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Quadrupole fringe fields in the final focus system can be a source of aberrations in the interaction point
transverse beam sizes. This paper investigates the fringe field impact on the transverse beam size in the
ATF2, ILC, and CLIC lattices in the linear and non-linear regimes. The linear effects are studied by
replacing the hard-edge quadrupolar field by the more realistic gradient fall-off. To address the nonlinear
effects, the fringe fields are represented as high order kicks added to both sides of the hard-edge magnets. It
will be shown that the linear fringe fields effects can be easily cured by tuning the quadrupole strengths. On
the other hand, mitigation of the nonlinear fringe fields effects is more difficult and requires use of octupole
magnets or, alternatively, increasing the value of interaction point horizontal beta function β�x.
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I. INTRODUCTION

The final focus system (FFS) is the last [before the
interaction point (IP)] section of a linear collider. Its main
purpose is to squeeze the beam size at the IP to the required
value. For the future linear colliders the transverse beam
size should be in the order of nanometers to reach the
expected luminosity. The final part of the FFS is usually
formed by a final doublet (FD), which is a pair of strong
quadrupole magnets located upstream from the IP. As those
magnets are in high beta region, the magnetic field
imperfections including the fringe fields can significantly
affect the beam size.
The lattices considered are the FFS of CLIC [1,2], ILC

[3] and 3 versions of the Accelerator Test Facility 2 (ATF2)
[4,5]. See Table I for the comparison of their design
parameters. The calculation of beam size is performed
order by order with MAPCLASS2 [6] with the use of lattice
transfer map obtained with PTC [7], see [8] for details.
Magnet imperfections other than fringe fields are neglected
throughout this paper. A detailed study of the magnetic
imperfections impact on the beam size for ATF2 can be
found in [9].

II. LINEAR EFFECTS OF THE FRINGE FIELDS

The hard-edge model, widely used in beam lines
modeling, assumes that magnetic field changes steplike
at the border of the magnet, while in reality it changes
smoothly and fringes outside the magnet. A more
accurate modeling of the magnetic field along the
longitudinal axis can be achieved by adding a series

of shorter magnets (50 in this paper) at each side with
progressively lower values of normalized strength k1, as
done e.g., in [10]. The magnet strengths k1 have to be
modified in a way that the integrated strength

R
k1ds of

the magnet assembly remains the same as k1L of the
hard-edge magnet.
The comparison of the hard-edge and fringed magnet

models for CLIC, ILC, and ATF2 is given in Fig. 1. The
Enge function [11], see Eq. (1), fitted to simulated
magnet strength data is used to model the fringe field
shape.

FðzÞ¼ 1

1þexp½a0þa1ðz=DÞþa2ðz=DÞ2þ���þa5ðz=DÞ5�;

ð1Þ

where a0;…; a5 are fitting parameters and D is the
magnet aperture diameter, see Table II.
The magnet gradient of the CLIC final doublet normal

conducting QD0 quadrupole is obtained from magnetic
simulation [12] and fitted with two Enge functions
(ensuring continuity), one for the region inside the magnet
and a second for the outside region. This provides a good

TABLE I. Comparison between relevant parameters of the
considered beam lines.

Project
E

[GeV]
L�
[m]

β�x
[mm]

β�y
[mm]

σ�x
[nm]

σ�y
[nm]

QD0 k1
[m−2]

CLIC 500 GeV 250 3.5 8 0.1 207 2.4 −0.0772
ILC 250 3.5 11 0.48 481 6.1 −0.1379
ATF2 nominal 1.3 1 4 0.1 2910 37 −2.8715
ATF2 ultra low β� 1.3 1 4 0.025 3300 23 −2.8751
ATF2 ultra low β�,
10β�x

1.3 1 40 0.025 9000 23 −2.8667
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fringe shape description, as it turns out that using just one
Enge function for the whole fringe region is not sufficient.
The fit parameters and magnets apertures are given in
Table II. Magnetic measurements or simulations of ATF2
quadrupoles were not available so the fringe region was
modeled with the CLIC quadrupole parameters scaled
with the aperture according to Eq. (1). The ILC quadru-
poles are planned to be super conducting so the fitting
parameters of super conducting magnet are needed. As the
ILC magnetic simulation was not available, the HL-LHC
MQXF magnets [13] data were used applying the corre-
sponding aperture scaling. The apertures for final doublet
quadrupoles are 20 mm for CLIC and ILC, and 50 mm
for ATF2.

