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Coherent off-axis undulator radiation from short electron bunches
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The nature of off-axis undulator radiation is discussed. Of particular interest is coherent off-
radiation, where the wavelengths of emission are longer than the electron bunch length. We show
this off-axis radiation may be used to measure relative electron bunch lengths. The theory is prese
and calculated spectra are presented in a number of cases of interest.

PACS numbers: 29.27.Fh, 29.17.+w, 41.60.Cr
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I. INTRODUCTION

For decades there has been interest in obtaining co
ent radiation from relativistic free electrons. Schwing
discussed the properties of radiation from accelera
electrons in 1949 [1]. In the early 1950’s the (unwante
coherent radiation in a synchrotron was studied th
retically [2]. Also in that decade, the idea existed
make use of coherent mm-wave radiation from bunch
electrons [3]. In recent years, different methods ha
been used to obtain coherent radiation from free electr
[3]. These methods include passing electrons though
metal foil to produce transition radiation [4,5], generati
synchrotron radiation from bending magnets [6], pass
electrons near a metal grating to produce Smith-Purcel
diation [7,8], and generating undulator radiation by pa
ing electrons through periodic arrays of magnets [9,1
In this study, we investigate the possibility of obtainin
coherent radiation by observing undulator radiation at
angle to the beam axis.

In addition, there is a continuing challenge to accurat
characterize short electron bunches. Short bunches
produced by magnetic compression and, in cases
current interest, are generally less than500 mm long.
There has been much interest in recent years in produ
ultrashort electron bunches for single-pass free-elec
lasers (FELs) [11–17] and linear colliders [15,18]. T
quality of the electron beam is of utmost importan
for these applications, and beam characteristics and
effects on FEL performance have been studied extensi
[19]. The performance of magnetic bunch compress
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is very sensitive to changes in upstream acceler
components. A real-time, noninterrupting bunch leng
diagnostic is critical for monitoring and controlling th
equipment.

Our study shows that it may be possible to u
coherent, off-axis undulator radiation to determine
relative length of an electron bunch without intercepti
or substantially deflecting the electron beam. Radiat
emitted at wavelengths longer than the bunch length
be coherent and thus significantly more intense. Chan
in the bunch length may be obtained by measur
changes in the total energy of this off-axis radiatio
We show that the total radiated energy increases
the bunch length decreases. Since no microbunchin
necessary to obtain coherent radiation, a short undul
may be used, and the electron bunch is passed relat
undisturbed. The result is a nondestructive electron be
diagnostic. This relative bunch length monitor will b
used in conjunction with other diagnostic techniques, s
as the rf zero-phasing method [20], to determine abso
bunch length.

While this beam diagnostic may be useful for bunch
used in short wavelength FELs, it is not itself an FE
That is, it does not create or amplify coherent lig
by using the process of microbunching. Therefore,
contrast to a short wavelength FEL, the radiative proc
in this diagnostic is not sensitive to energy spread. T
characteristic makes the diagnostic useful even in ca
where the beam quality is not well characterized or
unstable.

Another technique for determining bunch length
measuring coherent radiation is to use bending mag
radiation [21]. The advantages of using an undula
rather than a bending magnet are that it may be place
a straight section of a linac and that it creates little or
dispersion or emittance growth. This allows for a numb
of such diagnostic installations on a long linac.
© 2000 The American Physical Society 030701-1
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II. THEORY
A. Introduction: off-axis undulator radiation

In most descriptions of undulator radiation, the discus-
sion is limited to small angles of observation, particularly
angles less than 1�g

p
Nw radians [22], where Nw is the

number of periods in the undulator. The small-angle ap-
proximation is sometimes even used in cases where the
radiation is described as “off-axis” [23]. In this study of
off-axis radiation, radiation outside the narrow 1�g

p
Nw

cone is explored.
The peak wavelength of undulator radiation increases

with angle

l0�u� �
lw

2g2
��1 1 a2

w� cosu 1 2g2�1 2 cosu�� , (1)

where u is the angle of observation, lw is the undula-
tor period, g is the electron kinetic energy in units of
rest mass, and aw � eBrmslw�2pmc is the rms undulator
parameter, or dimensionless rms vector potential. Equa-
tion (1) is derived in Sec. II B. The dependence of the
fundamental wavelength on the angle of observation is
seen in Fig. 1 for typical parameter values (lw � 4 cm
and aw � 1). For g � 400, l0�0� � 250 nm on-axis,
and l0�10±� � 600 mm.

