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A radio-frequency photoinjector is widely used for generating picosecond-femtosecond electron bunches.
During particle acceleration, the electron bunch shape varies under the influence of both the acceleration
fields and space charge fields. To restore a distorted electron bunch, we propose an injection phase
compensation technique for the electrons by illuminating the photocathode with a pulse-front-corrected laser
pulse. Using an S-band 1.6-cell photoinjector as an example, our study shows that the proposed technique
can generate nearly undistorted electron bunches up to a bunch rate of a few hundred terahertz.
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I. INTRODUCTION

Ultrashort electron bunches are becoming available from
advanced accelerator technologies and finding a variety of
applications. For example, electron bunching is crucial for
radiation generation. When the electron bunch length is
significantly shorter than the radiation wavelength, all the
electrons in the bunch can radiate coherently. An electron-
pulse train can further generate radiation with a narrow
spectrum at the pulse frequency or at the harmonics of
the pulse frequency due to the constructive interference of
the fields radiated from periodic electron bunches. In a free-
electron laser (FEL), a prebunched electron beam with
periodic current modulation can generate copious harmonic
power upon entering an undulator and is advantageous
in rapidly building up the FEL power in a short undulator
[1–6]. Another important application of a short electron
bunch is ultrafast particle imaging that utilizes an ultrashort
electron bunch to form a diffraction image with high
temporal resolution [7–13]. To study lattice vibrations, phase
transitions, chemical reactions, and strongly correlated
electronic materials, a time-resolved measurement with
subpicosecond resolution is preferred [7–13]. Recently, rf
photoinjectors have been widely used as MeV electron
sources in the applications of ultrafast electron diffraction
(UED) imaging. For example, SLAC [9], University of
California at Los Angeles (UCLA) [10], Tsinghua
University at Beijing [7,8], and Osaka University [11–13]
all established such UED facilities. In addition, an ultrafast

electron microscopy (UEM) based on a photoinjector is
under development at Osaka University [13].
In the past, it has been proposed to generate a terahertz

electron-pulse train by illuminating a photocathode of an rf
electron gun by a terahertz pulse-train laser [2–6]. To have
appreciable electron bunching in an electron-pulse train,
the longitudinal length of the electron microbunch should
be significantly smaller than the inverse of the electron-
pulse rate. The final bunch length of an accelerated electron
bunch can be sensitively influenced by the injection phase,
initial bunch radius, space charge force, and acceleration
gradient in an rf accelerator.
In this paper, we study the fundamental mechanisms of

bunch lengthening and distortion in an rf photoinjector
assuming delta-function-like electron bunches generated at
the photocathode. In the subsequent discussions, we first
define the bunching factor of an electron-pulse train and
point out the dependence of the bunching factor on the
length of the microbunch. In the absence of space charge
force, we analyze the debunching behavior of a single
delta-function electron bunch under the influence of radi-
ally dependent rf fields in an accelerator. Results of our
theoretical model are compared with those simulated by the
particle tracking code PARMELA [14]. To ameliorate the
bunch lengthening and distortion, we propose to illuminate
the photocathode with a pulse-front-shaped laser such that a
shaped electron bunch [15–19] is generated and the bunch
distortion during acceleration is corrected. It will be shown
that the pulse-front-shaping technique is very effective in
correcting the bunch distortion of both single- and multi-
bunch electron beams during acceleration.

II. BUNCH LENGTH AND BUNCHING FACTOR

In radiation applications, the longitudinal length of
an electron bunch is often compared with the radiation
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wavelength. To facilitate the discussions below, it is helpful
to present here the quantitative description of an electron
bunch and an electron bunch train. For a pulsed electron
beam with a smooth temporal distribution described by
nðtÞ, the so-called bunching amplitude or bunching factor
[1–5] of the electron beam at a given radiation frequency f
is defined as

BfðfÞ ¼
j R∞−∞ nðtÞ expði2πftÞdtjR

∞−∞ nðtÞdt ¼ jFfnðtÞgj
½FfnðtÞg�f¼0

; ð1Þ

where i is the imaginary unit and FfnðtÞg≡ R
∞−∞ nðtÞ

expði2πftÞdt is the Fourier transform of nðtÞ. Equation (1)
indicates that BfðfÞ is highly dependent on the longitudinal
distribution of electrons.
Suppose an electron macrobunch is composed of a

periodic array of microbunches with a bunching frequency
fb along the propagation direction. Further assume that each
electron microbunch has a Gaussian-like particle distribution
with a longitudinal root-mean-square (rms) bunch length of
σμ. nðtÞ, which describes the longitudinal distribution of
such an electron-pulse train, can be expressed as

nðtÞ ¼ n0 expð−t2=2σ2μÞ ⊗ combðfbtÞ; ð2Þ

where A ⊗ B is the convolution of A and B and
combðfbtÞ≡P∞

m¼−∞ δðfbt −mÞ is a periodic array of
the Dirac delta function in t. From Eqs. (1) and (2), the
bunching factor of such an electron-pulse train is given by

