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Limitation of the Gaussian approximation in beam-beam simulations
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The soft-Gaussian approximation is often employed in computer simulations of strong-strong beam-
beam interactions in storage rings. Its defect on the coherent oscillation frequency is pointed out and a
possible remedy using Hermitian polynominals is discussed.

PACS numbers: 29.20.Dh, 29.27.—a

I. INTRODUCTION ratioR = o, /o, [1,2]. More specifically\, = 1.33 and

. L . . v = 1.24 for the horizontal and vertical oscillations of a
The beam-beam interaction in storage rings is one of

the subjects of beam physics to which analytic theorie atbeamg = 0), respectlvely, and; 1'%1 forarOL{,nd
. - . . eam. (In the following references, the “flat beam” does
cannot provide sufficiently useful information for actual . X . e
. . not mean a beam with zero height, Ritis sufficiently
machines. In particular, for the strong-strong phenomengma”)
we have to use computer simulations. Although full de- : .
; ; ; . S . Many results of measurements and computer simula-
tails of interaction should in principle be obtained by the.. ) ;
tions are available about this factar

S0 calleq particle-in-cell (PIC) S|mglat|onz it is very time An old result at KEK [3] agrees well with the theory
consuming and suffers from numerical noises due to the fi;

) . L . “for flat beams, and a recent result [4] also seems to agree
nite number of macroparticles and to the finite mesh size,

: R . Ithough not very accurately. On the other hand, the value
Soft-Gaussian approximation is often used instead o . .
. v = 1.1 quoted in [5] at VEPP-2M contradicts the theory.

PIC in order to overcome these problems. When par- . . .

. L : . However, a comparison with measurements is not easy
ticles come to a collision point, their center-of-mass po- .

. . because the theory predicts the value only whegd < 1
sition and the rms beam size are computed and the re

beam-beam force is approximated by the force from th ezgi.I, fcrfar?.oel\i bOth:;W'SfdJ?etﬁgnbirth ?::]a tﬁfggcr;ﬁ;?
Gaussian charge distribution having the computed position y ger by, say, o) 9

. . . 4 horter than the beta function, and the oscillation amplitude
and the rms size. This approximation greatly reduces th .
. . o I5 much smaller than the beam size.
computation noise and the computing time.

However, the question of whether the soft-Gaussian ap-. Beca_use_ of this, a comparison with a strorjg-strong
sdmulatlon is not easy either singe < 0.01 requires a

proximation can rep_lace PIC has not yet _been anSV\./erelong—term tracking £10° turns). Recent PIC simulations,
s:ystematlcally. Obwously,.the soft_-Ggus.SIan approximag, ., ever, can accurately compute the factor owing to the
tion cannot express complicated distribution which might !

. - . improvement of algorithms and computer speed. Ohmi
be encountered n e>_<treme|y strong interactions We.” abOVFB] found a good agreement for horizontal oscillations of
the beam-beam limit, but they are not practically impor-

. . . flat beams althouglf is still large. Zorzano and Jones
tant for normal operations of colliders. In this report we found A — : d ith the th
consider an aspect of soft-Gaussian approximation in rel 7] ound A; = 1.2, in good agreement with the theory,

y using the so-called Hybrid-FMM algorithm for a small

tively weak cases and compare it with analytic theories. =
The strength of beam-beam interaction is characterize\c/iaIue of¢ = 0.0034. . .
Zorzano [8] obtained, = 1.3, which also agrees with

by the parameteg defined by the theory, by a totally different method, i.e., by solving
& = Bi Nrp G = x,y) 1) the Vlasov equation numerically.