For an infinitely long undulator, we assume that all
of the energy is radiated at the peak wavelength. For
small angles, this wavelength is much shorter than a
bunch length. The electrons radiate incoherently, and the
intensity of the radiation scales linearly with the number
of electrons. In contrast, at a large enough angle, the peak
wavelength may be longer than a bunch length. In this
case, the electrons radiate coherently, and the intensity
of the radiation scales with the square of the number of
electrons. The coherent radiation is more intense than the
incoherent radiation by a factor equal to the number of
electrons, which is typically on the order of 109. This

FIG. 1. (Color) Fundamental wavelength as a function of angle
of observation for various electron energies.
030701-2
suggests that the bunch length could be measured by
observing radiation at various angles and determining the
angle at which the radiation becomes coherent. That angle
would correspond to a certain wavelength of the radiation,
and that wavelength would correspond to a certain bunch
length.

However, for a finite length undulator, we cannot
assume that all of the radiation is radiated at the peak
wavelength. First, the power spectrum of undulator radia-
tion displays the familiar sinc2�Nwp�Dv�v0�� behavior.
While the spectrum may have a narrow peak about the
fundamental wavelength, it still includes radiation at other
wavelengths. Those wavelengths that are longer than the
bunch length will radiate coherently and will thus be
significantly more intense, as seen in Fig. 6, where most
of the energy of the radiation is seen to be at wavelengths
longer than the fundamental. Second, we show below that
near-field effects cause the fundamental peak to be shifted
and broadened, thus obscuring the meaning of the peak
wavelength as defined in Eq. (1).

The fact that radiation is present at frequencies different
from, and even far from, the fundamental peak provides
for a method of determining bunch length without having
to observe various angles, which would be a difficult
experimental task. In the method adopted in this study,
the radiation at a fixed angle is observed for wavelengths
near the length of the electron bunch. Radiation of
wavelengths longer than the bunch length will radiate
coherently. Thus by observing this off-axis undulator
radiation, we may be able to determine the electron bunch
length. Of course, the same method could be used for on-
axis radiation, but this would require steering the beam
from its axis in order to observe the radiation. In that
case, the diagnostic would not be noninterrupting as in
the off-axis case.

B. Derivation of Eq. (1)

Equation (1) is derived by examining the electron-
undulator interaction in both the lab frame and the elec-
tron’s frame. In the lab frame, an electron moves along
the ẑ axis with velocity bzc towards an undulator field

�B � 2B0 sin�kwz�ŷ . (2)

B0 is the peak magnetic field of the undulator, lw is the
undulator period, and kw � 2p�lw. In the electron’s
frame, the undulator field is Lorentz transformed into the
fields

�E � 2ngB0 sin

µ
2p

l0
z

∂
x̂ ,

�B � 2gB0 sin

µ
2p

l0
z

∂
ŷ .
030701-2
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The undulator period lw is Lorentz contracted to

l0 �
lw

g
.

Since �E0� �B0 and E0�B0 � c for g ¿ 1, the electron sees
the undulator field as a photon. This “virtual photon”
scatters off the electron, and assuming negligible recoil,
the scattered photon has a wavelength equal to l0. This
wave is Doppler shifted when viewed in the lab frame,
according to

l0 � gl0�1 2 bz cosu� ,

where bz � 1 2 ��1�2g2� �1 1 a2
w��. The result, after

substitution, is Eq. (1),

l0�u� �
lw

2g2 ��1 1 a2
w� cosu 1 2g2�1 2 cosu�� .

