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When a short electron bunch traverses an undulator to radiate a wavelength longer than the bunch length,
intense superradiance from the electron bunch can quickly deplete the electron’s kinetic energy and lead to
generation of an isolated chirped radiation pulse. Here, we develop a theory to describe this novel chirped
pulse radiation in a superradiant free-electron laser and show the opportunity to generate isolated few-cycle
high-power radiation through chirped-pulse compression after the undulator. The theory is completely
characterized by how fast the electron energy is depleted for a given length of an undulator. We further
present two design examples at the THz and extreme-ultraviolet wavelengths and numerically generate
isolated three- and nine-cycle radiation pulses, respectively.
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I. INTRODUCTION

High-power radiation is useful for applications requiring
high energy density or involving nonlinear dynamics. An
isolated few-cycle radiation pulse is particularly important
for studying ultrafast temporal responses of an atomic or
molecular system. A free-electron laser (FEL) operating in
vacuum is capable of generating a high radiation power
with little concern on material damage. In view of the
high-power solid-state laser successfully demonstrated by
optical chirped pulse amplification, a chirped-pulse FEL
followed by a pulse compressor could be an ideal candidate
to generate extremely high-power radiation in the spectrum
not readily accessible by a conventional laser source. It has
been suggested previously to use an energy-chirped elec-
tron beam to amplify a frequency-chirped seed laser in an
FEL amplifier to obtain temporally compressed high-power
radiation at one of the harmonics of the seed laser [1].
It was also suggested to use a chirped electron pulse to
generate self-amplified chirped radiation, which is then
filtered to seed a downstream self-amplified-spontaneous-
emission (SASE) FEL [2]. Wu et al. [3,4] pointed out that
manipulating frequency and energy chirps in both the seed
radiation and drive beam, respectively, to an FEL allows
generation of attosecond few-cycle pulses.
Recently, ultrashort electron bunches are becoming

available through existing and advanced accelerator

technologies [5,6]. A laser wakefield accelerator [7] has
been proven useful to generate 10–50 fs electron bunches.
It is envisaged that a future dielectric laser accelerator
(DLA) [8], directly driven by a laser field, is to generate
electron bunches in the attosecond time scale. It is well
known that, when a radiating electron bunch is significantly
shorter than the radiation wavelength, all the electrons
radiate coherently with total radiation spectral energy
proportional to the square of the charge in the electron
bunch. This intense coherent spontaneous radiation (CSR)
is sometimes dubbed as electron superradiance [9].
Previously CSR has been studied and demonstrated for
single and repeated electron bunches from radio-frequency
linear accelerators [10]. Although an ideal zero-length
electron bunch can ensure fully coherent radiation, it is
possible to compensate decoherence of the fields in a finite-
length electron bunch by introducing a suitable energy
ramp to the bunch [11–13]. However, none of the afore-
mentioned studies took into account the electron energy
loss and its implication to frequency chirped radiation in a
superradiant process. Here we propose a chirped-pulse
superradiant (CPS) FEL, in which quick depletion of
the electron’s kinetic energy in an undulator generates a
frequency chirped radiation pulse. The radiation from a
CPS FEL is coherent, self-started, spontaneous, and
intense. The frequency-chirped output of a CPS FEL can
be further compressed to generate an isolated, high-power,
few-cycle radiation pulse.
In the following, we first derive in Sec. II the chirped

radiation field of a relativistic charge undergoing super-
radiance in a uniform undulator. Based on existing accel-
erator and undulator technologies, we present in Sec. III a
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design for an experiment to demonstrate a high-power
few-cycle THz pulse from chirped pulse compression of a
CPS FEL. Finally we study in Sec. IVa CPS FEL driven by
a future DLA to generate attosecond electromagnetic
radiation in the extreme-ultraviolet (EUV) spectrum.
Section V is the conclusion.