A. CLIC and ILC BDS lattices

Figures 2 and 3 present the impact of the linear fringe
fields of the final doublet magnets on the transverse

beam size for CLIC and ILC. The change of the IP
transverse beam size due to the liner fringe field model
is small (maximum beam size change is about 2%) and
can be easily corrected by adjusting the FD quadrupoles
strengths.

B. ATF2 lattices

For ATF2 lattices, the beam size is more sensitive to
the linear fringe fields which is probably caused by two
factors. First, the ATF2 FD fringe fields region is larger,
because of the larger magnet apertures. The second
reason is that the normalized gradient of the ATF2 FD
magnets is significantly higher than in the case of CLIC
and ILC (see Table I), which enhances the fringe field
effects. As it is shown in Figs. 4 and 5, one order of
magnitude increase of the IP transverse beam size is
observed due to the linear fringe fields model.
However, it is possible to recover the original beam
sizes, as also shown in the Figs. 4 and 5, by changing
the FD quadrupole gradients. The new gradients are
compared to the design values in Table III. The
experimental verification of the linear fringe fields
mitigation due to FD quadrupoles tuning is difficult
to perform. The reason is that in experiment the fringe
fields are not split into the linear and nonlinear part.
Also tuning is rather empirical procedure where many
aberrations are mixed together and difficult to distin-
guish. Finally, ATF2 is currently running in the 10β�x
optic mode which is less sensitive to the fringe fields
impact.
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FIG. 1. Hard-edge and fringe fields models. Note the different longitudinal scale for each case, which depends on the aperture.

TABLE II. Parameters of the fringe field model.

Parameter CLIC QD0 (z < 0) CLIC QD0 (z > 0) MQXF

a0 0.166 0.205 −0.283
a1 −4.313 −4.127 −3.836
a2 1.170 −1.830 1.948
a3 0.030 −0.340 −2.697
a4 −0.003 0.057 1.289
a5 −0.007 0.029 −0.186
D [mm] 20 20 150
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FIG. 2. Linear fringe field impact on the horizontal (left) and vertical (right) beam size in the CLIC BDS lattice. The horizontal axis
stands for the polynomial order of the transfer map.

FIG. 3. Linear fringe field impact on the horizontal (left) and vertical (right) beam size in the ILC BDS lattice.

FIG. 4. Linear fringe field impact on the horizontal (left) and vertical (right) beam size in the ATF2 Nominal lattice, together with a
correction of the fringe field effect using the FD quadrupoles as reported in Table III.

FIG. 5. Linear fringe field impact on the horizontal (left) and vertical (right) beam size in the ATF2 Ultra Low β� lattice, together with
a correction of the fringe field effect using the FD quadrupoles as reported in Table III.
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III. NONLINEAR EFFECTS OF THE
FRINGE FIELDS

The dynamics of the beam in the presence of nonlinear
fringe field components was already studied in analytical
ways [14–17] and by numerical simulation based on the
magnetic field data, e.g., [18]. We approximate the fringe
fields by symplectic kicks [see Eqs. (2)] applied to a
particle when it enters and leaves a magnet [19,20]. The
transfer map of the beam line including the fringe
fields is computed with the use of PTC [7], and the
final beam size and lattice optimization is performed with
MAPCLASS2 [6]. The kicks at the magnet entrance are
given by Eqs. (2).

Δx ¼ k1
12

ðx3 þ 3xy2Þ;

Δpx ¼ −
k1
4
½ðx2 þ y2Þpx − 2xypy�;

Δy ¼ −
k1
12

ð3x2yþ y3Þ;

Δpy ¼
k1
4
½ðx2 þ y2Þpy − 2xypx�; ð2Þ

where k1; x; y; px; py are the quadrupole strength, hori-
zontal and vertical particle transverse positions and
momenta, respectively. The kicks at the exit are opposite
in sign.
For CLIC and ILC FFS the nonlinear fringe fields do

not affect the beam size, see Figs. 9 and 10. However, a
significant effect is observed for the ATF2 lattices, see
Figs. 11 and 12. The reason is that, as seen in Eqs. (2), the
fringe field kicks scale with the normalized magnet gradient
which has larger value for ATF2 than for CLIC and ILC,
see Table I. In the case of the nominal lattice fringe fields
decrease the beam size at the IP by few percent, which
shows the focusing impact of the fringe fields in this
particular case. However, we consider error free lattice, so
this can change after applying the magnetic errors. On the
other hand, for the Ultra Low β� the IP beam size increases
significantly (σ�y by 47%) being the third order the main
source, as expected from Eqs. (2).
The insertion of the two octupole magnets is a

proposed solution for the mitigation of the fringe fields
impact on the IP beam size as they give the third order
contribution to the beam dynamics. It has been already
demonstrated in [9] that the octupoles can be used for
the suppression of the aberrations coming from the
magnetic imperfections in ATF2 beam line. The choice
of the octupoles location depends on the Twiss param-
eters and it is desired to install the octupoles in the
region of high β function. The two possible locations
were investigated, marked in Fig. 7. Location A
assumes the octupoles to be installed in the regions

