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Air-core printed-circuit (PC) quadrupoles and dipoles have been developed for the University of M
land electron ring, currently under construction. The quadrupoles and dipoles are characterized b
small magnetic fields (about 15 G at the aperture edge) and small aspect ratios (length�diameter, 1).
We review the theory behind the design of the PC lenses and bending elements, and present gen
pressions for estimating the values of integrated field and integrated field gradient as functions of d
parameters. The new quadrupole magnet represents an improvement over an earlier version wh
based on an empirical approach. Further, we summarize the results of multipole content of the m
fields as measured with a rotating coil apparatus of special construction. The results are compare
calculations with an iron-free magnetics code and are related to different types of errors in the ma
ture and assembly of the PC magnets.

PACS numbers: 41.85.Lc, 07.55.Db, 85.70.–w
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I. INTRODUCTION

A compact electron ring is being developed at the U
versity of Maryland for studies of space charge domina
beam transport [1] with potential applications to all are
where intense beams of high quality are required. The U
versity of Maryland electron ring (UMER) is designed f
the transport of a 10 keV, 100 mA, 50 ns beam in a cir
lar lattice 11.5 m in circumference. Focusing in the ma
lattice is provided by 72 printed-circuit (PC), dc power
quadrupoles, while bending is realized with 36 PC dipol
The air-core magnets are based on double-sided flex
printed circuits where the conducting patterns follow sp
cial algorithms (to be introduced below). While this desi
has many advantages in terms of cost and ease of man
turing, the small aspect ratio of the magnets, as dictate
stringent space requirements in the ring lattice, has ra
concerns about the field quality and the implications
the beam dynamics. Matching experiments in a protot
section employing quadrupoles of an earlier, simplified
sign [2] have shown that the short lenses perform well o
a distance of at least 1 m [3]. A new design with a larg
aperture and optimized field characteristics was deem
necessary, however, to better accommodate the relat
large beam cross section of UMER.

While the PC magnets meet the specific demands of
electron ring lattice and beam parameters, the princip
behind the design of the printed circuits are valuable
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all applications where small fields or gradients can be u
ful, and simple and cost-effective implementation are i
portant factors. Furthermore, knowledge of the harmo
content of the magnet field and its sources is important
beam dynamics studies as well as for the use of the m
nets as steering or correcting elements. An example is
use of the PC quadrupoles as skew elements to correc
beam rotations that result from random rotation errors
the UMER quadrupoles. Although applications of this n
ture would normally require small dc circuit currents, th
PC magnets can be pulsed in situations where higher fi
or gradients are needed and heat generation is to be m
mized. In fact, to accelerate the UMER beam, the dipo
must be pulsed.

In the next section we present a brief review of t
magnet design. This is followed in Sec. III by a descripti
of the rotating coil apparatus. The results of measureme
of harmonic content are summarized in the first half
Sec. IV; in the second half, we compare the results
predictions from numerical calculations. These emp
models that incorporate different types of magnet error

II. MAGNET DESIGN

It is well known that the transverse components of t
B field inside a magnet of aperture radiusr0 and far from
its ends has the 2D multipole expansion representation

By 1 iBx �
X
n�1

�bn 1 ian�
µ

x 1 iy

r0

∂n21

,

r �
p

x2 1 y2 , r0 ,
(1)

where bn and an are the normal and skew 2n-pole com-
ponents. In particular, n � 1 and n � 2 correspond to
the dipole and quadrupole terms, respectively. The same
© 2000 The American Physical Society 122401-1



PRST-AB 3 W. W. ZHANG et al. 122401 (2000)
expansion is valid for a magnet of any aspect ratio provided
that one interprets Bx and By as the axially integrated com-
ponents of the magnetic field.

In designing a PC magnet we are interested in finding
the current distribution over a cylindrical surface that re-
sults in an axially integrated transverse field consisting of a
single multipole. One can achieve this goal [4,5] by choos-
ing a current density �K on the cylindrical surface such that
its axially integrated longitudinal component

R
Kz dz has

a cosnu azimuthal dependence, with n being the order of
the desired multipole. In the UMER magnets the current
flow is realized by a single conductor following a rect-
angular spiral path on the surface of the printed circuit.
In first approximation such a current can be represented
as following a set of concentric rectangular loops of zero
thickness. This is the model we employed in the mag-
net design. Each loop consists of two pairs of sides: the
“active conductors,” parallel to the magnet axis, and the
“ return conductors,” perpendicular to the magnet axis (see
Fig. 1). Only the current flowing in the active conductors
contributes to the axially integrated magnetic field.

