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Dependence of bunch energy loss in cavities on beam velocity
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Beam energy loss in a cavity can be easily computed for a relativistic bunch using time-domain codes
like MAFIA or ABCI. However, for nonrelativistic beams the problem is more complicated because of
difficulties with its numerical formulation in the time domain. We calculate the cavity loss factors for
a bunch in frequency domain as a function of its velocity and compare results with the relativistic case.
[S1098-4402(99)00030-0]

PACS numbers: 41.75.—i, 41.20.—q

[. INTRODUCTION cavity modes below the beam pipe cutoff frequency, since
these modes mostly contribute to the cavity heat load.

The frequency-domain approach is applied to calculate

sign or construction stage such as Accelerator ProductiO{P1 ; .

. . e velocity dependence of the bunch energy loss in a
ofTr|t|ur_n (APT.) [1], Spallation Neutron Sourc_e (SNS)[2], few differeﬁt caF;es. In general, it would be ?:I)ésirable to
anq projects aimed toward the acce_lerator?drlven transm%'evelop a simple method for obiaining the answer for the
tation of nuclear waste (ATW) [3], will use linacs to accel-

erate intense proton orHbeams providing the final beam '8 < 1 beam directly from the results_ .fqﬁ = 1. Wwe
power in the range 1—200 MW. Most of them will also rely find, however, that the results for specific cases depend on
. : > the properties of the structure, such as the cavity shape
on superconducting (SC) technology for the acceleratlng‘;de size, as well as on the bunch length. Moreover
qavities, €9, [l’?’]’ to reduce operational costs. with t.h he abov1e assumption on the upper estim.ate from thé
final beam energies around 12 GeV, the ion beam durln8Itrarelativistic case might be incorrect, especially if only

acceleration changes its velocity from a nonrelativistic ONE e individual modes of the cavity are concerned
to B8 = v/c = 0.9-0.95. Atthe same time, the number y '

of types of SC cavities is limited to a few due to cost and
production reasons. For example, in the APT linac design!l. BEAM COUPLING IMPEDANCES AND LOSS

[1] there will be only two types of SC cavities, optimized FACTORS OF A CAVITY

for p = 0.64 and 5 = 0.82, respectively. They willac- |, he frequency domain and in the “closed-cavity”

celerate protons in the velocity range frggn= 0.58 (pro- . approximation (which means very narrow beam pipes),
ton energy 211 MeV) to 0.94 (1.7 GeV); at lower energiepe heam coupling impedance caiculation can be reduced
the normal conducting cavities will be used. Obviously, itiy 41 internal eigenvalue boundary problem. Since the
is important to know how the amount of the beam energysqtion of an inhomogeneous equation can be repre-
that is deposited in the cavities and heats them depends Q@nied in the form of a series in eigenfunctions (EFs), the

the beam velocity. In other words, one needs to calculatﬁnpedance is expressed as a formal series. Aefi
. S S

hol\{[v _the beam Iofs E\clt_ors dtefz]p?nld,@nf N fab hWheres = (s1,52,53) IS a generalized index, be a com-
IS common 1o befieve that loss factors of a bunc plete set of EFs for the boundary problem in a closed

moving along an accelerator structure at veloeity= Bc 4 in, wi L .
) y with perfect walls. The longitudinal impedance is
with B8 < 1 are lower than those for the same bunChthen given by (e.g., [6])

in the ultrarelativistic cas@ — 1. The physical reason

for this is that the energy loss should vanish when , 1 |I,(B, w)|?

