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Obtaining muon beams with high density in 6D phase space is essential for realization of muon colliders,
neutrino factories based on accelerated muons beams and other experiments involving muons. While
several schemes to compress the beam phase space by means of muon cooling have been proposed, very
little is known about the impact of particle-particle interactions in the whole design. In this paper, we
examine the influence of space-charge fields on the cooling process of muon beams. We show that the
cooling efficiency decreases with the degree of intensity, leading to emittance growth and particle loss for
beams with large intensities. We further show that the emittance growth is only longitudinal and present a
space-charge compensation solution by means of increasing the rf gradient. With the aid of numerical
simulations, we obtain a quantitative relationship between the required compensation gradient and bunch
charge and compare our results to earlier theoretical findings.
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I. INTRODUCTION

Muons are “heavy electrons” that have negligible syn-
chrotron radiation and beamsstrahlung emission, and can
be accelerated and stored in multiturn recirculating devices
or rings [1,2]. Recently, interest has increased in the
possibility of using muons in high-energy physics as the
colliding particles in μþ − μ− colliders [3]. The liabilities
of muons are that they decay fast and that they are created
through decay into a diffuse phase space. As a result, the
volume of the six-dimensional (6D) phase space of a muon
beam must be rapidly reduced several orders of magnitude
in order to be able to further accelerate it.
Ionization cooling [4–6] is currently the only feasible

option within the very short muon lifetime (τ0 ¼ 2.19 μs)
and a complete scheme for cooling a muon beam suffi-
ciently for use in a muon collider has been previously
described [7]. This scheme uses separate 6D ionization
cooling channels for the two signs of the particle charge. In
each, a channel first reduces the emittance of a train of
muon bunches until they can be injected into a bunch-
merging system [8]. The single muon bunches, one of each
sign, are then sent through a second 6D cooling channel
where the transverse emittance is reduced as much as
possible and the longitudinal emittance is cooled to a value
below that needed for the collider. If necessary, the beam
can then be recombined and sent through a final cooling

channel [9] using high-field solenoids that cools the
transverse emittance to the required values for the
collider while allowing the longitudinal emittance to grow.
Figure 1(a) shows the longitudinal versus the transverse
emittances as they evolve from their initial high values to
the final desired values for a muon collider [10].
Ionization cooling is achieved by reducing the beam

momentum through ionization energy loss in absorbers and
replenishing the momentum loss only in the longitudinal
direction through rf cavities. This mechanism can effec-
tively reduce the transverse phase space of a beam in the
same way as radiation damping does to an electron beam.
However it does not effectively cool the longitudinal
momentum spread because the energy-loss rate is not
sensitive to beam momentum except for very low-energy
muons. In order to reduce the longitudinal emittance, the
so-called “emittance exchange” [11] technique has been
proposed to be used and is commonly introduced in the
design work. With this technique, a dispersive beam is
passed through a discrete [12,13] or continuous absorber
[14] in such a way that the high-energy particles traverse
more material than the low-energy particles. The net result
is a reduction of the longitudinal emittance at the cost of
simultaneously increasing the transverse emittance. By
controlling the amount of emittance exchange the six-
dimensional emittance can be reduced.
While there has been significant progress in the design

and simulation of ionization cooling channels in the past
decade, very little is known about the impact of particle-
particle interactions in the whole design. Numerical sim-
ulations [15] predict that at the end of the post-merge 6D
cooling channel, the muon bunch has 5 × 1012 muons, an
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average momentum of 200 MeV=c and rms length of 2 cm.
With this beam current, and relativity low momentum, it is
likely that the cooling performance of the channel will be
limited by space charge, and it is uncertain whether we can
achieve the micron-scale emittances required for a muon
collider. In particular, a theoretical study by Palmer et al.
[16] has indicated that space-charge forces are especially
dominant for short bunches resulting from longitudinal
cooling to normalized emittances ≤2 mm. Quantitatively,
the ratio between the Laslett tune shift [17] and betatron
tune, ΔνSC=ν was estimated [18] to be near 0.11 at the end
of the channel, which is comparable to the ∼0.15 for the
space-charge dominated Proton Synchrotron Booster [19]
of the Large Hadron Collider. The three interesting ques-
tions then are: what is the minimum emittance that can be
achieved, how it scales with the bunch charge and whether
a space-charge compensation solution, by means of
increasing the rf gradient, is applicable.
In this paper, we numerically examine the influence of

