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Wakefields and beam instabilities are important issues for a storage ring and are described by various
theoretical formalisms. Direct measurements of the beam motion related to different dynamical mechanisms
are a useful input to accelerator optimization. This paper reports on an experimental method based on a
simplifiedwakefieldmodel, where bunch-by-bunch position informationweremonitored during the transient
injection process at the Shanghai Synchrotron Radiation Facility. Processing the bunch-by-bunch data by
means of the principal component analysis allowed for immediate operational improvements—such as in situ
compensation of the kicker leakage, and energy matching between the booster and the storage ring.
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I. INTRODUCTION

Interactions of beams with its surroundings are critical to
beam stabilities, especially for multibunch storage rings.
Wakefields in regular structures have analytic solutions and
various models have been presented in the past decades to
study the wakes and impedances theoretically [1–7], but the
calculation of the detailed wakefields are tedious and time
consuming by simulations in finite element analysis soft-
wares such as MAFIA or CST. Trapped modes of the
wakefield are difficult to measure by wire based bench
measurement [8,9]. Although beam based measurements
do not have this shortcoming, crafty designs, like the
techniques used in ASSET [10], are necessary.
The injection system of a storage ring usually consists of

a set of beam kickers. It changes the momentum of a bunch
to meet the injected one, and then changes it back to the
original orbit with the injected bunch. Unfortunately,
the kickers of some injection systems, such as the ones
at the Shanghai Synchrotron Radiation Facility (SSRF) are
not perfectly mounted, aligned or configured, thus there
will be residual betatron oscillations.
On the other hand, the residual oscillations could be

regarded as excitations and the wakefields would affect all
the bunches including itself. The betatron oscillations are
evanescent in a storage ring, especially when there is a
transverse feedback system. The signal-to-noise ratio might
become acceptable in the injection transient process.

The wake oscillation could always be expanded as power
series of the displacement of the drive bunch. The brief
explanation of a simplified linear wake model is given in
Sec. II where the higher order terms of the power expansion
are ignored. If there is an electronics that can fetch the
bunch-by-bunch positions of the beam during the injection,
the wakefield along the storage ring might be measured and
instabilities introduced by the flaw of the kickers could
hopefully be adjusted.

II. WAKEFIELD MODELING

The transverse motion of the charged particles in a
storage ring is periodically restrained by the damping
forces and the quadrupole fields, so the equation of motion
has the form of

x00 þ pðsÞx0 þ qðsÞx ¼ 0; ð1Þ
where s is the longitudinal coordinate, x the abscissa or the
ordinate, x0 ¼ dx

ds ¼ dx
dt =

ds
dt the generalized transverse veloc-

ity and pðsþ LÞ ¼ pðsÞ, qðsþ LÞ ¼ qðsÞ both L-periodic
functions determined by the lattice and the structure of the
storage ring. The space charge effect and the image charge/
current contribution to the beam motion [11] is ignored
here as higher order terms.
Define

X0 ¼
�
x0
x00

�
ð2Þ

and Eq. (1) can be written as the following homogeneous
linear system:

X0
0 ¼ AðsÞX0; ð3Þ

where
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AðsÞ ¼
�

0 1

−qðsÞ −pðsÞ
�
: ð4Þ

The Floquet theory [12], p. 189, and the Liouville’s
formula [12], p. 152, show that there will be a quasiperiodic
fundamental matrix solution,

Φ0ðsÞ ¼ RðsÞesB; ð5Þ
where RðsÞ is an L-periodic matrix function and

trB ¼ 1

L

Z
L

0

trAðsÞds ¼ −
1

L

Z
L

0

pðsÞds: ð6Þ

Since B is similar to its Jordan canonical form J ¼ λI þ N
where I is the 2 × 2 identity matrix and N a traceless
nilpotent matrix, trB ¼ trJ ¼ 2λ. The damping forces
require that pðsÞ ≥ 0 so that λ ≤ 0. It can be easily seen
that the solution is a linear combination of the columns of
the principal fundamental matrix:

Ψ0ðsÞ ¼ eλs
�

rðsÞ 0

r0ðsÞ rðsÞ
��

cosðksÞ sinðksÞ
k

−k sinðksÞ cosðksÞ
�
;