Consider the continuum limit where the number of rect-
angular loops approaches infinity. Also, assume a design
in which the azimuthal component of the surface current
density Ku does not depend on z where it is nonvanish-
ing (i.e., on the portion of the cylindrical surface covered
by the return conductors). Then it can be shown [5] that
the desired density current distribution

R
Kz dz ~ cosnu

Z

FIG. 1. Basic geometry of conductor layout for modeling
printed-circuit magnets. The “active” conductors are shown as
solid lines parallel to the beam axis (z axis). The curved dotted
lines are the “ return” conductors. Current flow is indicated by
the arrows.
122401-2
is obtained if the semilength z of the active conductors is
related to the azimuthal angle u by

z�u� �
l
2

∑
1 2

2k
n

jsin�nu�j
∏1�2

, (2)

where 0 # u # 2p, l is the magnet length, and k # n�2
is an adjustable parameter. An optimal choice that maxi-
mizes the desired multipole strength for a given current
flow is k � n�2.

In a discrete realization of the current flow with a limited
number of conductors, one can expect that Eq. (2) would
not lead to a perfect single multipole field and therefore
should be somehow modified. In the actual design of our
magnets we kept Eq. (2) as our guideline, but, in fact, we
located the i conductor according to

jsin�nui�j � 1 2

µ
2zi

k0l

∂2

. (3)

Equation (3) results from rewriting Eq. (2) to show z as
the independent variable and using a different adjustable
constant k0 which is near unity for both the dipoles and the

(a) Aluminum
mandrel

G-10
liners10 

cm10

(b)

FIG. 2. (a) Exploded view of magnet assembly (the printed
circuits are not shown) and (b) photograph of UMER quadrupole
halves; the underside of the printed circuits can be seen.
122401-2
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(a)

(b)

FIG. 3. Upper sides of the double-sided printed circuits that
form one-half of the UMER quadrupole magnet (a) and dipole
magnet (b) (to scale). The undersides of the circuits have similar
patterns, with series connections and opposite rotation so that
the fields are doubled and the field due to the external leads is
minimized. The small holes near the edges in (a) and (b), in
the middle, are used for alignment pins. The bigger holes are
used for attaching the circuits to aluminum pieces as shown in
Fig. 2(b) for the PC quadrupole.
122401-3
quadrupoles. The parameter k0 was adjusted by optimizing
the uniformity of the integrated field (dipole) or the radial
linearity of the integrated transverse fields (quadrupole).
Equations (2) and (3) are identical with k, or k0, set to
their ideal values in the continuum limit.

Twenty active conductors per quadrant (dipole) or octant
(quadrupole) were chosen. In each quadrant or octant the
conductors were located at zi � l�2 2 iDz, with i � 1 to
20 and Dz � l�42; Dz is the uniform separation between
the return conductors. The adjustable parameter was found
to be k0 � 0.976 for both dipole and quadrupole.

Three features of the UMER magnets are important.
First, the construction based on identical halves, as illus-
trated in Figs. 2(a) and 2(b), enables simple and repro-
ducible assembly and disassembly, so the magnets can be
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FIG. 4. (Color) Printed circuit quadrupole magnet. (a) Radial
variation of axially integrated transverse field, per amp, at u �
0±, and (b) on-axis gradient profile, per amp. The broken lines
in (b) indicate the effective hardtop quadrupole.
122401-3
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TABLE I. Physical and magnetic parameters of PC dipoles and quadrupoles for the UMER.

Dipole Quadrupole

Design algorithm Eq. (3) with n � 1 Eq. (3) with n � 2
Radius and length (r0, �) 2.87 cm, 4.44 cm 2.79 cm, 4.65 cm
Aspect ratio (length:diameter) 0.722:1 0.833:1
Conductor location tolerance 60.01 cm 60.01 cm
Thermal expansion (2 A) ,0.01 cm ,0.01 cm
Avg. resistance at room temperature (2 oz Cu) 1.5 V per circuit 3.0 V per circuit
Effective length (�eff)a 3.76 cm 3.63 cm
On-axis peak field per amp �B0� 5.22 G�A · · ·
Peak gradient per amp (g0) · · · 4.14 G�cm A
Integrated field per amp 19.6 G cm�A · · ·
Integrated gradient per amp · · · 14.9 G�A