space-charge fields on the cooling process of muon beams
with Warp [20], a well-established code for space-charge
simulation that is properly modified so that it fully
incorporates all basic particle-matter interaction physical
processes such as energy loss, scattering, straggling and
muon decay. We show that the cooling efficiency decreases
with the degree of intensity, leading to emittance growth
and particle loss for beams with large intensities. We further
show that the deterioration of the performance is primarily
caused by the longitudinal space-charge force and that
the rf gradient can play a key role for space-charge
compensation in ionization cooling channels. With the

aid of numerical simulations we establish a quantitative
relationship between the required compensation gradient
and bunch charge. We find that for a muon collider, in
order to obtain a longitudinal emittance that is <1.0 mm,
the rf gradient of a 805 MHz cavity needs to surpass the
challenging limit of 32.5 MV=m.
The reminder of the paper is structured as follows: In

Sec. II, we give an overview of the ionization cooling
concept. In Sec. III, we provide design details of the
ionization cooling channel. In Sec. IV we numerically
evaluate the influence of space-charge fields on the cooling
process of the aforementioned channel for a wide range of
beam intensities. We also discuss a potential space-charge
compensation solution. Finally, we present our conclusions
in Sec. V. We note that this paper focuses on the 6D cooling
channel after the merge only.

II. IONIZATION COOLING THEORY

The initial muon 6D emittance is ∼106 times the
specified final goal, so emittance reduction (cooling) is
necessary. In ionization cooling, particles pass through a
material medium and lose energy through ionization
interactions, and this is followed by beam reacceleration
in rf cavities. The losses are parallel to the particle motion,
and therefore include transverse and longitudinal momen-
tum losses; the reacceleration restores only longitudinal
momentum. The net loss of transverse momentum reduces
particle emittances and thus cools the beam. However, the
random process of multiple scattering in the material
medium increases the rms beam divergence, adding a
heating term which must be controlled in a complete
cooling system. When the competing process of energy
loss and multiple scattering become equal, the beam
reaches an equilibrium emittance given by [21]

εN;eq ¼
βTE2

s

2βmμc2LRj dEμ

ds j
; ð1Þ

where εN;eq is the normalized transverse emittance, Eμ is
the muon energy, mμ is the muon mass, βT is the transverse
betatron function within a discrete absorber, β is the particle
velocity, c is the speed of light, dEμ=ds is the energy loss
per unit length, LR is the radiation length of the material
and Es is the characteristic scattering energy (∼13.6 MeV).
One wants to use absorbers where the product of radiation
length and the energy loss rate is large. Liquid hydrogen
(LH) and lithium hydride (LiH) are the best choices. The
only other parameter that is under our control is βT , which
we want to keep as small as possible over the length of the
absorber. While ionization cooling can be accomplished
at any energy, if done at higher momenta, excessive
acceleration is needed. On the other hand, at momenta
below 200 MeV=c, the rising energy loss gives excessive

FIG. 1. (a) Simulated evolution of emittances from start of
phase rotation to start of final cooling, and projected evolution
through the final cooling (dashed). Note that this study focuses on
the post-merge 6D cooling channel only. For a muon collider, the
desired transverse and longitudinal normalized emittances at the
end of this channel are ≤0.30 and ≤1.0 mm, respectively.
(b) Conceptual design of our 6D ionization cooling channel.
Note that the large yellow cylinders are solenoids, the small red
cylinders are the active volume of the rf cavities, and the magenta
wedges are absorbers.
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longitudinal emittance growth. Therefore, a momentum
near 200 MeV=c is optimal.
Simple energy loss cools transversely, but not longitu-