In most publications, the wavelength is described with a
small-angle approximation. Equation (1) is valid for all
angles.

Note that for g large and u greater than a few degrees,
Eq. (1) becomes

l0�u� � lw�1 2 cosu� ,

which is independent of the electron beam energy. This
behavior is seen in Fig. 1 for u . 5±.

C. Radiated energy calculations for single electron

We calculate the total energy and the spectral energy
of the emitted undulator radiation with a straightforward
approach using Liénard-Wiechert potentials [24]. In
previous work, the radiated electric field was expressed as
a sum of Gaussian modes [25]. That interesting approach
had the disadvantage of requiring many modes for an
accurate description of the field. Calculations are simpler
with the approach used in this study.

The geometry for the calculation is shown in Fig. 2.
The total power per unit solid angle radiated by an

accelerating electron, in the electron’s time, is given by

dP�t0�
dV

� R2 �S ? n̂�1 2 n̂ ? �b�

� c´0E2R2�1 2 n̂ ? �b� ,

where �S is the Poynting vector. The total energy per unit
solid angle is obtained by integrating over time. The
electric field �E can be derived from Liénard-Wiechert
potentials,

�E �
q2

4p´0

Ω
1

g2R2

n̂ 2 �b

�1 2 n̂ ? �b�3

1
1

cR
n̂ 3 ��n̂ 2 �b� 3

��b�
�1 2 n̂ ? �b�3

æ
. (3)
030701-3
FIG. 2. (Color) Geometry for energy calculations. P is the
point of observation, �re is the instantaneous position of the
electron, R and n̂ are the distance and direction, respectively,
from the electron to the point of observation, and d is the
distance from the center of the undulator to the point of
observation.

The first term represents the velocity field, which
does not radiate and is thus disregarded in this study.
The second term represents the radiating acceleration
field and depends on both the velocity and accelera-
tion of the electron. Calculations for the cases in
this study have been compared to those performed
with the code SRW [26] which includes the veloc-
ity term. The comparison verifies that the velocity
field term is negligible in the cases considered in
this study.

The energy per unit solid angle is thus

dW
dV

�
1

4p´0

q2

4pc

3
Z L�bzc

0

jn̂ 3 ��n̂ 2 �b� 3
��b�j2

�1 2 n̂ ? �b�5
dt . (4)

L is the undulator length, and bz is the normalized
average longitudinal velocity of the electron. Thus,
L�bzc is the time that the electron leaves the undulator.

Since the energy per unit solid angle in the observer’s
time may be expressed as a frequency integral,

dW
dV

�
Z `

2`
j �A�t�j2 dt �

Z `

2`
j �A�v�j2 dv ,

where �A�v� is the Fourier transform of �A�t�, and �A�t� is
defined as

�A�t� �
p

´0c R �E ,

the energy radiated per unit solid angle per unit angular
frequency is defined as follows:

dW
dV

�
Z `

0

d2I
dvdV

dv �
Z `

0
2j �A�v�j2 dv .
030701-3
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This spectral energy is thus given by

d2I
dvdV

�
´0

cp

q2

�4p´0�2

Ç Z L�bzc

0
eiv�t1�R�c�� n̂ 3 ��n̂ 2 �b� 3

��b�
�1 2 n̂ ? �b�2

dt

Ç2
. (5)
The total energy and spectral energy are related to the
respective energies per unit solid angle by

W �
1
d2

µ
dW
dV

∂
DA , (6a)

dW
dv

�
1
d2

µ
d2I

dvdV

∂
DA , (6b)

where d is the distance of the detector from the center of
the undulator and DA is the area of the detector entrance
aperture.