a�eff � 1
B0

R
`

2` B�r � 0, z� dz, for a dipole magnet, and leff � 1
g0

R
`

2` g�r � 0, z� dz, for a
quadrupole magnet.
removed for bakeout of the transport pipe. Second, a sepa-
rate, similar design was used for the underside of each
printed circuit, with special series connections between the
two sides to enable the external connections to be close to-
gether. This feature results in near perfect cancellation of
the field from the twisted-pair external leads, in addition to
doubling the field per ampere. Finally, the same program
used to generate the input required for the magnetics pro-
gram was also used to generate input for a computer-aided
design program. This in turn enabled generation of a file
to be sent directly to the printed-circuit manufacturer.

The conductor geometries of the upper side layers of
half-quadrupole and half-dipole printed circuits are shown
in Figs. 3(a) and 3(b), respectively. The radial variation of
the axially integrated transverse field (per amp) of the PC
quadrupole and the on-axis gradient (per amp) are shown
in Figs. 4(a) and 4(b), respectively.

Table I summarizes the physical parameters and field
properties of the UMER PC quadrupole and bend dipole.
The parameters in the last five rows are the results of cal-
culations based on a rectangular-loop geometry, with the
iron-free magnetics program MAG-PC [6]. One could com-
pare these numbers with the integrated on-axis magnetic
field b1 (for the dipole) and integrated field gradient b2�r0
(for the quadrupole) given by

b1 �
m0

8
l2I

r0Dz
, (4)

b2

r0
�

m0

4
l2I

r2
0 Dz

. (5)

The two formulas above are obtained from the continuous
current density model by assuming that one can approxi-
mate Ku � I�Dz, where I is the current in each circuit
loop in the discrete model. Equations (4) and (5) yield
19.9 G cm�A, and 14.7 G cm�A, i.e., values about 1% dif-
ferent from those of Table I. These deviations are a mea-
sure of the accuracy of a modeling based on the assumption
of a continuous surface density current.
We conclude this section with a few remarks. The first is
that the symmetry involved in the placement of the conduc-
tors automatically excludes the appearance of some terms
in the multipole expansion (at least as long as the con-
ductors are infinitesimally thin). In particular, for a dipole
and quadrupole one can show that the “allowed” multi-
poles are, respectively, n � 2m 1 1 and n � 4m 1 2,
with m � 0, 1, 2, . . . .

The second is that the representation of the current
flow in terms of concentric rectangular loops is also an
approximation. We found that the deviation between the
main multipole field components as calculated using this
model and the actual spiral geometry is of the order of
0.1%. Field calculations based on the latter model will be
discussed in Sec. IV.

Finally, we want to emphasize that the 2D expansion
(1) does not apply in the magnet end regions where the
longitudinal component of the B field is nonvanishing. In
fact, it would provide a very poor representation of the B
field of our magnets because of their short aspect ratio. As
already pointed out, Eq. (1) can be applied only to the ax-
ial integrals of the magnetic field components. A full 3D
field representation would reveal the existence of some ad-
ditional terms that in the literature are often referred to as
“pseudomultipoles.” They carry some extra nonlinearities
in the beam dynamics that cannot be avoided. These non-
linearities were a concern at the initial stage of the UMER
design. However, beam dynamics simulations [5,7,8] have
shown that their presence is not detrimental to the machine
performance.

III. ROTATING COIL MAGNETOMETER

An accurate, widely used method for determining the
field quality of magnets used in accelerators is the rotating
coil [9]. Special designs are commonly used for measure-
ments of particular multipole components of the magnet
field [10]. A simpler alternative consists of a rectangu-
lar coil spinning so that one side of the coil is positioned
along the axis of the magnet. The coil is attached to a
122401-4
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motor and spun at 6 6 0.001 Hz. The induced voltage is
then fast-Fourier transformed (FFT) electronically to get
information on the harmonic content of the magnet field.
The phase of rotation of the coil can be obtained by using
an optomechanical synchronous signal to trigger the scope.
The signal is derived from a photogate circuit that operates
with the passage of a 0.76 6 0.025 mm slot when the ro-
tation angle is 90± 6 0.1± relative to the horizontal plane
of the magnet. To shield the effect of the Earth’ s field, a
mu-metal box is employed that reduces the field to about
5 mG at the coil.