ð7Þ
where the L-periodic function rðsÞ is normalized so that
rð0Þ ¼ 1 and r0ð0Þ ¼ 0. The beam position measured each
turn at a fixed location is the upper element of
Ψ0ðs0 þ nLÞv, where v is a constant vector determined
by the initial condition, and could be regarded as a
sampling from a continuously damped sinusoid (as shown
in Fig. 1):

xn0ðs0Þ ¼ xðs0 þ nLÞ ¼ C0rðs0Þ cosðnkLþ θ00ÞenLλ: ð8Þ

To describe the motion of the successive bunch affected
by the free bunch, let us consider the linear approximation
of the wakefield and the equation of the motion could be
written as

X0
1 ≃ AðsÞX1 þ a1;0Y0; ð9Þ

where

X1 ¼
�
x1
x01

�
; Y0 ¼

�
0

x0

�
¼

�
0 0

1 0

�
Ψ0v; ð10Þ

and a1;0 a constant coefficient which denotes the wakefield
force propagated from the previous bunch. Using the
variation of parameters formula [12], p. 179, the solution
of the inhomogeneous system could be written as

ϕ1ðsÞ≃Ψ0ðsÞΨ−1
0 ð0ÞΨ0ð0Þv1 þΨ0ðsÞ

Z
s

0

Ψ−1
0 ðtÞa1;0Y0ðtÞdt

¼ Ψ0ðsÞv1 þ a1;0Ψ0ðsÞ
� − sin2ðksÞ

2k2
sinðksÞ cosðksÞ−ks

2k3

sinðksÞ cosðksÞþks
2k

sin2ðksÞ
2k2

�
v0

¼ Ψ0ðsÞv1 þ a1;0
eλs

2k2

�
rðsÞ 0

r0ðsÞ rðsÞ

��
ks sinðksÞ sinðksÞ−ks cosðksÞ

k

k½sinðksÞ þ ks cosðksÞ� ks sinðksÞ

�
v0 ð11Þ

and thus the beam position at s0 could be written as (as shown in Fig. 1)

xn1ðs0Þ ¼ x1ðs0 þ nLÞ≃ ½C1;0 cosðnkLþ θ01Þ þ C1;1n cosðnkLþ θ11Þ� × rðs0ÞenLλ: ð12Þ

It can be easily derived that the beam position of the ðiþ 1Þth bunch affected by the previous i bunches which are also
affected by their preceding bunches at a fixed location is of the form

xni ðs0Þ≃ rðs0ÞenLλ
Xi

j¼0

Ci;jnj cosðnkLþ θjiÞ: ð13Þ

FIG. 1. Illustration of the betatron damping oscillation and the
first order wakefield motion.
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It could be approximately expressed as the sum of the
betatron damping oscillation and the first order wakefield
oscillation, which is invoked by its previous bunches just
like Eq. (12), after omitting the higher order terms.
Generally, principal component analysis of the turn-by-

turn beam position monitor (BPM) data will extract two
betatron oscillation modes, due to the phase advances
between BPMs. But the evanescent betatron oscillation
has already been damped and it is not detectable before the
injection. The initial condition is not arbitrary in that case.
The bunches are kicked at s ¼ 0 so the betatron oscillations
are all cosinelike and share the same oscillation phase,
which means that the linear combination coefficient can be
written as vi ¼ ðvi1; 0ÞT . So the betatron mode extracted
from the bunch-by-bunch data will only have 1 degree
of freedom. Comparing solutions (7) and (11), we can
see that although the first-order wakefield oscillation
[∝ seλs sinðksÞ] depends on the betatron oscillation
[∝ eλs cosðksÞ], they are linearly unrelated. Inspired by
model-independent analysis (MIA) [13,14], we found that
these modes could be separated by using the singular value
decomposition (SVD). Once the motions are separated, the
spatial vector [13] of the betatron oscillation could be used
to describe the variation of the magnetic fields of the
kickers of the injection system.

To verify that the two modes are separable in discrete
data, a computer simulation had been made before the
experiments to estimate the performance of the decompo-
sition. Damped betatron oscillations, mixed with wake
oscillations and random noise, were used to simulate
the behavior of the bunches. Different amplitudes of the
betatron oscillation of all bunches were chosen during the
simulation. Since the range of the wakefield and the charges
of the bunches were unknown, random distribution along
bunches had been used. The signals had the following form:

xiðnÞ ¼ Aie−n=N cosðnϑÞ þ Bine−n=N sinðnϑÞ þ CiRðnÞ;
ð14Þ

where Ai, Bi and Ci were random scalars and RðnÞ random
noise. In this simulation, Ai’s had a unit normal distribution
Nð0; 1Þ.1 Bi’s and Ci’s also had normal distributions
Nð0; σbÞ and Nð0; σcÞ. Signals using different σb’s and
σc’s were generated before they were decomposed into
principal components:

FIG. 2. Relative differences between the temporal vectors or the spatial vectors of the extracted betatron mode or the wake mode and
the original ones. Upper left: ðu1 − KÞ=K; upper right: jðv1 − AÞ=Aj; lower left: jðu2 − LÞ=Lj; lower right: ðv2 − BÞ=B. The abscissa is
b=a, meaning the ratio of the amplitude of the wake oscillation to the amplitude of the betatron oscillation. Different lines had different
noise levels c=a contributed to the simulation.