B — 0. Direct computations with time-domain codes like Z(B.w) = —iw > o — o> 2W, (1)

MAFIA [4] or ABCI [5] are possible only fog = 1. The P

main difficulty in the numerical time-domain approachwhere (8, w) = [, dzexp—iwz/Bc)E,(0,z) is the

for B < 1 is to formulate proper boundary conditions overlap integral andV, is the energy stored in theth

at the open ends of the beam pipe. Instead, the logwode. HereE,.(0,z) is the longitudinal component of

factors are computed numerically for the ultrarelativisticthe sth mode electric field taken on the chamber axis.

bunch, which is a relatively straightforward task, and are As seen from Eq. (1), there is a resonant enhancement

considered as upper estimates for the case in questioof the sth term in the serieZ(8, w) atw — w,. Letus

B < 1. However, it is not obvious that the energy lossintroduce a finite, but small, absorption into the cavity

depends on the beam velocity monotonously. walls by adding an imaginary part to the eigenvalue:
The present paper studigsdependence of loss factors w; — ! — iw! = w!(1 — i/2Q;) [7]. Here, the Q0

N

in more detail. We are primarily concerned about thevalue of thesth mode iIsQ; = w!W,/Ps; > 1, whereP;

Many accelerator facilities, which are now in the de-
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is the averaged power dissipated in the cavity walls (andFrom a physical viewpoint, the loss factor (9) of a given
or, in a real structure, is due to radiation into beam pipes)mode includes two velocity-related effects. The exponent

The wall loss can be expressed as factor shows that the bunch lengtheffectively increases
too/B. Thep dependence &, is essentially due to that
Sy f ds |Hy.|?, (2) ofthe cavity transit-time factor for this resonance mode, as
Ty S

one can see from Eq. (4). Some qualitative guesses about
where o, is the conductivity of the wall materialy is  the transit-time factor behavior can be made by consid-
the skin depth at the frequeney;, H,, is the tangential ering the effective cavity length that scales lgs8, but
component of the field near the wall, and integration isquantitative conclusions from this observation are readily
over the inner cavity surface. Far = w/, thesth term  derived only for resonators with short accelerating gaps.

in Eq. (1) for the longitudinal impedance dominates In principle, Egs. (8) and (9) give us the dependence of
0 the loss factor or8. However, one should remember that
Z(w = w!) = R, = ,S 11,(8, w))|?; (3) the answer was obtained in the closed-cavity approxima-
20; Wi tion and can be applied to real problems only when the
or, taking into account the expression for fBevalue, loss factor is dominated by the lowest resonances, below
o0l [, dz exq—i%)Eu 0, 2)|2 the pipe cutoff, e.g., for a cavity with narrow beam pipes.
R,(B) = 3 (4)  Moreover, it is only practical when the number of strong
Jsds|Hy| resonances is reasonably small, since Eq. (9) shows that
The quantityR,(B) is the shunt impedance of thgh the 8 dependence varies from one resonance to another,
cavity mode and, unlike th@ factor, it depends oB. 2
The bunch loss factor is defined as k(B o) = ex;{—( w§a> L :| R,(B) (10)
ky(1, o) c ) By R(1)°

Lo
k= ;j;) dw ReZ(p, ») I\()F, ®) wherey = 1//1 — B2.

_ . . : It is obvious from Eq. (10) that for long bunches
whereA(w) = [dsexdiws/(Bc)]A(s) is a harmonic of ; . .
the bunch spectrum. For a Gaussian bunch with rms Iengtllg?SS fac_tcz)rs will decrease rapidly witl§ decrease, as
20, the line density is\(s) = exp(—s2/202)/(v27 o) exp(—B74). Indeed, one should expect the lowest reso-

_ = ’ nances at frequencies; =~ ¢/d, whered is a typical
g]k(:e g\(tﬁé for(:::p[ [wo/(Be))/2). As aresult, BqQ. (5) o (Uerse size of the cavity. The exponent argument

5 — (o /d)* will have a large negative value for = d, and
Y [ wo the exponential decrease for sm@ll will dominate the

k(. o) = 77-];) do ReZ(B,w)ex;{ (Bc) } impedance ratio. The impedance ratio dependengg isn
(6) generally more complicated, and we consider a few typi-

cal examples below.
The loss factor is related to the energy/ lost by the

bunch asAU = kq?, wheregq is the bunch charge. As
a result, the power deposited by the beam consisting lll. EXAMPLES
of bunches following through the cavity with the bunch A. Cylindrical pill box

repetition rat is - - . .
P & er Obtaining explicit expressions for the mode frequencies

