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Halo formation in three-dimensional bunches with various phase space distributions
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A realistic treatment of halo formation must take into account 3D beam bunches and 6D phase space
distributions. We recently constructed, analytically and numerically, a new class of self-consistent
6D phase space stationary distributions, which allowed us to study the halo development mechanism
without being obscured by the effect of beam redistribution. In this paper we consider nonstationary
distributions and study how the halo characteristics compare with those obtained using the stationary
distribution. We then discuss the effect of redistribution on the halo development mechanism. In
contrast to bunches with a large aspect ratio, we find that the effect of coupling between ther and z
planes is especially important as the bunch shape becomes more spherical. [S1098-4402(98)00025-1
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I. INTRODUCTION

The need for high current in a variety of new acc
erator applications has focused a great deal of atten
on understanding the phenomenon of halo formation
ion beams, which can cause excessive radioactivatio
the accelerator. Starting in about 1991, a variety of tw
dimensional (2D) simulation studies [1–5] has led to
conclusion that halos are formed when a beam is m
matched to a focusing channel, exciting some sort of
lective oscillation(s) of the beam which are in resona
with the nonlinear oscillation of individual ions.

Most of the simulation studies start with rms match
beams which arenot stationary solutions of the Vlaso
equation (see, for example, [6]). As a result, the ini
beam undergoes a redistribution in phase space, obsc
the possible development of halos. Our effort has been
voted to populating a stationary distribution in phase spa
in the expectation that the halo development mechan
can be studied without being obscured by the “relaxati
of the beam in phase space. We have particularly stu
initial distributions which are stationary by virtue of bein
a function only of the Hamiltonian [7–9].

It is clear that a realistic treatment of halo formati
must take into account 3D beam bunches and 6D ph
space distributions. Barnard and Lund [10] perform
numerical studies with a 3D beam bunch using
particle-core model, drawing attention to the existen
and importance of a longitudinal halo for a spheroi
bunch. However, studies based on the particle-core m
do not address the question of whether halo formatio
influenced by the density redistribution which follows f
a nonstationary beam, even if it is rms matched [6].
fact, halo formation in 2D due to the redistribution proce
in rms matched beams was shown, for example,
Okamoto [11] and Jameson [2]. We therefore continu
our effort to study the halo development mechanism
1098-4402y99y2(1)y014201(12)$15.00
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3D beam bunches in the absence of the redistribu
process [12]. Such an approach allowed us to study
fundamental mechanism of halo formation associated w
the beam mismatch. To accomplish this we construc
a new class of stationary 6D phase space distribut
for a spheroidal beam bunch [12]. We then explo
the formation of longitudinal and transverse halos in
bunches in great detail [12].

Now that we have established the parameters wh
lead to halo formation in 3D beam bunches for t
6D self-consistent phase space distribution, we exp
distributions which arenot self-consistent to determin
the extent to which the relatively rapid redistribution
the 6D phase space contributes to the formation of ha
This is the focus of the present paper.

II. DIFFERENT 6D PHASE SPACE
DISTRIBUTION

We previously performed a detailed study for the a
muthally symmetric 6D phase space stationary distri
tion [12]:

fsx, pd 

Ω
NsH0 2 Hd21y2, H , H0 ,
0, H $ H0 ,

(1)

where

H  kxr2y2 1 kzz2y2 1 eFscsxd 1 my2y2 (2)

and H0 is a constant. Even though the ion moti
may be relativistic in the laboratory frame, we transfo
to the Lorentz frame of the bunch, where all moti
is nonrelativistic. The description of the effects in t
laboratory frame can be obtained by an inverse Lore
transformation should one wish to do so.

Here p  my, r2  x2 1 y2, and kx , kz are the
smoothed transverse and longitudinal restoring force
dients. The quantityFscsxd is the electrostatic potentia
© 1998 The American Physical Society 014201-1
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due to the space charge of the bunch. The distributio
normalized such thatZ

dx
Z

dpfsx, pd  1 . (3)

The charge distribution corresponding to Eq. (1) is

rsxd  Q
Z

dpfsx, pd

 NQm3
Z

dy

"
Gsxd 2

my2

2

#21y2

, (4)

where

Gsxd ; H0 2
kxr2

2
2

kzz2

2
2 eFscsxd . (5)

The integral in Eq. (4) extends over a sphere of rad
y0  f2Gsxdymg1y2.