dinally (energy-time space). For longitudinal cooling we
must use geometries yielding greater energy loss at higher
momenta than lower. This can be done by placing a
wedge absorber in a region with dispersion so that higher
momentum particles see more energy loss than the lower
ones. The same can be achieved in a channel with a
continuous absorbing material by having longer path
lengths for higher momentum particles, thus lowering their
energy more. The present study considers lattices with
wedge absorbers only.
The cooling performance of a channel is conveniently

evaluated using the cooling efficiency factor, Q6D [22],
which is defined as the rate of change of 6D emittance
divided by the rate of change of the number of particles in
the beam. In a given latticeQ6D starts of small due to losses
from initial matching, then rises to a large value (Q6D ¼ 10
is typical for the channels discussed here) and finally falls
as the emittance of the beam approaches its equilibrium
value. We found [23] that good cooling efficiency requires
that the channel is tapered. In that case when Q6D starts to
fall off, the lattice is modified to reduce the beta function.
This ensures that the beam emittance is always large
compared with the equilibrium emittance.

III. COOLING LATTICE DESIGN

Figure 1(b) shows a sketch of a potential 6D ionization
cooling channel for a muon collider. The channel consists
of a series of identical cells with two or four solenoids in
each cell with opposite polarity to provide transverse

focusing. The coils (yellow) have alternating tilts to
generate dipole fields that give the needed dispersions at
the wedge absorbers. The coils are not evenly spaced; those
on either side of the wedge absorber (magenta) are closer
together in order to increase the focusing at the absorber
and thus minimizing the beta function at that location. The
relative amount of cooling can be adjusted by changing
the opening angle and transverse location of the wedge. A
series of rf cavities (dark red) are used to restore the
momentum along the longitudinal axis.
As noted earlier, good cooling efficiency requires the

channel to be tapered. As a result, parameters such as the
cell length, focusing strength and rf frequency change from
stage to stage based on the emittance reduction rate and
transmission with the purpose to maintain a beam emittance
that is always larger from the equilibrium emittance. We
consider a 17-stage channel, where each stage consists of a
sequence of identical cells and some of the main lattice
parameters are summarized in Table I [24]. At the first stage
of the channel, the focusing will be relatively weak to avoid
excessive angular divergence that can arise from the large
transverse emittance of the initial beam. This stage is then
terminated and we couple into the next stage that has a
lower beta. This is achieved by simultaneously scaling
down the cell dimensions and raising the strength of the
on-axis solenoidal field.
Figure 2(a) shows the side view of one cell of the first

stage of the channel (stage 1). This stage consists of a
sequence of eight identical 275 cm cells, each containing
four 47.0 cm-long 201 MHz pillbox cavities, and one
wedge-shaped LH absorber to assure energy loss.
Moreover, each cell contains two solenoid coils of opposite
polarity, yielding an approximate sinusoidal variation of the

TABLE I. Main lattice parameters of the post-merge 6D cooling lattice of a muon collider. The rf gradient is the peak gradient within
the cavity.

Stage
No.

Cell length
[cm]

No.
cells

rf frequency
[MHz]

rf gradient
[MV=m] rf No. rf length [cm] B0 (T) βT;0 (cm)

