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A new theory is developed to evaluate longitudinal and transverse impedances of any size of ceramic
break that is sandwiched between metal chambers. The theory has been numerically compared with the
codes ABCI and CST STUDIO. Excellent agreements are obtained with both codes, in particular with ABCI.
The theory successfully reproduces resonance structures of the impedance due to trapped modes inside the
ceramic break, which are enhanced by the difference of the dielectric constants between the ceramic and the
surrounding space. Moreover, the theory can evaluate the impedance of the ceramic break with titanium
nitride coating. We discuss several characteristics of the impedances, especially the difference between the
impedances of the ceramic break covered with and without a conductive wall on its outer surface.
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I. INTRODUCTION

A short ceramic ring that is sandwiched by metal
chambers is called a ceramic break. Such ceramic breaks
are often inserted between chambers near bending magnets
in proton synchrotrons, to mitigate the eddy current effects
on the chambers excited by the outside time-varying
magnetic fields [1]. The inner surface of the ceramic is
sometimes coated with titanium nitride (TiN) to suppress
the secondary emission of electrons, which is caused by the
collisions between a part of a proton beam and the chamber
surface. The TiN coating is beneficial to prevent the
buildup of the electron cloud from destabilizing the beams
[2–4]. On the other hand, these ceramic breaks are sources
of the beam impedance [5,6]. The precise estimation of
impedance is an important step toward realization of high
intensity beams in proton synchrotrons [7].
The impedance of the ceramic break can be calculated in

principle using three-dimensional simulation codes such as
CST Studio [8] or 2.5-dimensional codes such as ABCI (for
an axis-symmetrical structure) [9]. However, no compre-
hensive theory exists on this matter up to date. The lack of
such a theory makes it difficult to understand the physical
nature of the ceramic break impedance and to evaluate a
degree of accuracy of numerical calculations, particularly,
when agreements between different codes are not too great.
As will be seen, the ceramic break impedances reveal
resonant structures due to trapped modes inside the

ceramic, and the theoretical approach provides an insight
to the physical nature of these resonances.
From a practical point of view, simulation studies often

encounter limitations in the estimate of the resistive wall
impedances of conductive materials, because the mesh
sizes need to be sufficiently smaller than the dimension of
the materials or the skin depth. In particular, it is almost
impossible to numerically estimate the impedances of a
ceramic break with thin TiN coating.
Prior to the present paper, the authors have examined the

impedance of a gap in slightly different configurations. The
first paper is for a pure short gap (the gap is left empty in
vacuum) [10]. The second case assumes that a short gap is
filled with a thin resistive ring [11]. In both cases, the gap is
sandwiched with thin metal chambers on both sides. In the
present paper, we deal with a gap filled with a dielectric
material. The theoretical framework is generalized at the
same time so that the theory can now handle the ceramic
break of any size, and is not limited by its thickness or
length.
In Sec. II, we derive general formulas of the longitudinal

and transverse impedances of a ceramic break. In Sec. III,
we will conduct accuracy tests of the theory by numerical
comparisons with the simulation codes ABCI and CST
Studio. The characteristics of resonance structures appear-
ing in the ceramic breaks are investigated. In Sec. IV, we
evaluate the impedances of ceramic breaks with TiN
coating by using the present theory. The study generalizes
the previous results for a short gap filled with a thin
resistive material. We discuss the difference between the
impedances of the ceramic breaks covered with and without
conductive walls on their outer surface. In Sec. V, the
Lorentz-γ dependence of the impedances is investigated.
The paper is summarized in Sec. VI.
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II. FORMULAS FOR IMPEDANCES OF A
CERAMIC BREAK