TABLE III. Change of the ATF2 FD magnets strength needed
to correct the linear effect of the fringe fields.

Magnet Design k1½m−2� New k1½m−2� Change in %

QF1 Nominal 1.561659 1.568471 0.436
QD0 Nominal −2.871512 −2.886853 0.534
QF1 Ultra Low β� 1.566149 1.574011 0.502
QD0 Ultra Low β� −2.875086 −2.892758 0.6146
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FIG. 6. β functions and dispersion along the FF line with the
two octupoles locations under consideration.

FIG. 7. Layout of ATF2 final focus line, with the two octupoles locations under consideration.
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of the maximum βy function. However, this location
suffers from space limitations. Therefore, location B
was proposed which is less effective, but without the
space constraints. The considered locations together

with the ATF2 optics are given on Fig. 6. From the
simulations it turns out that the location A is better
as it significantly reduces the fringe fields aberrations
(see Fig. 12) even for relatively low strength, see
Table IV. The octupoles in the location B need to
be much stronger, but they are feasible and sufficiently
suppress the fringe fields aberrations. The vertical
phase space distributions in IP for the case of the
ultra low β� lattice are depicted in Fig. 8. It is clearly
visible that the phase space for the case when fringe
fields are included, but without octupoles, suffers from
the aberrations, which can be suppressed with the use
of octupoles.

FIG. 8. The vertical phase space distributions in IP for the case of the ultra low β� lattice. The upper left plot corresponds to the case
without fringe fields and without octupoles. The upper right plot corresponds to the case with fringe fields but without octupoles. Both
bottom plots correspond to the case with fringe fields and octupoles included.

TABLE IV. Integrated strengths of the octupole magnets in
locations A and B and corresponding vertical beam size at IP of
5th order.

Location A Location B

OCT1FF k3L½m−3� −20.6 −3.7
OCT2FF k3L½m−3� 145.4 393.2
σ�ð5Þy ½nm� 19 23

FIG. 9. Nonlinear fringe field impact on the horizontal (left) and vertical (right) beam size in the CLIC BDS lattice.
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FIG. 10. Nonlinear fringe field impact on the horizontal (left) and vertical (right) beam size in the ILC BDS lattice.

FIG. 11. Nonlinear fringe field impact on the horizontal (left) and vertical (right) beam size in the ATF2 nominal lattice.

FIG. 12. Nonlinear fringe field impact on the horizontal (left) and vertical (right) beam size in the ATF2 ultra low β� lattice.

FIG. 13. Nonlinear fringe field impact on the horizontal (left) and vertical (right) beam size in the ATF2 10βx lattice.
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Another possibility (also explored in [9]) for the fringe
fields effect mitigation is the increase of β�x, as can be seen
in Fig. 13. The reason is that a higher value of β�x causes the
decrease of βx in final doublet and therefore the fringe
fields effect is weaker. The increase of β�x from 4 mm to
40 mm causes the fringe fields to be negligible.

IV. CONCLUSIONS

Magnetic fringe fields give an unavoidable contribution
to the particle transport through a beam line which can be a
source of aberrations, especially for magnets in high β
regions. Understanding their impact and mitigation meth-
ods is therefore fundamental in order to avoid unwanted
beam size growth.
The linearly modeled fringe fields cause a negligible

increase of the transverse beam size in CLIC and ILC FFS
lattices. On the other hand, for ATF2 lattices the beam size
increase is significant and a correction of the final doublet
magnet strength is needed.
The nonlinear model of fringe fields results in third order

aberrations which are negligibly small for CLIC and ILC
FFS, but are important for ATF2 ultra low β� and require
corrections. The same two methods proposed in [9] to
mitigate multipolar errors are verified to correct the fringe
fields aberrations. The first method uses the two octupole
magnets to cancel the nonlinear aberrations. The second
method consists of increasing β�x to reduce the effect of
fringe fields in the FD.
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