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In this paper, we present a series of analytic expressions to predict the beam dynamics in a long linear
accelerator. These expressions can be used to model the linac optics, calculate the magnitude of the
wakefields, estimate the emittance dilution due to misaligned accelerator components, and estimate the
stability and jitter limitations. The analytic expressions are based on the results of simple physics models
and are useful to understand the parameter sensitivities. They are also useful when using simple codes
or spreadsheets to optimize a linac system.

PACS numbers: 29.27.Bd, 29.17.+w, 41.75.Ht
I. INTRODUCTION

At the present time a number of high performance
linear accelerators are being designed for short wavelength
free-electron lasers (FELs) [1,2], future linear colliders
[3–7], or as injectors for storage rings [8,9]. In this paper,
we will present a number of relatively simple formulas
to parametrize such systems. In particular, we present
formulas to model the optics, estimate the transverse
and longitudinal wakefields, and estimate the emittance
dilution and stability in high-energy linear accelerators.
The utility of these relations is to allow rapid calculation
of the primary parameters and estimate the performance of
such a system. In addition, the analytic results explicitly
illustrate the parameter sensitivities and thus can be a
useful tool when understanding the optimization of the
accelerators.

Although our results are more general, the derivations of
the expressions essentially follow those in Refs. [10–12]
and, for brevity, will not be presented here. We will,
however, provide extensive references pointing to detailed
derivations and extensions of the concepts discussed and
modeled. Throughout, we will assume ultrarelativistic
particles with b � 1 and will only briefly consider the
effect of space charge forces. Our estimates assume
random distributions of errors and include the effect of
simple trajectory correction. Usually, the calculations are
based on simple two particle models and, it should be
noted, these expressions are not intended to yield 10%
results —that accuracy must be obtained with detailed
computer simulation/calculations. Instead, these expres-
sions typically produce answers that are within a factor of 2
of those from computer simulation and, more importantly,
describe the dependence on the primary parameters.
Another recent calculation is described in Ref. [13],
which provides more accurate expressions for a limited
set of effects and parameters.

In the following, we will present the relevant equations
of motion. Then, we describe a parametrization of the lon-
gitudinal and transverse wakefields and discuss the BNS
damping/autophasing conditions which are used to con-
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trol the single-bunch beam breakup (bbu). Next, we will
present estimates for the primary sources of single-bunch
and then multibunch emittance dilution. This is followed
by a description of the jitter and stability issues. Finally,
we discuss the probability distribution for the emittance
dilutions and then describe some of the more advanced
correction techniques. Throughout the paper, we will
illustrate many of the calculations with examples from the
Stanford Linear Collider (SLC) [14] linac and the Next
Linear Collider (NLC) linac [3].

II. EQUATIONS OF MOTION

In a high-energy linear accelerator, the longitudinal
beam distribution is essentially frozen. In this case, the
energy of a particle g � E�mc2 can be written as

d

ds
g�s, z� �

e

mc2
Erf�s� cos�zkrf 1 f�

1 4pe0Nre
Z `

z
Wk�s, z0 2 z�r�z0� dz0,

(1)

where s and z are the longitudinal position in the acceler-
ator and in the bunch, Erf and krf are the acceleration gra-
dient and the rf wave number, and f is the rf phase at the
center of the bunch. In addition, Wk and r are the
monopole longitudinal wakefield and the longitudinal
beam distribution where Wk has units of V C21 m21.
Finally, N , re, and e0 are the number of particles per
bunch, the classical electron radius, and the permittivity
of free space: e0 � 8.85 3 10212 F�m. Note that, in this
definition, the bunch is centered at z � 0 and the head of
the bunch is at positive z.

Of course, this equation is correct only if the slip-
page of a particle in the bunch is small compared to the
bunch length. The actual slippage of a particle depends
on both the energy deviation and its transverse oscillation
amplitude,
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d

ds
z � 2

J

2b
1

Dg

g3
, (2)

where b is the transverse beta function, Dg is the energy
deviation, and J is the particle action,

J �
1
2

∑
1 1 a2

b
y2 1 2ayy0 1 by02

∏
. (3)

As stated, both of these contributions are negligible for
typical parameters.

Now, the transverse equation of motion can be written
as

1
g

d
ds

g
d
ds
y�s, z� 2 �1 2 d�K�y 2 yq�

� �1 2 d�G 2 4pe0Nre
1 2 d

g0

3
Z `

z
W��s, z0 2 z� ���y�z� 2 ya���r�z0� dz0, (4)

where s and z are the longitudinal position in the acceler-
ator and the bunch and d is the relative energy deviation

d�s, z� �
g 2 g0

g
. (5)

In addition, g0 is the nominal beam energy, K and G
are the normalized quadrupole and bending fields, yq and
ya are the quadrupole and accelerator structure misalign-
ments, and W� is the transverse dipole wakefield in units
of V C21 m22.

In these expressions, we have ignored the space charge
forces due to the mutual repulsion of the particles. At high
energy, these forces are usually very small compared to the
other effects; however, for completeness, we can estimate
their magnitude. In the longitudinal, the space charge force
should be compared to the variation of the rf acceleration
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and the wakefields. Assuming a uniform beam, it can be
estimated as

d

ds
gsc�s, z� � 2

2Nre
g2

d

dz
r�z�

µ
ln
b

a
1
1
2

∂
, (6)

where b and a are the vacuum chamber radius and the
beam radius, respectively. Further assuming a Gaussian
longitudinal profile, this can be expressed as

Dgsc �
Nre
s2z

Z ds
g2

µ
ln
b
a

1
1
2

∂
, (7)

where Dgsc is the full width of the induced energy spread.
In the transverse, the space charge forces should be com-

pared with the external focusing. This can be parametrized
in terms of the depression of the betatron phase advance

Dnsc x,y � 2
Nre

�2p�3�2sz

Z
ds

bx,y

g3sx,y�sx 1 sy�
. (8)

When considering flat beams (sx ¿ sy) in a FODO lat-
tice where the product bxby is roughly constant, this can
be rewritten in terms of the normalized emittances

Dnsc x,y � 2
Nre

�2p�3�2sz

1
p

gex,ygex

Z ds

g2
. (9)

In both the longitudinal and transverse, the space charge
forces tend to be small at high energy. This arises, in the
longitudinal plane, because of the Lorentz contraction and,
in the transverse plane, because of the cancellation of the
electric and magnetic forces in a parallel beam. When
the beam is converging or diverging this 1�g2 reduction
is replaced by a term that depends on the square of the
angular divergence and the space charge forces can be
more important [15].