BfðfÞ ¼
jFfn0 expð−t2=2σ2μÞ ⊗ combðfbtÞgj

½Ffn0 expð−t2=2σ2μÞ ⊗ combðfbtÞg�f¼0

¼ expð−2σ2μπ2f2Þcombðf=fbÞ
¼ GðfÞcombðf=fbÞ: ð3Þ

According to Eq. (3), the bunching factor of the electron-
pulse train has a comblike spectrum in a Gaussian envelope
GðfÞ≡ expð−2σ2μπ2f2Þ, as shown by the dashed lines in
Fig. 1(a). The blue, red, and black lines correspond to the
bunching factors and Gaussian envelopes of Gaussian
electron-pulse trains with rms microbunch lengths of
σμ ¼ 0.1=fb, 0.2=fb, and 0.3=fb, respectively. When the
microbunch length σμ increases, the bunching factor,
denoted by the vertical lines, decays quickly in the
Gaussian envelope. Figure 1(b) shows the relationship
between Bfðf ¼ fbÞ and the normalized bunch length
σμfb. From Figs. 1(a) and 1(b), we can see that the
bunching factor of an electron-pulse train is sensitive to
the microbunch length σμ. For a bunching factor larger
than 1%, the rms microbunch length σμ has to be slightly
less than half of the bunch rate period or 0.48=fb, as
Fig. 1(b) shows.

During the process of the emission and amplification of
the radiation in the undulators, the power radiated from an
electron beam at an arbitrary frequency f is proportional to
both the square of the beam current and the square of the
bunching factor [1–5]. In other words, the radiation power
can be enhanced by increasing the beam current or the
bunching factor. In a superradiant FEL [1–3], it has been
proposed to send an electron-pulse train into the undulator
to enhance the growth of the radiation power and reduce the
length of the undulator. However, the bunching factor of an
electron-pulse train is usually deteriorated after electrons
passing through accelerator components between the pho-
toinjector and the undulator and becomes much smaller at
the entrance of the undulator. Hence, it is important to
compensate the bunch deformation and increase the bunch-
ing factor of the electron-pulse train generated from the
photoinjector. In a photoinjector, the initial electron micro-
bunch length is approximately the length of the incident
driver laser pulse. However, during acceleration, the electron
microbunch length and shape can be strongly influenced by
the injection phase, acceleration fields, space charge force,
and transverse distribution of electrons.

III. BEAM DYNAMICS OF ULTRASHORT
BUNCHES IN AN rf INJECTOR

A. Radially dependent rf fields

In a photoinjector driven by an ultrafast laser, the electron
bunches emitted from the cathode are typically accelerated
by a standing wave. In an axially symmetrical, multicell,
standing-wave rf accelerator, the dominant π-mode fields
[20] are given by

Ezðr; z; tÞ ≈ E0J0ðη0rÞ cosðk0zÞ sinðωt þ ϕ0Þ

¼ E0J0ðη0rÞ
2

½sinðϕÞ þ sinðϕ þ 2k0zÞ�; ð4Þ

Erðr; z; tÞ ≈
k0
2η0

E0J1ðη0rÞ½cosðϕÞ − cosðϕþ 2k0zÞ�; ð5Þ

FIG. 1. (a) Bunching factor spectra [BfðfÞ, solid line] and
Gaussian envelopes [GðfÞ, dashed line] of Gaussian electron-
pulse trains with rms microbunch lengths of 0.1=fb (blue curve),
0.2=fb (red curve), and 0.3=fb (black curve). (b) Bunching factor
Bf at f ¼ fb versus normalized rms bunch length σμfb for a
Gaussian electron-pulse train.
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Bθðr; z; tÞ ≈
ω

2c2η0
E0J1ðη0rÞ½cosðϕÞ þ cosðϕþ 2k0zÞ�;

ð6Þ

where k0 ¼ π=Lwith L being the cell length of the rf cavity,
η0

2 ¼ ðω=cÞ2 − k20, ϕ ¼ ωt − k0zþ ϕ0 is the rf phase [21],
and J0 and J1 are the 0th- and 1st-order Bessel functions of
the first kind. When a charged particle is generated at the
cathode at ðz; tÞ ¼ ð0; 0Þ, the phase seen by it ϕ ¼ ϕ0 is the
so-called injection phase of the particle. With an injection
phase ϕ0 ¼ 180°, a negatively charged particle has its
maximum energy gain after acceleration. The radial depend-
ence of the rf field amplitudes is described by the Bessel
functions. An increase of r gives a rise of the transverse
fields Er and Bθ but a reduction of the longitudinal field Ez.
Figure 2(a) illustrates the rf fields seen by two electrons at
positions of r ¼ 0 and r ¼ r0, respectively. The on-axis
electron sees only the longitudinal field Ez during accel-
eration, while the off-axis electron sees both a weaker
longitudinal field Ez and some transverse fields, Er and
Bθ, during acceleration. Since the amplitude of Ez is radially
dependent, the transit time of an electron depends on its
radial position in the rf cavity. Even though an ideally delta-
function-like electron bunch could be emitted at the cathode
with a planar pulse front extended in r and propagate
longitudinally in an rf accelerator, the shape of the elec-
tron-pulse front can be distorted into a curved surface by the

radially dependent fields, as shown in Fig. 2(b). As a result,
the simultaneously emitted electrons at the cathode plane
may not reach the accelerator exit at the same time, and the
longitudinal bunch length of the electrons is broadened.
In the following, we consider this debunching effect in a
BNL/SLAC/UCLA-type 1.6-cell, S-band rf photoinjector
[22]. Table I lists the relevant parameters of the photoinjector
under consideration. The total length of the photoinjector is
12.61 cm, including a 1.79 cm long vacuum length after the
acceleration cells.
For an electron accelerated by the radially dependent

rf fields, the phase seen by the electron at ðz; tÞ is given
by [21]