A schematic of the rotating coil setup is shown in
Fig. 5(a). The coil used to characterize the PC quadrupoles
and dipoles for UMER has effective dimensions R �
2.22 cm by lc � 12.7 cm [see Fig. 5(b)]. It is fabricated
by winding about 3000 turns of very fine 44-gauge copper
wire on a plastic spool [11]. Nonmagnetic (either brass or
stainless steel 316L) screws and alignment pins are used
throughout the structure, but the stages for vertical and
horizontal adjustments [along “y” and “x” in Fig. 5(a)] are
made of slightly magnetic steel. The three-axis support
system is fitted with nonmagnetic micrometer screws that

COIL

ELECTRIC
MOTOR

10 CM

y

z

−x

UMER
QUAD

(a)

12.70 cm

2.22 cm

0.69 cm

1.75 cm

0.48 cm

Axis of
rotation (b)

FIG. 5. (Color) (a) Schematic of rotating coil apparatus. The
magnet mount is attached to plates not shown in the drawing.
(b) Coil dimensions. In (a), the solid arrows indicate the possible
adjustments of the magnet relative to the coil. The whole of the
rotating coil apparatus is normally enclosed in a mu-metal box.
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permit pitch, yaw, and roll adjustments with a resolution of
about 0.05±. The printed-circuit halves that form a magnet
are mounted on the underside of aluminum mandrels
[Fig. 2(b)] with the help of plastic (G-10) semicircular
liner shells and alignment pins. The aluminum mandrels
are constructed with high tolerances (on the order of
0.025 mm), and are relatively heavy so they can function
well as heat sinks.

The induced emf per loop in the rotating coil can be
written as

´�t� �
X
n�1

´bn sin�nvt� 1 ´an cos�nvt� , (6)

where ebn and ean are associated with the normal and skew
coefficients in Eq. (1). Explicitly, the voltage amplitude
for the normal part is easily obtained by integrating the
azimuthal component of the B field over the plane of the
coil,

´bn � lcvbn
Rn

rn21
0

, bn �
1
lc

Z lc�2

2lc�2
bn�z� dz ,

(7)

where lc is the coil’ s length, R � 0.73r0 is the coil’ s
height in terms of the aperture radius of the magnet, and
v is the angular frequency of rotation of the coil. As
an example, we compute the amplitude signal from the
main multipole term of the UMER quadrupole magnet:
by approximating lcb2 � leffg0r0 and using data from
Table I (where the effective length leff is defined), we find
eb2 � 23 mV�A turn, or about 140 mV for the 3000-turns
rotating coil and 2 A on the PC quadrupole magnet. This
voltage translates into an FFT peak on the scope given by
20 log�140�316� dBm � 27.1 dBm, in good agreement
with measurements (see next section). Similarly, for the
PC dipole magnet we find eb1 � 15.5 mV�A turn, which
corresponds to a FFT peak of 210.6 dBm, again very close
to measurement. Unfortunately, similar simple calcula-
tions are not possible for the higher harmonics, although
exact analytical expressions can be written for the coeffi-
cients b̄n, an in the framework of a concentric-loop model
for the conductor pattern [5].

IV. SPATIAL HARMONICS

A. Measurements

Table II shows the results for the normal and skew mul-
tipole components after averaging over spectra for eight
PC dipoles or quadrupoles. In the table, Bn � �bn�b1� 3

104, An � �an�b1� 3 104 for the dipole magnet, and
Bn � �bn�b2� 3 104, An � �an�b2� 3 104 for the
quadrupole magnet. As is customary, the values of the
dimensionless multipole coefficients are given such that
the normal component of the main harmonic is equal
to 104.

The synchronous signal mentioned above, together
with the rotating coil signal for a quadrupole magnet, is
122401-5
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TABLE II. Average normal (Bn) and skew (An) integrated multipole components, and asso-
ciated errors, of PC dipoles and quadrupoles in UMER.