III. BEAM EMITTANCE

Throughout this paper, we will discuss the projected 2D
rms normalized emittance, defined as
gey � g

q
��y2� 2 �y�2� ��y0 2� 2 �y0�2� 2 ��yy0� 2 �y� �y0��2 , (10)
where the angle brackets denote an average over the beam
particles. Dilutions of this emittance will arise due to
changes in the particle positions or angles. Dropping the
explicit centroid subtraction and assuming that all averages
are calculated about the centroid, the resulting emittance
can be written as

�gey�2 � g2��s2y 1 �Dy2�� �s2y0 1 �Dy02��
2 �syy 0 1 �DyDy0��2	 , (11)

where s2y � �y2�, . . . , and we assumed that there are no
correlations between the errors and the individual particle
positions and angles within the beam. We will further as-
sume that �DyDy0�2 � �Dy2� �Dy02� which occurs because
either the error is correlated in y and y0 or the error causes
a change only in position or angle but not both simultane-
ously. Both of these assumptions are valid for all of the
errors that we will discuss.

In this case, we can express the emittance as

ge � ge0
p
1 1 2Dge�ge0 , (12)

where ge0 is the initial emittance and

Dge �
g

2

µ
1 1 a2�

b�
Dy2 1 2a�DyDy0 1 b�Dy02

∂
,

(13)

where a� and b� are the beam parameters, b� � s2y�e

and a� � 2�yy0��e, which are equal to the lattice pa-
rameters a and b when the beam is matched to the lattice.
The beam and lattice parameters will be discussed further
in Sec. VIII A.
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Note that Dge adds linearly to the projected emittance
when the dilutions are small but has a more complicated
dependence in general. However, assuming that the beam
is initially matched to the lattice, after the emittance is
diluted, the beam will be mismatched and thus the emit-
tance dilution will filament. After filamentation, the final
rms emittance is given by the linear addition of the initial
emittance and the dilution [16],

ge � ge0 1 Dge , (14)

although the beam distribution will also evolve. Filamen-
tation will also be discussed in Sec. VIII A.

IV. LINAC MODEL

In the calculations that follow, we will assume that the
horizontal and vertical focusing strengths are equal and
the focusing structure of the linac scales in a simple man-
ner with the beam energy. In particular, we assume that
the linac is constructed from FODO cells whose length
increases with beam energy as Lcell�s� ~ g�s�a. Further-
more, we assume that the quadrupole focal length scales in
the same manner — this keeps the phase advance per cell
constant and causes the beta functions to scale with the cell
length. Thus,

Lcell�s� ~ g�s�a, KLq�s� ~ g�s�2a,

b�s� ~ g�s�a , ccell�s� ~ const.
(15)

This scaling is convenient because it allows straightfor-
ward calculation of the optical functions. Assuming thin
quadrupoles, which are short compared to the cell length,
the integrated quadrupole strength can be expressed in
terms of the cell length and the phase advance

KLq � 6
4 sin�cc�2�

Lcell
, (16)

and the beta functions at the quadrupoles are

b � Lcell
1 6 sin�ccell�2�

sinccell
. (17)

In these expressions, the positive signs are for the maxi-
mum beta function at the focusing quadrupoles and the
negative signs are for the minimum beta function at the de-
focusing quadrupoles. Furthermore, the average beta func-
tion through the cell can be written as

b �
Lcell
2

µ
cot

ccell

2
1
2
3

tan
ccell

2

∂
, (18)

and the average chromaticity per FODO cell is

j � 2
tan�ccell�2�

p
. (19)

Finally, using this scaling, the number of FODO cells in
the linac can be expressed as

Ncell �
gi

�1 2 a�Lcell iG

∑µ
gf

gi

∂12a

2 1

∏
, (20)
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FIG. 1. Horizontal beta function in the NLC linac.

where the subsubscripts i and f denote initial and final
values, G is the loaded gradient in units of mc2, and the
value at a � 1 is given by the limiting expression

lim
a�1

�x12a 2 1�
�1 2 a�

� ln�x� . (21)

In some cases, independent variation of the cell length
and focal length has been included in the linac lattice
parametrization [17]. This has the effect of causing the
phase advance per cell to change as a function of energy,
but, since this variation is typically small, it can usually be
ignored in the dilution estimates.

Finally, the actual lattices that have been developed are
constrained by the accelerator structure length and modu-
larity and thus the lattice tends to change in steps. Regard-
less, this simple parametrization can model most lattices
quite well. As an example, the horizontal b function for
the NLC linac is plotted in Fig. 1. The NLC linac is de-
signed to accelerate the beams from 8 to 500 GeV. The
lattice consists of roughly 350 FODO cells with roughly
equal horizontal and vertical focusing and is well parame-
trized with a � 0.33 and bi � 8.

V. WAKEFIELDS

Wakefields arise when the electromagnetic field of a
charged particle beam interacts with the surrounding vac-
uum chamber and then acts back on the beam itself. As-
suming an ultrarelativistic beam, the fields generated by a
particle can affect only the trailing particles. It is impor-
tant to note that the “wakefield” is not the instantaneous
force seen by a beam but is an integrated quantity describ-
ing the net effect of the induced fields assuming that the
beam trajectory is unperturbed. In a periodic structure, the
integration length is that of the structure periodicity while,
in an aperiodic structure, the integration length extends to
infinity.

This causes a significant difference in the high frequency
behavior of the wakefields due to a single cavity and that
from an infinitely periodic structure. This difference can
be important for bunches short compared to the cavity iris
121002-3
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radius. In particular, for short bunches, the longitudinal
and transverse wakefields of a periodic structure are con-
stant and linear in distance z, while those for a single cell
scale as 1�

p
z and

p
z, respectively.

The transition from the single cavity regime to the pe-
riodic structure occurs after a3

p
p�s3�2

z L3�2 cells, where
a is the iris radius and L is the length of a cell [18,19]. In
most cases of interest, the bunch is sufficiently long that
the wakefield more closely resembles that of an infinitely
period structure than that due to a single cavity; this is even
true in the TESLA FEL linac where the bunch is very short
compared to the cavity radius [20].