P = kq*frep = kI*/frep » (7)  and impedances of a cylindrical cavity in the limit of a

wherel = gfy, is the average beam current. Of course,vams'hlng radius of beam pipes,— 0, is rather easy.

this equation does not account for possible interactions dret the_ cavity length bd. and its radlqs bel. Then the
the bunches through their wakes. mode index iss = (m, n, p), wherem is the number of

Assuming allQ, > 1 and integrating formally Eq. (1) radial variationsp the number of longitudinal variations

for the E field, and w,,, is the nth zero of the first-
for the ReZ(B, w), one can express the loss factor (6) askind Bessel functior’:LJ ). Thg resonancem. n, p)

a series . .
' has the frequency approximately equal to the cavity

_ eigenfrequencyw,,, = +/n2, + (wpd/L)?c/d. Then
kB, o) g ki(B, o), (8) the longitudinal impedance of such a “pill-box cavity” is
where the loss factors of individual modesare given by R — Z L_3 W c 1
1 wlo \" I8, @)l " 2w B d25 i(pon) @onpd 1+ 80 + 2d/L
kS(B70-) = S expg— 2 212
2 'BC ZWS % wOan . Q Slrl2 wOan
o[\ ] @ir(8) o 2B¢ 2 cos [\ 2p¢ )
Be 20, (11)
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FIG. 2. The loss factor versy8 for the lowest mode in the
pill-box cavity. The dashed line shows the dependence (13) for
a small discontinuity.

FIG. 1. (Color). The ratio of loss factors for a short bunch,

o/d = 0.05, versus@ and resonator aspect ratig'd.

mode with the frequency slightly below the pipe cutoff
The upper line in{---} corresponds to evep and the frequencyf. = woic/(27b). The on axis longitudinal

lower one to oddp. electric field of the mode is given by a simple expression
The ratio of loss factors Eq. (10) for the low@mode,  E-(z) = E.(0) exp(—|z|/L), whereL = b3/(ugiA) > b
Eolo, is then is the characteristic length occupied by the trapped mode
2 in Lol \2 in the pipe.
sin
w = exp|:—<’u(20> 21 5 :| (,B %) . Then the overlap integral in (3) is easily calculated ana-
oro(l, ) By SIN5g lytically, and the ratio of the shunt impedances Eq. (10) is

(12)

Ry wL/c)? + 1 ?
Obviously, it is almost independent gf when the bunch R (('?)) = '84|:(E0L//c)—2+,82j| = B4 (13)
is short,o < d, and the cavity is short compared to its s
radius, L < d. For longer cavities, however, the ratio Wwherew = 27 f. = uoic/b is the resonance frequency.
oscillates and might exceed 1; cf. Fig. 1. The last simplified expression in the right-hand side of
A strong resonance behavior is clearly seen in Fig. Iq. (13) follows from the previous one due to the fact
for large values of./d, while for smallL/d the k ratio  thatwL/c > 1, sincewb/c = uo; andL > b. All the
slowly decreases witl decrease. One should note that,above results hold for a small hole in the pipe wall: one
for some particular choices of the parametelg,(8) just has to substituted = «,,/(47b), where a,, is the
can be many times larger thag;o(1). A picture for a magnetic susceptibility of the hole, in all expressions [8].
longer bunch will look similar except that the resonances For larger discontinuities, one can expect some devia-
at smallerB’s would be damped heavily. tion from the simple behavior Eq. (13), even if there is still
Obviously, a similar behavior is expected for any otheronly one mode below the beam-pipe cutoff. As a simple
individual resonance mode in this case, with peaks agxample, we considered a cylindrical pill-box cavity of
some other values @8, and of the aspect ratio. Certainly, depthz = 1 cm and lengtly = 2 cm on the circular pipe
this example is not practical: we should be interested irof radius 2 cm. Eigenmode calculations WEbPERFISH
the sum of all physically important modes contributing[9] find a single mode atf, = 4413 MHz, below the
to the bunch energy loss and the cavity heating, say, thoggpe cutoff frequency. Calculating the overlap integral
below the cutoff. There is no cutoff frequency for the pill- in Eq. (9) numerically gives us the mode loss factor as
box cavity, and the number of modes to take into accouna function of 3; see Fig. 2. For comparison, the limiting
is infinite. Therefore, let us consider some cases with &ase of a small discontinuity, Eq. (13), is also presented

