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Calculation of wakefields in 2D rectangular structures

I. Zagorodnov
Deutsches Elektronen-Synchrotron, Notkestrasse 85, 22603 Hamburg, Germany

K.L.F. Bane and G. Stupakov

SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94309, USA
(Received 31 July 2015; published 19 October 2015)

We consider the calculation of electromagnetic fields generated by an electron bunch passing through a
vacuum chamber structure that, in general, consists of an entry pipe, followed by some kind of transition or
cavity, and ending in an exit pipe. We limit our study to structures having rectangular cross section, where
the height can vary as function of longitudinal coordinate but the width and side walls remain fixed. For
such structures, we derive a Fourier representation of the wake potentials through one-dimensional
functions. A new numerical approach for calculating the wakes in such structures is proposed and
implemented in the computer code ECHO(2D). The computation resource requirements for this approach are
moderate and comparable to those for finding the wakes in 2D rotationally symmetric structures. Numerical
examples obtained with the new numerical code are presented.
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I. INTRODUCTION

The interaction of charged particle beams and the
vacuum chamber environment can be quantified using
the concept of impedance or wakefield [1]. In order to
calculate electromagnetic fields in accelerators several
different numerical approaches have been suggested and
implemented in computer codes. Such calculations for
complicated three dimensional structures, however, remain
a challenge even for today’s parallel computers. The
approaches suggested in papers [2—6] allow one to obtain
reliable results for rotationally symmetric and general
three-dimensional structures even when using a personal
computer. However, fully three dimensional calculations
can be cumbersome and require long computation times. In
contrast, for rotationally symmetric structures, the model-
ing is much simpler, the execution time is much shorter, and
the required computational resources are relatively modest.

Many three-dimensional vacuum chamber components
used in particle accelerators can be well-approximated with
structures of rectangular cross section whose height can
vary as function of longitudinal coordinate but whose width
and side walls remain fixed. Two examples of such
geometry are shown in Fig. 1: (i) a corrugated structure
that can be used as a dechirper [7], and (ii) a rectangular
tapered collimator. Another example of great interest
without symmetry in vertical direction is a vacuum cham-
ber in a bunch compressor. Calculation of the wakefields
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for such structures can be greatly simplified by expanding
the field generated by the beam into Fourier series. As it
turns out, each Fourier harmonic can be solved separately,
and the wakefield calculated as a sum of their contributions.
This reduces the original 3D problem into a number of 2D
ones, each of which requires much less computing resour-
ces than the original problem.

In this paper we derive the equations for the Fourier
harmonics and propose a computational scheme for their
solution. The scheme was implemented in a computer code
that we call ECHO(2D).

The paper is organized as follows. In Sec. II, we apply
the Fourier transform in the horizontal direction (the

(a)

(b)

FIG. 1.

Structures of constant width: (a) dechirper, (b) tapered
collimator.
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direction of constant width), and derive a system of
equations for the Fourier harmonics. In Sec. III, we prove
that the longitudinal wake function satisfies the Laplace
equation with respect to the coordinates of the source
particle. In Sec. IV, we show that, in the general case, the
wakefield of each harmonic can be described by four scalar
functions of one variable. The description is further sim-
plified in Sec. V where we assume that the entire structure
has a horizontal symmetry plane, and then analyze the
longitudinal and transverse wakefields near the system axis.
An important symmetry relation for the wake function is
established in Sec. VI. In Secs. VII and VIII we present a
numerical algorithm for solving equations derived in Sec. II.
We describe here in details a new hybrid conformal scheme
for structures with walls of finite conductivity. Several
numerical examples obtained with the computer code
ECHO(2D) are described in Sec. IX. The results of the paper
are summarized in Sec. X.

II. PROBLEM FORMULATION AND FOURIER
EXPANSION

We consider a bunch of particles moving with the
velocity of light ¢ through a metallic structure comprising
an incoming pipe, a transition or cavity, and an outgoing
pipe, an example of which is shown in Fig. 2. The bunch is
characterized by the charge distribution p and the electric
current density j = c¢p. We assume that the bunch is moving
along a straight line parallel to the longitudinal axis of the
system, and we neglect the influence of the wakefields on
the bunch’s motion. Our problem is to find the electric and
magnetic fields E, H, in the domain Q which is bounded
transversally by metallic walls, defined by the boundary 0Q
of the domain Q. We need to solve Maxwell’s equations
with the boundary conditions:

VxH:gD—i—j, VxE:—%B,
V.-D=p, V-B=0,
B=uH, D=c¢E, reQ,
E(t=0)=E,, H(t=0)=H,, reQ=QuUoQ,

nxE=Zx(nxH), x € 0Q, (1)

where E,, Hj, is an initial electromagnetic field in the
domain Q, n is a unit vector normal to the surface 0Q, Z; is

FIG. 2. Charged particle bunch moving through an accelerating
structure.

a surface impedance and the asterisk means the operation of
convolution. While we consider the propagation of beams
through vacuum, for the generality of the computational
algorithm we included in Egs. (1) arbitrary dielectric
constant ¢ and magnetic permittivity .

We choose a coordinate system with y in the vertical and
x in the horizontal directions; the z coordinate is directed
along the longitudinal axis of the system. The structures
considered in this paper have constant width 2w and a fixed
location of the perfectly conducting side walls (in the
x-direction).

The charge density is localized within the interval
0 < x < 2w and vanishes at the ends of the interval,
p(0,v,2) =p(2w,y,z) =0. Such a function can be
expanded in Fourier series

1 & .
p(x, ) Z) = ;mebzv Z) Sln(kx,mx)’ kx,m =

m=1

—m
2w

2w
Pn(¥,2) = A p(x,y, z) sin(k, ,x)dx. (2)
It follows from the linearity of Maxwell’s equations,
Egs. (1) and Eq. (2), that the components of electromag-
netic field can be represented by infinite sums:

H, w [ Him

E, | = %Z E,,, | sin(k,,,x),

E. "=\ E.,,

E, | Eym

H, | = ;Z H,,, | cos(ky,x). (3)
H, "=\ H,,,

For each mode number m we can write an independent
system of equations

0 0 0
—H., ——H =7 —F s
ay z.m aZ y,m Jx,m + ot x.m€
0 . 0
a_ZHx,m + kx.mHz,m = Jy.m + EEy,ma
0 d
—-k. H,,——H =7, —E._ €,
X,m y.m ay xX,m Jg,,m + at <, €
0 0 0
8_yEz,m - a_ZEy.m = _EHx.mﬂy
0 0
(i)_ZEX‘m - kx,mEz.m = _EHy,m,u’
0 0
kx,mEy.m - 8_yEx.m = _aHz,m/’t’

0 0
kx,me,mﬂ + a_yHy,miu + 8_ZHz.mﬂ = 07

0 0
- kx,mEx,m€ + a_yEy,me + a_ZEz,me = Pm-
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Hence we have reduced the 3D problem, Eqgs. (1), to an
infinite set of independent 2D problems, Eqs. (4). The
modal expansion Egs. (3) was used earlier, for example, in
[8,9] for solving Maxwell’s equations in the frequency
domain.