PC dipole magnet PC quadrupole magnet
�R � 0.71r0� �R � 0.73r0�

n Bn s An s Bn s An s

1 104 0.19 20.26 15 22.0 10 8.6 4.8
2 24.1 18 3.4 8.0 104 0.83 16 36
3 235 6.9 26 4.3 232 24 32 12
4 20 10 29 8.6 53 15 54 6.3
5 2100 6.2 231 8.1 24.8 22 9.7 13
6 225 17 233 8.5 3.2 18 237 10
illustrated in Fig. 6. The normal and skew components are
obtained from the discrete Fourier transform of the aver-
age voltage waveform taken over 512 rotating coil cycles,
each signal being obtained at 100 kilosamples�s. Initially,
nonzero skew components for the main multipoles are
observed. The n � 2 skew component of the quadrupole
magnet (ea2�eb2 � 20.0238, before correction) is about
twice the n � 1 skew component of the dipole magnet
(ea1�eb1 � 20.0127, before correction), pointing to a
simple connection to the angular error introduced by the
slot used to produce the scope trigger signal. Thus, we
derive the angle error for the dipole’ s main component and
use it to correct all normal and skew components for both
dipole and quadrupole magnets. This amounts to setting
the y axis along the direction of the dipole magnetic field.

A direct observation of the magnitude spectrum is use-
ful during initial alignment of the magnet mount relative to
the coil. Adjustments in the transverse directions are done
until the dipole component in the FFT spectrum is as close
as possible to the peak observed when only the mu-metal
shielded Earth’ s field is present, i.e., about 260 dBm, as

(b)
(a)

FIG. 6. (Color) Scope signals from rotating coil. (a) PC quad-
rupole (100 mV�div) and (b) synchronous signal (5.00 V�div)
from photogate circuit. The horizontal scale is 20 ms�div.
in Fig. 7(a). Figures 7(b) and 7(c) show typical multipole
spectra for the PC dipole and quadrupole magnets, respec-
tively, when operated at 2 A. Typically, a quadrupole
mount must be displaced about Dx � 0.15 mm to ob-
tain a FFT dipole peak as in Fig. 7(a). From Eq. (7),
eb1 � leffRg0Dx per turn, or 250 dBm, in close agree-
ment with the dipole FFT component measured before
alignment.

From Table II, the measured “ forbidden” harmonics
show significantly greater variability than the allowed
ones: among the former, the quadrupole (n � 2) and
octupole (n � 4) terms in the case of the dipole magnet,
and the sextupole (n � 3) and decapole (n � 5) terms
for the quadrupole magnet. The only allowed term
with a large relative error is the normal duodecapole for
the quadrupole magnet —errors that are bigger than the
measured quantities result from changes in sign in the
original normal and skew components for eight magnets.
These observations illustrate the difficulties of harmonics
measurement with small fields. Therefore, we emphasize
that the tabulated values do not reflect peculiarities of
the printed-circuit design alone but include the whole of
the magnet assembly and mounting on the rotating coil
apparatus. Naturally, we expect that these conditions are
representative of those in the ring lattice. In the next
section we compare the results presented with predictions
from theory and computer calculations that incorporate
errors from different sources.

When the numbers in Table II are compared with results
for more standard (i.e., “ long” ) dipoles and quadrupole
magnets, we find that our values are roughly comparable
to what is measured at the ends of those magnets [12].
In turn, these “end” multipoles are normally much larger
than the “body” multipoles, i.e., the multipoles measured
near the magnet center. In our case, however, the body
multipoles are not meaningful since the axial field profiles
have no “fl attop” [see Fig. 4(b)]. Furthermore, particle-in-
cell simulations of the beam dynamics in UMER [13] using
multipole strengths close to those reported here indicate
acceptable emittance growth over about 100 turns. This
small number of turns makes it unnecessary to include
multipoles beyond n � 6.
122401-6
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FIG. 7. (Color) Fast-Fourier transform signal from digital scope
with (a) no current on the PC magnet, and mu-metal shield
present, (b) powered PC dipole magnet (2 A), and (c) powered
PC quadrupole magnet (2 A). The rotating coil spins at 6 6
0.001 Hz; the FFT is calculated every 10 s and the average over
5 min is displayed.
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Other effects that were investigated are the possible dis-
tortions of the printed circuits from the heat generated or
from the use of thicker conductor patterns. For the nominal
2 oz copper printed circuits, no significant changes in the
harmonic content up to n � 6 were observed, as evidenced
by a linearity check on powering up (to 3.0 A) and pow-
ering down the magnets. When 3 oz Cu PC quadrupoles
were used, on the other hand, the heat generated for the
same current was significantly reduced, but, interestingly,
the magnitudes of the sextupole and decapole harmonics
were doubled, leaving the other multipoles unchanged. An
interpretation of this result is deferred to the next section.