II. THEORY OF CHIRPED-PULSE
SUPERRADIANCE

A typical electron accelerator generates relativistic elec-
trons moving near the speed of light. For what follows, we
confine the scope of our study to two conditions: (1)
The electron is relativistic, having γ ≫ 1 and β ∼ 1, where
γ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
is the Lorentz factor and β is the speed of

the electron normalized to the vacuum speed of light
c. (2) The electron bunch length is always small compared
with the radiation wavelength during radiation generation.
Under the second condition, the radiation quickly escapes
from the electrons without interacting with the electron
charge. As is the case for most CSR studies, radiation
feedbacks to electrons are therefore not considered in this
ideal limit.
To find out the temporal chirp of the radiation field, we

must first derive the electron kinetic energy loss as a
function of observation time in superradiance, from which
one can determine the radiation amplitude and radiation
phase as a function of time. To take into account all
radiation energy at the expense of the electron kinetic
energy, we start from the expression of the coherent
synchrotron radiation power of a tightly bunched charge
Q ¼ Nee traversing a magnetic field B, given by [14]

Pr ¼
ηQ2e2

6πm2
0

β2γ2B2 ¼ ηN2
ee4

6πm2
0

β2γ2B2; ð1Þ

where Ne is the number of the electrons in the bunch, e is
the electron charge, η ¼ 377 W is the intrinsic wave
impedance in vacuum, and m0 is the electron rest mass.
As opposed to incoherent synchrotron radiation having its
power linearly dependent on the total charge, the coherent
radiation in Eq. (1) has a quadratic dependence on the total
charge Q. For a uniform planar undulator, the first-order
undulator field is sinusoidal. The radiation power averaged
over an undulator period can be described by Eq. (1) with
the magnetic field B replaced by the root-mean-square
(rms) undulator field Brms. From energy conservation, the
loss rate of the total electron kinetic energy is equal to the
radiation power or

Nem0c2
dγ
dt0

¼ −Pr; ð2Þ

where t0 denotes the retarded time measured at the electron
location. In this superradiance regime, Eq. (2), together
with Eq. (1), clearly shows that individual electron’s energy

loss dγ=dt0 is proportional to the total number of electrons
in the bunch, which can be as large as 108–9 for a sub-nC
beam produced by a radio-frequency (rf) accelerator. With
the initial condition γ ¼ γ0 at t0 ¼ 0 and the relativistic
assumption γ ≫ 1, one obtains the compact form for the
electron energy (normalized the rest mass energy) as a
function of the retarded time t0

γ ¼ γ0
1þ t0=τd

; ð3Þ

where the characteristic time constant τd in Eq. (3) is
defined as

τd ¼
W0

Pr;0
; ð4Þ

with W0 ¼ Neγ0m0c2 being the initial energy of the
electron bunch and Pr;0 ¼ Prðγ ¼ γ0Þ being the initial
radiation power of the electrons. It is seen that the electron
energy is depleted to one half of its initial value at t0 ¼ τd.
Therefore τd can be regarded as a characteristic electron-
energy depletion time in a superradiant process. For what
follows, we call τd the pump depletion time of a CPS FEL.
We should point out here that the assumption γ0 ≫ 2t0=τd,
was also made to obtain Eq. (3). The maximum value of t0
is the electron transit time through the undulator. As will be
shown by examples below, the condition γ0 ≫ 2t0=τd can
be satisfied for most relativistic cases without severe pump
depletion.
Substituting Eq. (3) into Eq. (1), one quickly obtains the

instantaneous radiation power as a function of the retarded
time:

Pr;Ne
ðt0Þ ¼ Pr;0

ð1þ t0=τdÞ2
: ð5Þ

This expression properly shows gradual reduction of the
electron radiation power from depletion of the electron
kinetic energy in a superradiance process.
Spontaneous radiation of electrons from a long undulator

often consists of harmonics of radiation modes with the
fundamental mode wavelength satisfying the condition [15]

λr ¼ λu
1þ a2u
2γ2

; ð6Þ

where λu is the undulator period and au ¼ eBrms=m0cku
with ku ¼ 2π=λu is the undulator parameter. The instanta-
neous fundamental mode wavelength is obtained by
inserting Eq. (3) into Eq. (6), given by

λrðt0Þ ¼ λr0ð1þ t0=τdÞ2; ð7Þ
where λr0 is the initial undulator radiation wavelength at
t0 ¼ 0. As expected, the radiation wavelength increases due
to slowdown of the electrons in the undulator.

