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Compensating tune spread induced by space charge in bunched beams
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The effects of space charge play a significant role in modern-day accelerators, frequently constraining
the beam parameters attainable in an accelerator or in an accelerator chain. They also can limit the
luminosity of hadron colliders operating either at low energies or with sub-TeV high-brightness hadron
beams. The latter is applied for strongly cooled proton and ion beams in eRHIC—the proposed future
electron-ion collider at Brookhaven National Laboratory. Several schemes were proposed to compensate
for space-charge effects in a coasting (e.g., continuous) hadron beam, and some have been tested. Using
an appropriate transverse profile of the electron beam (or plasma column) for a coasting beam would
compensate both the tune shift and the tune spread in the hadron beam. But none of these methods address
the issue of compensating space-charge induced tune spread in a bunched hadron beam, i.e., the
dependence of the particle’s tune shift on its longitudinal position inside the bunch. In this paper we
propose and evaluate a novel idea of using a copropagating electron bunch with mismatched longitudinal
velocity to compensate the space-charge induced tune shift and tune spread. We present several practical

examples of such a system.

DOI: 10.1103/PhysRevSTAB.17.114401

I. INTRODUCTION

The paper is motivated by developing a high-energy
high-luminosity electron-ion collider at Brookhaven
National Laboratory called eRHIC [1], where 21.2 GeV
polarized electrons will collide with proton and ion beams,
having energies from 50 to 250 GeV /u. The eRHIC plans
to use a very short (with rms bunch length of 5 cm) and
strongly cooled proton and ion beams with normalized
transverse emittances of 0.2 mm mrad. Cooling these
hadron beams with high peak current to such low
emittances would generate a significant betatron tune
shift and spread induced by the space charge. Hence,
the goal of this paper is to propose a technique, which
could be used to mitigate negative space-charge effects
using a compensation scheme applicable to bunch
beams.

Space-charge effects have been known in accelerator
physics for half of the century. There is extensive literature
[2-22] (with an excellent and concise review by Zotter
[23]) describing the effect of space charge on the beam’s
quality and stability. A nonlinear space-charge force
induces an irreducible transverse tune spread, i.e., the tune
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dependence on both the hadron’s’ longitudinal position
inside the bunch, z, and the amplitude of the transverse
oscillations.

It is well known that space-charge effects fall as a high
power of the beam’s relativistic factor:

Z’r, N, C
A 471'/3%17/38 \/271'01’

AQSC%_ (1)

where C is the ring’s circumference, Z is the charge, and A
is the atomic number of the hadron (e.g., an ion, for proton
Z=A=1), r,=e*/m,c? is the classical radius of the
proton, y> = 1/(1 — f?) is the relativistic factor of hadron
beam, N, is number of hadrons in the bunch with an
rms bunch length of ¢, and e is the beam’s transverse
emittance.

While space-charge effects exist in any charged beam,
they have stronger implications for hadron beams. Hadrons
become ultrarelativistic at much higher energies, and also
travel a longer pass in accelerators, compared to their lepton
counterpart, to become ultrarelativistic.

'Here we are considering only positively charged particles, the
space-charge effects in which can be compensated by using
negatively charged electron beam. Compensation for negatively
charged particles, including antiprotons and negatively charged
ions, would require positively charged particles. Using positron,
proton, or ion beams for compensating the space charge in the
negatively charged beams, while theoretically possible, most
likely is impractical.
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One of the most important effects is the tune spread
induced by the intrinsically nonlinear space-charge force.”
Appendix A gives the general expression of the tune
spread. Since the compensation scheme we are presenting
here does not depend on the details of the transverse beam’s
distribution, e.g., similarly to the compensation techniques
suggested for coasting beams, the transverse profile of the
electron beam (or a column) should compensate both
the tune shift and its dependence on the amplitudes of
the transverse oscillations [24-28]. Naturally, the maxi-
mum tune shift is experienced by the particles in the center
of the beam, while the particles with large amplitude of
oscillations experience a smaller value of the tune shift. The
overall tune spread is determined by its value for the center
particles.

Thus, for simplicity we consider here a hadron beam
with equal transverse emittances, &, = £, =&, whose tune
shifts are given by (A26-A28):

5Qx,y = 5QSC(Z) : fx.y;

c 1 2, N, -2
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Since the longitudinal motion of hadrons usually is very
slow (e.g., Oy < O, ), the tune of the particle depends not
only on the amplitudes (actions) of the transverse oscil-
lations, but also on their longitudinal location within
the bunch.

One practically important feature of the space-charge
effects is a very strong dependence on the relativistic factor,
y: 80 xy2/(1 —y~%). While the power one of y
naturally comes from the increasing rigidity of the beam,
the y~2 comes from the effective canceling of the forces
from the electric and magnetic fields induced by the beam
(details are given in Appendix A):

eZ'EJ_
o

(3)

Several practical schemes were suggested for space-
charge tune shift and tune spread compensation by

Fy=eZ(E, + B,z xB.]))=eZ-E,(1-p2) =

In this paper, for compactness, we assume a Gaussian
longitudinal distribution of particles. Naturally, the treatment
presented herein can be extended to other types of longitudinal
distributions.

*Please note that in this paper we are using Gaussian units,
where, for example, both electric and magnetic fields are
measured in Gs.

colliding an electron beam with hadron beam (e.g., an
electron lens), or employing an electron column induced in
aresidual gas [24-28]. The tune shift given by the colliding
beam does not suffer from 7> cancellation. Vice versa, it is
amplified. For an electron lens with round electron beam
having rms size of ¢, and the interaction length of L, the
tune shift is given by the following:

Z 1 r, I,
APyyndnos ecp,

5Qx.yel = (1 +ﬁ€2) : L<ﬂx.y>;

L(p.,) = / Bord, (4)
0

where f, = v,/c is the normalized velocity and of the
electron beam.” Comparing Egs. (2) and (4) one can
conclude that electron beam’s current,

/ C 2f, o, | C pB.
e — . . . X — — - s
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can be used to compensate for the space-charge induced
tune shift. Invariably, the interaction length is much smaller
than the ring’s circumference e.g., 7 = L/C < 1. We can
compensate for this shortcoming by having large relativ-
istic factor, 2y§lﬁh /P.> 1. This means that the electron
current in such an electron lens can be modest, and
frequently, it can be comparable to the hadron beam’s
current.

As explained in [24,28], by selecting a proper transverse
distribution of electron beam, we can match the depend-
ence of the space-charge tune shift on the transverse
amplitudes. The only, but important, shortcoming of this
method is that the tune shift introduced by the electron lens
(or the column) is identical for all particles, independent of
their longitudinal location inside the bunch.

However, in a bunched beam, the space-charge tune shift
depends on the hadron’s position within the hadron bunch,
z. Thus, the z-dependence of the tune shift cannot be
compensated for by using an electron lens or an electron
column. Thus, for a bunched beam, at best these schemes
could reduce the space-charge tune spread by a half, e.g.,
by compensating for it at the half of the peak value at z = 0.

Using a copropagating electron beam with the same
relativistic velocity B, = f;, (as in electron cooling
schemes) and the same longitudinal distribution offers an
opportunity of compensating for both the transverse and

*We would like to point to the possible confusion caused by the
multiple usage of the symbol S. Unfortunately, it is unavoidable
when both the velocities f = v/c and the lattice functions g, ,
must be used in the same paper.
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longitudinal dependences of the space-charge field.
Unfortunately, the compensating beam suffers from y;z
cancellation, and such a scheme would require a very large
electron beam current:

Iez%-lp>>1p. (6)

This unfavorable scaling makes such a scheme imprac-
tical, especially for hadron beams in large colliders. For
example, eRHIC would be operating hadron beams with
peak current ~10 A (and duration of 0.4 nsec). Using a
30 m of the 3.8 km RHIC circumference for such a space-
charge compensator would require having an electron
bunch with a peak current ~1.2 kA, and the bunch charge
~4000 nC. Such an e-beam simply does not exist.