B. Calculations

Analytical [5] and numerical calculations using a rect-
angular loop model for the conductor pattern on the printed
circuits yield, as expected, only normal components for the
harmonics spectra of the magnet fields. Further, in the ab-
sence of assembly or alignment errors, only the harmon-
ics predicted from simple symmetry considerations (see
Sec. II) are obtained.

The numerical calculations involve the integration of the
Biot-Savart law for the conductor geometry. Each active
or return conductor in the specification file written for the
iron-free magnetics code MAG-PC is divided into up to 40
segments, so the field components from each current ele-
ment (about 0.5 mm long) can be easily calculated. The
code is run with 8-digit accuracy to evaluate the magnetic
field components at 128 uniformly spaced azimuth angles
at a radius equal to the effective radius of the rotating coil.
Additional programs are used to integrate the transverse
fields over the length of the rotating coil (0.5 mm integra-
tion step) and, from the results, to calculate the discrete
Fourier transform.

When the PC conductor layout is modeled with the
spiral geometry of the top conductor layer in the actual
circuits [see Figs. 3(a) and 3(b)], calculations show the ap-
pearance of new forbidden multipoles. The lowest order
new component for the quadrupole magnet is a normal oc-
tupole of about 0.13%; for the dipole magnet, the lowest
order is a normal quadrupole of about 0.33%. In Table III
we summarize the results of MAG-PC calculations, with and
without errors in the quadrupole magnet. Three types of
plausible errors are considered: horizontal and vertical
relative displacements of the two magnet halves and edge
rotation of one magnet half. The type of error denoted “H”
in Table III corresponds to opposite horizontal displace-
ments of the magnet halves by 0.1 mm along the x axis
[see Figs. 5(a) and 8(a)]. Similarly, error “V” [Fig. 8(b)]
is a symmetrical vertical separation of the two magnet
halves (along the y axis), also by 0.1 mm, for a total gap of
0.2 mm. Error “R” is a rotation of the upper magnet half
by 0.1± about an axis parallel to and on the farthest edge
of the mount [Fig. 8(c)]. The values 0.1 mm and 0.1± used
for the different errors are estimated from the mechanical
122401-7
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TABLE III. Results of MAG-PC calculations for UMER quadrupole magnets. The types of errors implemented are explained in the
text and illustrated in Fig. 8.

Without magnet errors With magnet errors
Rectangle Spiral H V R HVR

n Bn An Bn An Bn An Bn An Bn An Bn An

1 0 0 0 0 0 0 0 0 3.8 28.7 3.8 28.7
2 104 0 104 20.41 104 55 104 20.41 104 218 104 38
3 0 0 0 0 0 0 0 0 220 0.10 220 0.21
4 0 0 213 0.02 213 44 257 0.02 224 0.16 268 45
5 0 0 0 0 0 0 0 0 213 0.44 213 0.61
6 5.1 0 276 0 278 41 2120 0 288 0.53 2130 43
tolerance of the magnet mounts and errors from magnet
assembly and alignment in the rotating coil apparatus.

The appearance of small numerical skew components
in two cases (“Spiral” and V in Table III) may point to
limitations in the accuracy of the code. The double inte-
gration required for the calculations (Biot-Savart law and
axial integration) may entail numerical error propagation
larger than anticipated. However, the largest skew compo-
nent in the two columns is only 0.004% of the main term.
Moreover, the calculation results for the two geometries
(i.e., rectangular loops and spiral) when no magnet errors
are included agree with analytical results, so the code is
deemed reliable for the situations when magnet errors are
implemented.

The calculations with magnet errors are based on a spiral
conductor geometry. For comparison, the same errors were
implemented in a geometry based on rectangular loops, but
the results are not included here. The comparison between
the two geometries reveals that the normal octupole com-
ponent of the quadrupole magnet is due to error V (0.57%)
and, to a lesser extent, the spiral geometry (0.13%). The
skew octupole, on the other hand, is accounted for by error
H (0.44%). The appearance of skew quadrupole (0.55%)
FIG. 8. Magnet errors implemented in MAG-PC for calculations of multipole content. (a) Symmetrical horizontal shift of magnet
halves, (b) symmetrical vertical shift of magnet halves, and (c) edge rotation of upper magnet half. The errors are greatly exaggerated
in the figures.
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and duodecapole (0.41%) terms is also related to error H.
A normal duodecapole term is associated with the spiral
geometry (0.76%) and the design. Error V (0.39% rectan-
gular loops, 1.20% spiral) also contributes to the normal
duodecapole. Finally, the type of error that produces the
richest spectrum is R in either geometry: normal sextupole
(0.20%) and decapole (0.13%).