! 2oy oi(oy + oy)’ o On the other hand, simulations by the soft-Gaussian ap-
where; andy are the beta function and the Lorentz fac- Proximation, which should be easier than PIC, seem to
tor of the relevant beany and¢; are the population and show smaller values systematically. The old results by Keil
the beam size of the on-coming bunch, apds the clas- [9] are poor in statistics due to the limited computer power,
sical radius of the particle (normally electron or proton).Put the curve fo = 0.01 in Fig. 2 of [9] seems to show
When¢ is sufficiently small, the incoherent tune shift of a & value aroundy, = 1.1 (note that there are two collision

particle with small betatron amplitude is given By points in his simulation). A much more accurate compari-
On the other hand, the tune shift of the coherent oscilSON is possible now owing to the computer improvements.
lation (= mode) is given by In particular, the recent study of a detailed simulation for

the Large Hadron Collider (LHC) by Zorzano and Zimmer-
Avi = A&, (2) mann [10] quotes values between 1.09 and 1.15, depend-

where the coefficient is theoretically known to be slightly ing on the aspect ratio. These values clearly disagree with

larger than unity and is dependent on the beam aspettte theory. Another soft-Gaussian simulation for the LHC
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by Furman [11] aso shows adisagreement A, = 1.1. The
above two studies adopt ¢ = 0.003 for the LHC, which is
small enough for comparison with the theory.

The first subject of the present report is this discrep-
ancy between soft-Gaussian and PIC codes. It will be at-
tributed to the nature of the soft-Gaussian approximation
in Sec. II. Section Il discusses a possible effect in the
Landau damping due to this tune-shift error for the case
of unequal-beam collision. Section IV studies an improve-
ment of soft-Gaussian approximation by using the Hermi-
tian polynomial.

1. TUNE SHIFT OF COHERENT = MODE IN
SOFT-GAUSSIAN APPROXIMATION

In this section we consider the frequency of small-
amplitude coherent oscillation, analytically simulating the
algorithm of the soft-Gaussian approximation.

Let us consider the simplest case when two counter-
rotating bunches having the same beam intensity and shape
collide at one interaction point (IP) in the ring. We assume
the two beams are el ectron and positron, but the conversion
of the results to other species is obvious.

We normalize the horizontal /vertical coordinate and mo-
mentum by their unperturbed rms value and introduce the
action-angle form

X = \/2Jx COSeh,, _\/Egn(bx ©)
(similarly for y). Note that the canonical variables are
(Jx, 2, R%J,y, &) because of the different emittances in
horizontal and vertical planes. We choose the machine
azimuth 6 as the independent variable. Then, the single-
particle motion of the positron is described by the Hamil-
tonian

H = voly + vyoR%, + VO(x,y). (4)

Here, v,o and v, are the unperturbed tunes, and the po-
tential V(=) due to the electron beam is given by

VO (x,y) = &(1 + R)[ dx'dy’

X logl(x — x/)* + R*(y — y')’]

x p Ly, (5)
where R is the aspect ratio (o} /o}) at the IP and p
is the distribution function of the electron normalized as
[pdxdy = 1.

The phase-space distribution function consists of two
parts, the unperturbed distribution ¥© (J) and the oscillat-
ing part ) (J, ¢) [J, ¢ are the shorthand notations for
(Jx,Jy) and (oy, ¢y)]. We approximate the unperturbed
part by a Gaussian distribution

Lo, (6)

The linearized Vlasov equation for the positron beam
distribution ) is written as
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) L ) AV O gy 3
90 9, EYAREYN
avVO gyh) dv(™) 9p©

ab. 9l ob. ol =0,

where we omitted the terms related to the vertical oscil-
lation. V@ and v*) are the potentials coming from ¥(©
and ™), respectively,

VO(x,y) = £(1 + R) [ logl(x — ¥)? + R*(y — ']

e_(x/2+y/2)/2
X ———dx'dy’, (8)
2

v (xy) = £(1 + R) [ logl(x — )2 + Ry — y/)?]