Thus, to estimate the wakefields, we will use a
parametrization for a periodic structure, similar to that
described in Ref. [21], which is based on the theoretical
short-range dependence plus an empirical term to describe
the behavior at longer distances,

Wk�z� �
Z0c

pa
p
a2 1 8zl

�V C21 m21� , (22)

where Z0 and c are the impedance of free space and the
speed of light and a and l are the iris radius of the structure
and the rf wavelength. Similarly, the short-range transverse
wakefield can be written as

W��z� �
2Z0cz

pa3
p
a2 1 5zl

�V C21m22� . (23)

It should be noted that with short bunches the transverse
kick factor for a periodic structure scales as sz— this is
reduced for longer bunches because of the curvature of the
wakefield and is sometimes approximated as

p
sz .

There are a number of more complex parametrizations
[22–24], but these models have been verified to yield good
results over the range s & a�4 and 0.1 & a�l & 0.2. As
an example, the short-range longitudinal and transverse
wakefields in the NLC linac are plotted in Fig. 2 along
with the approximation of Eqs. (22) and (23); the NLC
accelerator structures operate at 11.424 GHz where a�l �
0.18 and l � 2.625 cm.

The long-range longitudinal and transverse wakefields
are dominated by the fundamental monopole and dipole
modes. The amplitude of the wakefields scale as

Wk 

1
a
, W� 


1
a3
; (24)

however, both have complicated dependences on other de-
tails of the cavity design. A full parametrization of the
long-range wakefields is beyond the scope of this paper.
However, we note that, when considering a multibunch
beam, compensation of the long-range longitudinal wake-
field, referred to as beam loading, is an essential part of the
accelerator design and thus, in the remainder of this paper,
we will assume that the loading is compensated with a
residual rms energy error of sdLR. Similarly, reduction
of the long-range transverse wakefield is usually essential
121002-4
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FIG. 2. (Color) Short-range longitudinal (open circles) and
transverse wakefields (solid circles) in the NLC X-band accel-
erator structures along with the approximations of Eqs. (22)
(open squares) and (23) (solid squares).

to prevent the multibunch beam breakup instability and,
in the remainder of this paper, we will assume that multi-
bunch bbu is not a limitation. Given these assumptions,
we will describe the effects of the long-range wakefields
on the projected beam emittance in Sec. IX.

VI. LONGITUDINAL PHASE SPACE

The single bunch longitudinal phase space is determined
by the rf acceleration and the short-range longitudinal
wakefields. If the longitudinal wakefields are significant,
typically the rf phase is chosen to partially cancel the
correlated energy spread that is introduced. Control of
this correlated energy spread is usually needed for BNS
damping—discussed in the next section — and to provide
a beam that is within the acceptance of the downstream
application.

Because the short-range longitudinal wakefield de-
creases with distance, the energy spread introduced by
the longitudinal wakefields tends to be larger for shorter
bunches. In contrast, the compensating energy spread that
can be generated by running off crest of the accelerating
rf is roughly proportional to the bunch length. This sets a
limit on the minimum bunch length for a given maximum
rf phase offset and maximum final energy spread. Using
a simple uniform beam model with a length of 2.35sz ,
we can estimate the residual rms energy spread after
compensation. For a Gaussian beam, we find

sd �
Ç

�1 1 0.25i�4pe0NreWk 2 2.35szkrfG sinfrf

2.35G cosfrf

Ç
.

(25)

In Eq. (25), the first term is the energy spread induced
by the wakefield while the second is the effect of the rf
121002-4
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acceleration. Here, the length 2.35sz is chosen to fit the
limiting behavior at large rf phase angles and Wk is
the weighted average of the longitudinal wakefield over
the 61.17sz and can be well approximated as

Wk � 0.76Wk�1.3sz� . (26)

Finally, the imaginary coefficient �1 1 0.25i� is fit to the
results of simulations and approximates the minimum rms
energy spread attainable with a Gaussian bunch.

In Fig. 3, we compare the rms energy spread calculated
from simulation in the NLC and SLC linacs with the re-
sults of Eq. (25). In the NLC linac, the bunch consists of
1 3 1010 particles and the bunch length is sz � 140 mm
while in the SLC linac bunch consists of N � 3 3 1010

particles and the bunch length is sz � 1 mm. In both
cases, Eq. (25) agrees well with the results of the simula-
tions and accurately predicts the location of the minimum
energy spread at the level of a few degrees.

In Fig. 4, the longitudinal phase space at the end of the
NLC linac is plotted assuming that the rf is phased for on
crest operation and 10± and 20± off crest to partially com-
pensate the short-range longitudinal wakefield. Note that,
at an rf phase of 20±, the core of the beam has a narrow
energy spread but the beam also has significant off-energy
tails. In contrast, the total energy spread and, as can be
seen in Fig. 3, the rms energy spread are smaller at an rf
phase of 10±. Since the increased rf phase angle also de-
creases the acceleration, the optimal phase angle is usually
chosen to minimize the full width of the distribution and
is accurately estimated by setting the real part of Eq. (25)
to zero.

Finally, we should note that there are other techniques of
reducing the energy spread introduced by the longitudinal
wakefield instead of simply adjusting the average rf phase.
One example is to shape the longitudinal beam distribu-
tion [25]; this technique has been used in the SLC linac
to reduce the energy spread by a factor of 2 3 [26]. An-
other approach is to rotate the bunch in longitudinal space
by more than 90± partway through the linac. This flips

2.0
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0.0

NLC

σ δ
 [%

]

SLC

0 10 200 20 40
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FIG. 3. rms energy spread versus average rf phase in the NLC
and SLC linacs (solid) compared with Eq. (25) (crosses). The
NLC linac has N � 1 3 1010, sz � 140 mm, G � 57 MV�m,
and 11.424 GHz rf structures having an a�l � 0.18 while the
SLC linac has N � 3 3 1010, sz � 1 mm, G � 17 MV�m,
and 2.856 GHz rf structures having an a�l � 0.12.
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FIG. 4. (Color) Longitudinal phase space at the end of the NLC
X-band linac when operating with an rf phase of 0± (solid), 10±

(dashes), and 20± (dots) to partially compensate the longitudinal
wakefield with the projections of the distributions on the energy
axis to the right.

the sign of the energy correlation and then the longitudinal
wakefield can remove the energy spread that it had previ-
ously introduced [27]; this technique allows control of the
energy spread of very short bunches where the rf phase has
little effect.