III. LONGITUDINAL WAKE AS A
HARMONIC FUNCTION

Let us consider a line-charge beam with vanishing
transverse dimensions,

(X0 Y0, %, ¥, 8) = Q8(x — x0)8(y — yo)A(s),
J'z(an)’O,x’Yas):C/)(XOJOJ’)’»S)’ (5)

where x,, y(, define the transverse offset of the beam, s =
z — ct is the local longitudinal coordinate in the bunch, Q is
the bunch charge and A(s) is the longitudinal bunch profile
[for a point charge, A(s) = 5(s)]. The longitudinal wake
potential W) at point (x,y,s) is defined as [1]
Ji=(z-s)/c 42

o
(©

where the electric field on the right-hand side is the solution
to Maxwell’s equation with the sources of Egs. (5) (this
field, of course, is also a function of x and y, omitted in the
arguments of E, for brevity).

It is well known [10] that the longitudinal wake potential
satisfies the Laplace equation for the coordinates x, y, of the
witness particle

P?
<8x
In order to express the wake potential in structures of
constant width through one-dimensional functions we need
to prove that the longitudinal wake potential satisfies also
the Laplace equation with respect to the coordinates x,, y,
of the source particle. This statement will actually be
proven below for arbitrary structures without any restric-
tions on the structure geometry. The only requirement
imposed on the system is that the incoming and outgoing
waveguides have perfectly conducting walls.
The proof is based on the directional symmetry relation
between the wake potential W for the case when the
particle travels through the system in the positive z

direction, and the wake potential WI(I_)

Wll(x()’y()axvys -x y,Z t

b Wildox ) =0, ()

corresponding to
the case when the particle travels through the same system
but in the negative z direction. It was shown in Ref. [11]
that the two wake potentials are related by

Wl(l_)(rz,rl,s) - W||(r1,r2,S) =2¢Z,(r;,r)A(s), (8)

where
€
2irir) =2 | [ a9, Tt

- / dsVy(r.F) - Vou(rar)| . (9)

Sg

€o is the permittivity of vacuum, r; = (x¢,yo) and r, =
(x,y) are two dimensional vectors, and ¢, ¢p, are the
Green functions for the Laplacian in the incoming and
outgoing pipes with cross-sections, Sy, Sp:

Apa(rir) = —€5's(r—r;), res,,
¢a(ri,r) =0, re oSy,
App(r;,r) = —€5'6(r—r), resg,
¢p(ri,r) =0, redSz, i=12, (10)

where OS is the boundary of S. Note that r; and r, are
offsets of, respectively, the leading and the trailing particles
in Wy, while r, is the offset of the leading particle, and r; is

the offset of the trailing particle in WI(I_)' Note also that,
according to the general property of the wake potentials (7),
WI(I_) satisfies the Laplace equation
P\ po
(8—x(2)+8—y(2)>w” (x,y, X0, yo, 5) = 0. (11)

With the help of Green’s first identity (r is the outward
pointing unit vector normal to the line element dl),

/Vf-Vl//ds = / fO,wdl — /fAl//ds,
s s s
we can rewrite Eq. (8) as

Wi (ra.ris) = Wy(ry.r.s)
= 24(s)dp(ri,r2) = dalry,r2)], (12)

where we have used the symmetry of Green’s functions,
Ga(ri,ry) = pa(ry, 1), ¢p(ri,r2) = ¢p(ry,r). We now
apply the Laplacian operator to the coordinates x;, yy in
Eq. (12) and use relation (11) to obtain

< :
=+
2
ox;
This proves that the wake potential, in addition to being a
harmonic function with respect to the coordinates of the

trailing particle, is also a harmonic function with respect to
the coordinates of the leading particle. To our knowledge,

82
3—y(2)> W, (x0. 0. x,y,5) = 0. (13)
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this general property of wakefields has not been previously
reported in the literature.

IV. WAKE POTENTIAL REPRESENTATION IN
STRUCTURES OF CONSTANT WIDTH

It is well known [10,12,13] that for rotationally sym-
metric structures the wake potential can be represented
through one dimensional functions, with only one function
for each azimuthal mode number m,

W” ('x07 }’0’ .)C, y7 S) = Z Wm(s)r{)nrm COS[m(Q - 90)}’
m=0

Yo = rosin(6p),

y = rsin(6).

Xg =19 008(90),

x = rcos(0), (14)
As it turns out, a similar, comparably simple representation
exists for the wake potential in structures of rectangular
cross section and constant width; however, in the latter case
four one-dimensional functions are needed for each mode
number m.

Substituting Eq. (5) into (2) we find for the charge
distribution

1 & . .
p<x07 Yo, X, Y, S) = ;Zﬂm()’o, Y, S) Sln(kx,mXO) Sln(kx,mx)v
m=1
(15)

Pm(¥0..5) = Q8(y = yo)A(s).