ϕ ¼ ωt − k0zþ ϕ0 ¼
Z

z

0

ω

vz
dz0 − k0zþ ϕ0; ð7Þ

where vz is the axial velocity of the electron, depending on
r, ϕ, and z. Comparing with an on-axis electron, the phase
of an off-axis electron is retarded more during acceleration,
since the off-axis electron propagates slower in the longi-
tudinal direction. The phase spreadΔϕ between an electron
at arbitrary r and a reference particle at r ¼ 0 is defined
as ΔϕðrÞ ¼ ϕðrÞ − ϕrefðr ¼ 0Þ.
From Eq. (7), the variation of ϕ along z can be written as

dϕ
dz

¼ ω

vz
− k0 ¼ ω

c
γffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ

�
vr
vz

�
2

s
− k0; ð8Þ

where γ and vr are the Lorentz factor and the radial
component of the electron velocity, respectively. From
energy conservation, the variation of γ along z can be
written as

dγ
dz

¼ e
m0c2

�
Ez þ

vr
vz

Er

�
≅

e
m0c2

Ez; ð9Þ

where e and m0c2 are the charge and rest energy of the
electron, respectively. The approximation in Eq. (9) is
valid, because vr ≪ vz and Er ≪ Ez for a small r. From
Eq. (9), it is evident that the energy of an on-axis electron is
higher than that of an off-axis electron, as Ez is reduced for
an off-axis electron. From the Lorentz force equation, the

FIG. 2. (a) An on-axis electron sees only a longitudinal
acceleration field, whereas an off-axis electron sees both longi-
tudinal and transverse field components. (b) Simultaneously
emitted electrons at the cathode plane cannot reach the accel-
erator exit at the same time due to the radial dependence of
acceleration fields.

TABLE I. Parameters of the rf photoinjector.

Parameter Value

rf resonance frequency frf 2.856 (GHz)
Peak accelerating gradient E0 80 (MV/m)
Cell length L 6.76 (cm)
Cathode position z ¼ 0 ðcmÞ
Exit position (including a 1.79-cm long
beam pipe)

z ¼ 12.61 ðcmÞ

Cathode material Copper

SHORT-BUNCH GENERATION FROM AN RF … Phys. Rev. ST Accel. Beams 18, 051301 (2015)

051301-3



variation of the radial velocity vr and the radial position r of
the electron along z are, respectively,

dvr
dz

¼ 1

γm0

�
e
vz

ðEr − vzBθÞ −m0vr
dγ
dz

�
ð10Þ

and

dr
dz

¼ vr
vz

; ð11Þ

with vz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðγ2 − 1Þc2 − γ2v2r

p
=γ. Since Er and Bθ vanish

at r ¼ 0, dvr=dz and dr=dz also vanish during acceleration
for an on-axis electron. However, dvr=dz and dr=dz keep
changing during acceleration for an off-axis electron.
Equations (8)–(11) form a set of coupled equations gov-
erning the dynamics of an electron motion in an accelerator.
The phase spread of an electron bunch depends on how the

electrons change their coordinates during acceleration with
initial distributions in ϕ, γ, vr and r (denoted as ϕ0, γ0, vr0,
and ri, respectively, for what follows).

B. Evolution of an ultrashort electron bunch
in the photoinjector

Since the laser spot size on the cathode of a photoinjector
is not infinitely small, the electrons are emitted from the
cathode with a radial distribution. The relation between r
and z or the trajectory of an electron under acceleration can
be obtained by solving the coupled equations (8)–(11).
Figures 3(a) and 3(b) show the trajectories of electrons
emitted at different initial r positions with injection phases
ϕ0 ¼ 190° and 250°, respectively. The on-axis electrons, as
expected, remain propagating on the axis, whereas off-axis
electrons oscillate along r as they travel along z due to
the transverse fields. Comparing Fig. 3(a) with Fig. 3(b),
one sees that for the radial displacement of the electrons

FIG. 3. Trajectories of electrons injected at ϕ0 ¼ ðaÞ 190° and (b) 250° in an rf injector.Δϕ − r distributions of electrons with injection
phase ϕ0 ¼ ðcÞ 190° and (d) 250° at the accelerator exit. (e) Radial magnification factor M versus initial phase ϕ0 (blue curve), and
Lorentz factor γ versus ϕ0 (red curve). TheM − ϕ0 and γ − ϕ0 relationships indicate an increased radial magnification and a decreased
energy gain for off-crest acceleration, respectively.
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injected at ϕ0 ¼ 250° larger than that of ϕ0 ¼ 190° such
transverse motion of the off-axis electrons causes the
electron to see an acceleration field EzðrÞ that is, in general,
less than the axial acceleration field and fall behind the on-
axis electron. Figures 3(c) and 3(d) show the corresponding
distributions of the electrons in the r and Δϕ planes at
the exit of the photoinjector, indicating the longitudinal
spreading of electrons caused by the initial radial position
ri and the injection phase ϕ0.
In the transverse direction, the oscillation amplitude of the

electrons is also related to their initial radial position ri and
injection phase ϕ0. The ratio M ≡ drf=dri is defined as the
magnification factor of an electron’s radial coordinate at the
accelerator exit, where rf denotes the final radial position
of an electron. The blue curve in Fig. 3(e) summarizes the
relationship between M and ϕ0 for the photoinjector
considered in this article, showing a less collimated output
beam for a larger ϕ0. Also plotted in the same figure is the
γ − ϕ0 curve of the accelerated electrons (red curve),
indicating worsened collimation and reduced energy gain
for an injection phase deviated away from ϕ0 ¼ 180°. As ϕ0

increases from 180° to 270°, an off-axis electron sees an
increased transverse field and moves further off axis.
The result calculated from the aforementioned simplified