To evaluate Eqs. (4) and (5), the normalized accelera-
tion and velocity of the electron are needed, along with
the approximation z � bzct. The velocity and accelera-
tion are calculated by applying the Lorentz force equation
to the periodic undulator field, Eq. (2), yielding the fol-
lowing well-known expressions:

�bx �
2aw

p
2

g
sin�kwz�kwbzc , (7a)

�bz �
a2

w

g2
sin�2kwz�kwbzc , (7b)

bx �
aw

p
2

g
cos�kwz� , (8a)

bz � bz 2
a2

w

2g2
cos�2kwz� ,

bz � 1 2
1

2g2
�1 1 a2

w� .
(8b)

D. Radiated energy calculations for a bunch
of Ne electrons

To include the effects of a bunch of Ne electrons,
consider the component of the electric field seen at a
detector from the kth electron in a bunch (see Fig. 3) [27],

Ek�v� � E0�v�ei�v�c�n̂k?�rk .

The total energy is given by

Wtot�v� � W0�v�

É
NeX

k�1

ei�v�c�n̂k?�rk

É2

� W0�v�
NeX

k�1

ei�v�c�n̂k?�rk

NeX
j�1

e2i�v�c�n̂j ?�rj

� W0

µ
Ne 1

NeX
jfik

ei�v�c� �n̂k?�rk2n̂j ?�rj�
∂

.

030701-4
The double sum can be expressed as
NeX

jfik

ei�v�c� �n̂k ?�rk2n̂j?�rj�

� Ne�Ne 2 1�
Ç Z

d �r S��r�ei�v�c�n̂?�r

Ç2
,

where S��r� is the normalized electron bunch density
function and NeS� �r� is the electron number density
function. The result is

WNe electrons � W1 electron�Ne 1 Ne�Ne 2 1�f�v�� , (9)

where f�v� is the bunch form factor

f�v� �

Ç Z Z
dy dz Sy�y�Sz�z�

3 e2i�v�c�y sinu1i�v�c�z cosu

Ç2
. (10)

Sy�y� and Sz�z� are the transverse and longitudinal
electron bunch densities, respectively. For a Gaussian-
shaped bunch,

Sz�z� �
e2�1�2� �z�sz �2

p
2p sz

, Sy�y� �
e2�1�2� � y�sy�2

p
2p sy

,

and

f�v� � e2�k cosusz�2

e2�k sinusy �2

. (11)

For a top-hat-shaped bunch,

Sz�z� �
1

2
p

3 sz
for jzj ,

p
3sz ,

Sy�y� �
1

2
p

3 sy
for jyj ,

p
3 sy ,

FIG. 3. Geometry for bunch form factor calculation. P is the
point of observation, �rk is the vector from the origin to the kth
electron in the bunch, n̂k is the unit vector pointing from the
kth particle to the point of observation, and R is the distance
from the origin to the point of observation.
030701-4
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and

f�v� �

µ
sin�k cosu

p
3 sz�

k cosu
p

3 sz

∂2µ
sin�k sinu

p
3 sy�

k sinu
p

3 sy

∂2

.

(12)

In this study we have assumed Gaussian-shaped bunch
density functions, except where noted.

Equations (9) and (10) include the coherence effects of
the radiation. For short wavelengths v is large, f�v� �
0, and W ~ Ne. Thus the energy scales linearly with the
number of electrons, as expected for incoherent radiation.
For long wavelengths v is small, f�v� � 1, and W ~

N2
e . In this case, the energy scales quadratically with the

number of electrons, as expected for coherent radiation.
In general, both coherent and incoherent radiation are
present at the same time.

The form factor depends on both the length and the
width of the electron bunch. However, note that for the
range of angles in this study, the form factor depends
weakly on the width. This can be seen in Eqs. (11) and
(12), above, where the factors relating to the transverse
distribution are close to unity. As a result of this weak
dependence on the bunch width, only the effects of
changes in the bunch length are considered. Furthermore,
the widths used in this study, around 100 mm, are easily
measured, but a bunch length of 100 mm is not as
straightforward to measure. Thus, the bunch length is the
quantity of greater interest.