HUANG et al. Phys. Rev. ST Accel. Beams 18, 080701 (2015)

080701-2



The measured radiation is a function of the observation
time at the end of the undulator. The observation time t is
related to the retarded time t0 through the relationship

t ¼ lu − z
c

þ t0 ¼ lu
c
−
Z

t0

0

βzðτ0Þdτ0 þ t0; ð8Þ

where lu is the undulator length and βz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=γ2z

p
is the

normalized longitudinal speed of the electron. Submitting
Eq. (3) into Eq. (8) and using βz ∼ 1 − ð1þ a2uÞ=2γ2 for
γ ≫ 1, one obtains the following relationship between the
two time variables t and t0

1þ t0=τd ¼
�
1þ 6γ20

τdð1þ a2uÞ
×

�
t − lu

c

��
1=3

¼
�
1þ 3τu

Nuτd
υr0ðt − τuÞ

�
1=3

; ð9Þ

where Nu is the number of undulator periods, τu ¼ lu=c is
the radiation transit time through the undulator, and υr0 ¼
c=λr0 is the initial radiation frequency of the electron. The
frequency chirp of a radiation field is embedded in the
radiation phase as a function of time. The radiation phase
versus observation time ϕðtÞ can be found by substituting
Eq. (9) into Eq. (7) and integrating the instantaneous
angular frequency dϕðtÞ=dt ¼ 2πc=λrðtÞ over t, given by

φðtnÞ ¼ 2π
Nu

rτ
ð3rτtn þ 1Þ1=3; ð10Þ

where tn ¼ ðt − τuÞ=ðNu=υr0Þ is the observation time nor-
malized to the lossless slippage time Nu=υr0 ¼ Nuλr0=c,
and the parameter rτ ¼ τu=τd is the ratio of the electron
transit time τu to the pump depletion time τd. Physically rτ is
a figure indicating the degree of pump depletion in a given
undulator. The time duration tn ¼ 1 is the radiation pulse
width or the electron slippage time in an undulator without
concerning the slowdown of electrons. With pump depletion
from radiation loss, the electron slows down when traversing
the undulator and the time duration tn − 1 gives the amount
of thus increased radiation pulse width. At the leading edge
of the radiation pulse or tn ∼ 0, the radiation phase Eq. (10)
is approximately ϕðtnÞ ∼ 2πNutn þ 2πNu=rτ ¼ 2πυr0×
ðt − τuÞ þ 2πNu=rτ, as expected for an initial radiation
frequency satisfying Eq. (6) with γ ¼ γ0. Note that the
radiation transit time τu is just a constant time delay for the
radiation to exit the undulator (t ≥ τu) and is irrelevant to
the frequency chirp. With no concern on confusion, we drop
τu and write tn ¼ t=ðNu=υr0Þ for what follows.
The useful duration of the observation time or the total

radiation pulse width is equal to the electron slippage time
0 ≤ t − lu=c ≤ ls=c, where ls is the electron slippage
distance. For a large number of undulator periods
Nu ≫ 1, the slippage distance or the spatial length of
the radiation pulse can be calculated from

ls ¼
1

λu

Z
lu

0

λrðzÞdz ∼
1

λu

Z
lu

0

λr0

�
1þ z

cτd

�
2

dz

¼ λr0Nu

�
1þ rτ þ

1

3
r2τ

�
; ð11Þ

in which the approximation comes from the use of t0 ∼ z=c
in Eq. (7) for a relativistic electron. Equation (11) shows an
increased slippage length of λr0Nuðrτ þ r2τ=3Þ due to the
slowdown of the electrons undergoing superradiance.
The useful normalized observation time or the radiation
pulse width thus satisfies

0 ≤ tn ≤ 1þ rτ þ r2τ=3; ð12Þ

in which rτ þ r2τ=3 is the increased radiation pulse width in
units of normalized time due to electron slowdown.
Apparently, the radiation pulse length can be several times
the lossless slippage time when the electron energy
depletion is severe or rτ > 1.
To find the radiation field at the exit of an undulator, one

has to derive the radiation power as a function of the
observation time. From energy conservation, the radiation
energy Pr;Ne

