoted to this subject [2]. It was
already known then that conducting layers of a thickness
less than the skin depth could reduce the outside field
strength sufficiently to avoid “ crosstalk” between adjacent
cables. Also, the wall penetration of rf fields excited by
charged particle beams has been analyzed in a number of
publications [3—5]. In most of these papers, rotationally
symmetric structures or concentric wire cages of infinite
extent were assumed for simplicity, as will also be done
here except for the wire cage.

The importance of the finite length of structures sur-
rounding a thin conducting shield has been recognized
when investigating the field penetration into the Large
Hadron Collider (LHC) kickers [6]. An analysis of such
a geometry was made recently [7] which showed that rf
fields will penetrate through a thin shielding layer prefer-
entially at the resonant frequencies of the cavity formed by
the surrounding structure. However, that analysis did not
include a finite resistivity of the structure material which
will be treated here.

In addition, we will also discuss the effects of shielding
by conducting stripes or wire cages, which are often pre-
ferred to a continuous metal layer in order to reduce eddy
current losses in rapid cycling synchrotrons or pulsed de-
vices such as kickers. The results of a number of bench
measurements on such structures have been published [6,8]
as well as recent measurements with beam [9].

1. SHIELDING BY A THIN CONDUCTING
CYLINDER

For the calculation of the longitudinal coupling
impedance, we take as source field a narrow ring of charge
Q with radius a traveling with velocity v = B¢ along the
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z axisinside a circular cylindrical screen of inside radius
b and thickness 7 surrounded by a concentric vacuum
chamber of radius d .
In the frequency domain with k = w/v, this corre-
sponds to a charge and current density given by
0

pO(r.2) = === 8(r — a)e ¥,
2av

2.1
0 (2.1)

2ma
The (Fourier transforms of the) electromagnetic (EM) field

components generated by this source in free space outside
the beam, r = q, are then given by

I9(r,2) = vpW(r,z) = 8(r — a)e /.

(s) . QIO(V‘J) —ikz
EX(r,z) = jowo 727Tﬂ272 Ko(vr)e 7%,

s 1 .
ZOHg)(r,Z) = —wug Qly(va) Ki(vr)e % (2.2)
27 By
Qly(va)

EO(rz) = —op Ki(wr)e ¥,

" 2w By
where u isthe free space permeability, k) = w/c = Bk,
y = (1 — B?)71/2 is the reativistic energy factor, v =
k/vy istheradial propagation constant in vacuum, and /,,,
K, are modified Bessal functions of the first and second
kind, order n, regular at » = 0 and r = oo, respectively.
The fields given by Egs. (2.2) can be thought of as a
wave moving in the outward radial direction. Asdiscussed
in the preceding section, we investigate a thin conducting
cylinder, extending from r = b to r = b + 7, which is
used to isolate the beam and the region » > b + 7 from
one another. We shall assume that 7 < b and § < b,
where 6 = \/2/(wpo) is the skin depth in a metal with
conductivity o and permeability . At the moment, we
make no assumptions about the relative size of 7 and 6.
Because of the presence of the conducting layer, the EM
field components in Egs. (2.2) must be revised to include
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the reflected wave. In the region a < r = b, the compo-
nents required for matching are

E,(r,z) = A[Ko(vr) + aly(vr)]e /%,
ZoHy(r,z) = —jByAlK (vr) — ali(vr)]e /%,

(2.3)

where a isanot yet determined reflection coefficient, and

moQly(va)

A=jow 2By (2.4

The radially outgoing wave for r = (b + 7) is
EZ(r’ Z) = ATKO(VV)K_ij, ' (25)

ZoHy(r.z) = —jByAT Ki(vr)e /",
where 7 is a transmission coefficient. For b < r <

b + 7, inside the metal with a conductivity o > weq,
the radial propagation constant becomes approximately
ve. = (1 + j)/8 and, hence, |v.b| > 1. With the large
argument approximations for modified Bessel functions
and Hy = (o/v?) (0E./dr), we get

E.(r.2) = A[Be D U0)/3 4 o4 =b)/8 ik
o b6A

Hy(r,z) = m [Bell 1) -=0)/5

~ Cem D r=b)/8], ks

(2.6)

when 7 < b. The coefficients o, 7 and the amplitude
factors B, C can be determined by requiring continuity of
E,andHyatr = b andr = b + 7. After considerable
algebra the transmission coefficient is found to be

