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Very few experimental techniques are useful for the direct observation of ultralow vertical emittance in
electron storage rings. In this work, quantitative measurements of ultralow (pm rad) electron beam vertical
emittance using a vertical undulator are presented. An undulator radiation model was developed using the
measured magnetic field of the APPLE-II type undulator. Using calibrated experimental apparatus, a
geometric vertical emittance of εy ¼ 0.9� 0.3 pm rad has been observed. These measurements could
also inform modeling of the angular distribution of undulator radiation at high harmonics, for proposed
diffraction-limited storage ring light sources.
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I. INTRODUCTION

The aim of the present work was to calibrate a vertical
undulator for the direct quantitative measurement of ver-
tical emittance of an electron beam in a storage ring. The
present study is significant because it is the first quantitative
measurement of the electron beam vertical emittance in a
storage ring using radiation from a vertical undulator.
Previous work using simulations demonstrated that

radiation from vertical undulators was sensitive to vertical
beam emittances [1]. Vertical undulators are so defined
because the electron beam is deflected perpendicular to the
(usually horizontal) orbit plane of the storage ring. Recent
experiments have demonstrated that radiation from vertical
undulators is sensitive to ultralow electron beam vertical
emittances [2].
At present, very few measurement techniques are useful

for the direct observation of ultralow (pm rad) vertical
emittance in electron storage rings [3]. This emittance
range is of contemporary importance for proposed electron-
positron collider damping rings, to optimize for maximum
luminosity [4,5]. These vertical emittances will be achieved
using low-emittance tuning optimization routines, which
are the subject of active research at many electron storage
ring light sources [6–12]. The effective use and exper-
imental verification of these optimization routines rely
upon measurement of vertical emittance.
This paper addresses the calibration of a vertical undu-

lator for the direct measurement of vertical emittance. The
paper is organized as follows. The theory of spontaneous

undulator radiation is summarized in order to motivate the
choice of experimental apparatus. Measurements of the
APPLE-II undulator radiation are presented, with particular
emphasis given to ultralow vertical emittances. Finally,
implications of this measurement technique are outlined,
with particular reference to proposed diffraction-limited
storage ring (DLSR) light sources.

II. UNDULATOR THEORY

The theory underpinning this emittance measurement is
the convolution of the electron beam distribution with the
single electron angular distribution of spontaneous radia-
tion from a planar undulator [13]. For an undulator of ideal
sinusoidal field distribution, the spectral and angular
distribution of flux from a single electron filament is given
in terms of linear polarizations σ and π at the photon
frequency ω as a sum over all undulator harmonics
n by [14]
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and α is the fine-structure constant, γ is the Lorentz factor
of beam electrons, N is the number of undulator periods, I
the stored electron beam current, qe the electronic charge,
K the undulator deflection parameter, ωn the photon
frequency of the nth undulator harmonic (ω1 for the
fundamental), and Δωn ¼ ω − ωn. The distributions are

expressed in the polar angle θ and azimuthal angle ϕ. The
sums Σ1ðnÞ and Σ2ðnÞ are given by

Σ1ðnÞ ¼
X∞

m¼−∞
J−mðuÞJn−2mðvÞ; ð5Þ

Σ2ðnÞ ¼
X∞

m¼−∞
J−mðuÞ½Jn−2m−1ðvÞ þ Jn−2mþ1ðvÞ�; ð6Þ

where J are Bessel functions of the first-kind, with
arguments of
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ω1
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4ð1þ 1
2
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2
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where β is the ratio of the velocity of the electron to the
speed of light ðβ ¼ v=c ≈ 1Þ.
As an example, this single-electron angular distribution

of radiation for a usual horizontal undulator is illustrated in
Fig. 1, for both the σ and π polarizations of individual
undulator harmonics [Eqs. (3), (4)]. The electron and
undulator parameters used in these calculations are
summarized in Table I.
Figure 1 highlights that for the first undulator harmonic

n ¼ 1 [Fig. 1(a)], the angular distribution of undulator
radiation could be appropriately approximated by a
Gaussian distribution. However it is noted in Ref. [15]
that this Gaussian approximation has not explicitly been
demonstrated. This approximation breaks down at unusu-
ally high deflection parameters and high harmonics. For
undulator harmonics n ¼ 14; 15 the single-electron angular
distribution of undulator radiation resembles an interfer-
ence pattern [Fig. 1(c,e)]. This pattern is significantly
narrower than the usual 1=γ cone of undulator radiation
at the first harmonic. The convolution of this single-
electron distribution with the electron beam is a probe
which is sensitive to electron beam emittance. Hence, a
vertical undulator is used specifically for sensitivity to
vertical electron beam emittance.