model is further compared with simulation using the
particle tracking code PARMELA [14]. In our PARMELA

simulation, the acceleration fields were numerically calcu-
lated by the electromagnetic-field code SUPERFISH [23]
according to the design of the BNL/SLAC/UCLA S-band

photoinjector [17]. The ultrashort electron bunch at the
cathode is modeled as an infinitely thin particle layer with a
zero bunch length in the longitudinal direction and a cutoff
radius σc ¼ 2 mm in the radial direction. In the simulation,
a delta-function-like layer can be modeled by setting the
injection phase of all particles to be the same in the particle
distribution input file. The infinitely thin particle layer
consists of uniformly distributed 50 000 charged particles
in the radial direction (flattop distribution). Such a delta-
function-like layer of electrons in the longitudinal direction
allows us to exploit the impulse response of the accelerator
system for the study of bunch distortion during particle
acceleration. Neglecting the space charge effects, Figs. 4(a)
and 4(b) show the Δϕ − r distributions of the electrons
injected at ϕ0 ¼ 190° before and after acceleration, respec-
tively. Both our simplified model and the PARMELA

simulation result show that the initially upright Δϕ − r
distribution of electrons is bent gradually by the radially
dependent rf fields during particle acceleration. The slight
discrepancy between the two curves in Fig. 4(b) results
from neglecting the high-order mode fields in the simplified
model. In the paraxial region, J1ðη0rÞ ¼ η0r=2 − ðη0rÞ3=
16þ ðη0rÞ5=384 ≈ η0r=2, and the transverse fields Er and
Bθ can be approximated as linear functions of r. Since the
electron transit time through a photoinjector is approxi-
mately a constant for all electrons in a delta-function bunch,
the transverse displacement of the electrons, proportional to
twice the integrations of the transverse force over time, is
therefore linearly proportional to r in the paraxial limit.

FIG. 4. (a)–(c) PARMELA simulation results (red lines) for a delta-function electron bunch before and after acceleration in the
photoinjector, compared with our theoretical model (blue dotted lines). (a) Δϕ − r distributions of an ultrashort electron bunch injected
at ϕ0 ¼ 190° at the cathode and (b) at the accelerator exit. (c) Linear relationship between ri and rf of the electrons. (d) Radial
distributions of electrons at the cathode and (e) at the accelerator exit. (f) Longitudinal distribution of electrons at the accelerator exit.
The radial and longitudinal distributions of an electron bunch can be regarded as the projections of the bunch onto the radial and
longitudinal directions, respectively. The blue lines in (d)–(f) are calculated from the distribution functions (13)–(15), compared with
the histograms of PARMELA simulation results.
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As a result, the relation between ri and rf of the electrons is
approximately linear with a constant slopeM≡ drf=dri in
Fig. 4(c). The constant slopeM indicates that the transverse
electron-beam size is broadened uniformly by M times
after acceleration.
Mathematically, the longitudinal and radial distribution

functions of such an electron bunch at the cathode can be
written as

nðϕÞ ¼ N0δðϕ − ϕ0Þ ð12Þ
and

nðrÞ ¼
Z

2π

0

N0

πσ2c

Y
ðr − σcÞrdθ ¼ 2N0r

σ2c

Y
ðr − σcÞ;

ð13Þ
respectively, where N0 is the total number of electrons and
ΠðxÞ is a step function. ΠðxÞ ¼ 1 for x ≤ 0; otherwise,
ΠðxÞ ¼ 0. Figure 4(d) shows the radial distribution of
electrons at the cathode, wherein the blue line calculated
from Eq. (13) is overlapped with the particle’s histogram
obtained from the PARMELA simulations. Since σc and nðrÞ
of the electron bunch are expected to be uniformly
broadened in the r direction by M times in the paraxial
region after acceleration, the radial distribution function of
the electrons at the accelerator exit becomes

nðrÞ ¼ 2N0r
M2σ2c

Y
ðr −MσcÞ; ð14Þ

which, given M from Fig. 4(c), is shown in Fig. 4(e) as a
blue line outlining the particle’s histogram at the accelerator
exit. Moreover, the longitudinal distribution function of
the accelerated electrons can be derived from nðrÞ with a
known Δϕ − r relationship, r ¼ RðΔϕÞ:

nðΔϕÞ ¼ 2N0RðΔϕÞ
M2σ2c

Y
½RðΔϕÞ −Mσc�: ð15Þ

Given the Δϕ − r relationship in Fig. 4(b) and nðrÞ in
Fig. 4(e), the longitudinal profile of an ultrashort electron
bunch changes from an initial delta function to a quarter-
cycle sinelike function after acceleration, as shown by the
blue line in Fig. 4(f); in other words, the longitudinal bunch
length of the accelerated electrons is no longer infinitely
small but broadened. The histogram in Fig. 4(f) is the result
from the PARMELA simulation.