In this paper we compare particle simulations p
formed for the distribution given by Eq. (1) [12] with th
nonstationary 6D Gaussian distribution

fsx, yd  N expf2sy2
x 1 y2

y 1 y2
z dys2ky2

x ldg

3 expf2sx2 1 y2dys2kx2ld 2 z2ys2kz2ldg (6)

and the nonstationary 6D uniform distribution

fsx, yd  NQ

√
1 2

x2

a2 2
y2

a2 2
z2

c2

!

3 Q

√
1 2

y2
x

y
2
1

2
y2

y

y
2
1

2
y2

z

y
2
3

!
, (7)

where we consider an axisymmetric beam bunch
putting a  b and y1  y2 with a, c being the minor
and major semiaxes of our spheroidal bunch, respectiv
Both the Gaussian and uniform distributions are c
structed in the rms matched sense.

To prevent possible future confusion, we remind
reader that, for an elongated 3D bunchcya . 1, the
longitudinal tune depressionhz is lower (more severe
than the transverse tune depressionhx as long as the beam
is equipartitioned before it is rms mismatched. (See [
for a detailed discussion of this question.) Note that
our comparison with the 6D stationary distribution, whi
is equipartitioned, the rms values for the distributio
in Eqs. (6) and (7) are chosen to be the same as t
for the stationary distribution. In other words, we stu
beams described by Eqs. (6) and (7) which are initia
equipartitioned.

III. NUMERICAL SIMULATIONS

A. Implementation

We have developed a 3D particle-in-cell (PIC) co
to explore the distributions described above and to st
halo formation. The single-particle equations of moti
are integrated using a symplectic, split-operator techni
014201-2
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[13]. The space charge calculation uses area weigh
(“cloud-in-cell”) and implements open boundary con
tions with the Hockney convolution algorithm [14]. Th
code runs on parallel computers and, in particular,
space charge calculation has been optimized for par
platforms using the Ferrell-Bertschinger method [15]. W
can easily perform a particle simulation with1 3 107 par-
ticles, but, since no change was observed between re
with 1 3 107 and1 3 106, we employ1 3 106 particles
in our simulations to reduce execution time.

We initially populate the 6D phase space according
Eq. (1), (6), or (7), and then mismatch thex, y, z coordi-
nates by factorsmx  my  1 1 daya, mz  1 1 dcyc
and the corresponding momenta by1ymx  1ymy , 1ymz.

As in our recent work [12], we will use anr 2 pr

diagram to present the transverse halo and az 2 pz

diagram to present the longitudinal halo. Note that in
calculationspr is given by

p2
r  p2

x 1 p2
y 2

p2
u

r2 
sxpx 1 ypyd2

r2 . (8)

We will see that both the longitudinal (z 2 pz) and
transverse (r 2 pr ) phase spaces clearly show the typi
“peanut” diagrams observed in 2D calculations.

Our exploration of halo effects involves only chang
from initial parameters. The figures are therefore p
sented in relative units and can be scaled for partic
applications as needed. For example, in the case o
stationary or uniform distribution we usezya, xya with a
being the initial transverse radius of the bunch. For
Gaussian bunch, there is no sharp edge. Therefore, in
case the data are normalized to the transverse radiu
the rms equivalent stationary distribution. The time e
lution in our figures is presented in arbitrary time uni
For an rms matched beam withcya  3, one longitudinal
breathing oscillation takes about 8 such units, while
cya  2 it takes about 6 time units.

B. Stability of the matched distribution

The analytic theory for the self-consistent 2D match
Kapchinskij-Vladimirskij (KV) beam suggests that th
beam becomes unstable for severe tune depression.
numerical studies of the unstable modes and multipar
simulations for the 2D breathing KV beam with ze
mismatch confirmed that the beam is unstable for t
depressions belowh  0.4 [7]. However, no halo was
observed in the corresponding 2D simulations.

Similar studies for other 2D rms matched distributio
which arenot stationary solutions of the Vlasov equatio
showed the existence of a halo for severe tune depres
and zero mismatch parameter [11]. The existence o
halo for such rms matched distributions was attributed
the unavoidable plasma oscillations generated by the
tial density-redistribution process which is clearly sho
in [11].
014201-2
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FIG. 1. Maximumx and z as a function of time for initially
matched beammx  my  mz  1.0 with 6D stationary distri-
bution (cya  3, hx  0.35, hz  0.25).