ðt0ÞΔt0 in a time interval Δt0 has to be the same
as Pr;Ne

ðtÞΔt observed during a corresponding time inter-
val Δt calculated through Eq. (8) under the space-time
relation z ¼ cβz × t0 for a moving electron. The radiation
power measured at the exit of the undulator is therefore

PrðtÞ ¼
Prðt0Þ
1 − βz

∼
2γ2ðt0Þ
1þ a2u

×
Pr;0

ð1þ t0=τdÞ2
: ð13Þ

The approximation in Eq. (13) is obtained by taking
1 − βz ∼ ð1þ a2uÞ=2γ2ðt0Þ in the relativistic limit. By using
Eqs. (6), (7), and (9) and adopting the normalized time tn,
Eq. (13) reduces to

PrðtnÞ ¼ Pr;0 ×
λu=λr0

ð3rτtn þ 1Þ4=3 : ð14Þ

This radiation power, calculated from synchrotron radi-
ation of undulator magnets, includes powers in all radiation
modes. In our case, the fundamental mode is likely to
dominate, because, for a superradiant FEL, the radiation
power of high-order modes can be quickly damped due to
their shorter wavelengths in comparison with the electron
bunch length. For dominant fundamental mode radiation,
the observed radiation power is PrðtnÞ ¼ jEðtnÞj2Aeff=2η,
where EðtnÞ is the complex radiation field of the funda-
mental mode and Aeff is the effective mode area. With the
radiation power in Eq. (14) and phase in Eq. (10), the
observed radiation field is constructed as
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EðtnÞ ¼
E0

ð3rτtn þ 1Þ2=3 exp
�
j2π

Nu

rτ
ð3rτtn þ 1Þ1=3 þ jφ0

�

ð15Þ

with tn satisfying Eq. (12), where E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2η=Aeff

p
×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

W0rτυr0=Nu

p
is the peak field amplitude and ϕ0 is an

arbitrary starting phase. The physics of the radiation field is
now completely characterized by the two parameters, Nu
and rτ.
We exemplify a CPS FEL in Fig. 1 with rτ ¼ 0.5 and

Nu ¼ 40. With t0 ¼ z=vz in Eq. (3), Fig. 1(a) plots the
electron’s percentage energy loss versus distance in an
undulator:

ðγ0 − γÞ
γ0

¼ zurτ
1þ zurτ

; ð16Þ

where zu ¼ z=lu is the longitudinal distance normalized to
the undulator length. It is seen from the plot that, at the
undulator exit, 1=3 of the electron energy is depleted for
this particular case. From Eq. (15), Fig. 1(b) plots the
radiation field versus observation time. Owing to the
electron energy depletion, one can clearly see a gradual
increase of the radiation wavelength and reduction of the
radiation field amplitude. From Eqs. (7) and (9), Fig. 1(c)
plots the broadening of the radiation bandwidth versus
observation time:

υr0 − υ

υr0
¼ 1 − 1

ð1þ 3rτtnÞ2=3
: ð17Þ

The output radiation bandwidth is opened up to about
56% due to the frequency chirp, which is sufficient to
obtain a few-cycle electromagnetic pulse through trans-
form-limited pulse compression. Indeed, after ideal pulse
compression, the transform-limited pulse field shown in
Fig. 1(d) has 1–2 radiation cycles in less than 10% of the
lossless slippage time orΔτ < 0.1Nu=υro. The vertical axis
of the plot is normalized to the initial radiation field
amplitude of the chirped pulse. The peak radiation field
of the transform-limited pulse is enhanced by almost an
order of magnitude.
In the weakly depleted regime, the pump depletion time

τd can be much larger than the electron transit time τu or
rτ ≪ 1 and tn is about the order of unity. In the limit
3rτtn ≪ 1, one can apply the Taylor expansion to the
nonlinear radiation phase in Eq. (15) and only retain the
terms to include linear frequency chirp. The resulting
radiation field is given by