A. Longitudinal impedances

Let us start with deriving electromagnetic fields
generated by the interaction between a beam and an

axisymmetric ceramic break. As shown in Fig. 1, the
cylindrical coordinates ðρ; θ; zÞ are used. The outer and
the inner radii of the ceramic (and those of the chambers
of the both sides) are given by a2 and a, respectively.
The ceramic is located in the region −w < z < w
(namely, the length g of the ceramic is equal to 2w).
In order to obtain formal solutions of the fields, the field
matching technique is applied to this system [12].
Unlike the previous studies [10,11], the ceramic ring
can be thick, and the length g of the ring can be
arbitrary.
It is assumed that the beam has a cylindrically uniform

density with radius σ and its total charge is 1 C=m. Namely,
its current density is given by

jz ¼ βc½1 − Θðρ − σÞ�e−jkzþjωt=ðπσ2Þ; ð1Þ

where ΘðxÞ is the step function, k ¼ ω=βc, β ¼ v=c, v
is the velocity of the beam, c is the velocity of light,
ω ¼ 2πf and f is the frequency. The formal solutions of
the fields at the angular frequency ω inside the chamber
are given by

Ez ¼
jcZ0

πσ2γ

�
1
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for ρ < σ, and

Ez ¼
jcZ0

πσγ
I1ðk̄σÞ

�
K0ðk̄ρÞ −

I0ðk̄ρÞK0ðk̄aÞ
I0ðk̄aÞ

�
e−jkz

þ
Z

∞

−∞
dhe−jhz

J0ðΛρÞ
J0ðΛaÞ

�
V1

2π

sin hw
hw

þ
X∞
m¼1

VðmÞ
1 ½ð−1Þmejhw − e−jhw�h

j2πwðh2 − m2π2

4w2 Þ

�
; ð4Þ

Hθ ¼
βc
πσ

I1ðk̄σÞ
�
K1ðk̄ρÞ þ

K0ðk̄aÞI1ðk̄ρÞ
I0ðk̄aÞ

�
e−jkz

þ jkβ
Z0

Z
∞

−∞
dhe−jhz

J1ðΛρÞ
ΛJ0ðΛaÞ

�
V1

2π

sin hw
hw

þ
X∞
m¼1

VðmÞ
1 ½ð−1Þmejhw − e−jhw�h

j2πwðh2 − m2π2

4w2 Þ

�
; ð5Þ

ρ

z

w-w

a

a - a

θ

2

x

y

O

FIG. 1. A schematic picture of ceramic (orange object), which
is sandwiched by perfectly conductive metal chambers. The inner
and the outer radii and the length of the ceramic are a, a2 and
gð¼ 2wÞ, respectively. Since the cylindrical coordinates (ρ; θ; z)
are used, the radial, the azimuthal and the longitudinal compo-
nents of electric and magnetic fields are represented as Eρ; Hρ,
Eθ; Hθ and Ez;Hz, respectively.
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for ρ > σ, where Λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2 − h2

p
, Z0ð¼ 120πΩÞ is the impedance of free space, JnðzÞ is the Bessel function, InðzÞ and

KnðzÞ are the modified Bessel functions [13], γ is Lorentz-γ, k̄ ¼ k=γ and V1 is the voltage on the inner surface of the

ceramic at ρ ¼ a and VðmÞ
1 are expansion coefficients.

The average value of Ez [expressed by Eq. (2)] over ρ gives the longitudinal impedance ZL. It can be expressed as

ZL ¼ −
jZ0

kβπσ2

�
1 −

2K0ðk̄aÞI21ðk̄σÞ
I0ðk̄aÞ

− 2I1ðk̄σÞK1ðk̄σÞ
�
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Zbreak;L ¼ −
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�
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4w2 Þ

�
; ð7Þ

where L is the length of the beam pipe. The first term and
the second one Zbreak;L in Eq. (6) represent the non-
relativistic space charge impedance [10] and the coupling
impedance of the ceramic break, respectively. The expan-
sion coefficients V1 and VðmÞ

1 up to any order of m are
obtained by solving Eqs. (A20)–(A23) in Appendix A 1.
The positive integer m denotes the number of half wave-
length in the ceramic. This mode plays an important role
to explain the resonance structure of the impedance. The
detail will be discussed in Sec. III C.
When the thickness a2 − a and the length g of the

ceramic are sufficiently small, compared to the radial size

of the chamber a, a simple expression of longitudinal
impedance is approximately obtained as
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; ð8Þ
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where hαðzÞi, hhαðzÞiim, hJðzÞi, hhJðzÞiim, hhJðnÞðzÞiim,
hYðzÞi, hhYðzÞiim, hhYðnÞðzÞiim are given in Appendix B.