VII. BNS DAMPING AND AUTOPHASING

If the beam performs a coherent betatron oscillation
without compensation of the short-range dipole wakefield,
the wakefields induced by the head of the bunch will reso-
nantly drive the tail of the bunch. This leads to emittance
dilution and amplification of the incoming trajectory jitter
known as single-bunch bbu [28].

BNS damping [29] is a technique of controlling the
single-bunch beam breakup due to the transverse wake-
fields by generating a focusing variation along the bunch
which can be implemented using rf quadrupoles [30] or
by adding a correlated energy deviation along the bunch
as was originally proposed. The BNS technique has been
studied by many authors using both analytic techniques
[31–33] and computer simulation.

Empirically, BNS damping can be separated into four
regions: filamentation where the correlated energy spread
is so large that the coherent oscillation rapidly decoheres
with a corresponding increase in the beam emittance, the
breakup region where the transverse wakefields dominate,
“autophasing” [34] where the wakefield is exactly com-
pensated by the correlated energy spread and the coherent
oscillation propagates without emittance dilution, and the
damping region where the wakefield acts to damp the oscil-
lation without a corresponding increase in emittance. This
is illustrated in Fig. 5 where the rms emittance growth is
plotted versus the correlated rms energy spread in units of
that needed for perfect autophasing. The emittance dilu-
tion is calculated for a bunch having an initial offset equal
to

p
2s after the first 10% of the NLC linac, a distance of

roughly 1 km. Note that, when the energy spread is equal
to the autophasing energy spread, the emittance growth
goes to zero, but, when the energy spread is large, the
121002-5
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FIG. 5. Emittance growth for a
p
2s initial transverse offset

versus correlated energy spread in units of the optimal energy
spread for autophasing after the first 10% of the NLC linac;
note the different regimes with filamentation at sd ¿ sauto
or øsauto, beam breakup when sd 
 0, BNS damping when
sd . sauto, and autophasing when sd � sauto.

initial oscillation filaments (phase mixes) leading to a unit
increase in the beam emittance. Filamentation is discussed
in Sec. VIII A.

The autophasing condition for a rigid offset of a bunch
can be immediately derived from Eq. (4). The goal is
to choose d�z� so that the chromatic behavior of the
quadrupoles compensates the effect of the wakefield. In
the smooth approximation, where both K and W� are
constant or slowly varying, exact cancellation is possible,

dauto�z� �
4pe0Nre
Kg0

Z `

z
W��z0 2 z�r�z0�dz0, (27)

and the ideal autophasing energy spread for a Gaussian
bunch in the NLC linac is shown in Fig. 6.

Unfortunately, the nonlinear variation in the desired au-
tophasing energy spread is difficult to generate with the
longitudinal wakefields and the rf phase; for an example
of the typical longitudinal phase space, see Fig. 4. Fur-
thermore, in the more realistic case of a strong focusing
lattice, the autophasing condition does not provide local
compensation of the wakefield although it can still cancel
the effect of the transverse wakefield when averaged over
a coherent betatron oscillation. In this case, an approxi-
mate autophasing condition, which describes the variation
of the correlated energy deviation per sz about the bunch
center, can be estimated,

sauto � �pe0NreW��2sz�	
bLcell

4g tan�cc�2�
, (28)

where b is defined in Eq. (18). Note that sauto is a mono-
tonically decreasing function of the phase advance per cell
(between 0± and 180±) which is one reason to choose a
121002-6
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FIG. 6. (Color) Ideal autophasing energy spread for a Gaussian
bunch in the beginning of the NLC linac with a bunch length
of sz � 125 mm and N � 1 3 1010; the head of the bunch is
to the left. Note the nonlinear correlation which is difficult to
generate.

relatively large phase advance per cell. In addition, assum-
ing the linac scaling described earlier, the energy spread
required for autophasing scales as g2a21 and is constant
along the linac for a � 0.5.

This autophasing condition provides a useful measure of
the importance of the wakefields on the beam dynamics in
the linac. In particular, the wakefield strength parameter h

defined in Ref. [28] is proportional to sauto times the chro-
maticity of the linac and, as will be seen in Sec. VIII B,
sauto can be used to parametrize the emittance dilution. In
the NLC linac, Eq. (28) specifies an energy variation of
1.9% per sz at the beginning of the linac — this is roughly
twice the variation seen in Fig. 4 at an rf phase of 0±. In
contrast, the autophasing energy spread for the SLC linac
was roughly 4.5% per sz despite the much weaker wake-
fields; the difference arises because of the smaller bunch
charge and shorter bunches as well as the stronger focus-
ing in the NLC linac.

Finally, we should note that this autophasing condition
was derived for a rigid offset of the bunch. A similar
condition can be found for a bunch offset generated by
a misaligned accelerator section. Here, the offset of the
bunch is a function of z, the longitudinal position within
the bunch. In this case, the autophasing condition, i.e.,
the condition to preserve this x-z correlation as the bunch
propagates down the linac, is roughly 1

6 the magnitude of
that for a rigid offset [35].

VIII. SINGLE-BUNCH EMITTANCE DILUTIONS

At this point, we can discuss the primary sources of
emittance dilution. In doing so, we will assume that the
beam is close to the autophasing condition and thus the
121002-6
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propagation of a betatron oscillation can be described with
the design optical functions which is not the case when far
from the autophasing condition [36].

The primary sources of dilution are transverse wake-
fields, dispersive errors, and betatron coupling; we will
also present estimates for the effect of rf deflections and
beam-gas scattering. With the exception of the beam-gas
scattering and, at very high energy, incoherent synchrotron
radiation, all of the dilutions encountered in a linac are
conservative dilutions. A conservative emittance dilution
arises when the transverse or longitudinal degrees of free-
dom become coupled. In this case, the six-dimensional
emittance is conserved, but the projected emittances, which
are frequently the relevant values, are increased. Specifi-
cally, the principal sources of dilution and the couplings
are [37] (i) transverse wakefields, z ! �y, y0�, (ii) disper-
sive errors, d ! �y, y0�, (iii) betatron coupling, �x, x0� !
�y, y0�, and (iv) rf deflections, z ! �y, y0�.