Absorber
material

Absorber
length [cm] δ

1 275.00 8 201.0 15.5 4 47.00 2.8 39 LH 42.60 1.0300
2 235.70 8 235.0 15.5 4 40.00 3.1 35 LH 36.52 1.0260
3 202.10 9 274.0 15.5 4 34.50 3.6 29 LH 31.31 1.0220
4 173.20 11 319.0 15.5 4 29.60 4.2 25 LH 26.84 1.0190
5 148.50 12 372.0 15.5 4 25.40 4.9 21 LH 23.00 1.0160
6 127.30 15 402.0 15.5 4 21.75 5.7 18 LH 19.72 1.0130
7 109.10 17 507.0 15.5 4 18.65 6.7 16 LH 16.90 1.0103
8 93.55 20 591.0 15.5 4 16.00 7.8 13 LH 14.49 1.0088
9 80.20 24 690.0 15.5 4 13.70 9.1 11 LH 12.42 1.0075
10 68.75 40 805.0 15.5 4 11.75 10.6 10 LH 10.65 1.0065
11 68.75 40 805.0 15.5 4 11.75 10.9 8.2 LH 10.65 1.0065
12 68.75 40 805.0 15.5 4 11.75 11.8 6.9 LH 10.65 1.0065
13 68.75 40 805.0 15.5 4 11.75 12.3 5.9 LH 10.65 1.0065
14 68.75 40 805.0 15.5 4 11.75 13.1 4.9 LH 10.65 1.0065
15 68.75 40 805.0 15.5 4 11.75 13.9 4.1 LiH 1.92 1.0060
16 68.75 51 805.0 15.5 4 11.75 14.9 3.4 LiH 1.92 1.0060
17 68.75 67 805.0 15.5 4 11.75 15.8 2.8 LiH 1.92 1.0040
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axial magnetic field in the channel which is depicted in
Fig. 2(b). The tilt of the solenoids along the yz plane is
adjusted to provide a peak transverse field of 0.07 Ton-axis
in order to provide adequate emittance exchange. One can
see from Fig. 2(c) that the minimum value of the transverse
betatron function βT;0, is 39.0 cm, at 200 MeV=c, and
occurs at the absorber center. In principle, placing the
absorber on that location would enhance the cooling rate
compared to any other location in the cell, simply because
the equilibrium emittance is proportional to the beta
function [see Eq. (1)]. Finally, Fig. 2(d) displays the
dispersion function in x (red) and y (blue) versus position,
z. In a similar fashion to Ref. [25], the dispersion is
dominant in one axis, which is the x direction for our case.
Figure 3 shows the last cooling stage (stage 17) that is

designed for late stage of cooling with the goal to produce
a beam with a normalized transverse rms emittance

≤0.30 mm and a normalized longitudinal rms emittance
≤1.0 mm as required for a muon collider [7]. In order to
reach this goal, the transverse beta function at the absorber
has to be reduced from ∼39.0 to ∼2.8 cm. This reduction,
without changing the essential dynamics, is achieved by
scaling down the cell length (from 275.0 to 68.75 cm) and
raising the peak axial field (from 2.8 to 15.8 T). Stage 17
consists of 67 cells, each containing four 805 MHz cavities
and one LiH wedge absorber to produce the energy loss as
before. The solid blue curve depicts the variation of the
axial magnetic field along the cell. By carefully examining
Figs. 2 and 3 the following points are noteworthy: First, the
peak axial magnetic field for stage 17 is 5.6 times larger
than in stage 1. As a result, the beta function at the absorber
shrinks to 2.8 cm and the equilibrium emittance becomes
εN;eq ≈ 0.18 mm which is adequate enough to reduce the
normalized rms emittance to the desired values, i.e.,

FIG. 2. Lattice characteristics of the simulated 6D cooling channel: (a) Side view of one cell for the first stage (stage 1). Note that the
tilt of the coils along the yz plane is not shown; (b) magnetic field versus z. The vertical field By is shown in blue, and the longitudinal
field Bz is shown in magenta. The horizontal axial field Bx is zero; (c) beta function versus z at the reference momentum of 200 MeV=c;
(d) dispersion versus z at 200 MeV=c.
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<0.30 mm. Moreover, the frequency of the last cooling
stage is 4 times higher compared to stage 1. The increase in
frequency reduces the relative fraction of length needed for
the rf and gives more space for solenoidal coils. Most
importantly, it allows the coils to be placed closer to the
beam axis, consequently reducing the beta function and
thus improving the cooling performance.
Table I exhibits the transverse beta function at the

absorber center and peak-on-axis magnetic field for all
stages. The beta function varies from 39.0 to 2.8 cm while
the peak on-axis magnetic field, B0 increases progressively
from 2.8 to 15.8 T. The field becomes progressively
stronger in order to enhance the cooling rate by suppressing
the beta function at the absorber and hence the equilibrium
emittance. An unfortunate implication of the smaller beta
function is its faster rise when moving away from the
absorber. This makes the use of LH impractical near the end
of the channel and we switched to LiH for the last three
cooling stages. Note that in Table I, “rf length” is the length
of each cavity and that all stages contain four cavities per
cell. Note further that the rf gradient does not scale with
frequency but rather remains fixed at 15.5 MV=m to avoid
possible limitations due to breakdown in a magnetic field
[26]. The corresponding accelerating phase is 34 deg. as
this value provides the highest possible Q6D for each stage.