We propose to use the copropagating scheme, but with
mismatched relativistic factors (e.g., velocities) of the two
beams. Such mode offers the possibility of diminishing the
reduction factor while keeping under control the slippage
between the beams.

II. THE IDEA UNDERLYING THE METHOD

The idea for the proposed method is based on a
simple observation that the relativistic canceling is
proportional to y?, while the velocity of the particles
weakly depends on y for y > 2. To be exact, we consider
a copropagating relativistic e-beam having a nearly
identical bunch profile as the hadrons, but having a
different relativistic factor.

Let us consider first the simple case of both beams being
round and relativistic, i.e., the velocities of both beams are
close to the speed of light. Hence, the slippage of the
e-beam with the respect to the hadron beam is small
compared with the length of the interaction section, L:

For long bunches with yo, > o, the transverse fields
induced by beams can be easily calculated using the Gauss
or Ampere law:

L L1
A= (ve=w)e =2 (= p 5 (-

Bhg(r Z, S

Bo(r,z,s
E (r.z,s) = M,

2[
B,y(r,z,5) e(Z /fe x, §)xdx;

Beé)(r’ <5 S)

Eer(r’sz) == V; ’
e

where f,,(r,s) are transverse distributions of the beams.
The force acting on the hadron from the e-beam is

F = 7o Bz
' Pe
Ze

— —EBee(r,z,s) (1= Bebn)

g M) 1= —r2)(1—7,7)
cr (I=72%)

+ PuBeo(r, 2, S))

x / £.(x, 5)xdx. (8)
0

For ultrarelativistic particles (8) becomes

(x. 5)xdx - <—e i) )

IIZ

while self-action gives

1,(z) | 2
F,=Ze 2) /fh(x, s)xdx - — . (10)
cr Vi
0
Thus, for unequal velocities, the relativistic y;z cancella-

tion is replaced by (72 +7;2)/2.

Since using low-energy electron beams is economically
favorable, let us assume that the relativistic factor of the
hadron is significantly larger than that of the e-beam:

2 2
Yin > 7Ve-

This assumption makes lz > l and simplifies (7) and (9):

21, (
F, = —Ze h /fhxsxdx

1
F, ~—Ze ;(Z)/fe(x,s)xdx;

yier

0
L
Azz=——. 11
e (11)

Let us also assume that the e-beam has the same transverse
shape, as does the hadron beam. Then, as follows from
Eq. (11), compensating for the space-charge effects accu-
mulated by the hadron beam in the ring with circumference
C, we will need the electron beam current of

I,=-21,- 2.~ (12)

If we further assume that it could slip for one rms bunch
length of the proton bunch (practical examples are given in
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the following section) during the interaction, e.g., the length
of interaction section is

L ~2y%c.. (13)

Then, the ratio between the beam currents becomes inde-
pendent of the electron’s energy:

1 C
- = > (143.)
Iy oy

and the latter should be determined by a practical matters of
building an electron accelerator. Naturally, there can be
N. > 1 space-charge compensation sections,” which pro-
portionally reduce the required e-beam current:

1, C

& (14b)
Ih NCUZ}’]%
For example, for y;, = 100 and the RHIC circumference
C = 3.8 km the required ratio is the following:

1 1 1
L~ (15)
I, N. o.(nsec)

This means that electron beam’s peak current can of the same
order as that of the hadrons.

III. THE METHOD

We now consider the method for finite velocities without
any limitations, and an electron beam having longitudinal
profile determined by its current

I, (r—i). (16)

As shown in Fig. 1, it merges with the hadron beam,
copropagates along the interaction region from s = 0, and
is taken out at s = L. A hadron passes the interaction
region as follows:

s
t=t,+—,

s=v,-(t—1,); v

(17)

and is affected by the electron beam’s current of

N N
I|t,+———). 18
(-2 (18)

The integrated effect is denoted by the following
expression:

5 . . .
As we discuss later, it even can be beneficial.

0= > L

Vh

T

\ A%l

Compensator

FIG. 1. A generic layout of the interaction region of the space-
charge compensator. Electron beam merges with the hadron
beam, copropagates through the straight section with length L,
and then is extracted. Their velocities v, = ¢f, and v, = ¢f};, can
differ, e.g., the beams can slide with respect to each other.

At

Ecﬁhﬂiﬂ”ﬁe/le(wrc—m)dg (19)
with the slippage given by
ﬂh _ﬂe
Ar=1L . 20
R ) 20

First, we assess the value of allowable slippage by the
deconvolving equation (19), assuming that the shape of

I.(1) repeats that of the hadron beam I,(7), e.g.,

1) _ 1(1)

0) 50) 1 21
Thus we require that
At
/Ie(t—AH—C)dC:IU -q(1) (21b)
0

with a value of /, chosen to compensate the tune shift for
the hadron in the center of the bunch. Any deviation of the
e-bunch’s shape from (21b) will result in error in the
compensating tune for the hadrons. In Appendix D we
show how to deconvolute

At

/ o+ 0dl =gt 11— An) = Lg(). (22)

0

to get two simple independent solutions:

g0 == q/(t+ mae);
m=0
g-(t) =+ _q'(z—mAt). (23)

Itis evident that a linear combination of the solutions (23)

9a(t) = ag (1) + (1 —a)g_(1)
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g

—4 -2 2 4 vo
FIG. 2. Graphs of g, (f) for deconvolution for Gaussian dis-
tribution (27) with 7 = 1. We note that both functions g, (¢) are
practically indistinguishable.

is a solution of (22). Itis likely that g, » = (g4 + g_)/2 can
be of practical interest.

We also show in Appendix D that for rather general
physics assumptions, these functions converge to zero at
one of the infinities:

g+(Z)z—>+oo - O’ g*(z)zafoo - 0. (24)

This is not necessarily true for the other sign. While these
mathematical properties of the solutions mostly are of
academic interest, there is an additional, very practical
issue. By definition in Eq. (21a), ¢(#) is a non-negative
function: ¢ () > 0. Similarly, the sign of the e-beam current
is always negative, and I.(¢) <0. Thus, any practical
deconvolution of (22) cannot change the sign, and choosing
I, < 0 requires g(¢) be a positive function:

g(r) > 0. (25)

The natural parameter determining the behavior and
“positivity” of g, (¢) is determined by the ratio between the
slippage, At, and the rms length of the hadron bunch, o,,

T :ﬂ. (26)

Oy

In storage rings, the longitudinal distribution of the
bunch frequently is described by a Gaussian function:

q(t) =exp [— 2;2[2] . (27)

We studied this case in detail (see Appendix D) to answer
the following questions: (a) At what values of = do the
deconvolution functions remain positively defined?
(b) What error is accumulated in the convolution if we
fit a reasonable positively defined function to approximate
g+ (t) for large values of 7?

The following shortly summarizes our findings. First, for
7 < 1, both g.(#) solutions converge very well within the
typical physical aperture (here we used =£5 rms bunch
lengths). For 7 < 1, the deconvolutions g, (¢) are nearly
identical (see Fig. 2) and are positively defined within the
interval t/o, € {—5.5}. For 7=0.5, the difference
between ¢, (t) is within £107g,(0) and likely is
determined by the computer’s accuracy. For 7 =1, the
difference between ¢, (t) is less than +£1077¢.(0)
and g.(56,) = 1.8 x 1075, g, (—56,) 9.5 x 1078, This
simply means that, for practical purposes with 7 < 1, the
compensating error will not be defined by the deconvolu-
tion function, but by other practical means.

stlo,

FIG. 3.

3D graphs of the deconvolution function g, for Gaussian distribution (27) as a function of the time and slippage. Part (a) is the

top view with the horizontal axis being #/0,{—5.5}, the vertical axis being g, (¢), whilst the third axis used for the slippage
7= At/o, € {0,3}. The vertical axis is clipped at zero to show where g, becomes negative. (b) The same graph seen from the bottom to

illustrate the areas where g, < 0.
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g
15

(a) -0.5
g
15
1.0
=3 = 3 !
(b) -0.5

(c) -0.5

FIG. 4. 3D graphs of g, (a), g_ (b), and g, (¢) deconvolution
functions for a Gaussian distribution (27) at function of the
time for four values of 7 = At/o,: 1—dark blue, 1.25—magenta,
1.5—yellow/grey, 1.75—green, and 2—Ilight blue.