The coefficients Að0Þ
0 ; Cð0Þ

0 ; Ið0Þ0 , Kð0Þ
0 , AðmÞ

0 ; CðmÞ
0 ; IðmÞ

0 and

KðmÞ
0 with positive integer m represent the transfer rates of

the fields on the inner surface (ρ ¼ a) to the outer surface
(ρ ¼ a2) of the ceramic,which aredeterminedby the solutions
of Maxwell equations in the ceramic. The concrete expres-
sions of transfer coefficients are given in Appendix C 1.
In Secs. III and IV, explicit calculations of impedances

are done for several different sizes of ceramic, and accuracy

tests are carried out between the theoretical and numerical
simulation results.

B. Transverse impedance

Following the derivation of longitudinal impedance, let

us consider the situation where a beam is traveling in the

chamber with the charge distribution of the azimuthal

dependence as jz ¼ qβcδðρ − rbÞ cos θe−jkz=πrb. At first,
let us describe the fields inside the chamber as
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for ρ < rb,
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Ez ¼ i1
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for ρ > rb. Here, i1 ¼ qrb, the prime in InðzÞ and JnðzÞ means the differential by their argument z, ~V2 is the voltage on the

inner surface of the ceramic at ρ ¼ a and ~VðmÞ
1 and ~VðmÞ

2 are expansion coefficients.
Using the Panofsky-Wenzel theorem [5,14], we finally obtain the expression for the transverse impedance as

ZT ¼ RZ0k
jγ3βrb

�
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The first term and the second one Zbreak;T of Eq. (17) represent the transverse space charge impedance for a nonrelativistic
beam [10] and the transverse impedance of the ceramic break, respectively. By solving Eqs. (A66)–(A71) in Appendix A 2,
the expansion coefficients ~V2 and ~VðmÞ

2 are obtained for any order of m. The precision of the theoretical results can be
improved by increasing the correction order m in Eq. (18).
In the lowest order approximation, the expression is simplified as
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hY2ðzÞ−Y3ðzÞ=k2β2a2i, hY5ðzÞ − Y6ðzÞ=k2β2a22i are given
by Eqs. (D12) and (D14) in Appendix D, Að0Þ

1 , Cð0Þ
1 , Ið0Þ1 and

Kð0Þ
1 are transfer coefficients for the transverse impedance,

and the concrete expressions are shown in Appendix C 2.

III. NUMERICAL COMPARISON BETWEEN
THEORETICAL AND SIMULATION RESULTS

In the last section, we obtain the theoretical expressions
of impedances of ceramic break [Eqs. (7) and (18)]. Let us
now compare the theoretical results and numerical simu-
lation results for a relativistic beam.
For the theoretical analysis, the transfer coefficients

Að0Þ
0 ; Cð0Þ

0 ; Ið0Þ0 ; Kð0Þ
0 , AðmÞ

0 ; CðmÞ
0 ; IðmÞ

0 and KðmÞ
0 are given

by Eqs. (C10)–(C17) in Appendix C 1 for the longitudinal
impedance. The solutions of Eqs. (A20)–(A23) in
Appendix A 1 with the transfer coefficients provide the

expansion coefficients V1 and VðmÞ
1 . The final theoretical

results are obtained by substituting the obtained expansion
coefficients into Eq. (7). The transfer coefficients for the