1
cosh[(1 + j)r/8] + Dsinh[(1 + j)7/8]
1

"1+ + D75’ 27

T =

where the approximation is valid for 7 < §. With the
abbreviation

N JBY 1= »
=-1+j)—c=—" ko 2.8
3 ( ])200_5 5 Bvks, (2.8)
the parameter D can be written as
I,K, + K,
Dz_fl 1 + IoKo/€ 2.9)

LKy + LK,

where I,, = I,,(vb), while K, = K,[v(b + 7)]. Because
T < b, al Bessal functions may be evaluated at vb.
Then we can use the Wronskian [10] Ko(x)I1(x) +
Ip(x)Ki(x) = 1/x to simplify the denominator of
Eq. (2.9):

D = —vb[éLK; + IyKy/€] = —vb [é _ In(vb)]

2 3
(2.10)
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Now we approximate 7 for kb < v; i.e., for not too
high frequencies or for ultrarelativistic beam energies,
Eq. (2.7) becomes

1

T = — BT 2j br (211)

kb
1 2 + Bzyzy In7

The conducting shell shields the beam from the region
outside when the transmission coefficient is smal,
|T'| < 1. We thus get the shielding condition

T 28 s < 2 >4 ) T/Z

— > = + = . (2
s> [(ﬁké) ) (kb /) (2.12)
For k8 < 2./In(vb)/B?*y, this condition simplifies to

T ,8272 1)

5 7 2Inkb/y) b (213

On the other hand, k8 > 2./In(vb)/ for large v, and the
condition becomes 7 > 2/(k3b), independent of the skin
depth. Depending on the values of By and kb, shield-
ing can then be achieved with a layer whose thickness
is smaller than the skin depth. The ability of a con-
ducting layer thin compared to the skin depth to shield
electromagnetic fields has been known for many years
[1,2]. This astonishing feature can be explained by the fact
that part of the field is reflected by the conducting layer,
while the transmitted part undergoes a succession of re-
flections from both interfacesat r = b and r = b + 7.
When 7 — 0, the accumul ated result is compl ete transmis-
sion. However, for finite 7, the successive reflections are
shifted in phase and damped so as to lead to the result in
Eg. (2.11).

A major simplification of the analysis can be made when
7 < §. Then the tangential electric field in the conduct-
ing layer can be considered to be constant in r, implying
a current density o E, within the conductor. The discon-
tinuity in the tangential magnetic field through the layer is
then given by

6Hy = 70E, . (2.14)

In this limit, which is used in the rest of this paper, it is
not necessary to consider the variation of E, or the current
density within the conductor.

1. SPACE CHARGE AND RESISTIVE WALL
IMPEDANCES

We now consider an outer beam pipe of radius d, con-
ductivity o4, and skin depth 8, = (2/w no4)'/?, shielded
by a cylindrical layer at r = b of conductivity o}, skin
depth 8, = (2/wpop)'/?, andthicknessr < atr = b
(see Fig. 1). The source fields in Egs. (2.2) are modified
as in Egs. (2.3) to include both the effects of the conduct-
ing layer and the beam pipe. With the still undetermined
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FIG. 1. Geometry of ascreenin acircular cylindrical vacuum
chamber.

reflection coefficient o they can be written as
E.(r,z) = A[Ko(vr) + aly(vr)]e 7%,
ZoHy(r,z) = —jByAlK\(vr) — ali(vr)]e /*,

(3.1)

for » < b. With the undetermined transmission coefficient
p one can write the fields for r > b,

E.(r,z) = pAlKo(vr) + aglo(vr)]e /%,
ZoHy(r,z) = —jBypALK(vr) — agli(vr)]e 7%,

The second reflection coefficient a; at the outer layer
r = d can be obtained directly by applying the “Leon-
tovich boundary condition” E, = —\/jou/o Hy there.
This yields
_Ko(vd) + rKi(vd) _  Ko(vd) _ ¢
Io(vd) — rI,(vd) Io(vd) a
where r = (1 — j)B2ykd/2. For |r] < 1, one gets ap-
proximately

(3.2)

ay = (3.3

1 —j B** ba
o=t ok
2 ILy(vd) d
We require E,(r,z) to be continuous a r = b, which
yields one condition for « and p:

Ko(vb) + aly(vb) = p[Ky(vb) + aysly(vb)]. (3.5)

Thechangein Hy at r = b must satisfy Eq. (2.4), leading
to the second condition for @ and p:

plaadi(vb) — Ki(vb)] — [al,(vb) — K (vD)]

(3.4

= Vn—b[Ko(yb) + aly(vb)], (3.6)
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where
_ 2jTb
T g
The longitudinal impedance is usually defined as the
integral over (the Fourier transform of ) the axial electric
field component along the axis r = 0. When it is obtained
by integrating at the annular radius r = a, this will only
suppress the constant term of unity in the g factor ¢ =
1 + 2In(b/a). Thisterm actually reduces to 1/2 if one
correctly averages over the beam cross section. Ignoring
these small differences, the impedance can be written as

Zyj(w) = _é f—m dz E.(a,z)e’™.