EðtnÞ ∼
E0

1þ 2rτtn
exp

�
j2π

Nu

rτ
ð1þ rτtnÞ þ jϕ0

�

× expð−j2πNurτt2nÞ: ð18Þ

The quadratic temporal phase in Eq. (18) indicates
feasibility of pulse compression using a simple quadratic
phase filter [16] with a transfer function proportional to
expðjbπυ2Þ, where b is the so-called chirping parameter
and υ is the frequency variable. Since the field envelope in
Eq. (18) is truncated in time by a temporal range given by
Eq. (12), the radiation pulse width before and after pulse
compression cannot be defined as easily and meaningfully
as can a Gaussian laser pulse width. Nevertheless, it is
helpful to gain some insight on the compressibility of the
CPS-FEL pulse from an analogy extended from a Gaussian
laser pulse. In the weakly chirped regime, the full radiation
pulse is nearly a square one with a length of tn ∼ 1, which
has an rms width of 1=2

ffiffiffi
3

p
in units of the normalized

observation time. For a Gaussian laser pulse with an rms
width of 1=2

ffiffiffi
3

p
in units of tn carrying the same radiation

phase as that in Eq. (18), the ideal pulse compression ratio
based on a matched quadratic phase filter is

Rc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðπNurτ=3Þ2

q
: ð19Þ

Assuming Nu ¼ 100 and rτ ¼ 10%, the field compres-
sion ratio and the power enhancement factor of the pulse are
10 and 100, respectively. In the strongly depleted region, the
radiation phase in Eq. (15) is nonlinear and a tailor-designed
chirp mirror [17,18] or grating compressor [19] is needed to
achieve transform-limited pulse compression.
We have assumed previously a particlelike electron

bunch with a zero length. In practice, there is a finite
longitudinal width associated with an electron bunch. For a
finite electron bunch length, the radiation power in Eq. (1)
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FIG. 1. (a) Percentage pump depletion or ðγ0 − γÞ=γ0 versus
distance z=lu in the undulator, (b) radiation field versus obser-
vation time tn, (c) percentage bandwidth increase or ðυr0 −
υrÞ=υr0 versus observation time tn, and (d) transform-limitedly
compressed pulse field for rτ ¼ 0.5 and Nu ¼ 40.

HUANG et al. Phys. Rev. ST Accel. Beams 18, 080701 (2015)

080701-4



is multiplied by a reduction factor or the so-called bunch
form factor [20], which for a Gaussian electron bunch is
given by

FðυrÞ ¼ e−ð2πυrσtÞ2 ; ð20Þ
where υr is the radiation frequency and στ is the rms
temporal length of the electron bunch. When the electrons
propagate down an undulator and radiate, the radiation
frequency υr decreases due to slowdown of electrons and στ
could increase due to debunching. If the multiplication υrστ
remains approximately a constant in an undulator, the
modification needed to be done for the above theory is
to divide the pump depletion time τd in Eq. (4) by a
constant form factor of the electron bunch. This increased
pump depletion time results in reduction on the degree of
pump depletion rτ and the frequency chirp. The radiation
field amplitude in Eq. (15) is also reduced by a factor equal
to the square root of the bunch form factor.
The propagation angles of the electrons in a bunch and

the transverse size of a bunch can also reduce the coherent
radiation power or the bunch form factor. This reduction
can be neglected as long as the geometric emittance of the
beam ε satisfies [21]

ε ≪
λrffiffiffi
2

p
π
: ð21Þ

In the following we first present a CPS FEL for a proof-
of-principle experiment at THz frequencies using conven-
tional rf accelerators and then another at EUV frequencies
employing a future dielectric laser accelerator.

III. THZ CPS FEL

For the first design example at THz frequencies, we
choose an accelerator system consisting of an S-band
1 − 1=2-cell photocathode electron gun followed by a
3-m long SLAC-type linac at 2.856 GHz for electron
injection, velocity bunching, and particle acceleration. The
entrance of the linac is located at 145 cm from the photo-
cathode. To compensate emittance growth, a 25-cm long
solenoid with a peak axial field of 1.7 kG is installed
immediately after the photoinjector. The linac is also
wrapped with solenoid coils with a peak axial field of
0.65 kG to keep the emittance under control and to focus the
electron beam into an undulator. An undulator is installed
55 cm from the linac exit or 5 m from the photocathode.
We carried out a full-system computer simulation by first
using ASTRA code [22] for the beam propagating to the
undulator entrance and then using GPT code [23] for the
beam traversing the undulator. The space charge effects
were included in the simulation. The input parameters for the
photoinjector are: bunch charge ¼ 15 pC, bunch length ¼
2 ps for a squarebunch,bunch radius ¼ 0.5 mmfor a radially
distributed bunch, peak acceleration field ¼ 110 MV=m,