Second, for values of 7 exceeding unity, the situation
changes rather rapidly and when 7z > 1.75 there are very
well-defined oscillating tails with amplitudes comparable
to that of the central peak. Naturally, both g, (#) no longer
are positively defined. Figures 3 and 4 illustrate these
features.

The practical conclusion from these studies is that
7 = 1.5 is a natural boundary, where a g/, deconvolution

g
1.2

1.0+

e
FIG.5. Clipped graph of g, , for a case of 7 = 1.5. Keeping the
shape of g/, from t = =30, to = 40, assures a nearly perfect

convolution (22).

(see Fig. 5) works very well. It provides a relative
convolution error of less than 1073 (to be exact it is limited
to about 5x 10™*) and, therefore, would not represent
practical limit to accuracy. For example, the bunch-to-
bunch intensity variation in a hadron beam most likely will
exceed the relative level of 1073.

As shown in Appendix D, even for 7 = 2 we could find a
positive function (by fitting g) that could compensate 95%
of the tune spread. Nevertheless, for the rest of this paper
we use 7 = 1.5 as a practical limit for slippage.

Since we have proven that for a smooth Gaussian-like
longitudinal distribution of the hadron bunch we nearly
perfectly can compensate the space-charge-induced tune
spread, the next question is what electron beam current is
required to achieve this.

In Appendices A, B, and C we discuss issues related to
the transverse matching of the nonlinear tune shift induced
by the space charge in the ring and that induced by the
electron beam in the compensator. Here, for simplicity, we
further consider the space-charge effects for a round beam,
and set f,, =1 in Eq. (2).° Then, the space-charge tune
shift accumulated by hadrons along the ring’s circum-
ference, C, should be compensated by that accumulated in
the interaction with electrons:

=_c__ _“FPalhTp e 28
Sﬂ-sﬂh}/h ﬁe A ec ( )

6Compensation criteria do not depend on the details of the
transverse matching. The latter is required to compensate
correctly space-charge tune spreads in horizontal and vertical
directions, as well as to approximate the dependencies of the
space-charge tune shift on the transverse actions, /I, ,.
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Thus, the requirement for the compensating beam
current,

%ie ' (1 _ﬂeﬂh) = IhC

(1-p54)
Pn

I ChOU-F)
Ih_ Lcﬁh(l_ﬁe/}h)’ ( )

depends on the length of the compensator section, L., that
could be limited either by the allowable slippage, as we
discussed above, cAt < 1.56./p),,

ﬂeﬂh ~ 1'501ﬂe

Fomes S Bl g "5 % 5
e e

(30)

or by the practical limitations of the accelerator. Combined
with the limitation on the slippage, this gives the following:

__c B — Bul BBy
W%W%mm%Aw’h}(m

I,
Iy

As we discussed in previous sections, there is no benefit
in having B, > . Hence, for 8, < f3,, Eq. (23) becomes

I
Iy

_ C max{ ﬂh_ﬂe ﬂeﬁh } (32)
b cAt(1 = popy) Le(1=BPr) )

To minimize the required electron beam current, we
can find the minimum of the right-hand side in Eq. (32).

Pr—P. __ l_ﬂe/ﬂ
We note that 7% = f5, 755"

and % monotonically increases as a function of j3, at the
interval 0 < g, < f,. Thus the minimum in Eq. (32) is
reached at

monotonically decreases

B

B, =f.=—"11 __
be=be= i

(33)

This yields a simple expression for the required com-

pensating current:
— X ~—

I C
e (34)
I~ Lot7iBychr

In a case of more than one compensator N. > 1, the
required e-beam current can be reduced proportionally:

1 1 C
feg L ¢ (35)
I NeLe+ 7P - cAt

Having more than one compensator may offer additional
advantages; it will distribute compensation around the
ring. The latter will bring the compensators closer to the
source and naturally will provide a more stable beam (see
discussion at the end of the paper).

According to Eq. (35) using multiple compensators with
the given total length of

L=N,L.=C, (36)

the required e-beam would be

1 1
L~ 5 - (37)
I n+Ne-vibn- ¢

Thus, it is beneficial to split compensation length into as
many as practically manageable compensators. As follows
from (33), this also will lower the optimal energy of the
electron beam.

Such splitting will not necessarily lead to an increase of
the electron beam sources and collector. Hadron storage
rings usually operate with many hadrons bunches. For
example, RHIC (and the future eRHIC) operate with 120
hadron bunches. Figure 6 shows a scheme in which one
electron beam source can serve several space-charge
compensators. This scheme is especially effective when
using a low-energy electron beam moving with nonrela-
tivistic velocities. In following section, we will discuss
what limits the minimal length of the compensator.

IV. EFFECTS ON THE ELECTRON BEAM

It is well known that hadron beam affects the propagation
and dynamics of the electron beam. There is an economical
value in using low-energy electron beams. However, such a

A

/‘ Electron X
Gun

Collector

FIG. 6. A sketch of one electron source supporting four SC compensating sections. Each electron bunch (red) merges and
copropagates with the hadron beam in the first straight section. Then it is sent through a delay loop to merge with the following hadron
bunch. The process is then repeated as needed (3 times in this figure).
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beam would be highly susceptible to space-charge forces
induced by itself as well as by the hadron beam. The
solution for transporting such beams and accurately con-
trolling their distribution is well known: that of a magnet-
ized electron beam transported by a solenoidal field
[29-40]. Such transport assures both the stability of the
electron beam (and therefore, the hadron beam) as well as
the control of the beam’s size by changing the value of the
solenoidal field. It provides focusing needed to counteract
destructive space-charge forces.

For example, the stability of the interacting electron and
hadron beams will be similar to that in head-on collisions
using electron lens [40-44]. As shown in [45], using a
strong longitudinal magnetic field plays an important role
in maintaining the stability of these interacting beams.

If solenoidal transport is used, the main limiting factor
for the compensator length will be the finite radius of
curvature of the bends. At each bend, the hadron experi-
ences the field from the bent electron beam, which has a
different transverse structure from what we are compensat-
ing. Thus, the consequence of the end effects must be
controlled, and we can formulate an addition limitation on
the compensator’s length:

L. > bend radius.

In practice, this means that the typical lengths of a
compensator should be a few meters and not a few
centimeters.

V. EXAMPLES

We now consider a case a hadron beam in eRHIC with
yn = 250, an rms bunch length of 6, =8 cm and the
compensator length of 3 m. We assume that that slippage is
equal to a 1.5 rms bunch length, e.g., cAr =12 cm.
Equation (33) yields the optimum g, = 0.961, and the
optimum energy of the electron beam of 1.86 MeV (kinetic
energy of 1.35 MeV). The required electron beam current
for a single compensator should be

1, =051 -1, (38)

In a high-luminosity eRHIC, the expected proton inten-
sity is 3 x 10'" per bunch with the peak proton beam
current of ~72 A. Hence, the required e-beam peak current
~37 A is reasonable. For a y;, = 50, the required e-beam
current would grow nearly 12.6-fold to about 900 A,
making such compensation in a single compensator a very
challenging task.

Hence, since the length of the compensation section is
only 3 m, while each of six eRHIC IR straight sections is
200 m long, we can consider multiple compensating
sections to reduce the required e-beam peak current to
tens of amps.

Compensating for space-charge effects also could be
required for a low-energy scan in RHIC in search of the

critical point in the QCD phase diagram [46—50]. For such a
scan the relativistic y can be as low as 2.7 [51], but bunch
intensity in such an operation is significantly lower than in
eRHIC and the bunch length is much longer [52]. Tables I
and II give a sample of hadron beams’ energies, their
parameters, and possible parameters for space-charge
compensation.