Solving Egs. (3.5) and (3.6) for « and p and assuming
kod < By (low frequency and/or high y), we thus find,
for the impedance divided by the azimuthal mode number
n = w/w,

Zj(w) _ j[lnﬁJr In(d/b) — &4 }

nZy Byl a 1 - nlin(d/b) — &]
(3.9)

The impedance Z;;/n, computed without low-frequency
approximations, is shown in Fig. 2. In the absence of a
shielding layer (n = 0), the impedance in Eg. (3.9) re-
duces to the standard form of space charge (SC) plusresis-
tive wall (RW) impedance. The dependence on the beam
pipe radius and conductivity becomes negligible when

(3.7

(3.9)

Inllin(d/b) = &4l > 1, (3.10)
in which limit Zj(w) = Z{(w) + Z;V (o), with
ZSC(w) . b
I - L Iz (3.11)
nZy By* a
and
2
ZM(w) = — BoéynZy _  BZy
I 27b woubtoy
27R
= = = Rshield . (312)
2wbToy
15 Longitudinal ImpedanceZ/n [Q]
Proton Driver (C =711 m, E = 16 GeV)
b =63 mm (Screen: T= 0.13 mm, &, =0.884 mm)
! d = 64 mm (Pole piece: p= 100, 840 =0.0776 mm)
05 ReZy/n
ImZ./n
00025 0005 00075 001 00125 0015 00175 _ 002
k=w/Bc
-0.5
-1
-15 Im Zg/n

FIG. 2. (Color) Longitudina impedance calculated with
Eq. (3.9) (computed by MATHEMATICA [11]).
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The right-hand side of Eq. (3.12) is simply the resistance
of the conducting shield in the axia direction. We shall
later see that the result [Z™(w) = Rynieia] is aso true
for a shield of finite length.

For 84 < d/B%y? or |£4] < In(d/b), the shielding
condition Eq. (3.10) can be written as
T B*y* 8

5, 2Ind/b) b’
corresponding to the shielding of the space charge fields.
For high energy machines, however, usualy 6, >
d/B*y? or |£,] > In(d/b), the condition becomes

T op d

5, > b 3, (3.14)
corresponding to the shielding of the resistive wall
impedance.

(3.13)

IV. SHIELDING BY A WIRE CAGE

In the previous section, we considered the shielding ca-
pability of a thin conducting layer at r = b. However,
in order to reduce eddy currents due to a rapidly chang-
ing magnetic field, one would prefer to shield with N
thin wires of conductivity o, radius r,, located at 7,

>

KO(Vlr - ;pl) =

(rp =b,0, =2mp/N), where p goesfromOtoN — 1
(see Fig. 3).

In the absence of any shielding, the EM fields inside a
conducting vacuum chamber at r = d can be written, for
a=r=d,as

E.(r,z) = AGo(vr)e 7%,
ZoHy(r,z) = jByAG)(vr)e /%,

(4.1)

where
Go(vr) = Ko(vr) + aglo(vr),
G\(vr) = =Ki(vr) + agli(vr),
with a, chosen to satisfy the boundary condition at the
beam pipe radius r = d; see Eq. (3.3).
We now add the fields which are due to a current I,,

in each of the N wires. For this we replace Go(vr) in
Eq. (4.1) by

(4.2)

N—1
Go(vr) + 1D Ko(wlF — 7,),

p=0
where I = QIy(va) is adimensionless current. The elec-
tric field corresponding to the term proportional to 7 in
Eq. (4.2) does not yet satisfy the required boundary con-
dition at » = 4. In order to do this, we use the addition

(4.3)

We may replace K,,(vr) in Eq. (4.4) by G, (vr), where | with

G,(vr) = K,(vr) + ag,1,(vr). (4.5)

Here, a, in EQ. (3.3) is generalized for the nth harmonic
to

_ Ku(vd)

In(Vd) - fdn»