small number of modes below the pipe cutoff. in Fig. 2. For the ultrarelativistic cas@ = 1, the loss
factor is 0.24 VVpC, close to the result for this mode from
B. Small discontinuity time-domain calculations performed witsci [5].

The simplest case is a small discontinuity on a smooth C. APT 1-cell cavit
beam pipe, such as a small axisymmetric cavity or a ' y
hole. Let the area of the longitudinal cross section of As a more realistic example, we consider an APT
the cavity beA, and its length and depth be small superconducting 1-cell cavity, e.g., [10]. Of course, such
compared to the pipe radius; i.e., A < b>. It was a cavity with wide beam pipes to damp higher order
demonstrated [8] that in this case there exists a trappeshodes cannot be described completely by the formalism
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FIG. 3. Longitudinal component of the on axis electric field FIG. 4. The loss factor ratio versys for the fundamental
(arbitrary units) for the fundamental mode in a 1-cell APT mode in 1-cell APT cavities: long-dashed line far= 0.64
B = 0.64 cavity with a power coupler versus (m): MAFIA  and short-dashed line fgg = 0.82.

results (solid line) and analytical fit (dashed line).

of Sec. Il, except for the modes below the pipe cutoff.cavity, are shown for the cavity wit = 0.82 in Fig. 5,
Direct time-domain simulations with the codesria [4]  left-hand column. _

andABci [5] show the existence of only two longitudinal W€ UseMAFIA results for the fields of the modes to
modes below the cutoff for the = 0.64 cavity, and only calculate overlapplng' mtegrgls in Eq. (9) with an arb!trary
one such mode fop = 0.82, in both cases including the B and, therefpre, to find their Iqss factors as a function of
fundamental mode af, = 700 MHz. The loss factor B- The obtainedd dependencies of the loss factors for
contributions from these lowest resonance modes for H1€ five TMyo modes are shown in the right-hand column

Gaussian bunch with lengter = 3.5 mm for the g = of Fig. 5. Obviously, the shunt impedance (and the loss
0.64 section, andr = 4.5 mm for the 8 = 0.82 section, factor) dependence op is strongly influenced by the
are about 13 of the total loss factor. mode field pattern. The most interesting thing happens,

We useMAFIA results for the field of the lowest mode however, when we sum up all five contributions to the

(see Fig. 3) to calculate the overlap integral and study théss factor for this band: the resulting dependencgaa
loss factor dependence g&. The on axis longitudinal Smooth and the total loss factor decreases monotonically

field of the fundamental mode is fitted very well by a as B decreases; see Fig. 6. Another interesting feature

simple formulak.(z) = E.(0) exd—(z/a)?], wherea —  Shown in Fig. 6 is that the loss factor of the accelerating
0.079 m for 8 = 0.64 anda = 0.10 m for 8 = 0.82. mode is maximal near the desigh, while for all
The ratio of the shunt impedances in Eq. (10) is therPther modes it is almost zero in that region. This is
easy to get analytically, not surprising, since the cavity design is optimized for
2 that value of 8 to provide a strong interaction of the
R(B) _ ex _1 (ﬂ) ! , (14)  accelerating mode with the beam.
R,(1) 2\ ¢ ) B*y? A similar picture holds for the3 = 0.64 APT cavity:

where w = 27 f,. The resulting dependence for the 10ss factors of individual modes in the given band have
B = 0.82 cavity is shown in Fig. 4, and we see a smooth@ rather irregular3 dependence, with peaks at different
decrease at lowep’s. For 8 = 0.64, the result is Vvalues ofB, but their sum smoothly decreases with the
practically identical. B decrease. It works for both bands below the cutoff