X Y, pl,y!, pl) dx' dpldy' dp.  (9)
We consider the horizontal dipole oscillation

P =ReD Ty () (10)

and take only the dipole mode m = 1. Then Eq. (7) be-
comes

(v — Vx0)¢(+) ] (57(:))2 e i
av O gyt 9o (™) 9w
8 {_ 0. 0de | 0de aly }
(11)

where the tilde indicates that the factor ¢ ~?*¢ isto be taken

off. The contribution of the first term in the curly brackets
(+)

on the right-hand side is £, Q(J)¢; ~ where
9 dp v©
o =37 | oo g (12)
=@ Qn )2[ dx' dy’

X |09[(x - X’)2 + Ry — )]
e~ )2
x & (13)
2T

Now consider the second term, where the soft-Gaussian
approximation comes in. From the algorithm of the soft-
Gaussian approximation,

v, y) = VO = xT ) = vO(x,y), (14

where X7 is the center-of-mass position of the second
beam,

x) :[WH 4] de — e—we[xei@%—) 07 d.
(15)
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FIG. 1. (Color) m-mode eigenvalue as a function of the as-
pect ratio. kmax is the truncation of the Hermitian polynomial.
kmax = 0 corresponds to the soft-Gaussian approximation and
kmax = < is the exact theory.

(In actual soft-Gaussian approximation the rms size isaso
adjusted every turn, but this does not contribute to the
infinitesimal dipole oscillation due to the symmetry.) Since
we consider infinitesimal oscillation,

_ _,av0O
v (x,y) = =X )W’ (16)
X = 272 iv0 [ V20 ar. (17)

After some manipulation, the contribution of the second
term is found to be

—gee f JIdL oW har'.
Thus, by introducing ) defined by

i (J) = TR () (18)
we obtain an integral equation

MO = o) - f G, IO uhdr',

G J) = JJuJfe T iRo(y. (1)
The 7 mode f = V) = —r(5) equation is

M) = OUDFU) + [ GUL I, (22

Since the kernel G is degenerate (i.e., a product of a func-
tion of J and afunction of J'), one can easily obtain an
eigenvalue equation

_ o)
1= [ar X - o

The eigenvalue A is plotted in Fig. 1, where six curves
are shown. The dashed curve at the top labeled ke = ©
is the result from the exact theory, and the solid curve
at the bottom labeled kna = 0 is from the soft-Gaussian
approximation (the other four curves are explained later).

One finds that the soft-Gaussian approximation gives a
considerably different result from the exact theory. In-
terestingly, the soft-Gaussian eigenvalue is nearly at the
middle between the exact value and that of the rigid-
Gaussian model (A = 1) [12] for any aspect ratio.

Numerical values are summarized in Table| for the three
important cases, namely, R = 0 (horizontal oscillation of
very flat beams), R = 1 (round beams), and R = o (ver-
tical oscillation of horizontally flat beams). The values ob-
tained in an actual soft-Gaussian simulation [10] are listed
in the bottom row, which is to be compared with the top
row (the flat beam used in [10] isfor R = 1/16). They
agree quite well with our theoretical values. The remain-
ing small differences may be attributed to the dynamic beta
effect. We can thus conclude that the discrepancy between
soft-Gaussian simulations and the simple theory is due to
the nature of the Gaussian form.

The physical reason for the difference is the follow-
ing. Figure 2 schematically shows the beam profile
during coherent oscillation. The dotted curve is the equi-
librium distribution and the dashed curve is the real distri-
bution in oscillation. One sees only the core oscillates, as
found in the theory (Fig. 1 in[2]) and simulation (Fig. 3
in [10]). When this profile is approximated by a Gaussian

I, (23)

(19) form shown by the solid curve, the oscillation amplitude
h of the core becomes smaller, which underestimates the
where beam-beam restoring force. Thus, the eigenvalue appears
A= (v — veo)/éx, (20) smaller.
TABLE |. Eigenvalues for the equal-beam case.
Aspect ratio
R=0 R=1 R =
kmax )\r )\v
Soft-Gaussian 0 1.148 1.103 1.110
Third-order Hermitian 1 1.257 (1.257) 1.181 (1.186) 1.195 (1.199)
Fifth-order Hermitian 2 1.296 (1.296) 1.203 (1.205) 1.220 (1.223)
Exact theory o0 1.330 1214 1.238
Simulation [10] 115 1.10 1.09
124401-3 124401-3
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FIG. 2. (Color) Beam profile during coherent oscillation. The
horizontal axis is the horizontal coordinate x. The dotted curve
is the equilibrium distribution, the dashed curve the real distri-
bution in oscillation, and the solid curve its Gaussian approxi-
mation.