and cosine accelerationphase ¼ 5 deg.The input parameters
for the linac are peak acceleration field ¼ 25 MV=m and
cosine acceleration phase ¼ 9 deg. Figure 2 shows the beam
radius and emittance versus distance from our ASTRA simu-
lation, indicatingwellcontrolledemittanceandbeamradiusby
the solenoid fields. At the entrance of the undulator, we
obtained the following beam parameters: rms electron bunch
length ¼ 60 fs, average beam energy γ ¼ 30.7, rms energy
spread δγ=γ ¼ 0.67%, rms normalized emittance ¼
2.5 mm-mrad, rms beam radius ¼ 0.5 mm, and positive
energy chirp with a head-to-tail energy difference of
Δγ ¼ 1.5. Those beam parameters are just assumed for
illustration of the THz CPS-FEL scheme, supported by
computer simulations. In actual experiments, parameters
obtained from computer simulations might need further
optimization and adjustment.
We employ here a 1.5 m long planar undulator with a

period of 56 mm and undulator parameter of 1.7, permitting
radiation generation at 2.5 THz for a beam energy of
γ ¼ 30.7. The 0.67% rms energy spread of the beam is well
within the 1=Nu ∼ 3.3% acceptance bandwidth of the
spontaneous undulator radiation. The beam emittance also
satisfies Eq. (21) for efficient electron superradiance. To
verify maintenance of a short electron bunch in the
undulator, we used the output beam from ASTRA simulation
as the input beam to the undulator in GPT simulation.
Figure 3 shows the rms electron bunch length (continuous
curve) and energy spread (dash-dotted curve) versus
undulator length. The electron bunch in the undulator
undergoes compression first due to the initial positive
energy chirp in the bunch and is kept almost everywhere
under 60 fs. The initial energy chirp in the beam also
partially compensates the space-charge induced energy
spread in the undulator. To gain some insight, we plot in

FIG. 2. The beam line of the proposed THz CPS FEL consists
of an S-band photoinjector, an emittance compensating solenoid,
and a 3-m long linac wrapped in a solenoid coil. ASTRA

simulation shows well controlled beam radius and emittance
by the solenoid fields.
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Fig. 3 the electron distributions in the undulator. The left
column of Fig. 4 shows the electron energy distribution
versus time at the (a) beginning, (b) middle, and (c) end of
the undulator. The right column of Fig. 4 shows the
corresponding histograms of the particle distributions in
the left column. It is seen that the electron bunch length is
strongly correlated to the energy chirp in the bunch. The
initial positive energy chirp at the undulator entrance has
a profound influence on keeping a tight bunch in the
undulator.
We would like to point out that the initial electron energy

chirp in our case is to maintain the electron bunch length
much shorter than the radiation wavelength in the undu-
lator. If the bunch length of the injected beam is comparable

to the radiation wavelength, a proper energy ramp in the
bunch can ensure constructive interference of the radiation
fields and retain efficient electron superradiance [11–13].
To find the chirped radiation field, we calculated the