The resulting loss factor for the lowest mode for thefréquency of the pipe, Ty and TMyo. The total loss
cavity design value of = 0.64 is 0.378 times that factorfor all longitudinal modes below the cutoff is shown
with B — 1, and for 8 = 0.82 it is 0.591 times the Versusp in Fig. 7, as well as the separate contributions
correspondingd — 1 loss factor. of both bands. The contribution of the TN band is
certainly larger, about 0.5 ApC for 8 = 1, compared
. to less than 0.1 ¥pC from the TMyo band. For the

D. APT 5-cell cavities velocity range near the design value ®f= 0.64, TMgo

For 5-cell APT SC cavities, the lowest resonances areontribution dominates completely. Moreover, in that
split into five modes which differ by a phase advance perange the total loss factor is mostly due to the accelerating
cell, A®, and their frequencies are a few percent apartr mode, as one can see in Fig. 7.
[10]; see below in Tables | and Il. The calculated on axis Time-domain simulations with the codeci [5] give
fields of all five modes in the T, band, withAd from us the total loss factor of a bunch & = 1, as well
7 /5 to mw—the last one is the accelerating mode of theas contributions of separate resonance bands to that loss

032001-4 032001-4



PRST-AB 2

DEPENDENCE OF BUNCH ENERGY LOSS IN CAVITIES ...

032001 (1999)

TABLE I. Loss factors (in VpC) of the lowest modes in the APT 5-c@l = 0.64 cavity.

Mode AD f (MH2) k(0.64) k(1) k(0.64)/k(1)
/5 682.03 2.14 X 1076 2.88 X 1074 74 X 1073
21/5 687.02 2.80 X 1073 0.031 9.0 X 1074
TMoxo 3m/5 693.16 9.05 X 1076 0.219 4.1 X 1073
47 /5 698.10 560 X 1073 0.251 22 % 107
T 699.96 0.186 6.76 X 1073 27.46
Total 0.186 0.507 0.366
/5 1396.82 6.45 X 1074 544 X 1074 1.187
21/5 1410.73 1.24 X 1076 9.02 X 10~ 1.4 X 1073
TMoao 3m/5 1432.74 1.83 X 1073 0.017 1.1 X 1073
47 /5 1458.80 8.02 X 1073 0.058 1.4 X 1073
T 1481.02 3.50 X 1073 9.50 X 1073 37 X 1073
Total 6.7 X 1074 0.086 7.8 X 1073

factor. Figure 8 shows the loss factor spectrum for thbeam pipes, will be deposited elsewhere outside the cav-
B = 0.64 APT cavity integrated up to a given frequency ity. For the SC cavities, we are mostly concerned about
versus that frequency. The two lowest steps in Fig. 8the lowest resonance modes, below the cutoff, since they
one near 700 MHz with the height 0.5/9C and the contribute to the heat load on the cavity itself.
other near 1400 MHz with the height about 0.¥pC, It is worthwhile to note that our results for the design
correspond to the two bands of the trapped monopolealues of 8 are reasonably close to the rough estimates
modes in the cavity, TMo and TMy,. These results obtained by Krawczyk [10] usingMAFIA time-domain
agree quite well with our calculations using the frequency-simulations with some artificial boundary conditions. The
domain approach; cf. Fig. 7 fg8 = 1 and Table I. tapered pipes have been introduced at the ends of a rather
The results for the loss factors of the lowest monopoldong structure to reduce reflections caused by improper
modes are summarized in Tables | and Il. As we men{at 8 < 1) boundary conditions at the open ends of the
tioned already, the totals for the T\ and TMyo bands beam pipe. After some tricks with the subtraction of wake
at B = 1in Table | agree very well with the time-domain potentials with and without the cavity, one can get an
results in Fig. 8. Of course, the contribution from higher-estimate for the bunch loss factor in that way.
frequency modes to the bunch loss factor is also significant, The important observation, however, is that the total
as one can see from Fig. 8. However, the beam enerdggss factors for a given resonance band in Tables | and