transverse impedances Að0Þ
1 , Cð0Þ

1 , Ið0Þ1 , Kð0Þ
1 , AðmÞ

1 , BðmÞ
1 ,

CðmÞ
1 , EðmÞ

1 , FðmÞ
1 , HðmÞ

1 , IðmÞ
1 , JðmÞ

1 , KðmÞ
1 , LðmÞ

1 , MðmÞ
1 , NðmÞ

1 ,

OðmÞ
1 and PðmÞ

1 are given by Eqs. (C31)–(C34) and (C36)–
(C51) in Appendix C 2. The expansion coefficients ~V2

and ~VðmÞ
2 are obtained by solving Eqs. (A66)–(A71) in

Appendix A 2 combining with Eqs. (C31)–(C34) and
(C36)–(C51). The final theoretical results for the transverse
impedance are provided by substituting the solutions ~V2

and ~VðmÞ
2 into Eq. (18).

The ABCI code does not have an option to simulate the
open boundary condition far from the ceramic break in the

radial direction. Instead, we put a large cavity outside the
ceramic break, so large that the fields radiated from the
ceramic break cannot come back to their origin after
bouncing back at the cavity wall before the test particle
at the very end of the wake potential coordinate passes the
ceramic break. In other words, the radius of the outer cavity
needs to be at least a half of the length of the wake potential
to be calculated. The maximum radius of the cavity used in
all the calculation is 20 m (the longitudinal length of the
cavity is 40 m). The mesh size is 0.625 mm in both the
radial and the longitudinal directions. The root mean square
(rms) bunch length used is 10 mm, though the impedance
does not depend on the choice of bunch length in the
frequency range of interest.
On the other hand, CST Studio can simulate the open

boundary condition [the option is “open (add space)”].
Inside the ceramic, we used a finer mesh than in other parts,
typically 0.5 mm. The rms bunch length used is 5 mm.
Again, the final impedance has no dependence on the
choice of the bunch length.

A. Vacuum gap case

The first example is a vacuum gap [ϵ0 ¼ 1; μ0 ¼ 1; σc
(conductivity) ¼ 0]. The inner and the outer radii of
the chambers are a ¼ 65 mm, a2 ¼ 70 mm, respectively.
The gaps length g is 10 mm. The calculation results for the
longitudinal and the transverse impedances are shown by
the left and the right parts of Fig. 2, respectively. The red,
the black and the blue lines show the theoretical, ABCI’s
and CST’s results, respectively. The solid and the dashed
lines show the real and the imaginary parts of impedances,
respectively. The existence of a large resonance at low

red : theory

black : ABCI

blue : CST

imaginary part

real part

real part

imaginary part

red : theory

black : ABCI

blue : CST

21

FIG. 2. Impedances of a vacuum gap (a ¼ 65 mm, a2 ¼ 70 mm and g ¼ 10 mm) calculated by the theory (red), the simulation codes
ABCI (black) and CST Studio (blue). The left and the right figures show the longitudinal and the transverse impedances, respectively.
The solid and the dashed lines show the real and the imaginary parts of the impedances, respectively.
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frequency in the transverse impedance was already reported
in the previous paper [10]. The frequency is given by

f ∼
c

2πa
ð21Þ

(i.e., the wavelength resonates along the circumference of
the chamber 2πa).
In this paper, the theory is expanded from that in Ref. [10]

to copewith a thick gap sandwiched by chambers with finite
thickness. All three results are in good agreement, which
indicates that the generalization was done successfully and
can accurately describe the gap impedances.