It can easily be shown that coupling of two planes al-
ways increases the smaller of the two projected emittances
from the uncoupled value. However, because the emittance
dilutions are conservative, they can be corrected provided
the dilution has not filamented (phase mixed). For ex-
ample, emittance correction techniques were used in the
SLC to reduce the emittance dilution from 1000% to about
100% [38].

The effectiveness of the emittance correction techniques
will be discussed in Sec. XII when we discuss the effect of
more complex correction techniques. However, in this sec-
tion, we will calculate the dilutions assuming one-to-one
trajectory correction where the beam trajectory is cor-
rected to minimize the readings of beam position moni-
tors (BPMs) located either at all the quadrupoles or just at
the focusing quadrupoles. These dilutions are sometimes
referred to as “bare machine dilutions” since minimal cor-
rection has been applied.

A. Injection errors and filamentation

The first dilutions to consider are those due to injection
errors. If the beam is injected with a trajectory error, it will
perform a betatron oscillation along the linac. Provided the
beam is close to the autophasing condition, the effect of the
transverse wakefields will be minimal. However, if the in-
jected beam has an uncorrelated energy spread, it will start
to “filament” because of the chromatic dependence of the
phase advance; the degree of filamentation depends upon
the magnitude of the energy spread and the chromaticity
of the lattice which is given in Eq. (19). Alternately, if the
magnitude of the correlated energy spread is much greater
than the autophasing energy spread, the beam will also fila-
ment as described in Sec. VII. In either case, the betatron
oscillation will decohere and the projected emittance of the
beam will increase.

The emittance dilution due to the filamented injection
trajectory error can be expressed as [39]
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where y0 and y00 are the injection trajectory errors and by

and ay are the lattice functions at the injection point.
A similar effect will arise if the beam is injected

with a dispersive mismatch except that beam performs
a quadrupole oscillation rather than a dipole oscillation.
The emittance dilution is again given by Eq. (29) with the
substitution y0 ! sdh0 and y00 ! sdh

0
0 [16], where h0

and h
0
0 are the injected dispersive errors and sd is the

energy spread in the beam.
Finally, another similar effect will arise if the beam is

injected with a betatron mismatch— it should be noted
that a long linac has well defined quasiperiodic “natural”
lattice functions, similar to a storage ring, where the optical
variations db�dd and da�dd are minimum [12]. In this
case, the emittance dilution can be parametrized in terms
of Bmag [40],
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Here, the subscript � is used to denote the parameters
describing the beam, b� � s2�e and a� � 2�yy0��e,
while the lattice parameters without subscripts denote the
natural lattice functions of the linac.

This is illustrated in Fig. 7 where a beam with a beta-
tron mismatch of b� � 2b and a 1% energy spread is
injected into a 100 cell FODO lattice, similar to the lattice
of the NLC linac. The beam rapidly filaments leading to
emittance dilution (solid) while the parameters describing
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FIG. 7. Filamentation of a mismatched beam with a 1% energy
spread in 100 90± FODO cells and an initial b� � 2b; the
emittance dilution (solid) increases as the beam filaments while
the beam beta function b� (dashes) approaches the periodic
lattice beta function.
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the beam ellipse b� and a� approach the lattice parame-
ters. The b� (dashes) is plotted at the focusing quadrupoles
where b � 10 m.

Note that, although Eqs. (29) and (30) describe the
evolution of the beam rms emittance, the beam distribution
will also evolve during the filamentation process. For ex-
ample, if a Gaussian beam is injected with a trajectory error
which subsequently filaments, the resulting distribution
could be symmetric but hollow, i.e., having a minimum on
axis [39]. Alternately, if a betatron mismatch filaments,
the resulting distribution becomes much more sharply
peaked [41,42].

B. Trajectory misalignments

Next, we will consider the dilutions due to a corrected
trajectory. The trajectory errors will have two effects: the
offsets in the quadrupoles will generate anomalous disper-
sion, and the offsets in the accelerator structures will cause
wakefield deflections. These dilutions will depend on the
rms misalignment of the elements about a “smoothed”
alignment path. This arises because only errors with wave-
lengths comparable to the betatron wavelength have a sig-
nificant effect on the beam emittance; this is illustrated in
Fig. 8 where we have plotted the dispersion arising after
steering the beam to BPMs which have a periodic misalign-
ment. At wavelengths much longer than the betatron wave-
length, the dispersion decreases inversely with the square
of the wavelength; the results are analogous for dilutions
due to wakefields.

In this section, we will assume that the accelerator
structures are aligned properly and only the BPMs and
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FIG. 8. (Color) Dispersion arising at the end of 100 90± FODO
cells after steering to a periodic misalignment with a wavelength
in units of the cell length. Note that the betatron wavelength in
a 90± cell is equal to the length of four cells which is where the
dispersion peaks.
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quadrupoles are misaligned relative to the smooth fiducial.
Thus, the trajectory is deflected with either quadrupole
movers or dipole correctors to follow the BPM misalign-
ments and the trajectory will be offset in the accelerator
structures and quadrupoles. We will further assume that
the beam is close to the autophasing condition. In this case,
the emittance dilution will be due to three different effects:
(i) dispersive errors due to a constant energy spread which
might arise from improper beam loading compensation
or deviations from the ideal autophasing energy spread,
(ii) dispersive errors due to an injected energy spread which
adiabatically damps as the beam is accelerated, (iii) dis-
persive errors due to the autophasing energy spread and
wakefields due to the offsets in the accelerator structures,
the two of which partially cancel each other.

We will consider two different correction schemes:
“one-to-one” trajectory correction where the trajectory is
corrected to minimize the readings of BPMs located at all
of the quadrupoles and one-to-one correction where the
trajectory is corrected to minimize the BPM reading only
at the focusing quadrupoles. More complicated trajectory
correction algorithms are described in Sec. XII.