transferred to the higher modes, which have frequencied are lower for the desig83 than atB = 1. The only

above the cutoff and propagate out of the cavity into theexception is the TMyy band in Table Il. It, however,
TABLE Il. Loss factors (in \/pC) of the lowest modes in the APT 5-c@l = 0.82 cavity.
Mode Ad f (MHz) k(0.82) k(1) k(0.82)/k(1)
/5 674.29 9.21 X 107 7.55 X 107* 0.012
27 /5 681.11 143 x 1074 2.51 X 1074 0.570
TMo0 37/5 689.73 3.58 X 1074 0.029 0.012
47 /5 696.87 2.94 X 1074 0.220 1.3 x 1073
T 699.89 0.284 0.243 1.17
Total 0.285 0.493 0.578
/5 1357.69 4,18 X 1073 7.98 X 1077 52.4
27 /5 1367.65 1.36 X 107 8.00 X 1073 1.71
TMo2o 317/5 1384.50 1.58 X 107° 1.44 x 1074 0.011
477 /52 1409.56 8.04 X 1077 1.29 x 1073 5.6 X 1073
P 1436.90 1.62 X 1072 2.16 X 1073 7.50
Total 1.62 X 1072 3.67 X 1073 441
aMode near the cutoff.
bPropagating mode, above the cutoff.
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4 0.03 FIG. 7. (Color). The total loss factor for all modes below the
2 002 cutoff in the 5-cell APTB = 0.64 versusB. The contribution
w0 * 0015 of the TMy;p band is plotted by the long-dashed line, and that
-2 0.01 of the TMyy band is plotted by the short-dashed line. The
-4 0.005 thin solid line shows the loss factor for the accelerating mode,
-0.75-05025 0 0.2505 0.75 0.3 0.4 05 0[.36 070809 1 TMOIO T mode.
z
4 0.2
2 0.15 includes some propagating modes, and, for those, the
W _Z \/ ¥ o1 results of the frequency-domain approach cannot be
o 0.05 trusted. Its contribution is certainly very small anyway.
-0.75-0.5-0.25 0 0.25 0.5 0.75 03040506070809 1
z
4 /\ A o IV. DISCUSSION
5 .
g 0 .o In the examples above, the bunch loss factors were
-2 \/ \/ o calculated as functions of the beam velocgy< 1 and
-4 ' compared with the corresponding®— 1 results. It has
7050250 02505 0.7 0304050507080 1 been done by applying the frequency-domain approach

FIG. 5. Lonaitudinal ¢ of th is electric field rather than the time-domain approach. This approach can
(arb'itréry aﬂﬂ's)u f'gf tﬁgm}?&:oenmgdeseigntﬁéISS?Cz(l:l HXP$ be practical when we know the fields of all modes which

B = 0.82 cavity versus; (m) (left-hand column) and their loss Ccontribute significantly into the bunch energy loss. In

factors (V/pC) versusg (right-hand column). particular, calculating the modes with frequencies above
the pipe cutoff presents the most difficulties, since there is
no well-established numerical method, except for periodic
structures. Nevertheless, for many practical applications,
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f, GHz
FIG. 6. (Color). The loss factor for all TMy, modes in the

5-cell APT B = 0.82 cavity versus 8 (solid line). The FIG. 8. (Color). Loss factor spectrum integrated up to a given
contribution of the acceleratingm) mode is plotted by the frequency versus that frequency. Results from time-domain
short-dashed line, and that of all others is plotted by the longsimulations withABCI for a 3.5-mm bunch in the 5-cell APT
dashed line. B = 0.64 cavity.
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