IV. INFLUENCE OF SPACE-CHARGE FIELDS

ICOOL [27] is routinely used by the muon acceleration
program [28] to study the performance of ionization cool-
ing lattices. The code fully incorporates all basic particle-
matter-interaction physical processes such as energy loss,
straggling, and multiple scattering. However, it excludes
interactions between individual particles. Note that as the
beam propagates through the channel, its size shrinks by at

least 1 order of magnitude in both transverse and longi-
tudinal directions. As the size of the beam decreases, the
density of particles increases and it is likely that Coulomb
repulsion (space-charge effect) in the beam becomes
significant during the last stages of the cooling channel.
In order to address the above issue, we numerically

examine the influence of space-charge fields on the cooling
process using the particle in-cell code Warp. Warp was
originally developed to simulate space-charge-dominated
beam dynamics in induction accelerators for heavy-ion
fusion (HIF). The code now has a broad user base and is
being applied to projects both within [20] and far removed
from the HIF community [29]. In our approach, a layer was
added to Warp to read in and parse ICOOL input files
allowing identical problem setup. Note though that Warp
operates with time as the independent variable whereas
ICOOL uses space, so there are small numerical differences
in the calculations. During the calculation, Warp handles all
operations except for the interaction of the muons with the
material in the absorber. The material interaction is handled
by calls to the appropriate ICOOL routines during the
calculation. For each stage, we generated 2D cylindrical
field maps by superimposing the fields from all solenoids in
the cell and its neighbor cells. The rf cavities were modeled
using cylindrical pillboxes running in the TM010 mode and
a reference particle was used to determine each cavity’s
relative phase. The aperture was gradually decreasing along
the channel in order to accommodate the higher frequency
rf cavities for the later stages. The absorber material was
LH in the early stages, enclosed in thin aluminumwindows,
and LiH in the late ones.
A simplified cooling model of the channel was used for

the initial simulation with Warp. Specifically, ionization
cooling was simulated in a series of straight lattices with
block absorbers and no tilt. Hence, there was no bending
field dispersion, and this arrangement produced transverse
cooling, only. Emittance exchange was simulated via linear
matrix acting on ðx x0 y y0 σz σp=pÞ introduced
before each cell. The matrix used was of the form

M ¼

0
BBBBBBBBB@

1 0 0 0 0 0

0 1þ δ 0 0 0 0

0 0 1 0 0 0

0 0 0 1þ δ 0 0

0 0 0 0 1 0

0 0 0 0 0 1 − 2δ

1
CCCCCCCCCA
: ð2Þ

The amount of exchange was controlled using a param-
eter δ (see Table I), which reduced the momentum spread,
σp, and simultaneously increased the angular divergence
(x0; y0) of the beam. The value of the control parameter, δ,
was chosen with the objective to provide the maximum
cooling efficiency factor for each stage. This 2D

0.0 0.2 0.4 0.6
-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

-+

-
+

absorber 805 MHz
cavity

y
(m

)

z (m)

coils

-15

-10

-5

0

5

10

15

A
xi

al
M

ag
ne

tic
F

ie
ld

,
B

(T
)

FIG. 3. Side view of one cell of the last stage (stage 17). The
solid blue curve shows the axial magnetic field at various
positions along the cell. Note that the tilt of the coils along
the yz plane is not shown.