When the three types of magnet errors are combined
in MAG-PC, the results, shown in the two columns under
“HVR,” are in most cases just the sum of the separate
contributions. No attempt is made, however, to “fi t” the
measured harmonics presented in Table II by combining
the magnet errors with different weights, since a close ex-
amination of Tables II and III already shows a fair agree-
ment. The most likely sources of the different measured
harmonics for the PC quadrupole magnets are summarized
in Table IV.

To understand the occurrence of skew sextupole and
decapole harmonics (Table II), we have to invoke errors
other than the ones tabulated. A simple calculation shows
that the finite width of the conductors gives rise to small
skew components of all multipoles. Furthermore, MAG-PC

calculations where the radial locations of conductors are
122401-8
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TABLE IV. Sources of PC quadrupole multipole spectrum (see
Tables II and III).

Multipole Source

Normal dipole Residual Earth’ s field and R
Skew dipole Residual Earth’ s field and R
Normal quadrupole Design
Skew quadrupole H and R
Normal sextupole, decapole R
Skew sextupole, decapole Conductor finite width
Normal octupole V
Skew octupole H
Normal duodecapole Design and V
Skew duodecapole H

modified (by 60.1 mm) to simulate a “ ripple” in the
printed-circuit surface also display skew sextupole and
decapole terms of the same order of magnitude as the ob-
served ones. The fact, mentioned before, that 3 oz copper
quadrupoles display sextupole and decapole terms that are
about twice those of the nominal 2 oz copper quadrupoles
seems to corroborate the role of magnet deviation from cir-
cular cross section: thicker conductors make the printed-
circuit stiffer and harder to conform to the mount shape.
Finally, other likely sources reside in the rotating coil
apparatus itself, e.g., the field distortions caused by the
slight magnetism present in some components, or the
finite width of the coil winding. Regarding the latter, we
point out that the largest loops in the coil winding extend
beyond the rotation axis, so some multipoles are enhanced:
dipole, sextupole, and decapole terms, as for a coaxial
rotating coil.

Calculations for the PC dipole magnet, including mag-
net errors as in Table III, do not agree with measurements
as well as for the PC quadrupole case. An important dif-
ference between the two designs, though, is the width of
the active conductors. As seen in Figs. 3(a) and 3(b), the
PC dipole has almost the same overall dimensions as the
PC quadrupole but half the number of active conductors
per circuit, so the conductor width is about twice that for
the PC quadrupoles. The width of the return conductors,
on the other hand, is almost the same in both cases. Thus,
modeling the dipole magnet by assuming a current flow
through the conductor middle lines may not be accurate
enough, not to mention the possible effects of a varying
cross section along the active conductor paths. A pos-
sible remedy is to model the wide active conductors as
pairs of thin conductors around the middle lines, with each
thin conductor carrying half the current.

An extension of this work will include refinements of the
rotating coil apparatus to reduce the residual magnetism,
improved resolution of pitch, yaw, and roll adjustments,
and, possibly, the addition of a fixture coaxial with the coil
for direct mounting of the printed circuits. This last feature
would allow for multipole measurements unaffected by the
errors in the assembly of the magnet halves.
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V. SUMMARY AND CONCLUSIONS

We have presented general formulas useful for the de-
sign of air-core printed-circuit magnets and illustrated their
use with the bending and focusing magnets of the UMER.
The integrated field of the dipole and integrated gradient
of the quadrupole magnets can be estimated in the frame-
work of a continuous current distribution. The results are
adequate for general calculations in a lattice, e.g., bending
or steering and rms envelope matching.

For a detailed characterization of the PC magnets, how-
ever, knowledge of their multipole spectrum is necessary.
Since the peak magnetic fields involved are as small as
15 G, we have designed a special rotating coil magne-
tometer that uses mostly nonmagnetic components and
mu-metal shielding. Furthermore, a synchronous signal
allows for the determination of normal and skew compo-
nents. For the calculations, an iron-free magnetics com-
puter program permits simple implementation of plausible
magnet errors. A combination of these errors, which arise
mostly from assembly of the magnet halves, yields multi-
pole spectra that are in fair agreement with measurements
for the PC quadrupole.
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