[11. LANDAU DAMPING

As we have seen in the previous section, the distance
between the 7-mode frequency and the edge of the in-
coherent frequency band 0 < A < 1 (continuum) in soft-
Gaussian simulation appears to be about half of what it
should be. A question may arise as to whether soft-
Gaussian simulation correctly expresses the Landau damp-
ing, which is expected when a mode frequency fallsin the
incoherent frequency band. This is not an easy question
because the Landau damping does not necessarily occur
near the edge of the band, but whether the mode goes into
the band is till a good criterion for the damping to occur.

In this section we consider a collision of beams of un-
equal intensity (but the same beam size). A new parame-
ter is the ratio of the beam-beam parameters £(7)/£(H)
(we take €7 = £, In the limit ¢)/£4) — 0, there
can be no coherent oscillation because it is the weak-strong
case. Itisknown [13] that the 77 mode goesinto the contin-
uum when the ratio of the beam-beam parameter £(7) /£
is less than about 0.6 for round beams.

The integral equation is easily obtained from Eq. (19):

V — Vyxo

f(‘+) f(+) - Qf(+) -G °f(_), (24)

V — Vy _ _

?)Of( ) — Qf( ) - G °f(+), (25)
where o indicates the integral operation with the kernel G.
The eigenvalue equation is

124401-4

v — v0)/& = o))

® —Jo—Jy
[ gy —2Y )J"f_) —1. (26
0 (v = vy0)/éx ~ — QW)

When ¢7) < &%) » can go into the continuum of the
positron beam (weaker beam). Therefore, Landau damp-
ing is expected when A = (v — vxo)/§§~+) < 1.

The eigenvalue is plotted in Fig. 3 as a function of the
intensity ratio ¢ /&™) for various values of the aspect
ratio. The upper group of curves is the result of the exact
theory and the lower group the soft-Gaussian approxima-
tion. One finds that, in the round beam case, for example,
the 7~ mode goes into the continuum at ¢ /&) ~ 0.8
in the soft-Gaussian approximation.

V. HERMITIAN POLYNOMIAL EXPANSION

As we saw in Sec. |, the reason for the disagreement
in the tune shift is that the Gaussian approximation can-
not take into account asymmetric distribution. A natural
extension from the Gaussian model as a remedy to this
disagreement is to include higher order moments.

Consider a Gaussian distribution with rms size (o, o)

1 e—x2/2(rf—y2/2(rf, (27)

pclx,y; oy, 0y) = 3
TOL Oy

and denoteitspotential by ®s(x, y). Thelatter satisfiesthe
two-dimensional Poisson equation A®; = pg. In actud
simulation the derivative of ® is needed, which can be
expressed using the complex error function [14].

When a distribution is expanded with Hermitian poly-
nomials as

p(x,y) = Y arHi(x/o)H\(y/0))pc(x.y; 05, 0y)
k,l
(28)

124401-4
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where the Hermitian polynomial is defined by

n

Hy(x) = (—1)ye?? 4

_x2/2 29
dxn € ’ 29)
the corresponding potential is given by
k
b = Z( 1 k”ak O'f ! 9 q)G . (30)
k.l

V(:)l(:)l

and, therefore, the force is a'so computed from derivatives
of the complex error function (the derivatives can also be
represented by the complex error function).

Owing to the orthogonality of the Hermitian polynomi-
als, the coeffici ent a;; can be computed from p by

ars = [ Hi(x /o) Hily/oy)p(e.y) dx dy . (31)

i
and, whenthedistributioni |sg|ven in the form of macropar-
ticle coordinates (x,-,y,») (= .,N),

1

32
KIN (32)

aig = Z Hi(x;j/o)Hi(yj/oy).

There are possmle variations of Hermitian expansion
with respect to the treatment of the first two moments.

Tk

= k'l'[ Hy(\/2J, cos$ ) H(4/2J, cos¢y)cos(q'>x)¢1 d¢dJ

Because of the even-odd property of H,, only odd k& and |

even [ contribute to the horizontal dipole oscillation. Thus,

ark+121 = %(277)2@[ dl Lk,l(J)‘pf_)(J)» (35)

where Ly ;(J) is a known polynomial of J (see the
Appendix).