(4.6)

Agn =

FIG. 3. Geometry of a wire cage.
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| theorem [12]
> o L(vr)K,(vb)cosn(6 — 0,), forr <b), w
> o Ky(vr)l,(vb)cosn(6 — 6,), forr >b. (4.4)
B . ,82’)/2 @

We furthermore require that the wire current be consis-
tent with the electric field in each wire, leading to

I, = 7rioE,(b,z,0,). (4.8)

After considerable algebra, assuming kd < By asfor the
cylindrical shell, we abtain the impedance in the form
analogous to that of Eq. (3.9):

Zj()
nZ()
- _L[m_ (£4 = Ind/b)(1 = A) }
By*L a ne(nd/b — &) — (1 — A) |
(4.9)
Here,
_ _iNr
el (4.10)

22 2N
) b b
A= Iw 2In[ <1——2N>]

For r,, < Bvyé,, we can neglect A in Eq. (4.9), provided
N>1andd — b > b/N, ie, when the radial extent
beyond the wires is larger than the spacing between wires.

024402-4
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In that case the condition is fulfilled as the harmonics
due to the wire periodicity decay rapidly with |r — b|.
Furthermore,

j 7Ter2v ] Awires
,= =1 411
n 7 B2y282 7 B2y252 (4.11)
and
Jj27b J Ashen
= =1 412
1T 2252 T 7 B2y262° (4.12)

allowing usto reach the important conclusion that only the
net area of conductors counts for the penetration of fields
in aregular array of wires.

The sameresultisvalid for narrow conducting stripes on
a thin ceramic cylinder, which is often the most practical
implementation of shielding.

V. CAVITY OF FINITE LENGTH

In analogy to the analysiswithout ashield [13], wewrite
an integral equation for the longitudinal electric field E,
in a cavity of length ¢ and of outer radius d, coaxia with
an infinite beam pipe of radius b (see Fig. 4):

o . K()(Vb) i| — jkz
E.(r,z) = A[Ko(vr) D) Io(vr) |e
Jo(kr)
]‘IZ

v [ daeirag

r=>b, (51
where the propagation constant is

k2 =k* — ¢°. (5.2)

The term proportional to Iy(vr) is included so that the
first term in brackets vanishes at r = b. Then the term
including A(g) has a nonvanishing value only for 0 <
z < g,where E,(b,z) = f(z) isdifferent from zero.

The integration contour in the ¢ plane is taken above
(below) the poleswhere Jo(xb) = 0 on the positive (nega-
tive) real ¢ axisto ensure outgoing waves (generated by the
cavity) in the beam pipe. A Fourier transform of Eq. (5.1)
ar = b leadsto

1 g -
Alg) = —[ dz' f(2')e’.
27 Jo
Use of Maxwell’s equations then leads to
JBYA

ZoHg(b,z) = T oblo(vb) e/t

; 8
- Lo [0 4z f(Kz — ). (5.4)

where the pipe kernel K, ({) can be written as a sum over
the zeros of Jy(p;):

(5.3)

eIbsILI/b

K, () = 27 Z (55)
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r cavity

beam

FIG. 4. Cavity of finite length.

Here,

— (0~ )" =

) = ..

(5.6)

We now write the magnetic field in the cavity region
b+ 7<r=dintems of f(z), which is the eectric
field at r = b, in the presence of a conducting layer at
r = b of thickness 7 < §. Thus

ikob [ 8

—1—0[ dz' f(z")K:(z,2'), (5.7)
27 Jo

where the cavity kernel K.(z,z') is given by

— 4 Y he(2)he(2 ), (59)
T ko — ki

where k; = w¢/Bc and h¢(z) isthe normalized magnetic
field a » = b + 7 for the mode ¢ in the annular cavity
occupyingb + 1=r =d,0<z <g.

We now require that the discontinuity in Hy across the
thin shield satisfy Eq. (2.14). This leads to the integra
equation

—j(p?

ZoHy(b + 7,2) =

Kc(Z,Z

[0 4 FEOIK @ — ) + Ke(e.2)]

~ikz dgrjT
where
_Jj9%
&) = ~mop F@ (5.10)

Once Eq. (5.9) is solved for F(z), we obtain the cavity
impedance
anV(w)
|| jkz
Zo %M/-&Fde

when we confine our attention to low frequencies where
ko < By/b.