First, consider the case where the trajectory is corrected
to minimize the BPM readings at every quadrupole. As-
suming that the beam is close to the autophasing condition,
the emittance dilution due to dispersion from a constant en-
ergy spread dc is

Dge � 4�y2BPM�d2c
tancc
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,

(32)

where the subscripts i and f are used to denote initial and
final, and the value at a � 1 is given by the limit

lim
a�1

�x12a 2 1�
�1 2 a�

� ln�x� . (33)

If, instead, the trajectory is only corrected to minimize
the BPM readings at the focusing quadrupoles and the
defocusing quadrupoles are well aligned, the dilution is

Dge � 8�y2BPM�d2c
tan3 cc

2 �1 2 sin cc
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∂222a
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∏
. (34)

Note that, although the dependence on the phase advance
differs, the dilution expected when correcting only at the
focusing quadrupoles can be significantly less than when
correcting at all the quadrupoles. The difference is given
by the factor

2 tan2�cc�2� �1 2 sin�cc�2�	 , (35)

which ranges from 0.2 at 45± per cell to 1 at 180± per cell.
This arises because the trajectory offset is demagnified
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in the defocusing quadrupoles, leading to smaller offsets
on average. Finally, the effect of misalignments of the
defocusing quadrupoles can be included by multiplying
Eq. (34) by

1 1

µ
yQD
yBPM

∂2µ
1 2 sin

cc

2

∂2
, (36)

where yQD is the misalignment of the defocusing
quadrupoles.

Next, we can consider the effect of an initial uncor-
related energy spread which will adiabatically damp as
1�g while the beam is accelerated. In this case, assuming
that the trajectory is corrected to zero BPMs at the focus-
ing quadrupoles, the emittance dilution due to dispersion
will be

Dge � 8�y2BPM�d20
tan3cc

2 �1 2 sincc

2 �
L2cell i

g
2
i

aG

3

∑
1 2

µ
gi
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∂2a∏
, (37)

where d0 is the injected energy spread. One can find the
expression for correcting at all of the quadrupoles by di-
viding by the factor in Eq. (35), and the effect of misalign-
ments of the defocusing quadrupoles is given by Eq. (36).

Finally, we can consider the effect of the autophasing
energy spread and the wakefields. The autophasing energy
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spread is chosen to eliminate the emittance dilution due to
a coherent betatron oscillation; however, the cancellation
between the dispersive effects and the wakefields will not
be perfect for a corrected trajectory where the beam is
steered to follow the BPM misalignments. As discussed
in Sec. VII, the ideal autophasing energy spread scales as
g2a21 when the beam is accelerated. Assuming that this
condition is maintained and assuming that the trajectory is
corrected to zero BPMs at all the quadrupoles, the expected
emittance dilution will be

Dge � �y2BPM� �pe0NreW��2sz�	2
L2cell i
32aG

f�c�

3

∑µ
gf

gi

∂2a
2 1

∏
, (38)

where f is a factor that depends on the phase advance

f�c� �
1
18

∑
1 1 46 cos2 cc

2 2 11 cos4 cc

2
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2 coscc

2

∏
. (39)

Note that, when a �
1
2 and the autophasing energy spread

is constant along the linac, Eq. (38) has a form similar to
Eq. (39) but tends to be smaller due to the cancellation of
the dispersive errors by the wakefield kicks.

A similar expression can be found when correcting only
to zero the BPMs at the focusing quadrupoles, except, in
this case, the phase advance factor f is
fQF�c� � 2 tan2
cc

2
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, (40)
where the first factor is the same as that found before
[Eq. (35)], and the term within the square brackets has a
behavior similar to Eq. (39) but is smaller at low phase
advance and larger at high phase advance.

In both Eqs. (39) and (40), the complicated dependence
on the phase advance arises from the different sensitivities
of the dispersive and the wakefield terms. In both cases,
the phase advance factor f becomes large when c � 0±

or 180± where the wakefield or dispersive terms dominate.
When correcting at all the quadrupoles, the factor f is a
minimum at roughly 160± per cell while, when correcting
at just the focusing magnets, the factor f is a minimum at
roughly 100± per cell.

C. Accelerator structure misalignments

The next dilution to consider is that due to accelerator
structure misalignments. Like the BPM errors just dis-
cussed, we assume that the errors are random about a
smoothed trajectory. In this case, the emittance dilution
can be estimated as

Dge � �y2a� �pe0NreW��2sz�	2
Laccbi

2aG
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gi

∂a

2 1

∏
,

(41)
where Lacc is the length of the accelerator structures and
is assumed to be constant along the length of the linac and
all other quantities have been defined.

Equation (41) assumes that the alignment of the indi-
vidual structures is purely random. A related dilution will
occur if all the structures between a pair of quadrupoles
have a systematic misalignment; such an error would likely
occur when mechanically aligning the structures since the
quadrupoles frequently provide the reference for the align-
ment. In this case, the dilution can be estimated as

Dge � �y2a� �pe0NreW��2sz�	2
Lcellibi

4aG

3
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gi

∂2a
2 1

∏
. (42)

Note that this expression is similar in form to that due
to trajectory offsets Eq. (32). In general, this dilution is
substantially greater than that due to purely random errors
because more structures are contributing.

D. Betatron coupling

In future linear colliders, the vertical emittance is typi-
cally much smaller than the horizontal and thus there are
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tight tolerances on the allowable skew quadrupole fields.
Assuming purely random errors, the emittance dilution is
[12]

Dgey � gex 4Ncell

µ eK
K1

∂2
, (43)

where eK is the normalized skew quadrupole gradient
and K1 is the normalized quadrupole gradient. In the
case of quadrupole roll errors, the skew field is equal toeK � 2QqK1.

Similarly, assuming systematic errors, the dilution can
be found to be

Dgey � gex

µ eKQF 1 eKQD
jK1j

∂2 sin2Ncell
Dcc

2

sin2Dcc

2

, (44)

where the subscripts QD and QF are used to denote the
skew components of the focusing and defocusing quad-
rupoles, and Dcc � cxc 2 cyc is the difference between
the horizontal and vertical phase advances per cell. Note
that the dilution is proportional to N 2cell when the phase
advance difference is small, Dcc & 2�Ncell, and thus it is
standard to split the horizontal and vertical phase advances
by a few degrees per cell. Also note that the dilution
depends on the sum of the skew component at the focusing
and defocusing quadrupoles. Thus, if all elements have
the same error, i.e., the same roll or same pole error, the
dilution will be small because the errors cancel.