In our recent 3D simulations [12] with the stationa
distribution, no such redistribution occurred. In fact,
initially matched beam seems to be very stable, even
severe tune depressions. As an example, in Fig. 1
plot the maximumx and z (scaled to the bunch radius
as described in Sec. III A) among the1 3 106 particles
in our run as a function of time for an initially matche
beam, and in Fig. 2 we show the phase space diag
for cya  3, hx  0.33, hz  0.25 with only 32 768
particles plotted. We now perform similar 3D partic
simulations for the nonstationary Gaussian and unifo
distributions.

For the Gaussian distribution, one can see the str
redistribution process which occurs very quickly in bo
the transverse and longitudinal planes. In contrast to
2D simulations [11], this redistribution process happe
for both modest and severe space charge. In Fig. 3
plot the maximumx and z among the1 3 106 parti-
cles in our run for severe (hz  0.27, hx  0.38) and
modest (hz  0.65, hx  0.75) tune depressions, respe
tively. Figure 4 shows the phase spacez-pz diagram for
014201-3
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hz  0.27, hx  0.38 without and with a low-density cu
which enables us to observe the halo structure clea
The low-density cut technique allows us to get bet
visual resolution in the halo region. In this procedure
choose a threshold phase space density just above th
the halo and plot all halo particles. In the high-dens
region, we plot only those particles in regions below t
threshold density. From now on the longitudinal pha
space diagram will be presented using this low-density
technique (with only 20 000 particles plotted) unless it
stated otherwise. Figure 5 shows the development of h
with zero initial mismatch (mismatch parametermx 
my  mz  1.0) for a modest tune depression (hz 
0.65, hx  0.75) at different time steps. Att  50 the
beam performed only a few longitudinal oscillation
which shows how quickly the halo forms due to th
redistribution process for a Gaussian distribution.

Similarly, one can see the redistribution process for
uniform distribution. One again finds halo formation f
both modest and severe space charge, as can be se
Figs. 6 and 7.

Thus, we have shown that an rms matched 3D be
can produce transverse and/or longitudinal halos fo
wide range of space charge intensity even when it
initially perfectly matched. Of course, from a practic
point of view such halos are not important because
halo extent is very small for the mismatch factorm  1.0
(the detailed study of the halo extent on a mismatch fac
was presented in [12]).

The redistribution process in a nonstationary equip
titioned beam without initial rms mismatch causes t
core to perform oscillations with a rapid increase of t
maximum particle amplitude. This growth of the max
mum beam size is quickly saturated. For example,
the uniform distribution withcya  3 and tune depres
sionshz  0.35, hx  0.49, the increase of the maximum
beam size is of the order of 10% and 30% of the init
beam size in the longitudinal and transverse directio
respectively (the numbers depend on the specific distr
tion and tune depression). This maximum amplitude is
proximately the same as the maximum amplitude reac
FIG. 2. Longitudinal phase space diagram att  900 of initially matched beammx  my  mz  1.0 for the 6D stationary
distribution with 32 768 particles plotted (cya  3, hx  0.35, hz  0.25).
014201-3
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FIG. 3. Maximumx andz as a function of time for initially matched beammx  my  mz  1.0 with 6D Gaussian distribution
(cya  3): (a) hx  0.38, hz  0.27, (b) hx  0.75, hz  0.65.
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after significantly longer time by a beam having the statio
ary distribution, which is initially rms mismatched by on
a few percent in the transverse or longitudinal plane,
the transverse or longitudinal halo, respectively. The
fore, the redistribution process produces the same m
mum beam size as a few percent rms mismatch (in
corresponding plane) of the stationary beam.