Parameters of the compensators presented in the tables
are not necessarily optimized for performance or cost. What
is important is that the energy of an electron beam required
for space-charge compensation for RHIC’s low energy scan
is in the ~10 KeV range (this was the reason for quoting
kinetic energy in the table). It is related directly to using
long bunches with an rms duration of a few meters. Such
long bunches allow a longer slippage, and, therefore,
operating e-beams with f, ~0.2-0.25. This also means
that the electrons are rather slow moving, and that the loops
shown in Fig. 6 are 4-5-fold shorter than would be required
for relativistic electrons.

In contrast, eRHIC will use short bunches of hadrons
with rms length of few centimeters that results in a modest
but relativistic energy of the electrons ~1.35 MeV with
p. =20.96.

These simple examples show the ability of this concept
to compensate the space-charge-induced tune spread with
a compensator of reasonable length, and of a reasonable
current.

VI. DISCUSSION AND CONCLUSIONS

In this paper we presented a novel method of compen-
sating space-charge-induced tune spread in bunched hadron
beams. In principle, we showed that it is possible to
compensate for both the tune shift and the tune spread
with significant accuracy. We consider that, with a proper
design and simulations, we can compensate for up to 99%
of the space-charge-induced tune spread.

It is natural to question what would be the ultimate
space-charge-induced tune spread that can be sustained in a
storage ring. Unfortunately there is no simple direct answer.
It is well known that space-charge-induced resonances
can make hadron beam unstable [53-55]. Thus, the beam’s
dynamics in the presence of the compensators should be
simulated using an appropriate code (for example [56-60]).

One important conclusion from such simulations (for the
bunch-average tune shift compensation [56—59]) is that
spreading the compensators around the ring allows us to
achieve (at least in a simulation) larger beam intensities. A
frequently observed phenomenon is that local compensa-
tion for nonlinear effects in beam dynamics is the prefer-
able solution, e.g., placing the compensation as close as
possible to the source.

Hence, we believe that having multiple tune spread
compensators distributed around the ring would result in
a better compensation and beam stability. For example,
the strength and the locations of the compensators can be
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chosen to eliminate the most resonant

driving terms.

This said, further detailed theoretical and numerical
studies are required to find the limits of the proposed
compensation scheme: what is the maximum space-charge
tune shift/spread that can be compensated before the
dynamic aperture of the machine collapses? or before
the beam becomes unstable? [61,62].

In contrast with traditional space-charge compensating
schemes, we proposed the method of compensating not
only the tune shift but also the entire tune spread. We expect
that this method would stabilize the intense hadron beam
in sub-TeVs and in low-energy storage rings. Electron
beams with required quality, energy, and intensity either are
readily available, or are being considered for future

dangerous

accelerators [63—66]. They could be used for the proposed
compensator for space-charge effects.

We believe that using multiple compensators located in
multiple straight sections of the storage ring (e.g., having
them as close as possible to the source) would be required
for compensating strong space-charge effects. Their loca-
tions (e.g., their strengths and betatron phases) have to be
properly chosen to eliminate dangerous driving terms.

Finally, the main idea of this paper is based on the
observation that for comoving electron and hadron beams
the slippage is proportional to the difference between
their velocities L - (f, — f.)/B., while the reduction of the
space-charge force is proportional to ~y;2 + y;2. It means
that our proposed scheme strongly enhances compensation for
relativist and ultrarelativistic hadron beams with y;, > 1.

TABLE I. Examples of possible space-charge compensator schemes for various modes of operating the high-
luminosity eRHIC.

Parameter

Hadron beam p p 7 Au'? 7 Au'?
Energy, GeV/u 250 100 100 50
Number of particles 3 x 10 3 x 10 3 x10° 3 x10°
rms bunch length, m 0.08 0.08 0.08 0.08
Normalized emittance, m rad 2% 1077 2% 1077 2 x 1077 2% 1077
AQy, 0.05 0.31 0.1 0.40
Peak current, A 72 72 58 58
Electron beam

Compensator length, m 3 3 3 3
Kinetic energy, MeV 1.35 1.35 1.35 1.35
Number of compensators 3 12 12 24
Peak current, A 10.6 16.6 13.1 26
Total compensators length, m 9 36 36 74

TABLE H.* Examples of possible space-charge compensator schemes for various modes of low energy RHIC

operations.

Parameter

Hadron beam 79Au197 79Au197 79Au197 79Au197
Energy, GeV/u 2.5 3.85 5.75 10
Number of particles 0.5 x 10° 1.1 x 10° 1.1 x 10° 1.1 x 10°
rms bunch length, m 3 3 2 2
Norm. emittance, m rad 1.5x107° 1.5%x107° 1.5%x107° 1.5x 107
AQ. 0.10 0.09 0.06 0.075
Peak current, A 0.25 0.55 0.82 0.83
Electron beam

Compensator length, m 1 1 1 1
Kinetic energy, keV 8.6 8.6 16.5 16.5
Number of compensators 12 12 12 12
Peak current, A 2.5 2.4 2.4 0.77
Total compensators length, m 12 12 12 12

“Ion beam parameters are taken from [51,52], and we assume that the beam’s transverse emittance is cooled by a

factor of 2 [67,68].
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What is also important, in our scheme the slippage can
be controlled by varying pj, —p, < f,, while in the
head-on collision scheme aka e-lenas it is proportional
to f, + P, > P, The later can be beneficial also for
hadron rings with modest energy y;, = 2 — 10. For lower
energy hadron rings (synchrotrons) with y;, ~ 1 operating
very long bunches, the benefit of our scheme can be
modest, when compared with the head-on collision
scheme [24]. For example, for the 2.5 GeV/u ion beam
proposed for the low energy RHIC operation (see column
one in Table II), the copropagating of the electron beam
reduces the slippage 1.5-fold compared with the head-on
compensator.

Thus, for low energy hadron rings with y;, ~ 1 operating
beam with bunch length ~10 m or longer, the degree of
improvement provided by our scheme would be very
modest.

For hadron rings with y, > 1 operating beams with
bunch length ~1 m or shorter, our scheme gives a signifi-
cant advantage. It is likely the only scheme, which could do
the job with attainable electron beam parameters.

Let us review the case of eRHIC beam with energy
250 GeV and rms bunch length 0.08 m (see column one
in Table I). Our scheme increases the compensation
strength of the electron beam ~2600-fold, compared
with “electron-cooling-like” scheme (y, = ;). By doing
so0, it reduces the required e-beam peak current to tens
of amps, from hundreds of kA required otherwise.
When compared with the head-on collision, our scheme
reduces the slippage between two beams 52-fold. Hence,
a head-on scheme using relativistic electron beam must
reduce the interaction length below 6 cm. If a typical
10-keV electron lens is used, the interaction length must
be reduced even further, below 2 cm. Providing such
short interaction regions will be a very difficult, if not
impossible, task.

Thus we conclude that our novel scheme provides a
practical method of compensating the tune shift and the tune
spread induced by space charge in bunched hadron beams.
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APPENDIX A: SPACE-CHARGE-INDUCED
TUNE SPREAD

There are multiple ways of deriving the space-charge-
induced tune shift and tune spread for a relativistic hadron
beam. We refer readers to specialized papers on the topic
[69,70] and the references therein. There is no practical
limit to which one can complicate the space-charge
problem by adding the effects of the surrounding environ-
ment [71], nontrivial beam distributions, and an arbitrary
coupling between 3 degrees of freedom. While interesting
in general, heavy mathematical calculations could obscure
the main idea of this paper, i.e., describing the novel
compensation method for the space-charge-induced tune
spread.

Hence, we will focus on a case of uncoupled transverse
motion with a simple Gaussian transverse and longi-
tudinal density distribution in the bunch propagating in a
vacuum:

flx,y,s,7=ct)
S RN (O G e 30 8
(27)3?6,0,0, 262 203 262 '

(A1)

where N, is the number of particles in the bunch,
po=(1—-y,2)"/2=v,/c is the beam’s longitudinal
velocity, 7 = ¢t and c is the speed of the light. Trivial
Lorentz transformation gives us the distribution (Al) in
the comoving frame:

Frys) =Moo X ¥ _ T,
(2’”)3/27/00x0-y0'z 2(7)2( 2(75 20'%
Z=7,(s=po1): 5, =7,0, (A2)

The charge density, p, differs from the particle density
by the multiplier eZ. We assume that, in the comoving
frame, the scalar potential is nearly time impendent, viz.,
it evolves only with a change of the particles’ distribution.
Naturally, since there is no current in the comoving
frame, the vector potential from space charge is zero.
Now, we need to solve only the stationary Poisson
equation7:

Ap(r) = —4zrp(r).