The cavity kernels can be evaluated approximately for
the case kpg < B and k(d — b) < B. Then they are
independent of z and z’ and can be written as [14]

(5.11)
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. kob/m b/mg
21 21 1 21 1
K. +K, = — - = —. (5.12)
i kzbg(d o b) s=1 by b s:%:/w Bs
One can then solve Eq. (5.9) to obtain the cavity admittance
. kob/m b/mg
27kob - 1 2
i () = =20 [2 Ly —+ Loy 272] (5.13)
ZO k()g(d - b) s=1 bS s=kob/m BS k()gB
The second and third terms in the brackets come from | 2mrbg s>
the pipe kernel. They are independent of the cavity pa- Ayires (5.18)

rameters, except for aweak logarithmic dependence on g.
The condition for effective shielding is nondependence on
d — b which becomes
T8
6 2(d — b))’
At low frequencies, the impedance (or admittance) is then

dominated by the resistance of the shield of length g,
namely,

(5.14)

Zﬁav(w) = Rihield = (515)

2mobt’

If one chooses to shield with wires of finite length,
one can accomplish this using N wires whose total cross
sectional area is equal to the cross sectional area of a
continuous layer

Narl =2xbr, (5.16)
asshownin Sec. Ill. Inthiscase, N must be large and the
spacing of the wires must be small comparedtod — b to

achieve effective shielding.

It has been pointed out [15] that other cavity modes will
enter into the cavity kernel at higher frequencies, requiring
additional contributions to the first term in the brackets of
Eq. (5.13), which will be proportiona to (w? — w?2)™!
for a cavity mode with frequency w,,/27. Therefore,
the conducting layer cannot shield the cavity when w is
close to w,,. However, for a realistic beam bunch, there
is a spread of frequencies. Then only the average value
of [w? — w2(1 + 1/Q)]"! isimportant, where Q is the
quality factor of the resonance. For Q > 1, the integral
becomes independent of Q. Then we obtain the shielding
condition

T > gé
0 (d - b)Lbunch '
where Lyuncn 1S the length of the beam bunch.
As g increases, Eq. (5.17) places an ever increasing
lower bound on 7/8, in disagreement with our predic-
tion for infinite g in Egs. (3.13) and (3.14). However, in
that case we would need to solve the integral equation,
Eqg. (5.9), for F(z) when g islarge. We have not been able
to do so analytically, but clearly the solution in Eq. (5.13),
which appliesto the case g << B/k, isno longer expected
to be valid.
We also expect Eq. (5.17) to be valid for screening by
N wires. In this case we write it in the form

(5.17)
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(d - b)Lbunch '

whereweassumethat N >> 1 and that the spacing between
wires is small compared with d — b. In addition, these
general principles should aso apply to the screening of
holes by conducting wires.

V1. SHIELDING OF TRANSVERSE FIELDS

It is possible to repeat the foregoing analysisin order to
explore shielding of transverse fields. The genera discus-
sion of reflection and transmission coefficients in Sec. |l
also applies to the transverse case and should lead to the
same condition for effective shielding as in Eq. (2.12). In
fact, a detailed analysis of shielding the transverse space
charge impedance for the infinite, perfectly conducting
beam pipe confirms this. Unfortunately, the analysis is
made more complicated by the need to consider both TE
and TM modesin the beam pipe. We plan to present amore
detailed discussion of shielding the transverse impedance
by athin conducting layer or a wire cage of finite conduc-
tivity in a future paper.

VII. CONCLUSIONS

Shielding of electromagnetic fields by thin conducting
layers or thin wires inside a vacuum chamber of finite re-
sistivity has been analyzed for both cases of infinite or
finite lengths of the layer. Approximate conditions for ef-
fective shielding as well as expressions for the longitudi-
nal impedance were derived. It was found that the analysis
could be simplified considerably by assuming that the axial
electric field is constant across the thin conducting layer,
while the magnetic field changes by an amount equal to
the current flowing through it.

For shields of finite length, the fields are given by an
integral equation, and an approximate expression for the
admittance is given which is considerably simpler than the
corresponding impedance. However, the transition from
the finite to the infinite case could not be done analytically
and requires numerical evaluation of the integral equation
under conditions when the simplifying assumptions do not
apply.

The shielding effect of alayer much thinner than the skin
depth is often puzzling; it can be explained by multiple
reflections at both surfaces of the layer, taking into account
damping and phase shifting of the radial waves inside of
it. For the case of conducting wires or strips, it has been
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found that only the total area is important for shielding,
as long as the distance from the shield to the outer wall is
large compared to the distance between wires.
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