Putting Eq. (33) into Eq. (11), onefinds the contribution
of the second term on the right-hand side to be

—ge [ dINIJL Y KDL (),

K.1=0
(36)
where
9 dp.dpy, 9% 92 vO(x
K (J) = 2 323 3v3 (y)
aJ, (2m7)?  9x2* 9y &,
(37)

Ky (J) is acomplicated function of J and has to be com-
puted by numerical integration except for thecase R = 0
(see the Appendix). In any case, Koo(J) = O(J).

Thus, again using f defined in Eq. (18), we finally ob-
tain an integral equation

124401-5

Usually, in the soft-Gaussian approximation, the distribu-
tionisapproximated by pg(x — X,y — Y; 0y, 0y). If one
starts expansion from this form, the first two coefficients
ay,; vanish. But, instead, we can use the initial origin and
the initial beam size as the base Gaussian distribution. In
the latter case, the center-of-mass position and therms size
are represented by a9, ao1, az, and ag. These two dif-
ferent ways of expansion give different results in actua
simulations, but they are equivalent when one considers
infinitesimal oscillation analytically (e.g., e ~*~410"/2 and
1+ alox)e‘)‘z/2 are equivaent if aq isinfinitesmal). In
actual ssimulations the former will be better for expressing
finite-amplitude oscillations and considerable amount of
beam size change. In this report we adopt the latter form
for mathematical simplicity.

Now, let us go back to Eqg. (11) and compute the coher-
ent tune in the Hermitian expansion model. The perturbed
potential v~ is given by

oo

(>8_8

[ He()H ) (y)p 7 (x, ) dx dy

ﬁ(_)(-x’y) = Z (_1)k+l Qg1 ox a_ (0)(x7y)
(k.)%(0,0) y
(33)
and the coefficients a, ,) by
|
(34)

(J)f(+)( J)
f dJ'Ge (1IN FOU), (38

A =

k,[=0
where

Gy = e_(J"+J"+J£+JJ/')/2\/JxJ§ K (J)Liy(J).  (39)

The kernel G isagain degenerated if the Hermitian expan-
sion istruncated at afinite order. The eigenvalue eguation
for the 7= mode is

det[M()A) — 1] =0, (40)

where [ is the identity matrix and

Jxe_J*'_Jy

My 001 (A) [ dJ r =00
The eigenvalue of Eq. (41) isplotted in Fig. 1 asafunc-
tion of the aspect ratio for two cases of kmax = 1,2. Two
curves, close to each other, are drawn for each kmax. They
are from different methods of truncation of Hermitian ex-
pansion. The ones above come from sguare truncation
(k = kmax and I = kma), and the ones below from trian-
gular truncation (k + | = kmax). Thetriangular truncation

Li (K p(J). (41)

124401-5
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Triangular Truncation of a,mn

n

O Gaussian ® Hermitian Hor.Osc. A Hermitian Ver.Osc.

FIG. 4. (Color) The index of a,,, to be taken in the triangular
truncation for kmax = 1 and 2. The open circles indicate the
terms already taken in the soft-Gaussian approximation, and the
filled circles (triangles) indicate the terms needed to describe
horizontal (vertical) oscillations in the triangular truncation.

isillustrated in Fig. 4, which showsthe index range of a,,,,
to be taken for the triangle truncation for kmax = 1, 2.

Some of the numerical values for round and very flat
beams are listed in Table |. The numbers in brackets for
kmax = 1 and 2 are from square truncation, others from
triangular truncation.

One finds the following: (i) the eigenvalue approaches
the value of exact theory as kma increases; (ii) The
difference between square and triangular truncations
is extremely small (therefore, triangular truncation is
better in practice due to the smaller number of terms);
and (iii) kmax = 2 (fifth order polynomial times Gaussian
distribution) aready gives satisfactory results. Even
kmax = 1 (third order polynomial) may be enough de-
pending on the purpose.