It then follows from Maxwell’s equations (4) that all
components of the fields will be proportional to
sin(k, ,,x¢) and using Egs. (3) and (6) we find

W|| (x07 Yo, X, Y, S)

1 ()
= Z Wm (yO’ Y, S) Sin(kx,mXO) Sin(kx.mx)'
w

m=1

(16)

If we insert representation (16) into Eq. (7), we obtain the
one-dimesional equation

62
a—yzwm(yO’y’s) _(kx,m)zwm(y()’y’ S) :0’ (17)
which has a general solution of the form
Wm(y07 Y, S) = an(y()’ S) COSh<kx,my)
+ W}‘;q()’()a S) Sinh(kx,my)' (18)

Finally from Eq. (13) it follows that functions W¢,(y,, s)
and W3, (v, s) satisfy equations

2

82
2

e

W5, (¥o: 8) = (ky ) Wiy (y0. 5) = 0,

W;vn(yO’ S) - (kx,m)ZW;vn(yO’ S) =0. (19)

These equations can again be easily integrated with the
result:

W”(X(), yO’x’y’s)

1 [e]
==Y W, (yo.y.5) sin(ky ,uXo) sin(ky,x).  (20)
w
m=1
where
Wm (yO’ Y, S) = [W’cnc (S) COSh(kX,myO)
+ ernc(s) Sinh(kx.myO)] COSh(kx,my)
+ [VV:nT (S) COSh(kx,myO)
+ Wi (s) sinh(k, ,y0)] sinh(k, . y).  (21)

Thus, we have proven that, in structures of constant width,
for each mode number m four functions are needed to
completely describe the longitudinal wake potential. These
functions can be calculated as follows

cc __ sC __ 9

wee =W, (0,0,s), Wse = KOy W,.(0,0,s),
0

WS = 0,0,

m kxm ayo ( S)

1 0?
WS = ——W,,(0,0,s), 22
(kx,m)2 aya}’o ( ) ( )

where the mth modal component of the wake potential

Q / zmyz7

is excited by a charge distribution that does not depend
on x,

W, (3.3, 5 —(=s)/edz (23)

= Q6(y = yo)A(s).

With a knowledge of the longitudinal wake we can
calculate the transverse wakes. For example, the vertical
wake potential, W, can be easily found through the
Panofsky-Wenzel theorem [10,14],

Pm(¥0:¥-5) (24)

0 0
awy(xo,yo,x,y,S) :a*yWn(Xo’YO,x»y,S)- (25)

In the next section we will analyze both the longitudinal
and the transverse wakes assuming that the structure under
consideration has a symmetry axis.
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V. STRUCTURES WITH HORIZONTAL
SYMMETRY PLANE

Let us consider a structure of constant width 2w that also
has a vertical symmetry plane, at y = 0. Structures in
Figs. 1(a) and (b) possess this symmetry; hence, they have a
symmetry axis located at x =w, y =0. Due to the
symmetry, the wake potential satisfies the equation

W) (x0, y0, X, ¥, 5) = W (x0, =0, X, =¥, 5), (26)

and Eq. (21) simplifies:
Wm (y()1 Vs S) = W;nL (S) COSh(kx,my()) COSh(kx.my)
+ W3 (s) sinh(k, ,,y0) sinh(k, ,y).  (27)
Note that
W (Yos ¥:8) = W (3, Yo, 8). (28)

Let us consider the transverse wakes in such structures.
We first introduce the integrated wake functions (some-
times called the step function response)

Sﬁf_/s Wee (s')ds', S‘,‘,f_/s Wi(s')ds'.  (29)

It then follows from (25) that the transverse wake function
can be written as

W, (x0.0,X,.5)

—kamW

W (x0.y0.%.y.5)

1 o0
= E kx,me,m (y07yv S) Sin(kx,mx0> COS(kxva) ’ (31)
w

m=1

y() Y, S) Sln(kx mxo) Sln(kx mx) (30)

where

cosh(k, o) sinh(k, ,,y)
s) sinh(k, ,,yo) cosh(k, ,,y),
cosh(k,,yo) cosh(k, ,y)

S) Sinh(kx,myO) Sinh<kx,my)'

Wy,m(yO’yvs) = S“
+ 3

Wx,m(YO,)”S) = anc(
+ 53

/\\//‘\\/

Representations (30), (31), are valid for arbitrary offsets of
leading and trailing particles.

For small offsets near the symmetry axis, x = w, y = 0,
the transverse wake potential is usually expanded in Taylor
series,

0
W, (.30, W, ¥ 8) % Yo 73— W, (, 30, w, 0, 5)
dyo

‘yO:O

0
+ Y-

ay Wy(w, 0,w,y, s)|y:0. (32)

The first term in (32) is usually called the transverse dipole
wake in the y-direction. It can be calculated as follows

0
Wy,d(s) ng»(w s Y0, W, 0, S)ly =0
1 [c]

> (ke)SiG (33)

m=1,0dd

S |

The second term in (32) is called the transverse quadrupole
wake in y-direction; it is obtained by

0
qu() 8yW(WOWy’S)|yO

LSS s(s (34)

m=1,0dd

%

The transverse wakes in the x direction are obtained by
equations corresponding to those of Egs. (33), (34). Note
that W, ,(s) = =W, ,(s).

In numerical calculations of structures with symmetry
we can use the approach of paper [15] that allows us to
reduce the calculation domain in half. Indeed the charge
distribution (24) can be written as a sum of symmetric and
antisymmetric parts

Pm(¥0:3.8) = pr(¥0.¥.8) + pra(vo.y.8).  (35)

where
i0,3.5) = 5 O30y = yo) + 6y + y)Als),  (36)
P00, .) = 5 01803 = 0) = 803 + 3o)Als).  (37)

In problems with the symmetric driving charges (36), the
tangential component of the magnetic field will be zero
in the symmetry plane (the so-called “magnetic” boun-
dary condition). In problems with the antisymmetric
driving charges (37) the tangential component of the
electric field will be zero in the symmetry plane (the
“electric” boundary condition). Thus, instead of solving
the system of equations (4) in the whole domain, one can
solve two independent problems in half of the domain:
one problem with the “magnetic” boundary condition at
y=0 and one problem with the “electric” boundary
condition at y = 0. This is true not only for the line-
charge current distribution (5), but for any arbitrary three
dimensional charge distribution p(x,y,z,¢). From solu-
tions WH(yo,y,s) and WE(yo,y,s) of the two problems
we can easily find the one dimensional modal functions
in Eq. (27):

104401-5
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wee(s) = Wi(0,0, s),

2

W;V'fs = kxm 2
)= ke 5

WrEn(yO’ y7s)|y.y0:0' (38)

VI. SYMMETRY RELATIONS FOR THE
TRANSVERSE WAKE POTENTIAL

In the general case, from the directional symmetry
relation, Eqgs. (8), discussed in Sec. III, one cannot
immediately infer the corresponding symmetry for the
transverse wakes taken in the positive and negative direc-
tions. It turns out, however, that for structures of constant
width with a symmetry axis, such a directional symmetry
relation for the transverse wake potential can be proven.
Indeed, from the symmetry relation (28) and Eq. (20)
follows the symmetry of the longitudinal wake potential,
(39)

W”(xo,yo,x,y,s) = W”(x,y,xo,yo,s).