We should also note that there is no straightforward
scription of the redistribution process in terms of som
equivalent rms mismatch of the stationary beam. For
ample, for the stationary distribution, the halo extent
almost independent of the tune depression for very sm
mismatches, while the redistribution process in nonstati
ary beams clearly depends on the tune depression. A
the time scales for the two effects are completely differe
The redistribution process is extremely fast compared
the relatively slow halo formation due to the rms misma
of stationary beams (see, for example, [6]). In addition,
other characteristics of the halo, such as the onset and
of halo formation, strongly depend on tune depression
the stationary distribution [12], in contrast with the redist
bution process. In Figs. 8 and 9, we show the trends of
maximum particle amplitude as a function of tune depr
sion for rms matched uniform and Gaussian distributio
014201-4
-

r
-

xi-
e

e-
e
x-
s
all
n-
so,
t.
to
h
e
ate
or
-
e

s-
s,

respectively. The maximum amplitude in transverse
longitudinal directions is plotted versus transverse or l
gitudinal tune depression, respectively.

The process of redistribution towards the equilibriu
state in 6D phase space is related to the free energy
emittance growth in nonstationary beams. The stu
of this process for continuous beam were summar
in [6], and were extended by Hofmann and Struckme
to bunched beams [16]. The mechanism of the re
tribution process should be studied in greater detail,
it is beyond the scope of the present paper. For
present purposes, we use the words “small equivalent
match” mainly to indicate that the effect of the red
tribution process on halo formation is small rather th
trying to make direct analogy between the density re
tribution and the rms mismatch.

It is worth noting that the redistribution process by
self in the nonstationary distributions, without initial rm
mismatch, does not lead to significant emittance grow
This can be seen in Fig. 10 for the Gaussian and
form distributions with relatively strong tune depressio
hz  0.27, hx  0.38. Such behavior is expected, sin
emittance growth is a strong function of the misma
(see, for example, [6]).
sity

FIG. 4. Longitudinal phase space diagram att  50 of initially matched beammx  my  mz  1.0 with 6D Gaussian
distribution (cya  3, hx  0.38, hz  0.27): (a) without low-density cut (with 32 768 particles plotted) and (b) with low-den
cut (with 20 000 particles plotted).
014201-4
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FIG. 5. Longitudinal phase space diagram at different time steps of initially matched beammx  my  mz  1.0 with 6D
Gaussian distribution (cya  3, hx  0.75, hz  0.65): (a) t  50, (b) t  100, (c) t  150, and (d)t  200.

FIG. 6. 6D uniform distribution with initial zero mismatch (cya  3, hx  0.75, hz  0.65): (a) maximum x and z and
(b) z-pz diagram with the low-density cut.

FIG. 7. 6D uniform distribution with initial zero mismatch (cya  3, hx  0.38, hz  0.27): (a) maximum x and z and
(b) r-pr diagram att  300 (with 25 000 particles plotted).
014201-5 014201-5
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FIG. 8. The maximum particle amplitude in transverse a
longitudinal directions vs transverse or longitudinal tune d
pression for an rms matched uniform distribution.

C. Initially mismatched beam

Numerical 3D simulations with the initially mismatche
nonstationary distributions described above confirm all
characteristics of halos observed for the stationary dis
bution [12]. The main difference is that for a nonstatio
ary distribution the halo extent is larger (especially f
the Gaussian) than the halo extent of the stationary
tribution with the same initial mismatch parameters.
an example, in Figs. 11–13 we show the maximumx, z,
emittance growth,z-pz diagram without the low-density
cut, andr-pr diagram (with angular momentumjLzj ,

0.1 to make the peanut diagram relatively clear) w
initial mx  my  mz  1.5 for the Gaussian, uniform
and stationary distributions, respectively. Once again,
explore effects which involve only changes from initi
parameters. Thus, momentum in phase space diagr
maximum x and z, and emittance are presented in re
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FIG. 9. The maximum particle amplitude in transverse a
longitudinal directions vs transverse or longitudinal tune d
pression for an rms matched Gaussian distribution.
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tive units and can be scaled for particular applications
needed (see Sec. III A).

One can see that the 6D stationary distribution c
structed in [12] gives a picture of halo development
most identical to the uniform nonstationary distributio
except for a slight difference in the halo extent. Desp
the fact that the Gaussian distribution does not precis
describe a “real” beam in the space charge limit in a lin
it gives an approximate upper limit on the halo exte
which can be very useful in practical applications.