As described in the Appendix, the function K ;(J) is
a simple elementary function of J when R = 0 so that

1.30 r

1.26 / r
e
~ I

1204 / r

1154 F

0 2 4 6 8 10

FIG. 5. (Color) The first 77-mode eigenvalue for R = 0 as a
function of the truncation of Hermitian expansion.

124401-6

1,025{
1,020{ ;
[aV] 1,015{ ;
1,010{ ;

1.0064 / r

1.000 T T T T T T T T

FIG. 6. (Color) The second 77-mode eigenvalue for R = 0 as a
function of the truncation of Hermitian expansion.

higher order can easily be computed. To see the conver-
gence with respect to kma the eigenvalues for large kmax
for R = 0 were computed and plotted in Fig. 5. The ap-
proach to the limit is exponentia with kmg rather than
polynomial.

When kmax is large enough, one also finds the second
eigenvalue close to the continuum, which was first found
by Alexahin [13]. It is plotted in Fig. 6 as a function of
kmax for the case R = 0. It converges to the value 1.026
found in [13] athough the convergence is very slow.

V. CONCLUSIONS

We have studied the nature of the soft-Gaussian ap-
proximation for beam-beam simulation with respect to the
ratio A of the coherent oscillation frequency shift to the
incoherent and found that (i) the soft-Gaussian approxi-
mation gives somewhat lower A, namely, Asofi-Gaussian =
(I + Aexact)/2, (ii) this might, in some cases, cause the
Landau damping to occur more easily than it should, and
(i) this can be cured by using a distribution of the form
Hermitian polynomials times Gaussian.

Since the soft-Gaussian approximation is a very useful
tool for studying the strong-strong interaction, in particular
that of hadron beams, it is highly desired to confirm its
validity in other respects.
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APPENDIX

We summarize some mathematical expressions used in
the text.

First, the polynomia L, ;(J) introduced in Eg. (35) is
defined by
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1 [ do,dd, 2cosep,
2k + 112! (27)? 27,

X Haps1(V2J, COS¢X)H2I(\/2>J}’ cos¢,)
(A1)

Ly,(J) =

= Lx,k(Jx)Ly,l(Jy) . (AZ)

Here, L, (Ly,) is apolynomial of J, (J,) of order k (I)
and is given explicitly by

_ 1y e
Loi = 5 ZO i + 1)k — i) (A3
_ly _u
Ly =5 ]ZO G = (Ad)

The first few of them are

LX,O = 1’

The function K, ;(J) defined in Eq. (37) is obtained by
the integration

K (J) 9 [ !
TER T (2 B dx' dy' Hy(x")H(y")
X logl(x — x')2 + R2(y — y)*]
e~ WHy)/2
X — (A5)

27T

In the case R = 0, only K is relevant and is given ex-
plicitly by

ko=t o<ty y

I j=0 r=j
(—D* @k @r —2j — DIt Jx
2072k — 201 2r — DI (r — j)! !

(A6)

The first few are
Koo=0 =01 —e")/I,, (A7)
Kl,() = —2e s , Kz,() = e_J*'(8 - 4Jx) (A8)

In general cases one hasto obtain by numerical integrations
(or by Taylor expansion for small J). The most convenient
form for numerical integration is presumably
1+R [°7
0
(— 1)k + cosk 29 sin' g
R cos’0 + R~'sin’6

Kk’] = d0

X Av1(2T, cosh. 27, sing) . (A9)
where
An(a,B)Z[Omd“’ Jl(““’)uﬁ J o2,
(A10)

A, (n = 1) can be expressed by the modified Bessel func-
tions

e~ (@+p/2
= gnli(@p)] ——,

(A1)

An(av,B) = [fnl()(aﬁ)

where f,, and g, are polynomials of « and 8. The first
few of them are

fi=a, @ =B fr=4da—a —3ap’
g =2B -3’8 - B°.
Ay cannot be written in the form Eq. (A1l). Instead, for
Koo(J) = Q(J) we have the formula
1+ R
J =
o) = ,/RZ — 1+ 1/2
L (12 - (1
[1 (2 T > - Il(?*ﬂ
X T (iR—ZJ ) (A12)
N2 R—1+1/27)
where I,(x) = e *I,(x).
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