E. rf deflections

rf deflections arise if the time varying acceleration field
is not oriented in the direction of beam propagation; the
misalignment can be due to a misaligned accelerator struc-
ture, an angular trajectory through a structure, or asymme-
tries in a structure such as tilted irises or the couplers. In
addition to deflecting the beam, the rf deflections will in-
crease the projected emittance by causing a deflection that
is a function of the longitudinal position in the bunch. This
emittance dilution is

Dge � �g2� �szkrf�2
biLaccG

a

∑µ
gf

gi

∂a

2 1

∏
, (45)

where krf is the rf wave number and g is the
longitudinal-transverse coupling of the deflection which is
approximately

g �

8<: Qacc�2, structure misalignment,
Qtra�2, trajectory misalignment,
&Qiris, titled irises.

(46)

F. Beam-gas scattering

Beam-gas scattering is rarely an issue for the emittance
in a linac — instead, the primary effect is to contribute
to a halo of large amplitude particles which may cause
background or radiation problems. The increase in the rms
emittance can be estimated
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where Z is the atomic number of the gas and ngas is the
density of the residual gas which, at 20 ±C, is about ngas �
3.22 3 1022 nmolP �m23	. Here, nmol is the number of
atoms per molecule of gas and P is the vacuum pressure
in torr.

As stated, this emittance growth is usually dominated by
the large amplitude scattering which creates a halo about
the beam. The number of particles scattered out to an
amplitude greater than k times the rms beam size can be
estimated as
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IX. MULTIBUNCH EMITTANCE DILUTIONS

Like the single-bunch beam breakup, the multibunch
bbu [32,43,44] leads to an amplification of the incoming
trajectory jitter which can make operation of the linac vir-
tually impossible. There are techniques, similar to BNS
damping, that can reduce the sensitivity to the multibunch
bbu [45,46]; however, the magnitude of the wakefields are
such that, frequently, the only viable solution appears to
be direct reduction of the long-range transverse wakefield.

When the wakefield is rapidly decaying, one can obtain
an estimate of the multibunch bbu by assuming that the
wakefield extends only to the immediately following bunch
[47]. In this case, the criterion for little or no blowup isÇ

2pe0NreW��Db�bi

aG

Ç µ
gf

gi

∂a

, 1 , (49)

where W��Db� is the wakefield at the following bunch.
Most long linacs operate in this regime where the multi-

bunch bbu is small just like most linacs operate close to the
autophasing condition. In such a situation, one can esti-
mate the increase in projected emittance due to misaligned
accelerator structures and a corrected trajectory in a man-
ner very similar to that for the single bunch case. The pri-
mary difference is that we have to replace the short-range
transverse wakefield with the rms “sum” wakefield [48].
The sum wakefield is the sum of the wakefields from
the preceding bunches at a bunch location assuming all
bunches have the same offset,

Wsum�nDs� �
nX
j�0

W��jDs� , (50)

and the rms sum wakefield is just the rms of the sum
wakefield at the different bunches,

W2
rms �

1
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nb21X
j�0

W2
sum�jDs� 2

√
1
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nb21X
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Wsum�jDs�

!2
.

(51)
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Here, nb is the number of bunches and Ds is the bunch
separation. As stated, one can now use the single bunch
emittance dilution formulas presented in Sec. VIII C, sim-
ply replacing W��2sz� with 4Wrms.

Similarly, if the beam loading due to the long-range
longitudinal wakefield is not perfectly compensated, there
will be an energy deviation from bunch to bunch. Given
such an rms spread in energies, the projected emittance
dilution can be estimated from the expressions given in
Sec. VIII B.

X. COMPONENT MOTION: JITTER AND
STABILITY

There are three issues that need to be considered when
discussing the stability of the beam: jitter where the beam
trajectory changes from pulse to pulse, emittance degrada-
tion due to shifts in the position of the accelerator compo-
nents, and the degradation of the diagnostic resolution that
arises from the beam centroid jitter which can lead to poor
convergence of tuning or correction procedures. In the fol-
lowing, we consider the first two issues; the third depends
upon the diagnostic design and the operational procedures
and is difficult to evaluate without substantial operational
experience and/or detailed computer simulation.

There are many sources of vibration that can cause
the accelerator components to move, including the natural
seismic motion of the earth as well as man-made cultural
noise. The ground motion and vibration can be divided into
three regimes: high frequency (f * 10 Hz) where there
is little or no spatial correlation of the vibration, the inter-
mediate regime where the lower frequency ground motion
tends to be relatively well correlated (10 * f * 0.1 Hz),
and slow uncorrelated motion of components which can be
described with the “ATL” relation [49]; the ATL relation
states that after a time T , the relative motion of two points,
separated by a distance L, is equal to �Dy2� � A � T � L.

In general, the effect of the ground vibration must be
described with a 2D power spectrum P�v, k� which is a
function of both the frequency content as well as the spatial
correlation of the ground motion [50]. Now, the motion of
the beam at a point can be described by

�Dy�t�2� �
1

�2p�2
Z
P�v,k�G�k�F�v� dv dk , (52)

whereG�k� is the spatial response function for the focusing
lattice and F�v� is the temporal response of the feedback
systems. Finally, the growth of the beam spot size can be
evaluated in a similar manner except the spatial response
function G is now that for the spot size rather than the
beam centroid.

Unfortunately, evaluating Eq. (52) usually requires de-
tailed computer calculation. Regardless, one can obtain
straightforward estimates of the effect of the two limiting
extremes: uncorrelated high-frequency jitter and the slow
ATL motion. The high-frequency motion will cause jitter
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of the beam centroid while the ATL drifts primarily result
in an increase in the beam emittance since the actual mo-
tion of the centroid can be compensated with beam-based
feedback systems.