Hence the directional symmetry relation (12) for the
longitudinal wake potential can now be written as

_haw
1 . e ¥ cosh

€y

nr(x—w)
29

b b 9, = - 1 s 1
Pa(w.y0.x.7) ncosh””W 2g

n=1

sinh? @ + cos?

W|<|_)("1J‘2’S) =W (ri.ra,s)

=2A(s)[pp(ri.12) — pa(ry.12)]; (40)

and from the Panofsky-Wenzel theorem (25) it follows that

WS__)(rler’S) - W, (r,r,s)
= 2A(5)[Vpg(r1,12) = Vpu(ri, )],

- .

In the last equation we have used the vectorial notation for
the transverse wake, W, = (W,, W,).

Let us now calculate the directional relation for the dipole
and quadrupole wakes defined by Egs. (33), (34). Denote the
vertical aperture of the incoming rectangular pipe by 2g, and
that of the outgoing pipe 2gp. (Both pipes have the same
width 2w.) The Green function for Poisson’s equation in a
rectangular pipe, ¢4 (xg,Yo,x,y), has been obtained by
Gluckstern et al. [16]. For x, = w, their result reads':

A(s')ds'. (41)

T . nmw
n——(y 4 ga) sin—— (yo + ga)

2g

2 (v + o)

+In {[(x —w)>+ (y = o)

The last term is singular in the limit x — w and y — y,. All
other terms are finite for all admissible x and y, and the sum
in the first term rapidly converges. The Green’s function of
the outgoing pipe, ¢z (w, o, X, y), is obtained from (42) by
replacing g4 — gp. It is then easy to see that the singular
terms cancel in the difference ¢, — ¢p5; hence this function
is finite within the domain of its definition. If we follow the
approach of paper [17] and use Egs. (39), (40), (45) from
that paper, then from Eq. (41) our final result reads

W () = W, a(s) = 2¢A(5)[Z, a(94) = Zy.a(98)):
Wig(s) = W, ,(s) = 2¢A(s)[Z, <gA> Z,.4(98)],
JTZO m
_ nZ = 2m — 1
quq(g) - 2492 |:1 - 24’; 1+ eﬂ(Zm—l)(w/g):| :

(43)

"There is a typo in Eq. (5.11) of Ref. [16] that is corrected
in (42).

sinh?2 n(x w)

—In[(x —=w)> + (y —y0)?]. (42)
+ sin? (y o)

VIL. TE/TM SCHEME IN MATRIX NOTATION

In this section we describe a particular realization of the
implicit TE/TM scheme introduced in [6]. The scheme will
be discussed in the context of the finite integration
technique [18].

We will consider Maxwell’s equations in their integral
form on a domain © with the linear nondispersive con-
stitutive relations:

0
Edl = —— ()Bds,
7{ ot s
a8

S
0 .
Hdl = En Dds + Pjds, VS CQ,
s 'S S

#Dds - #ﬁpdv, #Bds —0, VvcQ
ov

Vv ov

D = ¢E, B=uH, VYxeQ. (44)
Let us start by introducing a grid-based decomposition of
the entire computation domain € into cell complex G. We

use here a three dimensional Cartesian mesh in x,y,z

104401-6
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(i, j+1,k=1)
+1k) €y

g

(i.j
e

(i, k)
e.\‘

ef»i+1,j,k)

FIG. 3.

coordinates, with the corresponding indexing (i, j, k).
Unlike in finite-difference methods where one starts by
allocating the field components, we begin by taking the
voltage along cell edges and the magnetic flux through cell
facets as the computational unknowns:

68:/ Edl, blgz// Bds,
Ly Sy

where 9 is a mesh multi-index and Ly, Sy € G. Solving
Faraday’s law in integral form for the front surface shown
in Fig. 3 yields:

(45)

(LK) | (k) (k) O

i.jk
/ )Jrey + ex —ey =

_f 9 yfiit)

ot~

Note, that this representation is still exact, as ey is (by
definition) the exact electric voltage along one edge of the
cell, and similarly by represents the exact value of the
magnetic flux density integral over the cell surface. If we
compose column vectors

e, b,
e=|e |, b=1b, (46)
eZ bZ

from all voltage and flux components, we can write the
combination of all equations over all surfaces in an elegant
matrix form as

0
Ce =—-—b.

ot
The matrix C picks the affected components out of the long
vector to make up the corresponding equation. C is thus the
discrete curl operator over the mesh G. With an appropriate

indexing scheme the curl matrix has a 3 x 3 block structure:

(47)

0 -P, P,
c=(r. o -p| (48)
P, P, 0

The double-banded, topological P,, Py, P -matrices take
the role of discrete partial differential operators.

The second important differential operator in Maxwell’s
equations (1) is the divergence operator. In order to

(i, j+1k-1)
bJ.
. pli-isk-D
plikD
x £
\\*Lg iﬁ b(l+lj k-1)
/ ".: %

One cell of cell complex G showing the positions of the voltage and magnetic flux components.

construct a discrete divergence operator we integrate
Maxwell’s equation fav Bds = 0 over the entire surface
of a mesh cell depicted in Fig. 3. By adding up the six
fluxes for each cell and by writing down all such equations
for the entire mesh we obtain a discrete analogue to the
divergence equation:

Sb=0, S=(P,PP,) (49)

The discretization of the remaining Maxwell equations
requires the introduction of a second cell complex G which
is dual to the primary cell complex G. For the Cartesian grid
the dual complex G is defined by taking the foci of the cells

of G as gridpoints for the mesh cells of G. We again
introduce the computational unknowns as integrals

hy= [ Hal, dgz/f Dds, j,gz// jds,  (50)
Ly Sy Sy

where 9 is a mesh multi-index and Ly, 5’3 eq.