Following [72], we can derive the scalar potential using
well-known equalities [73,74]:

"We assume here that in the comoving frame speed of the
particles is much smaller than the speed of light, and that the
formula for a static scalar potential, Ap = —4zp, is applicable.
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3= [ Ll =2 [ epca-Er
0

and rewrite it using ¢ = 1/u?, as

L1 " PP\, -
@(7) =\/—7—7//q‘3/2ﬂ(€) EXP<—|rT§|)dqu3.
0

Substituting the charge density using the particle distributions (A2),

o _eZ N, [dg =&+ -+ -0 & i &
W) =—=——mi—— | =5 | dédnd{ - — — — — ,
Py D) = e a0, / q3/2/ edndt e""( q 202 207 25
0
(A3)
and taking three trivial integrals, as indicated below,
(x—¢)? N & q+207 202 \2  «?
= — X ;
q 202 202q q + 20> q+ 20>
< Y 2 2 2
/dfexp _(x J) —52 =0, ﬂzexp _xiz ,
q 207 q + 20y q + 20y
we derive the final expression for a scalar potential:
) x2 2 52
eZ eXp (_ 262 )]20,2 - ZZBZ)
@(x7 Y, Z) =@, + 7N0 : /dq e s 7 (A4)
N

b @ +202)(a+20.)(g+252)

Since in the comoving frame only the time component of the 4-vector potential, e.g., ¢, is nonzero, the Lorenz
transformation back into the laboratory frame is trivial:

[P (x. 7.5, 7)s A (x. 3.5, 0) iy = 7o0(1.Bo8) - Pl v, 7 (s — Bo7)], (AS)

where § is the unit vector along the beam propagation. Equation (AS5) can be directly added into the Canonical accelerator
Hamiltonian [75,76],

H— 2 2 2
W = —(1 + Kx) ( e(ﬂ2+e(,0sc) et — <Px_eAx) _ <Py_eAy) —E(A2+Aw), (A6)
C C C C

where we assumed a flat ring reference orbit (i.e., the absence of orbit torsion [75]).

While it is possible to proceed further using the Hamiltonian (A6), for most practical cases, we can use significant
simplifications. First, in all practical hadron storage rings, the bunch length is significantly larger than the transverse beam sizes,
e.g.,o, > o, ,.Forexample,in eRHIC, the hadron beam rms bunchlength willbe ~50 mm, while the transverse beam size will be
~0.2 mm. With a further &, = y,6. boost in the comoving frame, this size asymmetry becomes overwhelming, e.g.,

5, 3> 0y,
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In the case of eRHIC case, we would have 5. /o, , > 10*. This asymmetry allows using a two-dimensional expression for
the scalar potential. The easiest way is using the 5,2 — oo limit in (A4), but it also can be done directly (771

2

x2 Yy
€ZN CXp 202 Ty )
Py2) == / dq e (A7)
0, J0a+20)(q+260)
Following [69] to keep potential finite on the beam axis (x = y = 0) one should subtract unity for the exponent in the
nominator: exp (—ﬁ% - ﬁ%) 1. We implicitly assume such subtraction where it is needed.

Using substitutions u(s) = o,(s)/6,(s) and g = 296,0,. Equation (A7) can be rewritten with a dimensionless integral:

2 7 (L
P(x.y.2) = eZNo 37 XPUT 310/w) — 2(T+0u)
.V 275, A VO F8/u)(1 + Su)

(A8)

The near-the-axis expansion of Eq. (A7) can be found written in analytical form using an identity
a+b) [5dq/\/(q+2a%) (g +2b) = 1:

_ _ eZN, 7—22 1 x2 y2
Y, — _ e 7. oLl 04'
P(x,y.2) s, Py (G +6y +

(A9)

The next useful approximation, which is very common in the accelerator literature, originates from the fact that
synchrotron oscillations in hadron rings are much slower than the transverse (betatron) oscillation. It allows us to consider
both the particle’s longitudinal position inside the bunch as well as its relative energy deviation, 6 = E/E, — 1, as slow
varying. In this approximation, the transverse accelerator Hamiltonian (with the dimensionless variables p, , = p.,/p,)
becomes [75,76]

There is a direct way of doing derlvmg (A7) followmg [77]. By applying a Fourier transform // exp kr)dxdy/ (27)? to
A ¢ = —4znp;for s, > o, , we obtain (p(k) = 47tp( )/k Using a familiar trick - == =[re Kigp=1 e edr and scaling it by 1/4 we

get
p(K)eF1dr, ) =1 / d // =ik p(K)e T dk,dk,

2

Then, for a long Gaussian bunch with linear density of p,(z) = ¢ZN - e T/( 276,).

(k) = 4n

o\g

2
1 22 1 R2e2 K2

262 2 _Kox B9
o k) = . ;
27‘[6x6ye p(k) (2r)? “

P =p,(z)

after trivial integration,

1 by S 122 K p, iy K2(202+1) iy _ a2
7) = ——- | dt e ke e T dk dk,; —ikx o= =gk = e it
40( ) ”po(z) (27[)2 / // xaKy / x 26% Tt
0 oo

we get the desirable result identical to (A7):

R ZN 2(; +t 20‘ +t
o(F) = —e E 2 / dt.
(262 +1)(203 + 1)
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~ 2 Z Z 2 Ze
h:_(1+Kx) 1+ 5_—e§0sc + 5_—e(psc —P;%—Pg——(As +Asc);
Bo Poc PocC pe

[¢sc(xv Y, S, T)’Asc(x’ Y, S, T)]lab = }/0(1’ +ﬁo§) ' (‘_O[X, Y, ]/(S _ﬂ()f)]’ (AlO)

where K is the curvature of the reference orbit.
Assuming that space charge can be treated locally as a perturbation (e.g., |AQq ,,| < Q,,), we can expand the

Hamiltonian keeping only the dominant space-charge term. Using (A5) and taking into account that y,,(1 — %) =y~ !,, we
obtain

~ - ~ 20 - Ze 1+ Kx Ze
h=h,+ Ah, =2 —(1+ Kx 1+—+52—p2——AS+{ } @lx, v, 7(s — p,7)]. All
( )\/ Bo v ope 1+6/Bo) Povopoc b7 ) (A1)

Since we are interested in the main space-charge effects, keeping the term in angular brackets is unnecessary.9
In (A11), the third term represents space-charge effects:

o 2/ /oy
A 1 Z°N,r, J’zﬂ—"zﬂ 4 €Xp (_ 2()1€+§/u) - 2(1+8u))
e e o .
* pere V2o, / VA +8/u)(1 + 9u)

(A12)

where r, = e%/mc? is the classical particle’s radius. Since we are using Ze as the charge of the hadrons, we also should
introduce the hadron’s mass number, A =m/m, (with A > 1 for ions), where m, is the mass of the proton:
re =ry/A; r, =¢e*/m,c.