The form factor also depends on the wavelength l

through v � �2p�l�c. Thus, if Eq. (9) were applied
to the total energy as given in Eq. (4), an assumption
would be made that the radiation consists of only one
wavelength. When the spectrum is calculated with Eq. (5),
however, Eq. (9) is applied to each frequency, so no such
approximation is made. As stated above, for undulator
radiation from a finite-length undulator we cannot assume
that all the radiation is radiated at the peak wavelength,
thus a calculation of the total energy using Eq. (4) is
valid only for the single electron case. For an accurate
calculation of the total energy for a bunch of electrons,
the spectrum must be calculated using Eq. (5), and Eq. (9)
must be applied to each frequency calculated. The total
energy is then calculated by summing over a specified
frequency range.

E. Near-field effects

Near-field effects are introduced by accounting for the
fact that n̂ and R change as the electron passes through
the undulator (see Fig. 2). Note that the expression “near-
field” here does not refer to the velocity field in Eq. (3),
which is sometimes called the “near-field term” in the
literature. The vector Rn̂ can be expressed as

R�t�n̂�t� �

µ
L
2

1 d cosu

∂
ẑ 1 d sinux̂ 2 �re�t� , (13)
030701-5
where �re�t� is the electron trajectory. �re is calculated by
integrating Eqs. (8) with the approximation z � bzct,

rx �
aw

p
2

gkwbz
sin�kwbzct� , (14a)

rz � bzct 2
a2

w

4g2kwbz
sin�2kwbzct� . (14b)

Thus, R�t� is obtained by taking the magnitude of
Eq. (13), and n̂�t� is obtained by dividing Eq. (13) by
R�t�.

III. CALCULATIONS

Equation (5) is evaluated numerically to produce the
following results, which offer insight into the nature of
off-axis undulator radiation as well as its use for a beam
diagnostic.

A. Off-axis spectra

The spectra for different observation angles are pre-
sented in Fig. 4. Notice that the even harmonics appear
only at nonzero angles, as expected for undulator radia-
tion. For on-axis radiation, the spectrum displays the ex-
pected sinc2�Nwp�Dv�v0�� behavior. For off-axis radi-
ation, this behavior is modified slightly.

B. Near-field effects

Calculations show that near-field effects have a signifi-
cant effect on the energy spectrum for detector distances
of less than 1 m (see Fig. 5). The fundamental peak is
shifted to higher frequencies and is broadened. With-
out near-field effects, the spectrum displays the expected
sinc2�Nwp�Dv�v0�� behavior on-axis, and slight varia-
tions of this behavior off-axis, as seen in Fig. 4. This
behavior is disturbed in the near-field calculation. As the
detector distance becomes large, greater than 1 m in this
case, the near-field and far-field calculations begin to have
similar behavior as expected. In addition, for u � 0±, the
near-field effects disappear since n̂ does not change and R
is not present in the calculation.

C. Energy spectra

Plots of energy spectra are seen in Figs. 6 and 7 for
a Gaussian and top hat bunch distribution, respectively.
Each plot shows the single-electron spectrum as well as
the spectrum for a bunch of electrons. The jump in
intensity corresponding to coherent radiation is clearly
seen for wavelengths approximately greater than the
bunch length. Note that most of the energy is radiated at
wavelengths different from the fundamental wavelength.

It is clearly seen that the spectrum from the top-hat-
shaped bunch contains more high-frequency components
than the spectrum from the Gaussian-shaped bunch. This
is expected since the sharp features of the top hat distribu-
tion cause some coherent radiation at short wavelengths.
030701-5
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FIG. 4. Spectra for different observation angles. lw � 4 cm, Nw � 10, aw � 1, g � 400. (a) u � 0±, (b) u � 0.1±, (c) u � 1±,
and (d) u � 10±.
FIG. 5. (Color) Effects of near-field effects on the energy
spectrum for a single electron. The detector distance is 0.5 m.
030701-6
FIG. 6. (Color) Energy spectrum for a Gaussian bunch distribu-
tion. The electron bunch has an rms length sz � 100 mm.
030701-6
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FIG. 7. (Color) Energy spectrum for a top hat bunch distribu-
tion. The electron bunch has an rms length sz � 100 mm.