Following an equivalent procedure for the remaining
Maxwell’s equations, but using the dual cell complex G, we
obtain a set of four discrete equations representing
Maxwell’s equations on grid:

o o
Ce=-—b, Ch=—d+]j,
€= "o T
Sb=0, Sd=q, ebeG, hdegq,
S=(-P;—P; —P)), (51)

where the asterisk denotes the Hermetian adjoint operator.

Equations (51) are completed by the discrete form of the
material relations (constitutive equations) which appear (in
the simplest linear case) as matrix equations

e = CMe—ld, h = CM”—Ib. (52)
with M- the discrete inverse permittivity matrix, and M-
the inverse permeability matrix.

In the case of Cartesian grids (or, more generally,
whenever the primary and dual grids are orthogonal) all
material operators can be represented by diagonal matrices.
Note that the material matrices contain both averaged
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FIG. 4. Grid doublet (G, G) in (y, z)-plane.
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FIG. 5.

Curved metal boundary in a Cartesian mesh.

material parameters, and the lengths and areas of the grid

edges and faces, respectively. In the standard staircase

approximation the material matrices contain elements

(without double indices for simplicity of notation)
B L .. - S .

epli = (&) 2 = ()T FE
pijk pijk

(53)

with p = x,, z, and the face areas and edge lengths of the
primary and secondary grid given by S, L, S , I:, respectively.
In the conformal scheme [19], we allow the cells of the
computational grid to be only partially filled by a perfectly
|

0 0 -P, 0
T,=1 0 0 K. |, T,=1 0
Py k., 0 P,
M, 0 0
M, = 0 M- 0 |, M, = (
0 0 M.
h, e,
u=|h, [, v=1| ¢, |, Ju= (
e, h,

electric conducting (PEC) material and with an arbitrarily
shaped interface. To model such a case we modify only the
elements of the material matrices:

(i.j.k) (i.j.k)
(e;") 0 = (ce)™ L’ (")) = (cp)™! 5
» RO IR
P P
(54)

where s,/ denote the reduced cell areas and lengths,
including only those parts inside the computational domain
(outside PEC material), as shown in Fig. 4.

The complete set of equations (51) and (52) is referred to
as Maxwell’s grid equations.

For our 2D rectangular structures, Maxwell’s equa-
tions (1) reduce to the modal equations (4). In addition,
the dual three-dimensional cell complex (G, G) reduces to
the two-dimensional plane complex shown in Fig. 5. In
Maxwell’s grid equations the discrete operator P, reduces
to the diagonal matrix k, , = k., I, where I is the unit
matrix.

System (51) is a time-continuous and space-discrete
approximation of problem (4). The next step is a discre-
tization of the system in time. The field components can be
split in time and the leap-frog method can be applied. With
“electric/magnetic” splitting, a well-known Yee’s scheme
[20] will be obtained. However Yee’s scheme has large
dispersion errors along the grid lines. In the following we
consider an alternative TE/TM splitting scheme [6], one
that does not have dispersion errors in the longitudinal
direction.

Let us rewrite Eqgs. (51) in an equivalent form

0 .
Eu =M, (Tyu +Lv - j,),
0 . .
EVZMV(TVV_L u_-]v)’ (55)
where 7 = ¢t and
0 -P; 0 P, 0
0 kx,m B L= _Pz 0 0,
Kk, 0 0 0 0
| 0 0
0 Me;] ,
0 0 Mﬂz—l
Jx
> jv =1 (56)
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Applying TE/TM splitting [6] of the field components in
time to system (55), the following numerical scheme is
obtained

un+0.5 _ un—O.S un+0.5 + un—().S .
=M, (Tu2+LV” —Ju"),

Vn+l —y" Vn+l 4y .
T — Mv (Tv2 _ L*un+0.5 _ Jvn+0.5> )
(57)

Two-layer operator-difference scheme (57) acquires the
canonical form [21]

n+1 _ yn
BY Y Ay =1, (58)
AT
where
M, ! —aT, 0
B = ,
2aLL* M, ! —aT,

un—O.S
y”=( v )

It was shown in [6] that stability of the method is insured if

Q=B-aA>0. (39)

£ = (105) a = 0.5A¢.
ik

If the matrix Q is positive definite, then we can define a
discrete energy as

W" = 0.5(Qy",y") (60)

and the discrete energy conservation law holds

n+1 _ n
w w _ _<én+0.5 °n+0.5>
At n J ’
el e
et =05 el e |,
e;H»OAS + eg—OAS
sn+0.5
i
jn+0.5 _ j;JrO'S . (61)
sn
Jz

The stability condition (59) in the staircase approximation
(of the boundary in vacuum) can be rewritten in the form

I-a?*(Az)7%P.P; > 0. (62)

This last condition resembles the well-known stability
condition of the explicit finite-difference time domain

(FDTD) scheme for one-dimensional problems. The maxi-
mal eigenvalue of the discrete operator P P} fulfills the
relation A, < 4, and the stability condition of the scheme
in the staircase approximation of the boundary in vacuum
reads

A7 < Az (63)

On an equidistant mesh the implicit scheme (57) has a
second order local approximation error in homogeneous
regions.

Relation (63) does not contain information about the
transverse mesh. Hence the transverse mesh can be chosen
independent of stability considerations. Following the
conventional procedure [6], the dispersion relation can
be obtained in the form

sin Q) 2 sinkK, 2+ sink, o 2
= =COS ,
At Az Ay
where Q = 0.5wAz, K, = 0.5k,Ay, K, = 0.5k, Ax. With
the “magic” time step At = Az, the scheme does not have
dispersion in the longitudinal direction.

Following the approach of [6] it is easy to show that
charge conservation holds:

n—0.5 n+1

g, 0% — g < g —gn
Be "% 8§ =0 S_—Sh_y,
At S At
git0s =SM_lert0s,  gi =SM LA,

where functions with overbars are defined as

fr = [0.5(F 0+ £1), 0.5(F0 T 4 fr),  frr0STT

VIII. HYBRID CONFORMAL TE/TM SCHEME FOR
CONDUCTIVE WALLS

In the previous section we have described in matrix
notation the conformal scheme for perfectly conducting
boundaries. However, in order to use the Fourier expansion
(3), it is sufficient to require only that the walls at x = 0 and
x = 2w be perfectly conducting. The bottom and top walls
of the structure can have different boundary conditions. In
the following we will introduce a conformal scheme for
metallic walls with finite conductivity. “Conformal” means
here a better description of material interfaces in order to
reduce approximation errors and to improve the conver-
gence [22]. To simplify the discussion we will switch to the
component notation.