1Nðμ; σÞ is the normal distribution where μ and σ are the mean
and the standard deviation of the distribution.
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aK × Aþ bL × Bþ cR × C

→ USVT

¼ ð u1 u2 u3 � � � Þ

0
BBB@

a 0 0 � � �
0 b 0 � � �
0 0 c � � �
..
. ..

. ..
. . .

.

1
CCCA

0
BBBBB@

vT1
vT2
vT3

..

.

1
CCCCCA
; ð15Þ

whereK is the unitary columnvector of the damped betatron
oscillation; L is the unitary column vector of the wake
oscillation; R is the unitary column vector of the noise; A, B
and C are the unitary row vectors of Ai, Bi and Ci,
respectively; and U, S and V are the temporal vectors
[13], singular matrix and spatial vectors, respectively.
The decomposed betatron and wake oscillations were

compared with the theoretical ones (as shown in Fig. 2).
The results showed that the relative differences between the
extracted temporal vectors and the original signals were no
greater than 10−3 in the simulation. The differences
between the spatial vectors and the original distributions
were less than 10−1. The performance of the decomposition
relied on the ratios of wake and noise to betatron
oscillation.

III. MEASUREMENT APPARATUS

The storage ring at the SSRF consists of 20 cells. The
beam is injected at cell 1 and the bunch-by-bunch position
measurement system is located at cell 10. The bunch
positions at these locations are related by a constant matrix
so that the kickers’ field could be constructed in situ by
using the spatial vector of the pure betatron oscillation
mode at the measurement location.
Since there were few standard electronics that could

measure the beam positions bunch by bunch with both high
sampling rate and huge memory capacity to store the data,
an oscilloscope was chosen to record the signals from the
four buttons of a BPM and to output the corresponding

bunch positions, as shown in Fig. 3. The rf frequency
obtained from the discrete Fourier transformation of the
raw waveform was used to determine the bunch interval.
The sampling rate of the oscilloscope was not an integer
multiple of the rf frequency (499.654 MHz in our storage
ring) so cubic spline interpolation was used to obtain the
bunch positions at accurate signal phases. The bunch-by-
bunch position series was rearranged and transformed into
turn-by-turn position information of each bunch so that the
bunch position matrix was ready for further beam dynamics
analysis [15].

IV. EXPERIMENTS AND RESULTS

The experiment does not need special configurations
of the machine, so the data were collected unnoticed
during daily top-off operations. Bunches were injected
every 10 minutes and the data acquisition was triggered
slightly before the injection. The typical results plotted in
this section were processed by using the data recorded
during the injection at 14:50 on July 15, 2014 unless
otherwise noted.
After the bunch position matrix X (consists of horizontal

motion waveforms of all bunches, typically shown in
Fig. 4) described in the previous section is constructed,
it is decomposed into three matrices X → USVT (as shown
in Fig. 3), where U and V are unitary matrices and S is
diagonal. Similar to MIA, the column vectors in U are
called the temporal vectors and the column vectors in V are
called the spatial vectors.
Based on the singular values (see Fig. 5), only four major

modes (as shown in Figs. 6 and 7) with relatively large
singular values were worth studying in this experiment.
The envelope of the first mode is an exponential decay,

so it could be considered as a clean betatron damping
oscillation invoked exclusively by the kickers according to
Eq. (13). The spatial vector indicated that the magnetic
fields influencing the bunches were not constant. In this
experiment, the 417th bunch is not affected by the kickers