C. Evolution of an ultrashort electron-pulse train
in the photoinjector

The previous example indicates that the longitudinal
length of an ultrashort electron bunch is no longer infinitely
small after the bunch is accelerated by the radially
dependent fields in an rf accelerator. This result can be
extrapolated to the acceleration of a train of ultrashort

electron bunches. Figures 5(a)–5(c) show PARMELA simu-
lations of an ultrashort electron-pulse train accelerated in
the photoinjector, taking into account the space charge
effects. In the simulation, the initial full length of the
electron-pulse train is 1 ps, and the rf injection phase of the
reference particle is chosen to be ϕ0 ¼ 190° At the cathode
the electrons are emitted at a pulse rate of 200 THz, and
every electron microbunch has a flattop distribution in the
transverse direction with an rms radius σr ¼ 0.5 mm, as
shown in Fig. 5(a). The microbunches, as shown in
Fig. 5(a), are generated by illuminating the cathode with
a pulse-train laser. If the electron emission at the photo-
cathode follows the driver laser pulse, the generation of a
200-THz electron-pulse train at the cathode would require a
200-THz pulse-train laser. Such a laser can be obtained
from the beat note of harmonic laser fields. For example, it
has been proposed that, to have a 282-THz laser-pulse train,
one could in principle mix a gun driver laser at 266 nm, the
4th harmonic of a Nd laser, with the first three harmonics
of the laser [5]. In addition, overlapping a 200-THz laser

FIG. 5. (a) Δϕ − r distribution of an electron-pulse train with
an initial bunching frequency of 200 THz at the cathode. Δϕ − r
distributions of the electron-pulse trains with total charges of
(b) 0 (no space charge), (c) 20, and (d) 40 pC at the exit of the
accelerator. (e) Bunching factor spectra of the output electron-
pulse trains with total charges of 0, 20, and 40 pC. The space
charge field, in addition to the radially dependent acceleration
fields, tends to smear out electron microbunches. Off-crest
acceleration also introduces slight velocity bunching and shifts
the bunching spectrum to higher frequencies.
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(wavelength ¼ 1.5 μm) with an ultraviolet laser at 260 nm
could gate the photoemission of electrons from a copper
cathode at 200 THz through the Schottky effect [24]. The
polarization of the 200-THz laser is in the incident plane, so
that the surface laser field enables the Schottky effect. The
response time of the photoemission from a metal surface
has been proved to be in the subfemtosecond region,
derived from some recently developed attosecond resolved
measurement techniques [25–28]. Figures 5(b)–5(d) show
the distributions of the output electron-pulse trains with
different total charges of 0, 20, and 40 pC, respectively.
The zero charge case is equivalent to a simulation without
the space charge effects. Figure 5(e) plots the bunching
factor spectra of the output electron beams at the accel-
erator exit. It is seen from Fig. 5(b) that, with the radially
dependent acceleration fields and without the space charge
fields, the electron-pulse train is longitudinally compressed
by about 3 times through velocity bunching with an
injection phase around ϕ0 ¼ 190°, manifested by the
increase of the bunching frequency shown in Fig. 5(e),
where the peak bunching occurs at 670 THz. With both the
space charge and the radially dependent acceleration fields,
Figs. 5(c) and 5(d) show nonlinearly distorted electron
microbunches at the accelerator exit. The repulsive space
charge forces push electrons outward in both the longi-
tudinal and transverse directions, make velocity bunching
more difficult, and shift the output bunching factor spectra
to lower frequencies.

IV. ELECTRON ACCELERATION WITH
INJECTION PHASE COMPENSATION

The previous studies indicate that, in the low-charge
limit, the radial dependence of the rf field is the primary
cause to the longitudinal debunching of ultrashort electrons
during the acceleration process. To reduce the phase spread
of an electron bunch at the exit of the accelerator, we can
in principle tune the initial Δϕ − r distribution of electrons
at the cathode to compensate the longitudinal electron
debunching. Specifically, the curved Δϕ − r distribution of
the electrons at the accelerator exit can be corrected by
injecting an electron bunch with a properly countercurved
Δϕ − r distribution of electrons at the cathode.
To generate such phase-corrected electron bunches at the

cathode, we propose a laser-pulse-front-shaping system for
the driver laser, consisting of adaptive optical components
such as lenses and deformable mirrors, to transform a
planar laser-pulse front into a curved one [29–31]. This
concept is illustrated in Fig. 6, where a laser-pulse-front-
shaping system introduces a radially dependent optical
group delay to an incident laser pulse to counterbalance the
delayed transit time of the off-axis electrons in a short
electron bunch. For example, if one adopts a piezoelectric-
driven deformable mirror [31] for pulse-front shaping, a
nanometer displacement on the mirror surface would give
attosecond temporal resolution to the pulse-front shaping.

Alternatively, one can propagate a laser pulse into a
material and introduce a group delay to the pulse front.
The group delay of a light wave in a glass material with a
refractive index of 1.5 is about 1.67 fs per micrometer,
which corresponds to an rf phase angle of 3 × 10−5 ° for an
rf frequency of 2.856 GHz. The pulse-front-shaped laser,
upon incident on a fast-response photocathode, is to induce
photoemission of pulsed electrons with a replicated pulse
front. We discuss in the following single- and multibunch
acceleration of electrons with such an injection phase
compensation (IPC) technique by using single and multiple
curved-front laser pulses, respectively, to illuminate the
cathode of a photoinjector.