It was shown [12] that for a 3D bunch one genera
both transverse (breathing) and longitudinal modes by
troducing arbitrary mismatch in any direction. In fac
a primarily longitudinal or transverse mode can deve
only if the relation between the transverse and longitu
nal mismatches is satisfied [12]. Otherwise, one alw
has a combination of both modes and therefore the po
bility that both longitudinal and transverse halos devel
A systematic study for bunches of different shape (cya)
and mismatch factorm (with simultaneous mismatch in
all planes) was presented recently [12]. In the followin
we present some examples of the mismatch in either
transverse or longitudinal plane only. To compare our
sults with those available for a transverse halo [17],
show in Fig. 14 the dependence of the transverse halo
tent on the mismatch for fixed space charge, with tu
depressionshz  0.39, hx  0.53. Our plot, obtained
using the 6D stationary distribution, is in very good agre
ment with the results presented by Wangleret al. [17].
The main difference is the behavior nearm  1.0 which
shows some sort of a threshold for halo formation
the transverse plane for beams with a stationary
tribution. The existence of a similar threshold is n
so obvious for the longitudinal halo, as can be seen
Fig. 15 for tune depressionshz  0.49, hx  0.65. In
fact, numerical runs for more severe tune depress
hz  0.35, hx  0.49 did not show any sign of the exis
tence of a threshold for the longitudinal halo at all. Als
one should distinguish the situation discussed above f
the case with a simultaneous mismatch in all planes.
the latter case, the longitudinal halo can be produced m
easily because of the coupling. It is worth noting that
extent of the longitudinal halo is smaller than that of t
transverse halo, as can be seen from Figs. 14 and 15.

The existence of a threshold for halo formation in t
transverse plane, which was observed in 2D simulati
and is also seen in our 3D particle simulations, see
to be a feature observed only for self-consistent stati
ary distributions. For example, Fig. 16 for the 6D un
form nonstationary distribution has no obvious transve
threshold behavior. In fact, as we showed above, i
nonstationary beam a halo can form even for a zero in
mismatch.

For practical application, we also note that there
no significant difference in the halo extent between
situation where the mismatch is in a single plane a
014201-6
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FIG. 10. Emittance growth due to the redistribution process for initially matched beam (cya  3, hx  0.38, hz  0.27):
(a) Gaussian distribution and (b) uniform distribution.
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the one where the simultaneous mismatch is in b
planes, but there is a substantial difference in the h
intensity. For example, consider a beam bunch wit
6D stationary distribution and parameterscya  3, hz 
0.49, hx  0.65 initially mismatched by 30% in only
the longitudinal direction (mz  1.3, mx  my  1.0).
When the same bunch is instead initially mismatched
30% in all directions (mz  mx  my  1.3) the extent
of the longitudinal halo after its rough saturation (mo
than 100 longitudinal breathing oscillations) increases
only a few percent, while the number of the particles
the longitudinal halo increases greatly (from 0.06 to ab
1% of particles in the halo).
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D. Coupling effects

In performing 3D simulations we encounter halo fo
mation in a beam bunch, where we clearly see coup
between the longitudinal and transverse motion. It w
already noted [12] that due to the coupling betweenr and
z, a transverse or longitudinal halo is observed even fo
very small mismatch (less than 10%) as long as there
significant mismatch in the other plane. Further nume
cal investigation of this question showed that the effec
coupling becomes extremely important for nearly sphe
cal bunches (cya # 2), which is typical of the paramete
range of interest for the accelerator production of tritiu
r

FIG. 11. 6D Gaussian distributionmx  my  mz  1.5 (cya  3, hx  0.53, hz  0.39): (a) maximumx andz, (b) emittance
growth, (c)z-pz diagram att  900 (with 32 768 particles plotted), and ( d)r-pr diagram att  900 for particles with the angula
momentumjLzj , 0.1 (with 25 000 particles plotted).
014201-7
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r

r

FIG. 12. 6D uniform distributionmx  my  mz  1.5 (cya  3, hx  0.53, hz  0.39): (a) maximumx and z, (b) emittance
growth, (c)z-pz diagram att  900 (with 32 768 particles plotted), and (d)r-pr diagram att  900 for particles with the angula
momentumjLzj , 0.1 (with 25 000 particles plotted).