bunch form factor with στ ¼ 60 fs in Eq. (20) and used it to
modify the pump depletion time in the theory. At the
undulator exit, the calculated degree of pump depletion is
rτ ¼ 12%. The full width of the chirped pulse is 12 ps,
containing 27 radiation cycles generated from the 27
periods of the undulator. The power of the chirped pulse
gradually drops to about 63% of its initial value due to
pump depletion. At the end of the undulator the percentage
bandwidth of the chirped radiation is broadened to 20.4%.
Figure 5 shows the chirped radiation pulse envelope before
(blue dashed curve) and after (red curve) pulse compression
by using a grating compressor. After compression, the peak
power of the output radiation pulse is increased nearly 10
times. The half-maximum width of the compressed pulse
is about 1.45 ps, containing approximately 3.6 cycles of
the initial radiation field. The pulse compressor adopts the
design of a standard grating-pair compressor with an
intragrating telescopic system [24]. In our design, the
grating has 84 grooves=cm or a grating period nearly
the same as the initial radiation wavelength. The chirped
radiation pulse is incident on the grating at a 38.7° angle.
The second grating is located at 2 mm farther away from
the image plane of the first grating in the telescopic system,
so that this pulse compressor functions as an up-chirping
filter to properly compress the down-chirped radiation
pulse. With such a design, the second-order and third-
order dispersion coefficients of the grating compressor are
1.7 × 106 fs2 (b ¼ 0.03 in units of tn2) and −4.8 × 108 fs3.
For comparison, the transform-limited pulse (black dash-
dotted line) is also shown in the figure. It is seen from the
plot that almost all the compressed pulse energy is already

FIG. 3. GPT simulation results of rms electron bunch length
(continuous curve) and energy spread (dash-dotted curve) versus
undulator length of the proposed THz CPS FEL. With initial
positive energy chirp of Δγ ¼ 1.5 in the beam, the electrons are
tightly bunched in the undulator without appreciable growth on
energy spread.
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FIG. 4. Electron energy distribution versus time at the begin-
ning (a), middle (b), and end (c) of the undulator. The corre-
sponding histograms of the particles in the time domain are
shown on the right column. The balance between the chirped
bunch compression in the undulator and the space charge
debunching maintains a short bunch length in the undulator.
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FIG. 5. Power envelopes of the THz radiation pulse before
(blue dashed curve) and after (red) compression by using a
grating-pair pulse compressor with second- and third-order
dispersions of 1.7 × 106 fs2 and −4.8 × 108 fs3. After pulse
compression, the number of radiation cycles is reduced from
27 to just 3.6. For comparison, the transform-limited pulse is
shown as a black dash-dotted curve.
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in the width of the transform-limited pulse. It is possible to
further optimize the pulse compression by compensating
higher-order spectral phases of the chirped radiation field.
Ultimately the peak power of the transform-limited pulse
can reach 80 times that of the chirped radiation pulse.
For this particular case, the condition γ0 ≫ 2t0=τd, which
validates the simple form Eq. (3) for the time dependent
electron energy, is satisfied with γ0 ¼ 30.7 and
½2t0=τd�max ¼ 0.24 for ½t0�max ∼ lu=c.

IV. EUV CPS FEL

The CPS FEL performs particularly well for an injected
electron bunch much shorter than the radiation wavelength.
It is envisaged that a DLA, driven by a laser at ∼1 μm,
would generate nanometer electron bunches. As a design
example at EUV wavelengths, we assume a DLA generat-
ing an electron bunch with initial energy of γ ¼ 200 and
bunch length of ∼1 nm. For a high energy beam, the
electron debunching is much less concerned. With a 1-nm
bunch length and an EUV wavelength of ∼15 nm, the
bunch form factor is close to one. To integrate with a DLA,
one could consider a dielectric laser undulator [25] with a
peak undulator field of 3.3 T subject to the 1 GV=m laser
damage field on dielectric for an incident fs laser pulse [26].
The chosen undulator length is 157.5 mm long, consisting
of 150 undulator periods with a period length of 1.05 mm.
Therefore, the initial radiation wavelength of this EUV CPS
FEL is 13.5 nm. The injection bunch charge is set at 75 fC,
assuming the accelerated charge of an accelerator can be
roughly scaled by its driving wavelength. A DLA, con-
structed from a planar structure, has the potential to
accelerator more charges in a flat beam [27]. The calculated
degree of pump depletion for this case is rτ ¼ 5.2%, which
satisfies 3rτtn ≪ 1 for a linearly chirped field described by
Eq. (18). Therefore, this chirped pulse can be effectively
compressed by a quadratic phase filter.
In the EUV spectrum, chirped pulse compressors based on