A. Single-bunch acceleration

The amount of the phase distortion to an accelerated
electron bunch depends on different conditions, such as the
acceleration fields, the injection phase, the electron charge,
the electron distribution, and so on. To cope with different
acceleration conditions, we develop an iteration routine,
as shown in Fig. 7, to numerically determine an optimal
Δϕ − r distribution of an electron bunch, so that the phase
distortion to an accelerated electron bunch at the accelerator
output is minimized.
The iteration routine is described as follows. Assume a

delta-function electron bunch in the time domain contain-
ing initial N electrons with their phase values described by

Δϕ̂ð0Þ
i ¼ ðΔϕð0Þ

i1 ;Δϕ
ð0Þ
i2 ;…;Δϕð0Þ

iN Þ ¼ f0⇀g at the cathode,
and, after acceleration, a phase-distorted electron bunch

described by Δϕ̂ð0Þ
f ¼ðΔϕð0Þ

f1 ;Δϕ
ð0Þ
f2 ;…;Δϕð0Þ

fNÞ ≠ f0⇀g at

FIG. 6. (a) Illustration of the concept of a laser-pulse-front-
shaping system, where adaptive optical components, such as
deformable mirrors, can be used to tune the pulse front of an input
laser pulse. (b) Illustration of the evolution of a curved-front
electron bunch traveling through an rf accelerator.
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the accelerator exit, where the superscript (0) denotes the
0th iteration, and the subscripts i and f denote the variables
associated with the phase spreads before and after accel-
eration, respectively. In the PARMELA simulation, it is
straightforward to track particles at different r positions
and extract their output phases after the acceleration.
Comparison between the output and ideal phases offers
a hint to compensate the injection phases of electrons for
the next iterative calculation. In order to compensate the
final phase spread, the initial phase values of electrons are

iteratively corrected by n times to Δϕ̂ðnÞ
i ¼ Δϕ̂ðn−1Þ

i −
Δϕ̂ðn−1Þ

f ¼ Δϕ̂ð0Þ
i −P

n−1
j¼0 wjΔϕ̂

ðjÞ
f until the final phase

spread of the accelerated electrons is fully compensated,

i.e., Δϕ̂ðnÞ
f ¼ f0⇀g, where 0 < wj ≤ 1 is a weighting factor

chosen between iteration steps to avoid overcompensating
the phase spread. For a highly charged electron bunch, the

space charge effects often induce a large phase spread
during acceleration. Hence, it is better to decrease the
weighting factor and correct the initial distribution carefully
to avoid getting a divergent result. At the beginning, the
iteration routine usually starts with weighting factors
wj ¼ 1 for 0 ≤ j ≤ n − 1. If the phase spread of the
electron bunch becomes larger after each iterative loop, it
means that the phase spread has been overcompensated, and
a smaller weighting factor is used in the next iterative loop.
Figure 8 is a result of our simulation study to obtain a

delta-function electron bunch at the accelerator exit for an
initial flattop distribution of electrons on the cathode plane
(σr ¼ 0.5 mm at the cathode). Figures 8(a)–8(c) show the
required initial distributions of electrons at the cathode for
total bunch charges of 0, 20, and 40 pC, respectively, to
achieve the corresponding delta-function distributions of
electrons in Figs. 8(d)–8(f) at the exit of the accelerator.
For comparison, we also plot in Fig. 9 the same simulation
study, except that the initial distribution of the cathode
electrons is Gaussian with σr ¼ 0.5 mm in the radial
direction. Without space charge effects, the optimal initial
electron distributions in Figs. 8(a) and 9(a) appear the same,
regardless of different transverse distributions of the
cathode electrons. This is understood by noting that the
required amount of IPC at the cathode depends only on
the radial position of the electron. With space charge
effects, the required injection phase compensations shown
in Figs. 8(b), 8(c), 9(b), and 9(c) become more sophisti-
cated. In particular, those off-axis electrons with large r in a
Gaussian bunch experience both relatively large nonlinear
acceleration and space charge fields, resulting in highly
nonlinear dependence of the compensating phase on r.

FIG. 7. An iteration loop to obtain the optimal injection phase
for electrons at the cathode. The initial phase spread of electrons
is iteratively modified by n times to achieve an ideal final phase

spread Δϕ̂ðnÞ
f ¼ f0g.

FIG. 8. Δϕ − r distributions of electron bunches with flattop transverse profiles at the cathode for total charges of 0, 20, and 40 pC
(a)–(c) before and (d)–(f) after acceleration, respectively. The injection phase of the reference particle for this simulation study is
ϕ0 ¼ 190°. With IPC, the distribution of the electron bunch at the exit of the accelerator is fully restored to a delta function.
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Despite IPC, the phase spread of electrons cannot be fully
compensated in Figs. 8(f) and 9(f), and furthermore a
transverse beam breakup is observed in Fig. 9(f). Since the
broken beam still has a delta-function-like profile in the
longitudinal direction, it is unlikely to affect the overall
spontaneous radiation power. However, the hole in the
beam is to influence the spatial coherence of the electron
radiation and also implies inefficient interactions between
electrons and radiation during stimulated radiation. For a
single electron bunch with σr ¼ 0.5 mm, the simulation
results indicate that the highest charge that IPC can fully
compensate is smaller than 40 pC.
In the phase compensation algorithm, an infinitely thin

layer represents the pulse front of the electrons. For electron
bunches with the same bunch profile but different bunch
lengths, the curvature of their Δϕ − r distributions calcu-
lated by IPC would be the same. Therefore, a properly
shaped pulse front can correct not only an infinitely thin
bunch, but also longitudinally thicker ones with the same
bunch profile. For example, the shaped pulse fronts for
correcting two equally charged electron bunches with
bunch lengths of 1 and 10 fs are the same. Because a
thinner bunch is more like the infinitely thin particle layer,
IPC compensates a thinner bunch better than a thicker one.
On the other hand, when the driver laser-pulse duration is
much larger than the longitudinal bunch broadening result-
ing from the radially dependent fields during acceleration,
the improvement of IPC becomes negligible. The phase
spread of single electron bunches at the accelerator exit
is usually smaller than 1°, as shown in Figs. 3(c), 3(d),
and 4(b), corresponds to a temporal length about 1 ps.
As a result, IPC is worth being used for compensating

electron bunches with initial bunch length not much
longer than 1 ps.