Uncorrelated vibration of the linac quadrupoles yq will
deflect the trajectory causing a trajectory motion, at the
end of the linac, of

�Dy2�
s2y

� �y2q�
4giNcell tan�cc�2�

geyLcell i

∑µ
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gi

∂12a

1 1

∏
,

(53)

which is expressed in terms of the beam size sy .
Similarly, if uncorrected, the ATL motion will cause a

trajectory displacement of
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12a
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where the coefficient A depends on the specifics of the site
but typically ranges from A � 100 0.1 nm2m21 s21 and
the factor �g12a

f 2 g
12a
i ���1 2 a� is equal to ln�gf�gi�

in the limit that a � 1.
Of course, this trajectory drift could be corrected with

beam-based feedback systems at the end of the linac (or
portion of the linac if multiple feedback systems are used),
but it will still result in emittance degradation. The emit-
tance increase due to the trajectory oscillation is

�Dge� � 32ATd2e
N4cell tancc

2 sin cc

4

cos2 cc

2

1
�3 2 2a� �2 2 a�2

,

(55)

where de is the rms deviation from the autophasing en-
ergy spread. Typically, de is 20%–30% of sauto since the
energy variation along the bunch, induced by the rf and
longitudinal wakefield, usually does not exactly match the
desired form unless the bunch charge distribution is spe-
cially shaped. Finally, note that when a � 0 this expres-
sion is similar to that derived in Ref. [51] although the
detailed dependence on the phase advance differs slightly.

XI. DISTRIBUTIONS

The preceding estimates have been for the “expected”
emittance dilution due to a random distribution of errors.
Of course, for any specific set of errors the dilution can
deviate from the expected value significantly and thus we
need to understand the distribution function for the emit-
tance dilution.

Assuming a Gaussian distribution of errors which cause
a single dominant form of dilution, such as accelerator
structure misalignments causing emittance dilution due to
the transverse wakefields, the dilution will have an expo-
nential distribution [12]
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f�Dge� �
e�2Dge��m

m
. (56)

Here, m is the expected dilution that could, for example,
be calculated from Eq. (41). Strictly, the exponential dis-
tribution arises only from a Gaussian distribution of errors,
but, in a long linac with many errors, the central limit theo-
rem applies and one finds an exponential distribution for
the emittance dilution regardless of the detailed distribu-
tion function for the errors.

The exponential distribution has a long large amplitude
tail, implying that there is a significant probability that any
specific set of errors will cause a dilution much larger than
the expected dilution. More precisely, with an exponential
distribution, there is a 5% probability that any specific case
will exceed three times the expected value. These large
dilutions arise when the errors add in phase at the betatron
frequency. Fortunately, as will be discussed in the next
section, this situation is very easy to measure and correct
with slightly more advanced correction techniques.

The distribution of dilutions from 1100 different sets of
random errors in the NLC linac is plotted in Fig. 9. Here,
10 mm random misalignments of the accelerator struc-
tures increases, on average, the vertical emittance from
gey � 3 3 1028 m rad to 4.07 3 1028 m rad. However,
as is evident in the histogram, the distribution is well ap-
proximated with an exponential, and there is significant
possibility that any specific set of errors will have a much
larger effect.

Finally, if there are N forms of emittance dilution that
are all contributing to the total dilution with equal mag-
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FIG. 9. (Color) Histogram of 1100 simulations of accelerator
structure misalignments in the NLC linac; the average dilution
is 35%, but the distribution of errors is roughly exponential and
thus has large tails.
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nitude, the distribution function for the emittance is de-
scribed with a x-squared distribution with 2N degrees of
freedom. For example, a total emittance dilution of 50%
would have a x-squared distribution with 4 dof if it con-
sisted of 25% dilution due to transverse wakefields and
25% dilution due to betatron coupling. As the number of
degrees of freedom increases, the probability of having an
emittance much larger than the expected value decreases.
Unfortunately, it is difficult to find closed-form solutions
for the distribution function in the general case where many
forms of dilution contribute with different magnitudes, but
usually there are only one or two dominate effects and
the situation can be closely approximated with an expo-
nential (x squared with 2 dof) or x squared with 4 dof
distribution.

XII. ADVANCED CORRECTION TECHNIQUES

At this time, a number of more advanced techniques
have been developed or proposed to reduce the emittance
dilution from the residual errors. The most straightforward
technique is to use “e bumps.” Here, the measured beam
emittance is minimized by adjusting some dilution source
upstream of the measurement point. For example, one can
reduce the dilution due to the transverse wakefields by ap-
propriately misaligning a few accelerator structures. Such
techniques are referred to as “nonlocal” correction because
the sources of dilution are not reduced, but, instead, addi-
tional dilutions are added to cancel the effect of the others.

The e-bump technique is routinely used at the Stanford
Linear Collider to reduce the emittance dilutions by sub-
stantial factors, as much as 1 order of magnitude [38].
Some of the difficulties with the nonlocal correction tech-
niques are (i) the beam emittance and tails need to be
measured accurately to minimize the dilution, (ii) multiple
measurement stations may be needed to prevent the di-
lutions from filamenting, and (iii) because the technique
cancels the errors by adding another error, it is sensitive
to small changes in betatron phase advance that can arise
from changes in the quadrupole strengths or energy pro-
file; this results in large fluctuations in the beam emittance
at the SLC over a time scale of hours.

Other “local” correction techniques usually try to mea-
sure and correct the emittance dilution sources locally.
Typically, this is done by measuring the difference of two,
or more, trajectories while some parameter is varied. For
example, to align the quadrupoles, one can measure the
trajectory while changing the quadrupole power supplies
[52–56] or, to measure the accelerator structure misalign-
ments, one can vary the bunch charge or length [35,57].

In all cases, the best alignment that can be attained is
limited by the BPM or diagnostic precision and is roughly
independent of the magnitude of the misalignments.
Although it is difficult to make simple estimates for
the effectiveness of these techniques, there are analytic
approaches that can be used [51,58]. Regardless, the best
121002-12
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method of evaluation (other than experiment) is detailed
computer simulations which include many of the system-
atic errors that exist in a real accelerator. This is important
because the techniques frequently rely on measuring
small differences in the beam trajectory and can be very
sensitive to mundane effects like beam jitter or power
supply fluctuations. Finally, one of the other difficulties
with these approaches is that the beam emittance is not
actually measured and, instead, the dilution sources are
inferred from other measurements — thus, it is desirable
to include emittance diagnostic stations and use nonlocal
correction to remove any residual dilutions.

XIII. SUMMARY

In this paper, we have described a number of analytic
expressions to estimate the focusing structure in a long
linear accelerator, the wakefields and the longitudinal
phase space, and the emittance dilutions and jitter sensi-
tivity in a high energy linac. Such expressions provide a
valuable tool for performing quick guides to design and
performance. In addition, the expressions can be used to
highlight the parameter dependence of the various terms
and understand the results of more complex computer
simulations.
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