INFLUENCE OF SPACE-CHARGE FIELDS ON THE … Phys. Rev. ST Accel. Beams 18, 044201 (2015)

044201-5



axisymmetric (r-z) simulation approach is much faster and
simpler than a complete 3D simulation, which requires
tilting the solenoids to generate necessary dipole fields
and using complex-geometry absorbers for emittance
exchange. The validity of this approximation was con-
firmed by later simulations with Warp [30], which showed
that a complete 3D simulation resulted in no perceptible
difference in the final result.
Before examining space-charge effects, a study was

carried out comparing ICOOL and Warp results without
space charge, checking correctness of the models. Good
agreement between the two codes was found on the
resultant emittance and transmission with and without
muon decay. In particular, we found that the difference
on the above parameters is within a 3% error. A detailed
study can be found elsewhere [24].
The input beam in the simulations, which contains

100 000 particles, has a normalized transverse emittance
of 3.62 mm and a normalized longitudinal emittance of
8.80 mm, while the average longitudinal momentum is
209 MeV=c. Those parameters closely resemble the dis-
tribution of a muon beam at the entrance of the 6D cooling
sequence after the merge [see Fig. 1(a)].
The evolutions of the transverse and longitudinal emit-

tances as a function of distance by using the parameters
from Table I are shown in Figs. 4 and 5, respectively.
Without space charge (dashed curve), and after a distance
of 417 m the 6D emittance has fallen by a factor of 1000
with a transmission of 50%, including muon decay. In
addition, at the end of the channel the transverse emittance

decreased by a factor of ∼12, while the longitudinal
emittance shrank by a factor of ∼10. The major beam
parameters, at the entrance and exit of the channel, are
summarized in Table II. Note that the normalized transverse
and longitudinal emittances at the exit of the channel are
0.29 and 0.92 mm, respectively. Thus, if the effect of space
charge would be negligible, the muon collider emittance
goal [7] at exit of the 6D cooling channel would be fully
satisfied.
Next we attempt to estimate the number of muons in the

bunch. Based on the published parameters of Ref. [31], a
muon collider with a luminosity of 1 × 1034 cm−2 s−1 at
1.5 TeV, will require bunches with 2 × 1012 muons in the
collider, or ≥5 × 1012 muons at the end (z ¼ 417 m) of the
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FIG. 4. Simulation results of the performance of the 6D cooling
channel for a muon collider. The plot shows the evolution of the
normalized transverse rms emittance as a function of distance
along the channel for different beam intensities. At the end of the
channel (z ¼ 417 m), with the assumption that space charge is
negligible (dashed curve) the final transverse emittance is
εT ¼ 0.29 mm. All rf cavities operate at 15.5 MV=m.
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FIG. 5. Simulation results of the performance of the 6D cooling
channel for a muon collider. The plot shows the evolution of the
normalized longitudinal rms emittance as a function of distance
along the channel for different beam intensities. At the end of
the channel (z ¼ 417 m), with the assumption that space charge
is negligible (dashed curve) the final longitudinal emittance is
εL ¼ 0.92 mm. All rf cavities operate at 15.5 MV=m.

TABLE II. Beam properties at the entrance (z ¼ 0 m) and at the
end of the post-merge channel (z ¼ 417 m). The values shown at
the channel exit correspond to the optimum parameters for a
muon collider and are the result of a simulation that assumes that
the contribution from space charge is negligible.

Channel
entrance

Channel
exit

Beam radius, σt (mm) 27.1 2.1
Bunch length, σz (mm) 80.0 18.1
Momentum, Pz (MeV=c) 209.0 204.7
Normalized emittance (transverse), εt (mm) 3.62 0.29
Normalized emittance (longitudinal), εl (mm) 8.80 0.92
Minimum number of muons, Nμð×1012Þ 10.0 5.0
Space-charge tune shift, Δνsc=ν 0.01 0.11
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post-merge 6D cooling channel. If we assume a 50%
transmission as confirmed by our aforementioned simu-
lations, we estimate the number of muons per bunch, Nμ

at entrance of the channel (z ¼ 0 m) to be ≥10 × 1012.
Clearly this value indicates that space charge cannot be
neglected and the implication of this will be discussed in
more detail in the next paragraph.
Figures 4 and 5 also show the cooling efficiency with