III. EXPERIMENTAL METHOD

The technique presented in this work employs two main
ideas: a vertical undulator as a photon source [1], and the
measurement of ratios of photon beam brilliance for
adjacent undulator harmonics rather than fitting absolute
values [2].

A. Undulator

Vertical insertion devices are seldom used in electron
storage ring light sources, and are selected only when there
is a compelling technical need for an insertion device to
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FIG. 1. Analytical single-electron angular distribution of un-
dulator radiation for an electron in a horizontal, planar undulator.
BothDσðnÞ andDπðnÞ linear polarization modes [Eq. (3), (4)] are
illustrated for undulator harmonics n ¼ 1; 14; 15 [14]. Electron
and undulator parameters are summarized in Table I. The angular
distribution is plotted in terms of horizontal and vertical opening
angles φx;φy, in units of the angle 1=γ. For high undulator
harmonics, the distribution resembles a narrow interference
pattern.

TABLE I. Electron and undulator parameters for Fig. 1.

Parameter Symbol Value

Lorentz factor γ 5870
Undulator periods N 25
Deflection parameter K 5
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adopt such an orientation [16]. For reasons of maintaining a
large momentum aperture for beam injection, typically
beams are deflected in the orbit (horizontal) plane [16,17].
There are no vertical undulators at the 3 GeVAustralian

Synchrotron (AS) storage ring. In this work, an elliptically-
polarizing Advanced Planar Polarized Light Emitter
(APPLE-II) undulator was phased as a vertical undulator
[18,19]. The undulator was closed to a gap of 17.1 mm
(close to the minimum gap), and moved to a row phase
of 37.5 mm, corresponding to half an undulator period.
Insertion device and beam parameters for this experiment
are summarized in Table II.

B. Undulator simulations

A numerical model of radiation from this APPLE-II
insertion device was developed. The magnetic field of
the APPLE-II insertion device used in this experiment
(Sec. III A) was previously measured using a three-axis
Hall probe magnetometer, at a magnetic gap of 16 mm [19].
This gap results in stronger fields (higher undulatorK) than
the present experiments at a gap of 17.1 mm. Hence, the
magnitude of the measured magnetic field was scaled down
to simulate this experiment. Using this scaled magnetic
field, the spectral and spatial distribution of undulator
radiation was simulated using the synchrotron radiation
simulation code SPECTRA [21]. Further details on modeling
are given in Ref. [20].

C. Storage ring and electron beam

To optimize the AS electron storage ring for ultralow
vertical emittance, orbit response matrices were measured
with the skew quadrupole magnets unpowered [22]. Using
the orbit response matrices fitted by LOCO [23], the
strengths of skew quadrupole magnets were optimized
for a range of vertical emittances, including the minimum
emittance fitted by the optimization routine [24]. This
model was used to define vertical emittance setpoints ϵy.

D. Photon beam line

A soft X-ray photon beam line was used to measure the
undulator radiation. This apparatus is illustrated schemati-
cally in Fig. 2 [25]. The apparatus is very similar to that of
other recent experiments with APPLE-II undulators in
electron storage rings [26].
Notably, the beam line used in the present experiment

does not have a fixed-size pinhole for characterizing the
spatial profile of undulator radiation. Hence, four straight
blades of the white beam slits were closed from above,
below, left and right of the photon beam to form a pinhole
aperture. In previous experiments, it was not possible to
simultaneously minimize the position and height of the
pinhole. As a consequence, instead of measuring the
electron beam size, the dimension of the pinhole aperture
was fitted [2,27]. In the present work, the pinhole was made
as small as possible, while still passing photons. Repeated
measurements of the photon flux while closing the aperture
are illustrated in Fig. 3. Using this, a pinhole height of
5� 5 μm was set.