For the case of rotationally symmetric geometry and
usage of the “staircase” approximation for the boundaries a
similar scheme was described in [23]. However the staircase
scheme provides only first order convergence. Attempts of
authors [23] at that time to suggest and to implement a
conformal scheme (with second order convergence) have
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FIG. 6. A boundary cell in the vacuum and 1D conductive line in the metal.

failed due to instabilities of the scheme for the maximal time
step required for “dispersion-free” propagation. The con-
formal scheme described below shows the second order
convergence and the stability.

We consider the case of high conductivity x when only
tangential components of the field propagate in the metal.
For example, for the Gaussian bunch with rms length o,
this condition is fulfilled if

Ko, > €, (64)
where ¢ is electric permittivity of the vacuum. It can be
seen from Fig. 6 that at the boundary cells there are two
tangential components of the electric field which should
be updated at each time step. The continuous form of
the update equations in the local system of coordinates
(¢ -tangential vector in yz-plane and p—the vector normal
to yz-plane) reads

10 0
Zoa E +KE (3SHP’
0 0
ZOEHP - aEt, (65)
10 0
—E, E,=—H
Zyor P tx Tos "
0 0
ZOEHt:aEp, (66)

where s is a distance along the conductive line (see Fig. 6).
A detailed discussion of this approximation and its equiv-
alence to the surface impedance boundary condition can be
found in [19,23].

Let us suggest that the field components in vacuum are
known and consider the updates of tangential components
of the electric field at the boundary. A boundary cell
together with the field components is shown in Fig. 6.

The systems of equations (65) and (66) are decoupled.
System (65) can be approximated as follows (to simplify
the notation we omit indices (i, j) of the boundary cell
under consideration)

izZ,():lchﬁ,
At
iy g A e ). k12t
(1+2d)e; % +d (2% +2407)
— (a0 4 b)),
105 = 105 4 Gnios k=12, N1,
hn+05 h" nt0S5 _ ont0.5y -k —1.2.....N,
2AsZO (et’k Cre-t )
(67)

where N is the number of mesh points at the conducting
line and

- 1—a At
— _KAT’ b = R d = 7b’
a=c %As 2As

[A
As =2 ~T K = Zk.
K

To close the system of equations (67) we impose on field
component E, the Dirichlet boundary condition at the end
of the “wire,” emo > = 0, and introduce the update equation

at the material interface

(68)

(1+d) n+05+d€n+05

n+0.5
€0

(ag—1)efy 05+b0(h ii;,o),

0.5 05
=ey —|—e”+ ,

l—ao

ag= e—O.SKA‘L" bO =2—
KAs

(69)

Equations (67)—(69) provide the second order local
approximation of continuous equations (65) and define
the map

n—0.5 hn—O.S) N
>

M;’L : (hg’ e’ (elt’l+0.5, h;’l7+0.5)‘

(70)

In order to approximate the second system (66) we need
to calculate first the tangential component of the magnetic
field h,'of " From geometric arguments (see Fig. 4) the
following equation follows
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l(: )hlj +ll+1jhl+1j) )

7 (L.4) :
h,g = t
#0 2AyAz ‘
N l(’ )h(’ J) + l(l H‘l)h(l J+1) t(i,j) (71)
2AyAz o
where (tgi’j ), ty’j )) are components of the tangential vector

t(:J) for the part of the conductive boundary in the cell with
multi-index (i, j).

The update algorithm for components e, k, has exactly
the same form as equations (67)—(69) with corresponding
change in the notation. Hence the second map is defined
as well

(hn h;l’ ;1705 hn 05) — (eg+0‘5,h?+0'5).

(72)

Now we are able to formulate the hybrid algorithm. The
field components h 03 hy 03 203 at time level n + 0.5
can be found as

h} = h!™0% + aM,. [P.e! — P el ™03 + €707,
h) = hi™0% + aM,. [—P.el + k€703 4 el ),

M (fl" en 05, hn—O.S) — (ert03, hZ+o.5)’

M:: (hj, h?, er 03 hr=0%)
elt0% = e270% + 2aW; ' M [k, , by + Py — ],
h§+0'5 _ flz + aMu;’ [Pze;’ _ Pye;”’O'S + e;za—O.S]

= l~1;’ + aMﬂ;l [P.e! + k, el 05 4 e%“]’

’

( Z+0.5’ h:l+0.5)
B0 (73)

where h’, hj are auxiliary vectors and operator matrix W,
is a sparse one,

The field components e/*!,
can be found as

e/ h2t! at time level n + 1

&1+05 =7 +aM,1[Prh) 05 — Prh —

8705 el +-aM_i [PTh 05—k, b7 -

n+0 5}

n+0 5]

hn+1 hn +2aW7 IM” [ kx‘men—O—O.S +P‘en+0.5 —|—e%°'5],
en—&-l — en+05 —|—(ZM . [ h;H_OS P*hn-H n+0 5]
e;t+1 n+0 5 +aM£‘ [ h;+0.5 _ kx,mthrl _‘];4'0.5]’
(75)
where €770, €95 are auxiliary vectors and operator

matrix W, is a sparse one,

W,=1+ aZ[(kX‘m)zM”Z—IMS‘—VI + MﬂZ—IPyME;IP;}. (76)

In the staircase approximation of the boundary, the
material matrices M,-1, M- are diagonal, and the oper-
ators (74), (76) are tridiagonal matrices. The equations
involving these operators can be solved easily by the
“elimination” method [21]. In order to obtain second order
convergence and avoid time step reduction, we use the
conformal method with enlarged boundary cells in the same
way as described for the rotationally symmetric case in
[24]. However, for the stability of the conformal scheme it
was crucial to use the full interpolation scheme with eight
weights as described in [22].