degree of beam intensity and the corresponding trans-
mission for each case is shown in Fig. 6. Note that a
transmission of 1 corresponds to the case without space
charge. At the early stages (z < 100 m) we see little
difference in the emittances. However, at later stages,
especially after σz < 40 mm, cooling becomes strongly
correlated to the number of muons in the bunch. This
indicates that Nμ is the key parameter that governs the final
emittance in an ionization cooling channel. Our simulations
also predict that space charge is accompanied with a
substantial particle loss which becomes more noticeable
within the intensity regime of a muon collider. A salient
feature of our study is that the transverse emittance is not
affected by the bunch charge, suggesting that the deterio-
ration of the cooling performance is primarily caused by the
longitudinal space-charge force. This is not unexpected,
since the force from the multi-Tesla magnetic field appears
sufficient enough to balance the beam transversely.
On the other hand, the space charge increases the length
of the bunch, pushing more particles out of the rf
bucket eventually leading to emittance growth and particle
loss. Quantitatively, for a muon collider, longitudinal
cooling below 1.3 mm is not viable under the current
circumstances.

Figure 7 displays the particle distribution in the longi-
tudinal direction, at the end of the channel (z ¼ 417.0 m).
If the effect of space charge is neglected (blue curve), the
beam distribution is Gaussian with σz ¼ 18.1 mm. The
influence of space charge is shown by the red curve. One
can see that it defocuses the beam longitudinally, resulting
to a bunch length increase to σz ¼ 27.0 mm. While in
first approximation the distribution can be assumed to be
Gaussian, it exhibits a slight asymmetry not observed by
the red curve.
As noted earlier, space charge increases the length of the

pulse, pushing more particles out of the rf bucket. One
possible method to reduce this loss is to increase the rf
gradient, which increases the depth of the bucket. In Fig. 8
we progressively raise the gradient from the initial design
value of 15.5 MV=m and show results for two cases: one
withNμ¼8×1012 [Fig. 8(a)] and one withNμ ¼ 12 × 1012

[Fig. 8(b)] initial muons. As the rf gradient grows, the
final achieved longitudinal emittance decreases and
approaches the optimum cooling emittance of Table II,
which is shown by the red half-filled circle. In addition, we
find that the transmission improves by ∼5%, for both cases,
which fully compensates the loss from space-charge effect.
Conversely, the transverse emittance is unaffected and
remains mostly flat and close to the optimum value which
is depicted by the red half-filled square. Our simulation
also captures well the dependence of the compensation rf
gradient with bunch charge. In particular, Fig. 8 shows that
if the bunch intensity is increased by 50%, the required
gradient to push back to the optimum emittances is 20%
higher. As a result, the space-charge force can be controlled
by the rf gradient and the value for full compensation is
correlated to the beam intensity. Since the nominal gradient
for a normal conducting 805 MHz rf cavity is 34 MV=m
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FIG. 7. Distribution of particles in the longitudinal direction at
the end of the cooling channel: With the assumption that space
charge is negligible ðNμ ¼ 1Þ and with Nμ ¼ 10 × 1012 (red).
The solid curves are fits into a Gaussian distribution.
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[32], or less in the presence of a magnetic field [26,33], this
fact implies numerous lattice design challenges.
To go beyond and get a quantitative prediction over a

wide range of beam intensities, we plot in Fig. 9 (squares)
the simulated rf gradient for space-charge compensation as
a function of the bunch intensity. Next, to support our
numerical findings we compare our results to the theoreti-
cal expression given by Palmer et al. [18]. Accordingly, if
we ignore wall effects the longitudinal space-charge field
can be expressed as follows [17]:

ESC ¼ − eg0
4πε0γ

2

∂λ
∂z ; ð3Þ

where γ is the relativistic factor, ε0 is the dielectric
permittivity in vacuum, g0 is the geometric factor and λ
is the particle’s line density. From the results in Fig. 7, if we

assume in first approximation the distribution to be
Gaussian, then

λ ¼ N0ffiffiffiffiffiffi
2π

p
σz

e
− z2

2σ2z : ð4Þ

Here σz is the bunch length and N0 is the number of
muons at the end of the channel. The beam expands in z
with a rate that is determined by the rate of change of the
longitudinal space-charge field and can be expressed as
follows:

E0
SC ¼ dESC

dz
¼ eN0g0

4πε0γ
2σ3z

ffiffiffiffiffiffi
2π

p : ð5Þ

Note that Eq. (5) is evaluated at z ¼ 0 since for a
Gaussian beam the defocusing from space charge is great-
est in the core. In order to oppose the growth of the bunch,
we need a compensation rf gradient, Erf;c that should satisfy
the following condition:

d
dz

�
Erf;c sin

�
2πf
c

z

��
¼ E0

SC: ð6Þ

Here, f is the rf frequency. From Eq. (6) we can estimate
the compensation gradient to be

Erf;c ¼
eN0g0c

4πε0
ffiffiffiffiffiffi
2π

p
γ2σ3zð2πfn cosφÞ

; ð7Þ

FIG. 8. Emittance values at the end of the channel (z ¼ 417 m)
as a function of the rf gradient for (a)Nμ ¼ 8 × 1012 initial muons
and (b) Nμ ¼ 12 × 1012 initial muons. The optimum transverse
and longitudinal emittance values, the ones obtained by neglect-
ing space-charge effects, are depicted by the half-filled squares
and circles, respectively. We assume that all rf cavities along the
channel operate at the same gradient.
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FIG. 9. Required gradient (solid curve) for a 805 MHz rf cavity
to reach the optimum value of εL ¼ 0.92 mm at the end of the
channel as a function of the bunch charge given by the expression
(5). As before Nμ is the number of muons at the entrance of the
post-merge 6D channel. The results of the Warp simulations
(squares) show that for a muon collider in order to compensate
space charge, the rf gradient needs to surpass 32.5 MV=m, which
is 2 times higher than the gradient assumed so far.
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where φ is the rf phase and n is fraction of the lattice filled
with rf cavities. The geometric factor is determined by the
beam radius a, and the pipe radius b according to the
relation [34] g0 ¼ 1þ 2 lnðb=aÞ, with b=a ¼ 3 for our
case. For the last cooling stage (stage 17) f ¼ 805 MHz,
and for the optimum beam parameters at the end of the
channel from Table II, Eq. (7) predicts an rf gradient that is
shown by the solid curve in Fig. 9. Clearly, for the intensity
regime of a muon collider, the discrepancy between
simulation and theory is near 10% with the latter predicting
a higher gradient. While the wall effect has to be included
to obtain a quantitative comparison, the theory provides
a good first-order estimate of the required gradient.
Equation (7) predicts that Erf;c ∝ 1=σ3z suggesting that
the bunch size is the crucial factor in controlling space
charge. Based on Fig. 5, one potential solution would be
to avoid longitudinal cooling to emittances ≤1.3 mm.
Another option is to compensate space charge by means
of increasing the rf gradient. However, our numerical
findings in Fig. 9 imply that for a muon collider in
order to reach a longitudinal emittance that is <1.0 mm,
the gradient of a 805 MHz cavity needs to surpass
32.5 MV=m.

V. SUMMARY

Although there has been a rapid progress in the design
and simulation of 6D cooling channels for muon accel-
erators in the past decade, the influence of space charge in
the whole design has been largely unexplored. This may
become crucial towards the end of the cooling channel,
where the muon bunch becomes short enough so that the
interaction between individual particles can become impor-
tant. In this paper, we have examined the influence of
space-charge fields on the cooling process of muon beams.
We showed that the cooling efficiency decreases with the
degree of intensity, yielding to emittance growth and
particle loss for beams with large intensities. A salient
feature of our study was that the transverse emittance was
not affected by the bunch charge, suggesting that the
deterioration of the cooling performance is primarily
caused by the longitudinal space-charge force. This is
not unexpected, since the space charge increases the length
of the bunch, pushing more particles out of the rf bucket
eventually leading to emittance growth. Furthermore, we
showed that the rf gradient can play a key role for space-
charge compensation in ionization cooling channels. With
the aid of numerical simulations we established a quanti-
tative relationship between the required compensation
gradient and bunch intensity. We found that for a muon
collider in order to obtain longitudinal emittances
<1.0 mm, the rf gradient of a 805 MHz cavity needs to
surpass the demanding value of 32.5 MV=m. Therefore, a
potential solution would be to avoid longitudinal cooling to
emittances ≤1.3 mm.
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