B. Partially phase compensated multibunch
acceleration

In practice, it is easier to illuminate the photocathode
with a fast laser-pulse train containing identical pulses to
generate identical electron microbunches at the cathode.
However, identical electron bunches emitted at different
times at the cathode are accelerated at different rf phases,
having different phase distortions at the accelerator exit.
We present in this section a technique of partial phase
compensation (PPC) for multibunch acceleration, in which
only the initial phase spread of the central microbunch is
modified iteratively through the routine depicted in Fig. 7
to achieve a delta-function-like electron bunch at the
accelerator exit. All the rest of the electron bunches are
generated at the cathode by the driver laser pulses opti-
mized for the central bunch. Figures 10(a)–10(c) show the
initial particle distributions of such partially phase com-
pensated electron-pulse trains containing total charges of 0,
20, and 40 pC, respectively. In the longitudinal direction,
the electron microbunches repeat at 200 THz in a 1-ps
square envelope. In the transverse direction, the electron
beam has a flattop distribution with an rms bunch radius of
0.5 mm at the cathode. Shown in Figs. 10(d)–10(f) are the
particle distributions at the exit of the accelerator for the
input conditions in Figs. 10(a)–10(c), respectively. It is seen
that each output beam successfully generates a delta-
function bunch at the pulse center from the iteration routine
but contains some distorted bunches accelerated at different
rf phases. The driver laser pulse, which fully compensates

FIG. 9. Studies similar to Fig. 8, except that the initial transverse electron distribution at the cathode is Gaussian with an rms radius of
0.5 mm. With the space charge effects, the amount of required IPC is larger and more nonlinear, compared with that for a transversely
flattop beam in Fig. 8.
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the phase spread of the central microbunch, can only
partially compensate that of off-center microbunches at
the accelerator exit. Figure 10(g) summarizes the bunching
spectra calculated from the partially compensated electron-
pulse trains in Figs. 10(d)–10(f), indicating deteriorated
bunches from acceleration and space charge fields, despite
optimization of the injection phase of the electron bunch at
the center of the macropulse.
Comparison between Figs. 5(e) and 10(g) reveals that

the PPC has effectively improved the bunching quality of
the electron-pulse train after acceleration. Taking the 0-pC
electron beam as an example, without any phase compen-
sation, the bunching factor at the accelerator exit is smaller
than 2% at fb ∼ 670 THz in Fig. 5(e), whereas, with
the PPC, the bunching factor increases to about 30% at
the same bunching frequency as shown in Fig. 10(g).
According to the relationship between the bunching factor
and the radiation power [1–3], the radiation power of the
electron-pulse train in an undulator could be enhanced by

about 225 times by the PPC technique. As the total charge
and pulse rate increase, compensating the phase spread to
obtain a highly bunched beam becomes more difficult.
Nevertheless, with PPC, the peak bunching factor for
beams with total charges of 20 and 40 pC is still enhanced
by a few percent.

C. Fully phase compensated multibunch acceleration

The PPC technique only corrects the emission phase of
the central electron bunch in a bunch train to generate a
delta-function bunch at the exit of the accelerator. When the
space charge effects take place in a high density beam, the
same laser pulse optimized for the emission of the central
bunch cannot always compensate the worsened phase
spread of some marginal bunches. Assuming the pulse
front of individual laser pulses can be tailor designed and
implemented, we study in this section a full phase com-
pensation (FPC) technique to generate a train of delta-
function electron bunches at the exit of the photoinjector.

FIG. 10. (a)–(c) Initial Δϕ − r distributions of particles for the partially phase compensated electron-pulse trains containing total
charges of 0, 20, and 40 pC at the cathode, respectively. (d)–(f) Δϕ − r distributions of the accelerated electron-pulse trains at the exit of
the accelerator with inputs in (a)–(c), respectively. (a)–(c) are generated through photoemission of electrons from a train of identical
driver laser pulses incident on the cathode with the pulse front of the central laser pulse optimized to generate a delta-function bunch at
the pulse-train center after acceleration. (g) Bunching spectra of the partially phase compensated electron-pulse trains at the exit of the
accelerator, indicating deterioration of electron bunches from the acceleration and space charge fields.
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In our PARMELA simulation, we optimized the initial
phase spread of each microbunch with the aforemen-
tioned iterative routine until the phase spreads of all
the microbunches are fully compensated after accelera-
tion. Figures 11(a)–11(c) show the optimized particle
distributions of 200-THz electron-pulse trains at the
cathode for 20, 40, and 100 pC charges, respectively.
Figures 11(d)–11(f) show the particle distributions at the
exit of the accelerator corresponding to the input con-
ditions in Figs. 11(a)–11(c), respectively. Comparing the
FPC result in Figs. 11(d) and 11(e) with the PPC result
in Figs. 10(d) and 10(e) of the same charges, we find
that all the individually phase-corrected electron micro-
bunches in Figs. 11(d) and 11(e) retain a delta-function
bunch shape after acceleration. We further increase the
total charge of the electron-pulse train to 100 pC in the
simulation, and the result in Fig. 11(f) indicates that
the phase spread of each electron microbunch is still
fully compensated for this high density beam. This FPC
technique is apparently more effective than the PPC
technique in compensating all the phase spreads in an

electron-pulse train under nonlinear acceleration and
space charge fields. Quantitatively, Fig. 11(g) shows
nearly 100% bunching at the exit of the accelerator for
all three cases with FPC. Such a perfectly bunched
electron-pulse train does not have to undergo the self-
amplified spontaneous emission (SASE) process in the
undulator to further increase its bunching factor and
radiation power, whereas it radiates coherent and high-
power electromagnetic waves while entering the undu-
lator. Similar to the previous results in Fig. 10, as the total
beam charge increases, the bunch radius increases during
acceleration and the output bunching spectrum is shifted
toward a lower frequency. This simulation study shows
that the FPC technique is flexible and effective to correct
the phase spreads of ultrashort electron bunches during rf
acceleration. This technique relies on the generation of
ultrashort laser pulses with individually tailor-designed
pulse fronts from the driver laser of a photoinjector.
Whether this laser technique could be available now or
in the future is beyond the scope of the discussion in
this paper.