FIG. 13. 6D stationary distributionmx  my  mz  1.5 (cya  3, hx  0.53, hz  0.39): (a) maximumx andz, (b) emittance
growth, (c)z-pz diagram att  900 (with 32 768 particles plotted), and (d)r-pr diagram att  900 for particles with the angula
momentumjLzj , 0.1 (with 25 00 particles plotted).
014201-8 014201-8
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FIG. 14. Extent of the transverse halo for the 6D station
distribution with zero longitudinal mismatchmz  1.0 (cya 
3, hx  0.53, hz  0.39).

(APT) design [18]. For example, for the short bun
with cya  2, with only a longitudinal initial mismatch
(mz  1.5, mx  my  1.0), one finds particles at larg
amplitude in both the longitudinal and transverse dir
tions, as can be seen in Fig. 17 for the 6D station
distribution. Of course, the intensity of particles in th
transverse halo is much smaller than it is when there
additionally, a transverse initial mismatch. (In our e
ample in Fig. 17, we have 0.05% of the particles in t
transverse halo with zero transverse mismatch comp
with several percent in the longitudinal halo.) A simil
effect due to coupling can be seen for the nonstation
distributions, as shown in Figs. 18 and 19. In fact, this
fect appears to be stronger in nonstationary distributio
Thus, because of the coupling, a significant misma
in any plane can be dangerous and should be tre
carefully.

5

4

3

2

1

0

z m
a

x/
z r

m
s

1 .41 .21 .00 .80 .6
µz

c/a=3
µx=1.0
ηz=0.49
ηx=0.65

FIG. 15. Extent of the longitudinal halo for the 6D stationa
distribution with zero transverse mismatchmx  my  1.0
(cya  3, h  0.65, h  0.49).
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IV. DISCUSSION

The most important examples of a nonstationary be
are a beam with an rms mismatch, a nonstation
distribution function (the distribution function is no
a solution of the stationary Vlasov equation), and
misaligned beam. The theory describing each of th
dominant effects has been established, and a deta
description with references to the literature on this sub
can be found in [6]. If the beam is initially nonstationar
it has a higher average energy per particle than
stationary beam. The energy difference represents
free energy that can be “thermalized” by nonlinear spa
charge forces, collisions, or instabilities. As a res
of such a process, the emittance increases as the b
relaxes toward its final quasistationary state.

Among the three examples of nonstationary beam lis
above, the rms mismatch is the largest contribution to
emittance growth [6]. Emittance growth is a strong fun
tion of the initial mismatch parameter. In order to stu
this effect in 3D, we recently constructed a new class
6D phase space stationary distributions and explored
effect on halo formation in great detail [12]. Howeve
real beams have a nonstationary density profile. In
previous section we showed that the redistribution proc
for beams with nonstationary distributions leads to os
lations of the beam radius about an average value, wh
is “equivalent” to introducing a small initial mismatch fo
a stationary distribution (see Sec. III B). Such a misma
is largest for the 6D Gaussian distribution. Although th
equivalent mismatch is relatively small, it can lead to t
development of a halo of small extent because it is
hanced due to the coupling between the transverse
longitudinal motion in short 3D beam bunches. As a co
sequence of this effect, there is no threshold on halo
mation due to the initial rms mismatch in real beams,
shown in Sec. III. The formation of a halo in a bea
with a nonstationary distribution which is initially rm
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FIG. 16. Extent of the transverse halo for the 6D unifo
distribution with zero longitudinal mismatchmz  1.0 (cya 
3, hx  0.53, hz  0.39).
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m

m

m

FIG. 17. Coupling effect for the 6D stationary distribution with zero transverse mismatchmx  my  1.0, mz  1.5 (cya 
2, hx  0.55, hz  0.45): (a) maximumx and z and (b) r-pr diagram att  800 for particles with the angular momentu
jLz j , 0.1 (with 25 000 particles plotted).

FIG. 18. Coupling effect for the 6D uniform distribution with zero transverse mismatchmx  my  1.0, mz  1.5 (cya 
2, hx  0.55, hz  0.45): (a) maximumx and z and (b) r-pr diagram att  900 for particles with the angular momentu
jLz j , 0.1 (with 25 000 particles plotted).

FIG. 19. Coupling effect for the 6D Gaussian distribution with zero transverse mismatchmx  my  1.0, mz  1.5 (cya 
2, hx  0.55, hz  0.45): (a) maximumx and z and (b) r-pr diagram att  900 for particles with the angular momentu
jLz j , 0.1 (with 25 000 particles plotted).
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mismatched of course has contributions from both the
mismatch and the redistribution process.