*The multiplier 1/ (14 8/,) describing the chromaticity of the space-charge effects can be estimated as 65 - AQ,. ~ 1073AQ,., while
the multiplier 1 + Kx represents the lengthening of the trajectory, and can be estimated as a,65 - AQ,. ~ 107> AQ./y?, where y, is the
relativistic factor at transition energy. Typically, y, ~ Q, > 1. More accurate treatment requires averaging the perturbation of the
Hamiltonian over the phases of the betatron oscillations and integrating it over the ring circumference, C. It gives us an effective one-turn
variation of the average Hamiltonian [76]:

C

/ ds((1+ Kx) - @x.y.2))y, ;

0

x= /2B (s) cosly(s) + ]+ D8y =/2B,(s)I, cosly,(s) + ¢,].

where I, I, are the actions of the betatron oscillations, d is the relative energy deviation of the hadron, and f3, , are the lattice functions.
The action dependent tune shift than can be calculated as follows:

~ 14+ Kx e e
Ahy = ~ P, .2)s eI 1y 2,6) = ——————
¥ ﬂo +5 70poc : * iy 7opocﬂo +5

1 ahcs( X Iy’ 2, 5)
2r ol '

X,y

AQ xy —

This formula covers all aspects of the space-charge tune shift, including its chromaticity. For on-energy particle, § = 0,

C
1+K
hcs(lx’lv’z):/ds< * x' ‘
’ A YoPo  PoC

P(x.y, Z)>¢ i x=y2p(s)coslwi(s) + bl y=/2B,(s)], cosly,(s) + ¢,].

Since the potential is symmetric function ¢(—x,y,z) = ¢(x,y,z), and (xp(x,y,Z)) =0.
Hence, the relative strength of neglected terms would be ~1073.
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Near the axis expansion of Eq. (A12) is straightforward
using (A9):

2
1 Z*N,r, -t
e 207

Ahg; =
L :Boyo A 271'(7

: (Gx(aj:_ o) * ay(axyi gy)> - (A13)

The classical averaging method'® over the fast betatron
oscillations [75,76]

Ah (IX’ Iy) <Ail$C(x’y)>¢x*¢}‘;

X =/ Zﬂx(s)lx COS[W)C(S) + d)x];
y =1/2B,(s)I, cos[y,(s) + ¢,].

where I, and ¢,, are the actions and phases of the
betatron oscillations, allows us to find local variation of the
betatron phases as derivatives over the corresponding
action:

(A14)

A, _ OB 1,.s)
ds ol

Xy

Then, the tune shift is a simple integral over the ring
circumference:

AQsc xy —

C
1 A (1.1,
/dsM. (A15)

2 o,

o

Averaging (A12) over betatron phases is straightforward
using the well-known expression:

2n
1
3 [ dve o — et )
o (A16)

F(&) = (e o), =

where [,(¢) is the modified Bessel function of the first kind
[74]. Expressing the beam sizes through the lattice func-
tions, f, ,, and the geometric emittances &,'! the transverse
dispersion, D, and the rms energy spread, o,

o¥(s) = Bu(s)ex + D¥(s)ogs  oy(s) =By (). (ALT)

and using Eq. (A16) we get

"With averaging over the phases of the betatron oscillations

deflned as (27)*(f) .. 4 = & fdg.dp,.
""With normalized emlttances deflned as €, =y,p,€

(Ahe),,,
1 72N r. e’
o' cC e 26%
ﬂoyo 2”02
S 2B, cos’p, 2p,1,cos’p,
/ d9 <eXp (_ ﬁ) >% <e"P (‘ W) >¢‘_
A V(L +8/u)(1 + Su)
and
1 Z?N,r, ity
<Ahsc>¢ # P 207
R ﬂoyo 277.'6
AZ
1+8/u F(2(1+8u)) (AI8)
J +9/u)(1 +9u)
where we introduced new parameters:
L Bi(s)e B(s)I
A2 = .y; — X X = x x'
U L X S PR T O P T
(A19)

As seen from Eq. (A18), the tune shifts depend on the
horizontal and vertical actions as well as on the longitudinal
position s — 3,7 inside the bunch. Averaging Eq. (A13)
over the betatron phases gives the Hamiltonian of the linear
motion:

2 s—Po7)?
=1 ZNorpe_(‘z/:%)

o ﬁoyo 2776

o (2 (eos’

ZORSE

o.(0, +0y) oy(0, +0y)
and
1 ZN,r, -t 1
(Ahger) = =R
OYOAV27T0' O-x(s) +6y(s)

(o) (20

We define the average of a periodic function'” g(s) =
g(s + C) as follows:

""We note that the lattice functions Pry(s+ C) = ,(s) are
periodic functions of the ring circumference, w, (s + C) =
Wyy(s) +27Q, ,, while the betatron phases are monotonically
growing functions.
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(A21)

Using (A15) and (A20) we obtain the tune shifts
experienced by particles near the axis that then are given by

c /o
5Qx = ﬂ <aT <Ahsc>>c

_C 1 2N, “f,i”< ! ﬂx(s)>
N ZHﬂOyOA\/ﬂa \ou(s) +o,(s) a(s) / ¢
__C 1 ZNgr, -t L <2f £(s )>

dne f2r) AV27o, I+

to get

_ o 2B, (s)ex >
00, = € < <0x(s)[5x(s)+6y(s)] c

L oo 2 e(s)uls)

T TRe® L+u(s) /¢

| ot 2p,(s)ey >

—_QlL.e A

Q Que e <‘7y(s)[5x(s)+5y(s)] c

y 7(5721)2 2
=—Ql-e <7> , (A22)
¥ 14+ u(s)/ ¢

where we introduce approximate values for space-charge-
induced tune spreads as

C Z>N,r
& = oL (A23)
4n (Jy()ex,y A 277-'GZ

Similarly, using (A15), (A18), and (A19) we obtain the
tune shifts for arbitrary amplitudes of betatron oscillations:

A2

2 % 1 _AxSE d
AQ. = 0ice %/d&<fEF ( (1+‘9/”))F<2(1+)8u))> :

V(1+8/u)’(1+8u)

0
C

g 7d8<F 2 1+19/u))F/< (1+‘;9u))> :
0

AQscv = ec

V(18 u)(1+9u)?
(A24)

with F'(&) = 8 = e~¢[1, (&) — 1,,(£)]. The plot in Fig. 7
shows F(A?) and —F’(A?) as functions of A. The behavior
of the kernel in integral (A24), F'F, indicates that the tune
shift diminishes for particles with large oscillating ampli-
tudes, e.g., AQ., = 0 when I, — oco. It also indicates

0 2 4 6 ) 04

FIG.7. Plots of F(A?) (red) and —F’(A?) (blue) as a function of
A (horizontal axis).

that the tune spread for particles confined within A, , < 5 is
close to that of the maximum shown in Eq. (A22).

For our further use in this paper we rewrite the
expressions for the tune shifts as follows:

. _(l‘*ﬂozf) x I}
AQsch,y:_ Séy'e e ffxy<_7_>

X

€
S ) — —7d8<f F’( /f+£7u) ((2 11914 >> :
0

V(1 +8/u)*(1 4 Su)
FF,(A2,A42) = d8<
g

A
l+z9/u))Fl< (14;19Lt))>

1+ 38/u)(1 + u)?
(A25)

We note that both ff, and ff,, while being smooth
functions of I, ,, are neither a simple exponential nor can
they be expressed as well-known functions. This signifies
that, in practice, they should be calculated (tabulated) for a
specific storage ring.

Finally, we note that if the contribution of the energy
spread term in (A17) is negligible, i.e.,

Bey(8)exy > D3\ (s)3,
then both (A24) and (A25) can be reduced to “symmet-
rically looking” expressions with fz = 1. Further, for a
round beam with equal transverse emittances, €, = €, = &,
we can write Eq. (A22) as follows: )

_ gt 65\
50, = —0.e <2<1+ ﬂj(s)> > (A26)
C
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puls)) "
00, = — (201 . (A27
Q} QSCe < ( + ﬁy(s)> > ( )
C

with the expressions

C Z°N, rp
sc — N A28
Q dnpiyie Av 270, (A28)

frequently used as an estimate for tune spread induced by
space charge in hadron storage rings.

To connect the particle’s distribution with the beam
current, we should note that

267
~ eZN,v c
= 2 o, =3
(27)'% ",
1
f,y,s,t=ct) =———
2n6.6,Zev,
g exp(_x_z_y_z_w)
267 20 20?2

(A29)

where ] is the beam’s peak current. This allows us to rewrite
Eq. (A23) as

A

W C ozl
e 4”ﬂ13)y2€x,yAIpA '
3
La="2C 25313100 A, (A30)
e rp

where 7,, is the Alfven current redefined for protons.