FIG. 11. (a)–(c) Initial Δϕ − r distributions of particles for the fully phase compensated electron-pulse trains containing total
charges of 20, 40, and 100 pC at the cathode, respectively. (d)–(f) Δϕ − r distributions of the accelerated electron-pulse trains at the exit
of the accelerator with inputs in (a)–(c), respectively. (a)–(c) are generated through photoemissions of electrons from a train of
individually pulse-front-optimized driver laser pulses incident on the photocathode. The pulse rate at the cathode in this simulation is
200 THz. (g) Bunching spectra of the output electron-pulse trains with FPC, indicating nearly perfect bunching regardless of the bunch
charges.

SHORT-BUNCH GENERATION FROM AN RF … Phys. Rev. ST Accel. Beams 18, 051301 (2015)

051301-11



V. CONCLUSIONS

We have studied the longitudinal phase spread of
delta-function electron bunches during acceleration in a
photoinjector and successfully corrected the spread by
using laser pulses with tailor-designed pulse fronts at the
photocathode.
For a low energy electron bunch, the distribution of

electrons is susceptible to both the acceleration field and
the space charge field. In the low-charge limit, both our
theoretical model and PARMELA simulation indicate that the
electrons are debunched in both the longitudinal and trans-
verse directions by the spatially nonuniform acceleration
fields. As the bunch charge increases, our computer simu-
lation shows that the space charge field further worsens the
bunching quality of the electrons during acceleration. For
example, a 40-pC initially perfectly bunched electron-pulse
train at 200 THz at the photocathode is deteriorated to have
a peak bunching factor of 2% at 280 THz after acceleration
in the S-band photoinjector.
To preserve an ultrashort electron bunch, we propose the

IPC technique applied to the electrons at the emission by
illuminating the photocathode with a pulse-front optimized
laser pulse. The laser-pulse front is initially designed
through a simulation-iteration routine and implemented
through an adaptive optical system. For a single electron
bunch with a total charge up to 40 pC, our simulation study
shows that the phase spread of the electrons is well
compensated after acceleration with the IPC technique.
For an electron-pulse train, different microbunches

accelerated at different rf phases experience slightly differ-
ent amounts of phase distortion. Applying the IPC tech-
nique to the central microbunch of an electron-pulse train,
we can retain significant value of the bunching factor after
acceleration, although in this technique the phase spread of
the marginal electron bunches is just partially compensated.
In our simulation study, such a PPC technique increases the
2% peak bunching factor for the case without PPC to about
6% for a 40-pC, 200-THz beam. According to the square
proportional relationship between the bunching factor and
the radiation power, the power of undulation radiation is
expected to be increased by about 9 times with PPC.
To provide IPC to all the electron microbunches in a

pulse train, we further assume a laser technology capable of
providing a laser-pulse train with each laser-pulse front
individually optimized to induce a phase-corrected electron
bunch at the photocathode. With such a FPC technique, we
confirmed from our simulation study that the phase spread
of every electron microbunch in a 200-THz pulse train can
be nicely compensated at the accelerator exit. The simu-
lation result shows nearly a 100% bunched electron-pulse
train with a total charge up to 100 pC at the exit of a
photoinjector. In a SASE FEL, the bunching factor of the
electron beam usually achieves a high value after a long-
distance propagation in the undulator. Sending an ∼100%
bunched electron-pulse train into the undulator is able to

get highly coherent radiations directly. Thus, the required
length of the undulator could be substantially reduced.
In our simulation-iteration routine, we set a goal to

generate delta-function electron bunches at the exit of
the photoinjector. In practice, the output point can be at
any location of interest, such as the entrance or exit of a
downstream high energy linac. Once the electron bunch
reaches high energy, phase spread from the space charge
effects is less of a concern. Moreover, it is convenient to
generate ultrashort electron bunches with IPC at the
location of the sample in the applications of UED or UEM.
A laser-shaping technology to meet the requirements

for the proposed short-bunch photoinjector is also a topic
that deserves further investigation. With adaptive optics, the
technology is ready for generating a single pulse-front-
shaped ultrashort laser pulse. To produce an ultrashort
electron bunch at the cathode, a photocathode with ultra-
short response time is needed. Some experiments have
successfully demonstrated that the response time of photo-
emission from metal surfaces is in the subfemtosecond
region. The simulation results for single- and multibunch
cases show that the IPC scheme is suitable for correcting
electron bunches with a bunching frequency ranging from
0 to 200 THz. To generate a 200-THz laser-pulse train with
pulse-front correction to one or many pulses, it is probably
feasible to copropagate a UV laser beam at 260 nm and a
properly phase-modulated laser beam at 1.5 μm to a copper
cathode of a photoinjector. However, the details of the laser
technology still need to be investigated.
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