Below, we briefly summarize the effect of the rm
mismatch and redistribution process on equipartition
In our numerical simulations we start with a bea
which is initially equipartitioned. For the 6D stationa
014201-10
s

.

distribution with initial zero rms mismatch, one can s
that equipartitioning is preserved, as shown in Fig.
However, if the initial mismatch is not zero, one sees t
the relaxation process proceeds toward a more statio
final state. The final transverse and longitudinal therm
states are not exactly the same, with a small anisotr
014201-10



PRST-AB 2 HALO FORMATION IN THREE-DIMENSIONAL BUNCHES . . . 014201 (1999)

n-

he
ne
b-
s-
ith
ven
la-
h
s
nt
e-

gain
n in
for
i-

ith
ss

ich
on
re

lly,
ons
ry
ary
nt

pace

alo
6D
we

ely
to

nd
ail
vx
vz

0 10 20 30 40 50 60 70 80 90 100
0.21

0.212

0.214

0.216

0.218

0.22

0.222

0.224

0.226

0.228

0.23

t

FIG. 20. rms velocities (in arbitrary units) for initially
matched 6D stationary distribution (cya  3, mx  my 
mz  1.0, hx  0.53, hz  0.39).
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FIG. 21. rms velocities (in arbitrary units) for the 6D statio
ary distribution with strong initial mismatch (cya  3, mx 
my  mz  1.5, hx  0.53, hz  0.39).
g

014201-11
being introduced, similar to the observations in [16]. T
field energy is predominantly transferred into the pla
where the thermal energy is initially smaller. The o
served anisotropy is a function of the initial rms mi
match and the space charge. It slightly increases w
increasing mismatch and/or space charge. However, e
for high mismatches, the introduced anisotropy is re
tively small, as shown in Fig. 21 for initial rms mismatc
mx  my  mz  1.5. Since the redistribution proces
in beams with nonstationary distributions is equivale
to an initial mismatch, it also leads to an anisotropy b
tween the final states. The largest anisotropy is once a
observed for a Gaussian distribution, as can be see
Fig. 22. Figure 23 shows the introduced anisotropy
the 6D uniform and 6D Gaussian distribution with the in
tial mismatchmx  my  mz  1.5.

V. SUMMARY

Most of the previous studies were concerned w
halos in long beams. In the current work we addre
the question of halo formation in a beam bunch wh
is of particular interest for the Accelerator Producti
of Tritium project where relatively short bunches a
proposed [18].

We recently constructed, analytically and numerica
a new class of 6D phase space stationary distributi
for an azimuthally symmetric beam bunch of arbitra
charge in the shape of a prolate spheroid. The station
distribution allowed us to study the halo developme
mechanism in 3D beam bunches where no phase s
redistribution occurs.

After we established the parameters which lead to h
formation in 3D beam bunches for the self-consistent
phase space stationary distribution [12], in this paper
explored rms matched distributions which arenot self-
consistent to determine the extent to which the relativ
rapid redistribution of the 6D phase space contributes
the formation of halos. The redistribution process a
its influence on halo formation is described in det
in Sec. III. We also found that the effect of couplin
vx
vz

0 50 100
0.215

0.22

0.225

0.23

t

(a)

vx
vz

0 50 100
0.22

0.24

0.26

t

(b)

FIG. 22. rms velocities (in arbitrary units) for initially matched nonstationary distributions (cya  3, mx  my  mz  1.0, hx 
0.53, hz  0.39): (a) 6D uniform distribution and (b) 6D Gaussian distribution
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FIG. 23. rms velocities (in arbitrary units) for initially mismatched nonstationary distributions (cya  3, mx  my  mz 
1.5, hx  0.53, hz  0.39): (a) 6D uniform distribution and (b) 6D Gaussian distribution
e
io
.

t o
of
e
n

ic
ch
In
he
se

l-

tti
,

ce
,

09

-

.

ms

e,

ett.

f
er,

7
da
nd

D.

tt. A

, in
ce,
5.
ort
between ther and z planes is very important in th
halo development mechanism and can lead to ser
consequences, especially for a very short beam bunch
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