(a) (b) (c) (d)

FIG. 2. Schematic of vertical undulator emittance measurement
apparatus. This soft X-ray photon beam line is further described
in Ref. [25]. (a) APPLE-II undulator in storage ring; (b) Pinhole
aperture formed to spatially filter undulator radiation; (c) Grating
monochromator to bandpass photon energy; (d) Silicon photo-
diode to measure photon beam intensity.
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FIG. 3. Measured photon flux passing white-beam slits, at a
photon energy of 2015 eV, for different positions of the upper
blade. The pinhole aperture was measured by closing the upper
blade until the photon flux passing the pinhole was minimized.
For negative positions of the upper blade, the upper and lower
blades are crossed, and (ideally) no photon flux passes. A pinhole
height of 5� 5 μm was selected.

TABLE II. Electron beam and undulator parameters for this
experiment and simulation [20].

Parameter Symbol Value Units

Electron beam
Energy E 3.033 GeV
Energy spread σE=E 0.0011 …
Horizontal emittance εx 10 nm rad
Undulator
Deflection parameter K 3.84 a …
Period length λu 75 mm
Number of full periods N 25 …

aFitted value. The measured undulator magnetic field map
was used in simulations rather than an ideal sinusoidal field
distribution [20].
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E. Orbit bumps

In the present experiment, the need to center the
pinhole with the central axis of undulator radiation was
obviated by the decision to bump the electron beam orbit
through the undulator. This is illustrated schematically
in Fig. 4.
Closed orbit bumps using six vertical correctors were

calculated using the AT [28] and MIDDLE LAYER [29] codes.
The electron beam vertical angle through the undulator
ðυ≡ dy=dsÞ, arising from these bumps, was measured
using storage ring electron beam position monitors adjacent
to the undulator. The angular profile of undulator radiation
using vertical orbit bumps is illustrated for undulator
harmonics n ¼ 13, 14, and 15 in Fig. 5. From these
measurements, the vertical center of the distribution of
undulator radiation corresponded to an angular bump of
υ ¼ 6 μrad from the nominal beam orbit.

IV. RESULTS

With the vertical center of the undulator radiation
distribution defined at an angle of υ ¼ 6 μrad, angular
bumps were made within 5 μrad of this center angle. This
measured profile is illustrated in Fig. 6 for undulator
harmonics n ¼ 13, 14, and 15.
The flux ratio of the 14th to 15th harmonics of undulator

radiation passing the pinhole ðF14=F15Þ was measured
using orbit bumps [2]. These harmonics were selected as
the highest harmonics (greatest sensitivity to vertical
emittance) which were still lower in photon energy than
the Au absorption edge cutoff of 2150 eVof the beam line
mirrors [25]. For different model values of vertical emit-
tance, the flux ratio measured at the angle of symmetry in
the radiation distribution υ ¼ 6 μrad is presented in Fig. 7.
Also illustrated are simulations of the flux ratio using the
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FIG. 5. Measured pinhole photon flux, fitted for orbit bumps
through the undulator. Storage ring skew quadrupoles were
configured for minimum vertical emittance ðεy < 1 pm radÞ.
Photon energies correspond to undulator harmonics n ¼ 13,
14, and 15 [30].
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FIG. 6. Measured pinhole photon flux fitted for orbit bumps
through the undulator. Measured data at harmonics n ¼ 13, 14,
and 15 are fitted by parabolas, with the 1σ statistical distribution
of measured data points illustrated [30].
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FIG. 7. Measurement of undulator radiation flux ratios using
orbit bumps through a vertical undulator at the AS storage ring,
for various vertical emittances ϵy. Simulations are plotted with
uncertainty in the photon energy scale.

FIG. 4. Schematic of vertical electron beam orbit bumps
through an insertion device, at a single photon energy corre-
sponding to an odd undulator harmonic. From an initial orbit
through vertical positions denoted by ∘, orbit correctors
change the electron beam trajectory angle υ measured at beam
position monitors to × and þ. This varies the angle of
insertion device radiation measured passing the fixed pinhole
aperture.
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model of Sec. III B, evaluated for F14=F15 ≡
Fð1880 eVÞ=Fð2014 eVÞ, and with uncertainty in the
selection of photon energy of the 14th harmonic of
1880� 1 eV. Figure 8 shows a magnification of the
measurements of small vertical emittance.