APPENDIX B: TRANSVERSE DISTRIBUTION
OF THE ELECTRON BEAM

We are proposing to use a low energy electron beam to
compensate the space- charge-induced tune shift and spread
in a hadron beam with much higher energy. Both beams
will have similar beam sizes and peak currents. Hence, the
focusing effect of the hadron beam on the electron beam
will be much stronger and, most likely, will cause pinching
of the electron beam. The result of such an interaction will
be neither desirable nor controllable. There is a practical
way of keeping electron beam transverse distribution
controllable and fixed [26]—the propagation of a magnet-
ized beam in a strong solenoid field [78,79]. In this case,
with a solenoid of an appropriately chosen strength,

the electron beam’s profile can be both maintained and
controlled.

Similar to the arguments used for calculating the EM
field induced by the hadron beam, we can conclude that the
4-potential induced by the electron beam is given by (AS5)
with a change of the kinematic variables y, — v,; f, = f.:

[0e(x,9,2.7), A (%, Y, 2.7)]1p
5)

:7e(lvﬂe '(p_oe[xvy7ye(z_ﬂe1)] (Bl)

with the scalar potential, ¢,, satisfying the reduced Poison
equation in the e-beam’s comoving frame:
AL(Pe(?J_’ Z) = _4”:02 (7'_U Z) (Bz)

As we discussed in the paper, the convolution of the

longitudinal profile of the electron bunch has to fit that of

the hadron bunch, while the transverse profile should be the
same, 1.€.,

(B3)

To satisfy the requirement for a desirable @, (7, ), one
“simply” must provide a beam with transverse density
distribution satisfying

A9 (FL)

4 (B4)

pel(;l) =

It is easy to see that negatively charged beam is needed
to compensate for the space charge of positively charged
particles, e.g., we know the sign of p, < 0. But while
looking as a simple mathematical relationship (i.e., the
double differentiation of a given function), we must take
into account that the density should not change the sign,
i.e., on potentials with (unless the ignored longitudinal part
of the Poisson equation becomes non-negligible for some
reason)

A1@.(FL) 20, YTy
are allowed in practice. Unfortunately, this is not the only
limitation; generating an arbitrary profile of the electron
bunch is a nontrivial engineering undertaking.

While there are practical challenges in generating the
desirable transverse profiles (especially when the current is
modulated), a large diversity of transverse profiles already
has been generated in practice [64,78,79]. Hence, we can
assume a smooth profile mimicking to a significant degree
the distribution of a hadron beam can be produced.
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This most likely means that only the main features of the
space-charge-induced tune spread can be mimicked by the
compensating beam, and only partial compensation of
the tune spread would be possible. The degree of com-
pensation will depend both on the ring, and the attainable
profile of the electron beam.

APPENDIX C: TUNE SHIFT INDUCED
IN THE E-BEAM COMPENSATOR

Next, we consider an electron beam in a compensating
scheme with a known 4-potential [see (B1)]:

[0 (%, ¥, 5,7), Ag (%, ¥, 5.7y
8)- @

_7/6(1 ﬂe [x9vae(s_ﬂeT)] (Cl)
and according to (B2) we get
(e, ,8,7) A (%, 3, 5.7y
7}/6(1 ﬂe ) (x,y)-g(s—[}ef);
/g(s)ds =1. (C2)
=Po (T—7,); =T, T3
s=p, (t—1,) T=1 3
L)2 L/2
_ Zey.
/ ds(sh,) = Ry oAm
—L)2 —L/2

( - /}eﬁO) / dS<g_0[21xﬂX(S)COSZ¢x, 21)’/)7)1 (S)C052¢y]>¢x.y g |:S<

The latter can be input into the transverse accelerator
Hamiltonian for the hadrons (similarly to the procedure in
Appendix A) to find how it changes:

Zey,

Sh, =
ﬁOpoc

g(s —per).  (C3)

(1 - ﬁeﬂO)@eL(x’ y) '

Assuming the symmetry of the electron beam distribu-
tion, we can assume that

Pe(x,y) = p(x*,y?) (C4)

and we can average the Hamiltonian over the betatron
phases to find the effective one:

Zy.e
1 —
ﬂop(, ( ﬁeﬂO)

X (BR21P(5)c0s e, 21,5, (s)cos’hy]),,
g(S - ﬁeT) .

(6h.) =

(C5a)

The effective Hamiltonian for a hadron traversing the
interaction region can be expressed as the following:

f,) ﬂ} (Csb)

0

Further evaluation is impossible without knowing the specific transverse distribution of electron beam. It is natural to

assume that it also is Gaussian,

and continue with the Hamiltonian variation of

and the induced integral Hamiltonian is

{ Qo+ 9) (20, + q)

) 2 32
—exp(———7)g<s—ﬂef>;

ZGEX +q 20‘%}, +q

dq, (C6)

By(s)1,
F(q+2(r)

2N, 7 =
ﬁ r ( ﬁeﬂO) |: ( ) ﬂe o:| X /dq ‘1+2 5
070 0 \/q—|—20')(q+20§)

(C7)
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L/2 IN L/2 0 Be(s)I, x F(/)’y(x)l’\.)
r o2 o2
sti= [ wngas =200 [ asals(1-5) <] [ g E)r()
P oo P o \/(a+20d)(g+203)
and the induced tune shifts are given by following convolutions:
L/2 L) / ﬂxl,x ﬂ)'[}'
ZNer F ( +2¢7§>F< +20“\2.)
20, = (1= pp) [ dsole) [ dgp =TI
0’0o U ! \/(q +207)°(q + 2075)
L/2 0 o Byl
ZN.rp F (4/i2ai> F (4*235)
AQ, = 22y A (1—B.Po) dsg(&) | dqp, S =
oo Sa o yJla+20d(g+20)
5 (1 - &> - ﬂeTo' (C9)
Po

One possible simplification to (C9) can be done for a case when the size of an electron beam stays constant through the
interaction region, and f3, , > L, that is, we can use a thin-lens approximation for the kick. In this approximation, the effect

of the slippage and that of the kick are separable:

ZNerpﬁx
AQ 2 ﬁ() Yo ( ﬁeﬂ()
ag, = 2Ny (g pGia)

Zﬂﬂ(z)yoA

L)2

6= [ asal (1= )s=pls B [ potoias

L2

The idea of the method is that G(z) approximates the
hadron beam’s longitudinal shape. Then the goal of the
transverse shaping and choosing an appropriate f3, ,, as well
as the electron beam intensity and sizes is to approximate
the values of the tune shift induced by the space-charge
effects and their dependence on the transverse actions.
These assumptions set already familiar requirements:

_ (5Po?)? 7N C
G(r)=e > ; N, = - )
y()(l _ﬂeﬂO) V 27[62

(C11)

APPENDIX D: DECONVOLUTION

Before starting the derivation for deconvolving Eq. (22),
we list our assumptions:

1. By definition, Az = cAr > 0.

2. We assume that the hadron beam longitudinal dis-
tribution function, ¢(z), is an analytical function, with a
finite integral and values diminishing at infinity.

o~——38 0\8

r ) ﬁ‘
q+25 F(l]+20"

q+26x) (q+20)

F( /’)x X )F’( /j)'].V )
dq q+20? q+207

V(a+260)(q+200)° ’

dq

(C10)

3. Furthermore, we assume that at large distances, its
derivative also vanishes faster that 1/|z|, that is
|9’ (z)| < A/|z|'*¢, & > 0. This rather weak assumption will
be used for proving the convergence of the convolution.

To deconvolve the equation (22), we rewrite it in the
following form:

8 glz+0)de = q(z)
J (D1)
i g(0)d¢ = q(z).