metal-foil filters and chirped mirrors have been studied and
developed from the works involving attosecond pulse gen-
eration from optical high harmonic generation [28]. Figure 6
shows the radiation pulse envelope before (blue dashed
curve) and after (red curve) pulse compression by using a
standard quadratic phase filter with a chirping parameter of
0.021 in units of tn2. The full length of the chirped pulse is
7.3 fs, which is slightly increased from the lossless slippage
time of 6.9 fs. There are 150 radiation cycles in the pulse,
generated from the 150-period undulator. The power of the
chirped pulse gradually drops to about 80% from its initial
value at 760 W due to pump depletion. At the end of the
undulator the percentage bandwidth of the chirped radiation
is broadened to nearly 10% of its central frequency. After
compression, the peak power is increased by 13 times,
reaching a value of 1 kW. The half-width of the compressed
pulse is about 0.4 fs, containing approximately nine radiation
cycles. The time-bandwidth product of the compressed pulse

is about 0.5, which is slightly larger than the value of 0.44 for
a transform-limited Gaussian pulse.

V. CONCLUSIONS

In summary, when an electron bunch length is much
shorter than its radiation wavelength, the electrons generate
intense coherent radiation or superradiance. A short elec-
tron bunch emitting superradiance in an undulator can
quickly lose its kinetic energy and generate a chirp-pulse
radiation. We have developed a theory to describe the
radiation field of such a CPS FEL. The phase of the chirped
field is completely characterized by how fast the electron
energy is depleted (rτ) for a given length of an undulator
(Nu). In the linear regime where the degree of pump
depletion is kept around a few percent, we show two
design examples of CPS FEL in the THz and EUV spectra
that generate few-cycle radiation after pulse compression
by using a standard grating compressor and a simple
quadratic phase filter, respectively. In the regime of strong
pump depletion, we suggest to use tailor designed chirped
mirrors or gratings to compensate the nonlinear chirp in the
radiation field and achieve transform-limited pulse com-
pression. Alternatively, an adaptive pulse compressor [29]
is capable of automatically controlling the spectral phase of
an optical field for transform-limited pulse compression.
It takes a few steps to realize a new idea. Usually a theory

appears first, and then simulations and experiments would
follow. Presented above is a basic theory of a new concept.
Further development of a more complete theory and
demonstration of an experiment are certainly desirable.
In the analysis, we have assumed an electron bunch length
much shorter than the radiation wavelength, as required for
efficient electron superradiance to occur. Debunching of
electrons could stop the superradiant process, mostly
resulting from intrinsic energy spread of the beam, space
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FIG. 6. Power envelopes of the radiation pulse before (blue
dashed curve) and after (red curve) compression using a quadratic
phase filter for the proposed EUV CPS FEL at 13.5 nm. After
pulse compression, the peak power of the radiation pulse is
increased by more than an order of magnitude and the number of
the radiation cycles reduces from 150 to 9.
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charge force in the beam, and radiation feedbacks to the
beam. As a quick improvement to the theory, subject to an
assumed constant product of the electron temporal width
and radiation frequency, we introduced the bunch form
factor in Eq. (20) to take into account the radiation
reduction of a finite-width electron bunch. Although we
have shown in the design example of a THz CPS FEL that a
properly energy-chirped electron beam helps to cancel the
debunching effects in an undulator, a quantitative and
generally applicable CPS-FEL theory is yet to be developed
for an injected bunch with arbitrary energy spread, bunch
charge, and emittance. In the strong pump-depletion
regime, it is also worth exploiting the chirped pulse
superradiance from a nonuniform undulator to generate a
linearly chirped field for effective pulse compression.
Finally, a suitable simulation code for studying the CPS

FEL is currently unavailable. For example, the simulation
code GPT does not perform undulator-radiation calculation,
whereas the SASE FEL simulation code GENESIS [30]
scales an input length in units of the radiation wavelength
and might not properly handle an initial electron bunch
much shorter than the radiation wavelength. There have
been numerous papers on the study of coherent sponta-
neous radiation and superradiance without supports from
computer simulations, because in the limit of a negligible
electron bunch length, nonlinearities from radiation feed-
backs do not occur for spontaneous radiation. However, it is
indeed our intention to identify or develop a suitable code
to determine the upper bound of the electron bunch length
for which the radiation feedback to the bunch can be more
or less ignored for a CPS FEL. A future effort would
include numerical simulations of the CPS FEL subject to
arbitrary input conditions.
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