V. ANALYSIS

Many physical processes serve to increase the vertical
emittance of a beam in an electron storage ring. Single-
particle sources of vertical emittance relevant to this
measurement technique were considered.
In particular, this measurement relies on vertical orbit

bumps through the insertion device, and adjacent sector
multipoles. In an Appendix, it is shown that the single-
particle vertical emittance increase ΔεyðνÞ, resulting from
these vertical orbit bumps of angle ν, is negligible.
The quantum limit of vertical emittance represents the

lower limit of the equilibrium vertical emittance of electron
beams. It is governed by the stochastic emission of
synchrotron radiation photons in a narrow cone of opening
angle ∼1=γ, giving rise to a stochastic distribution of
vertical momenta of beam electrons. The quantum limit
of vertical emittance is given by [31,32]

εyQLOVE ¼ 13

55

Cq

J y

H
βyðsÞjG3ðsÞjdsH jG2ðsÞjds ; ð9Þ

with

Cq ¼
55ℏ

32
ffiffiffi
3

p
mc

; ð10Þ

where J y is the vertical damping partition number, βyðsÞ
the vertical betatron function and G≡ 1=ρðsÞ, where ρðsÞ
is the local bending radius. As noted by Sands, the
equilibrium vertical quantum limit is independent of the
beam energy γ, and approximately a factor of 1=γ2 smaller
than the equilibrium horizontal emittance [31]. For

parameters of the AS storage ring lattice [33], this repre-
sents a contribution of εyQLOVE ¼ 0.35 pm rad.
For several model values of vertical emittance, the

vertical emittance was measured using both a vertical
undulator ðεyVUÞ and orbit response matrices ðεyORMÞ.
The vertical emittance measured using this vertical undu-
lator technique was calculated using simulations of flux
ratios for Fð1881 eVÞ=Fð2014 eVÞ outlined in Sec. IV.
The vertical emittance εyORM was evaluated using the
matrix method of Chao [34], for lattices fitted by LOCO

to measured orbit response matrices [24], with uncertainty
expressing the standard deviation of vertical emittance
fitted around the ring. Using this method, orbit response
matrix measurements account only for betatron coupling
and vertical dispersion contributions to the vertical emit-
tance, which are normally the dominant contributions to
vertical emittance. At these ultralow vertical emittances,
for comparison with measurements using a vertical
undulator ðεyVUÞ, the vertical emittance measured using
orbit response matrices was added in quadrature
with the quantum limit of vertical emittance,

εyOQ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εyORM

2 þ εyQLOVE
2

q
. These results are illustrated

in Fig. 9.
Figure 9 shows that as expected, the contribution of

the quantum limit to εyOQ is significant only for vertical
emittances less than 1 pm rad. The measured emittances
εyVU and εyOQ are in agreement, within the uncertainties
of the techniques. The exception is the smallest modeled
vertical emittance of ϵy ¼ 0.2 pm rad, where vertical
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FIG. 8. Magnification of Fig. 7 for small vertical emittances.

FIG. 9. Measurement of vertical emittance, using orbit bumps
through vertical undulator ðεyVUÞ and orbit response matrix
fitting with LOCO [23] ðεyORMÞ. The vertical emittance measured
using orbit response matrices is also shown in quadrature ðεyOQÞ
with the contribution from the quantum limit. A dashed line −− is
used to indicate measured vertical emittance equal to the model.
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emittances measured are εyORM ¼ ð0.2� 0.1Þ pm rad,
εyOQ ¼ ð0.4� 0.1Þ pmrad and εyVU ¼ ð0.9� 0.3Þ pm rad.
Though εyOQ and εyVU are not in agreement within
experimental uncertainties, this emittance measured using
a direct measurement technique is equal in magnitude to the
current record low vertical emittance of Ref. [8].