IX. NUMERICAL EXAMPLES

In this section we consider two example calculations: a
corrugated pipe (“dechirper”) with perfectly conducting
walls, and a tapered collimator with resistive walls. We
compare results obtained with ECHO(2D) with those of

W,=1+ az[(kx,m)zMe;lMﬂ;l + Me;‘P;Mﬂ;le]‘ (74) several 3D codes.
W,f,‘(s){p—ccm}
1500
we (k. s)|:lccmj|
P 1000 -
100
0
-100 500 -
20 . m=19 /‘
15 ’
_ -500 -
10 "
klem™] g ‘ e 1000 |
1
0.5 . .
0 0 [cm] 1500 0 0.5 1 1.5
s[em]

FIG. 7. For the Pohang dechirper: function W (k,,

s) (left), and the harmonics m =1, 9, 19, of WS (s) (right).
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FIG. 8. For the Pohang dechirper: function k%W”(kx, s) (left), and the harmonics m =1, 9, 19, of kim Wss(s) (right).
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FIG. 9. Longitudinal wake potential (left) and dipole wake potential (right), calculated from first 15 odd harmonics.

For our dechirper example we used the parameters of the
dechirper experiment performed at the Pohang Accelerator
Laboratory [25]. The geometry is shown in Fig. 1(a). The
dechirper structure is 1 m long, has a width 2w = 50 mm,
and is made of aluminum. The corrugations are charac-
terized by the period p = 0.5 mm, height 4 = 0.6 mm, and
aspect ratio i/t = 2. The gap between the jaws is adjust-
able; at a nominal setting the full gap 2¢ = 6 mm.

We have performed calculations of the wakes for a
Gaussian bunch with rms length ¢, = 0.5 mm. The trans-
verse dimensions of the bunch were assumed negligibly
small. In the right plots of Figs. 7-8, we show some of the
harmonics W¢¢ (k,,s) and k2, Wss(k,,s), calculated for
2w = 5 cm. If the bunch passes through the middle of the
structure, at x, = w, then only odd harmonics are excited.
In the left plots of Figs. 7-8, these functions are shown as
continuous functions of k, (denoted with subscript m
removed); they are independent of the width parameter

2w. (Here we have used 2w = 10 cm to obtain a denser
sampling of the functions in the figures.) Finally, in Fig. 9,
we compare the longitudinal (left plot) and the dipole (right
plot) wakes obtained with ECHO(2D) with the existing, fully
3D code, ECHO(3D) [6]. In the calculation of the wake
potentials, where the width 2w = 5 cm, we used only the
first 15 odd harmonics. We see that the agreement with the
existing code is very good.

TABLEI For the Pohang dechirper, for a Gaussian bunch with
0, = 0.5 mm: the ratio of the numerically obtained and the
analytical result (see [25]), that we denote by r. We compare the
results given in Ref. [26], r[T3P], with the new results, r[ECHO].

Wake r|[T3P] r[ECHO]
Longitudinal, loss factor 0.84 0.83
Dipole, kick factor 1.08 0.79
Quad, kick factor 0.73 0.73
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FIG. 10. Longitudinal wake potential of tapered collimator.

In Table I we compare the calculated average wakes (the
loss factor in the longitudinal case and the kick factors in
the transverse cases) with numerical results obtained
with the time-domain code T3P of the code suite ACE3P
[26]. The results in the table, denoted by r, have been
normalized to analytical results, valid for infinitesimally
small corrugations (see [25]). We see good agreement except
for the case of the dipole wake. (Note, however, that we have
good reason to believe that r should always be <I.)
Incidentally, it should be noted that in [25] the strength of
the wakes of the Pohang dechirper were measured, both the
longitudinal and transverse wakes, and it was estimated that
their measured (effective) » was about 0.75, a result that is in
good accord with the ECHO(2D) results.

As the second example problem we consider a sym-
metric, tapered collimator [see Fig. 1(b)]. The dimensions
are: width 2w = 10 cm, height of large pipe 2a = 10 cm,
length of tapers 7 =S5 cm; height and length of the
minimum gap section, 2b =2 cm and L = 12 cm. As
was mentioned above, ECHO(2D) is capable of modeling
structures with metallic walls of finite conductivity. The
tapered walls and the walls of the minimum gap section are
taken to have conductivity 6 = 100 S/m [note, that con-
dition (64) is well fulfilled], while the remaining surfaces
are assumed to be perfectly conducting. In the left plot of
Fig. 10 we compare the longitudinal wake for this colli-
mator with one that has the same geometry but is perfectly
conducting. The Gaussian bunch in the simulations has an
rms length o, = 0.25 cm. Both wakes were obtained with
ECHO(2D). In the right plot of Fig. 10 we compare the ECHO
(2D) wake potential with the one obtained using a fully
three-dimensional, commercially available code csT [27].
The good agreement between the results indicates a good
accuracy of the conformal meshing and the resistive wall
modeling in ECHO(2D).

Finally, in order to demonstrate the capabilities of the
new code to calculate wakes of very short bunches, we give
in Fig. 11 the calculated loss factor x = (W (0,0, s)) as
function of bunch length in the 1 m-long Pohang dechirper
(black plotting symbols). Note that the shortest bunch
length used in the calculations is ¢, = 10 ym. The dimen-
sions of the bunch and of the structure are different by 5
orders of magnitude. To our knowledge such kind of
calculations cannot be done by any 3D code available.
For the shorter bunches, the loss factor in a 1 m-long
structure is larger than the steady-state (periodic) result. We
can see that by plotting on the same figure the difference of
x for a 2 m structure minus that for a 1 m structure (the gray
curve). Note that the analytical, asymptotic value of the loss
factor, for 6, — 0, is x = ZycL/(2za?) - (z*/16) = 1234.
V/pC [we have taken Z, =377 Q, structure length

150

1400
1300
120Q

<mm&gﬁiﬂ1mo
1000

900F

800r

700

10 2

10
o[pm]

! 10

FIG. 11. Loss factor for very short bunches in the dechirper (in
black). The grey symbols give the difference between the loss
factors for 2 m-long structure and a 1 m-long structure.
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L =1 m, and half-gap a = 3 mm)], which agrees well with
the linear extrapolation of the ECHO(2D) steady-state
results (the gray curve).