Taking the derivative, we get the finite step differential
equation on g¢:

9(z+Az) -

9(z) = 4'(2), (D2)

which can be solved by turning the finite series
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n
Zq/(ZerAZ Zngr m+1)Az] — ZngrmAz
m=0 m=0
n+l1
= Zg(ermAz) - Zg(z+mAz);
m=1 m=0

n

Zq’(z +mAz) = glz+ (n + 1)Az] — g(z)

m=0

and assuming that ¢(z) — 0, we can derive the result:

7— 00

9:(2) == _q'(z+mAz). (D4)
m=0
We naturally assume that the sum ) % ¢'(z + mAz)

converges, i.e., that the derivative of the distribution
function at large values falls faster than A/|z|'™¢, e > 0.
Similarly, using

n+1
Zq (z—mAz) = Zgz—mAz Z g(z —mAz)
m=1

=9(z)

and assuming that g(z)
result:

—glz—(n+1)Az], (Ds)

— 0, we can derive the second

7—>—00

[Se]

9-() =+>_q'(z—mhz).

m=1

(Do)

Since the function g(z) is not unique, function g_ in (D6)
is not necessarily identical to g, in (D4). Adding any
J

—(1+¢) ©

(D3)

periodical function with period Az and a zero integral,
we get

91(2) = 9(2) + p(2);

p(z+Az) =

does not change the property of satisfying the convolution.
But it definitely violates the natural requirement that
9(2).210 = 0, ie., the length of the electron bunch is
finite.

By observing (D4) and (D6), we can conclude that for a
properly behaving distribution function

4" ()l < A/lz['*¢, >0 (D8)

9+(2) ;0100 = 0 and g_(z),_,_o, — 0. It is rather easy to
prove by considering z > 0:

—(1+e)

<A z ‘mAz

m=M

9.z >0)| < |q'(z+mA7)| <A |z+mAz
m=0 m=0
Z 7—Az
M =Fl — > ;
oor {Az} Az
2M—1 2M—1 4M—-1
1 1 1 1
D Y o N
9. (2 > 0)] < A 1 2 <A 1 2¢
iz AZFEME2E— 1 AD (z— Ag) 2 —
with the latter expression definitely showing that

94+(2),10 = 0. Proving g (z),_,_, — 0 is identical to
the logic with that given above, but for z < 0 replacing M
to M = Floor[— & > — 482,
Z: v4
While at some values of Az g_ can be identical to g,,
there are clear physics examples of where they can diverge.
For example, we can consider a bell-shaped ¢(z) with its

entire span falling within Az, ie., ¢(+Az/2)=0. In

I N N
SOMP T 2w S 2 o W =1

1 ;

practice such distributions exist, for example as a bunch
in a single rf bucket. It means that
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At the same time ¢'(z) has at least one maximum value
and one minimum one, with an interval {—Az/2, Az/2}.
We mark the locations of these ¢'(z) extremes as
7, (maximum, z, < 0), z_(minimum, z_ > 0). Then, for
an  arbitrarily positive m, we have g, (z)=
—2m=04'(z+mhz)g9_(2) = + 20, ¢'(z —mAz):

9+ (zy —mlAz) = —¢'(z4) <0

94(z- —mhz) = —¢'(z_) > 0;

9-(z +mhz) = ¢'(z4) > 0;

g_(z_+mAz) =¢'(z_) <0, (D9a)

i.e.,, denoting the oscillating nature of g, at negative
values and ¢_ at positive values of the argument.
Furthermore,

9:(2)=0;  z>Az/2,

9.(2) = —¢'[Azmod(z/Az+1/2) — Az/2], z<Az/2,
g-(2)=0; z<Az/2,

9-(z) = q'[Azmod(z/Az + 1/2) = Az/2],  z> Az/2,
9:+(2) — 9-(z) = —q'[Azmod(z/Az + 1/2) — Az/2],

(D9b)
|

FIG. 8. 3D plot of 7 [g, (t) — g_(¢)] (vertical axis) for Gaus-
sian convolution function with ¢=z/6, € (—5,5) being a
horizontal axis, and the third axis is 7 = Az/o, € {0,3} [see
Egs. (D4) and (D6)].

with the difference being a periodic function with zero-
value integral. Figure 8 below shows this behavior for a
Gaussian ¢(z) as a function of the delay.

Since Eq. (22) is linear, any combination of

9a(1) = ag. (1) + (1 = a)g_(1)

is a deconvolution of Eq. (22). For practical applications,
the most interesting is an even sum of both:

m=1 m=0
Az - Az > A
2 — | = " z—mAz+—) — ! Az +—
91/2<z+2) mz:lq<z m z+2) mz;)q<z+m z+2>,
iq’ ermAz—kE ziq’ z+mAz ——
m=0 2 m=1 2 ’
Az =, 1 , 1
2gl/z<z+7)=mz:1{q {z—(m——)Az]—q[z—i—(m—E)Az}}

Hence, we can define a “symmetric-form” function as

o=s(e+5)HE{el (o] el ()

and easily prove that

(D10)
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Az
+5

> [ aedela=(n=s)es] oloe (n3)ad)

=7

0

= Z {q(z + Az — mAz) — q(z + mAz) — q(z — mAzZ) + q(z — Az + mAz)}

m=1

= {i q(z —mAz) — iq(z +mAz) —

m=0 m=1

z+Az/2

G($)d¢ = q(z2).

7—Az/2

If g(—z) = ¢(z) is symmetric, then

(5]

S g-mag) + > gzt mAz>} — 24(:)

m=1 m=0

(D11)

S S R e

e oo

and G(z) can be rewritten in a form that has obviously symmetric terms:

S ) SR (S |

It is easy to prove:

v(z) =4q'(a—z2) +q'(a+72);
v(=z) =¢'(a+z)+q(a—z)=0(2).

Let us consider a practical case with

(D13)

FIG. 9.
the function becomes negative.

(D12)

[
we then have

9.(2) = %i (z 4+ nAz) - exp <— %) (D14)

Undoubtedly, the behavior of the g(z) is defined by
dimensionless parameter 7 = %:

(b)

3D plots of (a) g, (¢) and (b) g_(¢) as functions of € (—5, 5) and the parameter = € {0, 3}. The clipping shows the area where
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g+

1.5

(a)

g—
1.5

1.0

—4 -2 2 4

-0.5

-1.0

-1.5

(b)

FIG. 10. Plot of 7- g.(¢) (g, is on the left, and ¢_ is on the right) as functions of t € (-5, 5). Colors code: blue for = = 1, cyan for

7 =2 and yellow-green for 7 = 3.

1.0

t/o

-0.5¢

FIG. 11.
T=1.5.

3D plot of g, (¢) as a function of € (—5,5) and for

1.0
08
0.6

-4 N__A42 2 4

FIG. 12.
position within a hadron bunch, when a fitted function is used.

1 (o]
—Z t+ nr) exp( (x —&—nr)),
o 2

n=

(D15)

Figure 9 shows the value of ¢.(¢) as functions of

€ (—5,5) and 7 € {0, 3}. It shows that for 7 € {0, 1} the
functions g, () remain positive. Figure 10 shows details
of g+ (1) at = 1,2, 3. Again, it is obvious that for z > 2 it
is impossible to make g(z) >0 approximating the
required function. But it also is obvious that for 7 <1.5
Equations (D4) and (D6) generate a smooth positive
function, which, in principle, can be reproduced by an
e-beam’s profile.

Figures 3-5 in Sec. III also show that deconvolutions
for 7 < 1.5 are generating smooth positive functions
closely approximating the required forms. As shown in
Fig. 11, the g, (¢) for = 1.5 attains small negative values

(b)

(a) A plot of g, (z) for z = 2 (blue) and a fit of a positive function (magenta). (b) The residual tune shift as a function of the
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at t < —3. Detailed studies show that it becomes an

oscillating

sin-like function with amplitude about

1.5x 10~ and with period of T ~ 1.5. Simply cutting
this tail at + < —3 makes a practically useful positive
function, whose convolution deviates from (22) only by a
small fraction ~7 x 1074,

As Fig. 12 shows, it even is possible to use 7 = 2 with a
smooth positive function, approximating the exact decon-
volution, to compensate for more than 95% of the tune
spread induced by the space charge. While this can be
considered, using 7 < 1.5 is preferable for accurate space-
charge compensation.
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