B. Overview of longitudinal impedances of the
vacuum gap and the ceramic break

Let us take an overview of the longitudinal impedance of
the ceramic break (ϵ0 ¼ 11) and that of the vacuum gap for
the values of a ¼ 65 mm, a2 ¼ 70 mm and g ¼ 10 mm
(this is standard size of the ceramic break in use at the
Main Ring (MR) in Japan Accelerator Research Complex
(J-PARC) [7]). The left and the right parts of Fig. 3 show
the theoretical result and the numerical one calculated
by ABCI, respectively. The red and the blue lines show the
impedances for the ceramic break and those for the vacuum
gap, respectively. The solid and the dashed lines show the
real and the imaginary parts of impedances, respectively.

red : ceramic break(theory)red : ceramic break(theory)
blue:vacuum gap(theory)blue:vacuum gap(theory)

imaginary part

real part

red : ceramic break(ABCI)red : ceramic break(ABCI)
blue:vacuum gap(ABCI)blue:vacuum gap(ABCI)

FIG. 3. Longitudinal impedance of the ceramic break (ϵ0 ¼ 11) (red) and that of the vacuum gap (blue). The left and the right parts
show the theoretical result and the numerical one calculated by ABCI, respectively. The solid and the dashed lines show the real and the
imaginary parts of impedances, respectively.

coaxial-mode resonances
(m=1)

cut-off frequencies

cut-off frequencies

FIG. 4. Longitudinal impedances of the ceramic break (a ¼ 65 mm, a2 ¼ 70 mm, g ¼ 10 mm and ϵ0 ¼ 11) calculated by the theory
(red), the simulation codes ABCI (black) and CST Studio (blue).
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The cutoff frequencies are identical for both the ceramic
break and the vacuum gap. It can be clearly seen that another
type of resonance structure is excited in the ceramic break
at high frequency. Despite the existence of the resonances,
the loss factor of the ceramic break is a few times smaller
than that of the vacuum gap (the loss factors for the ceramic
break and the vacuum gap are numerically found to be
22.34 and 73.44 mV=pC, respectively). This is because the
impedance decays more rapidly in the ceramic as a function
of frequency due to the wavelength contraction effect.
Thereby, the ceramic is in general beneficial to suppress
the energy loss of the beam, in particular, for a long bunch.

The above observations show that the impedance of the
ceramic break has different characteristics from that of the
simple gap. In the following sections, let us investigate
these new phenomena more closely.

C. Impedances of ceramic break and their
resonance structures

Let us continue numerical comparisons for the same
size of ceramic break (a ¼ 65 mm, a2 ¼ 70 mm and
g ¼ 10 mm) and discuss the resonance structures. The
longitudinal and the transverse impedances are shown in
Figs. 4 and 5, respectively.

Eq.(22)

coaxial-mode resonances
            (m=1)

cut-off frequencies

FIG. 5. Transverse impedances of the ceramic break (a ¼ 65 mm, a2 ¼ 70 mm, g ¼ 10 mm and ϵ0 ¼ 11) calculated by the theory
(red), the simulation codes ABCI (black) and CST Studio (blue). The solid and the dot lines show the real and the imaginary parts of the
impedance, respectively. The left and the right figures show the results up to 1 GHz frequency, and those up to 12 GHz, respectively.

1 1

FIG. 6. Theoretical results of impedances of the ceramic break (a ¼ 65 mm, a2 ¼ 70 mm, g ¼ 10 mm and ϵ0 ¼ 11). The red line
shows the calculation results when the higher order term up to m ¼ 2 is included, while the black line shows the results when only the
lowest order term is considered.
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In Fig. 4, the red, the black and the blue lines show the
theoretical, ABCI’s and CST’s results, respectively. The left
and the right parts show the real and the imaginary parts of
the impedances, respectively.
In the transverse plane, the real and imaginary parts of

impedances are shown in the same figure by the solid and
the dot lines, respectively. In Fig. 5, the left part shows only
up to 1 GHz frequency, while the right part is up to 12 GHz.
Note that the scales of the vertical axes are different for the
left and right figures. The red, the black and the blue lines
show the theoretical, ABCI’s and CST’s results, respectively.
All the calculation results (the theory, ABCI and CST)

reveal the resonance structures and show good agreements
between them, in particular, between the theory and ABCI.
The large resonance at low frequency in the transverse

impedance (that appears also in the vacuum gap case as
shown in the right part of Fig. 2) is modified as