D. Energy spectra for various bunch lengths

The energy spectra show the expected jump in intensity
due to coherent radiation of wavelengths greater than the
bunch length. This behavior is seen most clearly in the
calculation which assumes a Gaussian bunch shape. In
the case of a top hat bunch shape there is more radiation
at short wavelengths, and the spectrum has more features,
making it difficult to distinguish between the spectra of
different bunch lengths. In practice, our bunches are
not expected to be Gaussian in shape. Bunches may
exhibit features such as an abrupt leading edge and
a long tail which would produce a spectrum with a
complicated structure, as in the case of top-hat-shaped
bunches. Thus, it may be difficult to determine bunch
length simply by observing spectra. However, the total
integrated energy changes with bunch shape, as shown

FIG. 8. (Color) Energy spectra for different bunch lengths of a
Gaussian-shaped electron beam.
030701-7
FIG. 9. (Color) Energy spectra for different bunch lengths of a
top-hat-shaped electron beam.

below, and provides a more robust diagnostic to measure
relative bunch lengths.

E. Total integrated energy

In Figs. 8 and 9, the total integrated energy can be
seen to decrease as the bunch length increases. Figure 10
shows this behavior quantitatively. A detector will detect
the total energy, which changes by as much as 3 orders
of magnitude when the bunch length increases from 20
to 120 mm. Thus, monitoring the total energy would be
a useful way to determine changes in the bunch length.
As the conditions or parameters of an accelerator are
changed, the detected energy of off-axis undulator radia-
tion changes and indicates changes in the bunch length.
Thus, the bunch length may be optimized while parame-
ters are being changed.

FIG. 10. (Color) Total integrated energy for various rms bunch
lengths. The integration is performed from 20 mm to 1 mm,
which is the anticipated response of the detector.
030701-7
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TABLE I. Electron beam parameters.

Electron beam energy 210 MeV
Bunch charge 0.5 nC
Bunch width 100 mm
Bunch length 20 500 mm
rms normalized emittance 5 mm

IV. EXPERIMENT

The goals of the experiment are to observe and charac-
terize coherent off-axis undulator radiation and to use it to
measure relative bunch lengths.

The experiment is planned for the DUV-FEL facility,
a new priority for BNL designed to produce a coherent
light source in the ultraviolet range [28]. The linear
accelerator will produce 210 MeV electrons. Electron
beam parameters are given in Table I. The undulator
for the experiment is a 12-period prototype of the 10 m
NISUS undulator [29], now installed at the DUV-FEL.
See Table II for undulator parameters.

The liquid-helium-cooled bolometer which will be used
to detect the off-axis radiation has a noise floor of 1 pJ.
This energy is an order of magnitude lower than the lowest
calculated energy shown in Fig. 11, where the parameters
are similar to those in Tables I and II. Thus, such a
detector should suffice for this experiment. An FTIR
Michelson interferometer spectrometer will be used to
determine the spectral content of the radiation. Radiation
will exit the beam line through an aperture with a 2 cm
diameter diamond window, after being reflected away from
the beam line by an 11 mm diameter mirror (see Fig. 11).
The angular aperture of the system is 13 mrad.

V. CONCLUSION

We have explored the nature of off-axis undulator ra-
diation and have shown that the radiation is coherent for
wavelengths greater than the bunch length. By observing
the total energy of off-axis undulator radiation, we will
be able to detect changes in the bunch length. Thus, off-
axis undulator radiation may be used as a noninterrupting
electron beam diagnostic. Such a diagnostic would be es-
pecially useful in single-pass high-gain FELs, where the
length of a short electron bunch is critical. Relative bunch
lengths could be observed in real time, and the FEL out-
put could be optimized while the FEL is operating. An
experiment to observe coherent off-axis undulator radia-
tion and to test its use in measuring electron bunches is
planned for the DUV-FEL facility at BNL.

TABLE II. Undulator parameters for NISUS undulator.

Undulator period 3.89 cm
Number of periods 12
rms undulator parameter �aw� 1.4
030701-8
FIG. 11. Off-axis radiation experiment.
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