X. SUMMARY

In this paper we presented a new method for solving
electromagnetic problems and calculating wakefields
excited by a relativistic bunch in a structure that is charac-
terized by a rectangular cross-section whose height can vary
as function of longitudinal coordinate but whose width and
side walls remain fixed. Using the Fourier expansion of the
fields, currents and charge densities, we derived a Fourier
representation of the wake potential in terms of four one-
dimensional functions for each harmonic. We proved that
the longitudinal wake is a harmonic function with respect of
the coordinates of the leading charge. For a structure that has
a horizontal symmetry plane we also proved an important
symmetry relation of the wake function.

A numerical method was proposed for solving Fourier
harmonics of the fields. The method does not generate
dispersion in the longitudinal direction and for perfectly
conducting geometry it conserves the energy and charge in
the calculations. Additionally, we have described a new
hybrid conformal scheme for structures with walls of finite
conductivity. The computer resources required to find several
tens of the lowest harmonics are moderate and comparable to
those needed for 2D rotationally symmetric calculations.

ACKNOWLEDGMENTS

The authors thank M. Dohlus for helpful discussions. This
material is based upon work supported by the U.S.
Department of Energy, Office of Science, Office of Basic
Energy Sciences, under Contract No. DE-AC02-76SF00515.

[1] B.W. Zotter and S. A. Kheifets, Impedances and Wakes
in High-Energy Particle Accelerators (World Scientific,
Singapore, 1998).

[2] T. Weiland, IEEE Trans. Nucl. Sci. 30, 2489 (1983).

(3]
(4]

(5]
(6]

(8]

(9]
[10]

(1]

[12]

104401-14

A. N. Novokhatski, SLAC Report No. SLAC-PUB-11556,
2005.

Y. H. Chin, KEK Report No. 2005-6, 2005.

A. Pukhov, J. Plasma Phys. 61, 425 (1999).

I. A. Zagorodnov and T. Weiland, Phys. Rev. ST Accel.
Beams 8, 042001 (2005).

K.L.F. Bane and G. Stupakov, Nucl. Instrum. Methods
Phys. Res. 690, 106 (2012).

A. Tremaine, J. Rosenzweig, and P. Schoessow, Phys. Rev.
E 56, 7204 (1997).

A.R. Paech, Dissertation, TU Darmstadt, 2007.

T. Weiland and R. Wanzenberg, Lect. Notes Phys. 400, 39
(1992).

I. Zagorodnov, Phys. Rev. ST Accel. Beams 9, 102002
(2000).

K. Bane and P. Wilson, in Proceedings of 1l1th
International Particle Accelerator Conference, Geneva,
Switzerland (Birkhguser Verlag, Basel, 1980), p. 592.

A. W. Chao, SLAC Report No. SLAC-PUB-2946, 1982.
W. K. H. Panofsky and W. A. Wenzel, Rev. Sci. Instrum.
27, 967 (1956).

T. Weiland and 1. Zagorodnov, J. Comput. Phys. 180, 297
(2002).

R. Gluckstern, J. Van Zeijts, and B. Zotter, Phys. Rev. E 47,
656 (1993).

K. L. F. Bane, G. Stupakov, and I. Zagorodnov, Phys. Rev.
ST Accel. Beams 10, 074401 (2007).

T. Weiland, Int. J. Numer. Model. 9, 295 (1996).

P. Thoma, Dissertation, TU Darmstadt, 1997.

K. S. Yee, IEEE Trans. Antennas Propag. 14, 302 (1966).
A.A. Samarskii, The Theory of Difference Schemes
(Marcel Dekker, Inc., New York, 2001).

I. Zagorodnov, R. Schuhmann, and T. Weiland, Int. J.
Numer. Model. 16, 127 (2003).

A. Tsakanian, M. Dohlus, and 1. Zagorodnov, Phys. Rev.
ST Accel. Beams 15, 054401 (2012).

1. Zagorodnov, R. Schuhmann, and T. Weiland, J. Comput.
Phys. 191, 525 (2003).

P. Emma et al., Phys. Rev. Lett. 112, 034801 (2014).
C.-K. Ng and K.L.F. Bane, in Proceedings of the 25th
Particle Accelerator Conference, PAC-2013, Pasadena,
CA, 2013 (IEEE, New York, 2013), p. WEPAC46.
CST-Computer Simulation Technology, CST Particle
Studio, http://www.cst.com.


http://dx.doi.org/10.1109/TNS.1983.4332857
http://dx.doi.org/10.1017/S0022377899007515
http://dx.doi.org/10.1103/PhysRevSTAB.8.042001
http://dx.doi.org/10.1103/PhysRevSTAB.8.042001
http://dx.doi.org/10.1016/j.nima.2012.07.001
http://dx.doi.org/10.1016/j.nima.2012.07.001
http://dx.doi.org/10.1103/PhysRevE.56.7204
http://dx.doi.org/10.1103/PhysRevE.56.7204
http://dx.doi.org/10.1007/3-540-55250-2
http://dx.doi.org/10.1007/3-540-55250-2
http://dx.doi.org/10.1103/PhysRevSTAB.9.102002
http://dx.doi.org/10.1103/PhysRevSTAB.9.102002
http://dx.doi.org/10.1063/1.1715427
http://dx.doi.org/10.1063/1.1715427
http://dx.doi.org/10.1006/jcph.2002.7094
http://dx.doi.org/10.1006/jcph.2002.7094
http://dx.doi.org/10.1103/PhysRevE.47.656
http://dx.doi.org/10.1103/PhysRevE.47.656
http://dx.doi.org/10.1103/PhysRevSTAB.10.074401
http://dx.doi.org/10.1103/PhysRevSTAB.10.074401
http://dx.doi.org/10.1002/(SICI)1099-1204(199607)9:4%3C295::AID-JNM240%3E3.0.CO;2-8
http://dx.doi.org/10.1109/TAP.1966.1138693
http://dx.doi.org/10.1002/jnm.488
http://dx.doi.org/10.1002/jnm.488
http://dx.doi.org/10.1103/PhysRevSTAB.15.054401
http://dx.doi.org/10.1103/PhysRevSTAB.15.054401
http://dx.doi.org/10.1016/S0021-9991(03)00329-2
http://dx.doi.org/10.1016/S0021-9991(03)00329-2
http://dx.doi.org/10.1103/PhysRevLett.112.034801
http://www.cst.com
http://www.cst.com
http://www.cst.com