FIG. 3. Measurement scheme and data preparing. The oscilloscope is attached to the electrodes of the BPM and it fetches the original
waveforms over 10000 turns right after the injection. After resampling the spline interpolation of the original waveform of each button at
the frequency of frf , the positions of each bunch is calculated and arranged for further analysis.
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at all. The kickers at the SSRF is optimized so that the
bunch to be injected (the 141st bunch in this experiment)
would always be at the maximum phase and the matching
between the fact and the spatial vector confirmed that
SVD could extract the betatron oscillation mode from the
bunch-by-bunch data.
Repeating this experiment, we have found that although

the kickers’ field has an irregular temporal distribution, it is
stable with respect to the injected bunch. The field could be
calibrated by using multiple spatial vectors during different
injections with the knowledge of the positions of the
injected bunches. As an illustration, three sequential
measurements were used as snapshots of the full field of
720 buckets, as shown in Fig. 8. Some spatial vectors had
been flipped upside down to coincide with each other and
the flipping is harmless because it would only change the
sign or phase of the corresponding temporal vector.
The envelope of the second mode is a multiplication of

the turn number and an exponential decay, thus it is caused
by the first order wakefield according to Eq. (13). The
amplitude of this mode is about a half of the betatron

oscillation and the phase difference between them showed
that the total wakefield seen by a bunch has a long range.
The dynamics of the producing and the propagating of the
wakefield could be precisely studied by measuring this
mode under different filling patterns.

FIG. 5. Singular values of the separated modes. The noise floor
is about 7.3 mm and the signal-to-noise ratio of the betatron
oscillation is about 11.6 dB.

FIG. 6. The first three principal components of the oscillation
after the injection. The red auxiliary lines illustrate that the
envelopes of the temporal vectors satisfy the general solution
(13). Ln is a constant and p2ðnÞ is a quadratic polynomial of the
turn number n.

FIG. 4. Typical waveform of some random bunch at the
measurement spot.

FIG. 7. Distributions of the first three modes along the bunches.
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The wake oscillation of a bunch is determined by the
betatron oscillations of all bunches. The propagation
coefficient of the wakefield is considered a constant once
the drive bunch and the witness bunch are decided, so the
amplitude of second mode of a bunch is a linear combi-
nation of the amplitudes of the first modes of all bunches
(including itself):

S22V
2
i ¼

XN
k¼1

αki S
1
1V

1
k; ð16Þ

where S22 is the singular value of the wake mode (the
second principal component in these experiments), V2

i is
the ith element of the spatial vector of the wake mode,
αki is the propagation coefficient from the betatron oscil-
lation of the kth bunch to the wake oscillation of the ith
bunch, S11 is the singular value of the betatron mode (the
first principal component in these experiments), V1

k is the
kth element of the spatial vector of the betatron mode, and
N is the bucket number of the storage ring. The α matrix
can be obtained by solving the linear regression problem
in Eq. (16).
The envelope of the third component is a multiplication

of a quadratic polynomial of the turn number and an
exponential decay, and it is a higher order mode caused by
the second component according to Eq. (13). Higher order
modes where the degree of the polynomial is greater than 2
had not been observed in the experiment or, more likely,
were mixed in the first three principal components.
The fourth component is coupled from the energy

oscillation due to dispersion based on the waveform (as
shown in Fig. 9) and its spectrum. The spatial vector
showed that the injected bunch had a very large energy
oscillation component. Combined with the filling
pattern information, the injected charge is proportional
to the energy spread of the bunch (as shown in Fig. 10)
[16], which implied that the component is due to the
energy mismatch between the storage ring and the
booster.

V. CONCLUSION

The transverse motions of the beam after the injection
consist of many physical oscillation modes and unwanted
noise. This paper proposed an experimental method to
separate these modes.
A series of experiments had roughly confirmed that the

linear dipole wakefield model stated in Sec. II is adequate
in analyzing multibunch motions in a storage ring during
injection without special setups and additional machine-
study hours. Those higher order modes were separated and

FIG. 9. Temporal vector (top) and spatial vector (bottom) of the
energy oscillation extracted from the original data.

FIG. 10. Linear relation between the amplitude of the energy
oscillation extracted from the original data and the charge of the
injected bunch.

FIG. 8. Kicker field reconstruction based on three sets of data
acquired at 14:00, 14:25 and 14:50, respectively, on July 15, 2014.
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observed from the raw position data by using SVD
inspired by MIA without disturbing the ordinary operation
of a light source.
To apply this method, a specialized digital beam position

monitor (DBPM) is under development. The DBPM would
separate the physical modes in its field programmable gate
array module after acquiring the positions of the bunches
after each injection. Information of the betatron modes
would be used to compensate the errors of the kickers.
Information of the energy oscillation modes would be used
to fine-tune the energy of the booster. After accumulating
enough samples of the betatron modes and the wake modes,
the interaction strength between bunches will be studied.
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