VI. DISCUSSION

The principal advantage of this orbit bump approach is
that it overcomes the optimization problem of Ref. [2], the
need for vertical centering of the pinhole. In the present
work, by minimizing only the size of the pinhole, it was
possible to directly measure ultralow electron beam vertical
emittances.
A limitation of this technique is that for high undulator

harmonics, the flux ratio approaches a finite value while
beam emittance approaches zero. This is the result of
measuring the flux from both the horizontal and vertical
linear undulator radiation polarizations. In other vertical
emittance measurement techniques, the horizontal polari-
zation component can be rejected using visible light,
broadband polarizing filters [35,36]. At present, no such
broadband linear polarization analyzer exists in the soft
X-ray region of the electromagnetic spectrum. The avail-
ability of one would extend the linearity of the flux ratio to
down to approximately 0.5 pm rad vertical emittance
[1,30]. The DiagOn device is a soft X-ray imaging detector
with linear polarization selection at a single fixed photon
energy [37], which may be another experimental option for
direct measurement of vertical emittance using soft X-ray
undulators.
This measurement of undulator radiation from low ver-

tical emittance beams has direct implications for proposed
low-emittance storage ring light sources. Low emittance
light sources are beginning to produce undulator radiation of
interesting spatial distributions [26]. DLSRs are currently
proposed with horizontal emittance of order 100 pm rad
[38–44]. Proposed low-emittance light sources and beam
lines should be aware of the departure from usual Gaussian-
approximated, emittance-dominated photon beams.
The present work has considered spontaneous radiation

from ultralow vertical emittance electron beams in storage
rings. A recent proposal for a storage-ring based free-
electron laser makes use of flat beams ðεy ≪ εxÞ with
ultralow vertical emittance, based on a gradient vertical
insertion device [45,46]. For such a proposal, it may be
beneficial to consider the angular distribution of stimulated
undulator radiation at undulator harmonics greater than the
fundamental.

VII. CONCLUSION

Quantitative measurement of ultralow electron beam
vertical emittances was achieved by measuring radiation
from an electron beam in a vertical undulator. Direct

emittance measurements made using the present technique
agreed with indirect emittance measurements evaluated
from measured orbit response matrices. Using this vertical
undulator technique, a minimum vertical emittance of
εy ¼ 0.9� 0.3 pm rad has been observed, equal to the
present low vertical emittance record of Ref. [8].
This is an extended article of measurements presented at

recent International Beams Instrumentation Conferences
[20,27,30].
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APPENDIX: EMITTANCE INCREASE FROM
ORBIT BUMPS THROUGH MULTIPOLES

This measurement relies on vertical orbit bumps through
the insertion device. The locations of vertical orbit correc-
tors in the AS storage ring necessitates orbit bumps through
the sector quadrupole and sextupole magnets, with a six-
corrector closed bump of vertical angle υ illustrated in
Fig. 10.
These closed bumps give rise to skew quadrupole

and dipole fields, and hence vertical emittance growth
due to betatron coupling and spurious vertical dispersion.
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FIG. 10. Simulation of an example orbit bump using six vertical
correctors, resulting in angle υ ¼ 5 μrad within the insertion at
the longitudinal position s ¼ 200 m. Longitudinal positions of
AS storage ring multipole magnets are indicated [33].
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This vertical emittance increase due to an orbit bump of
angle υ is denoted by

ΔεyðυÞ ¼ εyðυÞ − εyð0Þ; ðA1Þ

where εyð0Þ corresponds to the equilibrium vertical emit-
tance of the lattice with an orbit bump angle of υ ¼ 0
(no bump). Simulations demonstrate that the orbit bumps
used in this experiment result in a negligible increase in
equilibrium vertical emittance.
Two storage ring lattices were considered in simulation.

The equilibrium vertical emittance of an ideal lattice was
simulated. The equilibrium vertical emittance resulting
from betatron coupling and vertical dispersion for this
ideal lattice was εyð0Þ ¼ 0 pm rad. A second lattice was
simulated, with lattice elements fitted to a measured orbit
response matrix of the AS storage ring. For this lattice, the
equilibrium vertical emittance arising from betatron cou-
pling and vertical dispersion is εyð0Þ ¼ 0.2 pm rad.
Evaluating ΔεyðυÞ permits direct comparison of the

vertical emittance arising from the six-corrector orbit bump
for both lattices. As illustrated in Fig. 11, both are in
agreement.
For the bumps used in these experiments of magnitude

jυj ¼ 10μrad, the corresponding increase in vertical emit-
tance is not greater than Δεyð10Þ ¼ ð0.07� 0.01Þ pm rad.
Increasing the vertical emittance by Δεy ¼ 1 pm rad
requires an orbit bump of υ ¼ 50 μrad for this lattice. An
orbit bump of this magnitude is not useful for this emittance
measurement technique, because it is significantly larger
than the angular distribution of the interference pattern
illustrated in Fig. 5.
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