f ∼
c

2πa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 1.5ða22 − a2Þ
a2 þ 1.5ϵ0ða22 − a2Þ

s
: ð22Þ

This frequency is lower than that for the vacuum gap due to
the wavelength contraction effects of the ceramic.
In the presence of the ceramic, additional resonances

appear at high frequency in the longitudinal as well as in the
transverse impedances. Figure 6 presents an example that
shows the importance of the correction term [the second
terms inside the bracket of Eqs. (7) and (18)]. The red line
shows the calculation results when the higher order term up
to m ¼ 2 is included, while the black line shows the results
when only the lowest order term is considered. For accurate
calculations, the correction term plays an important role.
Figure 6 indicates that two types of resonances exist in the
impedances.

1. Cavity-mode resonance

The first type of resonances is excited around the cutoff
frequencies and behaves like cavity-mode resonances.
These cutoff frequencies are given by

fc;L ¼ j0;kc
2πa

; ð23Þ

fc;T ¼ j1;kc
2πa

; ð24Þ

for the longitudinal and the transverse impedances, respec-
tively, where jn;k are the kth zeros of JnðzÞ. As shown in
Fig. 2, this type of resonances appears also in the vacuum
gap case. At the cutoff frequencies, the fields inside the
chamber can spread out to infinity and stay there without
propagating away.
The electric field pattern in the ceramic break at the

frequency of 8.66 GHz (one of the cutoff frequencies) is
shown in Fig. 7, where the horizontal and the vertical
axes show the longitudinal and the radial directions,
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FIG. 7. An example of electric fields in the ceramic break
(a ¼ 65 mm, a2 ¼ 70 mm, g ¼ 10 mm and ϵ0 ¼ 11) at a cutoff
frequency of 8.66 GHz. The range of horizontal and that of
vertical axes are −w < z < w and a < ρ < a2, respectively.
Unit is mm.

FIG. 8. Two types of resonant structure.
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respectively. The fields are almost symmetric about the
z ¼ 0 line, and they stay inside the ceramic. Theoretically,
the integration of Ez along the z direction at ρ ¼ a is almost
canceled, and the longitudinal impedance is minimized at
this frequency.
In the resonances around the cutoff frequencies, there are

two cases. In one case, a resonance appears just above the
cutoff frequency (the left part of Fig. 8). In the other case, a
resonance appears just below the cutoff frequency (the right
part of Fig. 8) [15].

The physical reason for the first case (resonances just
above the cutoff frequencies) is as follows. The difference
of the dielectric constants between the ceramic and the
vacuum introduces the reflection of waves at the boundary.
This reflection of electromagnetic fields at the lower and
the upper boundaries of the ceramic creates trapped mode
inside. These trapped modes can leak out of the ceramic
either to the outside or the inside of the chamber. Below the
cutoff frequencies, they couple with unpropagating modes
inside the chamber, and the interaction between the beam
and these unpropagating modes takes place only in a
limited space around the ceramic location. Above the
cutoff frequencies, however, the trapped modes couple
with propagating modes inside the chamber and the
interaction between the beam and the propagating modes
is extended for much longer distance, and as a result, the
impedance is enhanced.
The second case (resonances just below the cutoff

frequencies) is excited by another mechanism. Let us
simplify the formula of longitudinal impedance for
ða2 − aÞ=a ≪ 1, kw ≪ 1 and ϵ0 ≫ 1. In the case,

Að0Þ
0 ; Cð0Þ

0 ; Ið0Þ0 and Kð0Þ
0 are approximated as

Að0Þ
0 ¼ 1; ð25Þ

Cð0Þ
0 ¼ jða2 − aÞkβZ0; ð26Þ

Ið0Þ0 ¼ jða2 − aÞkβϵ0ð1 − ða2−aÞ2k2β2ϵ0
6

Þ
Z0

; ð27Þ

Kð0Þ
0 ¼ 1 −

k2β2ϵ0ða2 − aÞ2
2

: ð28Þ

TABLE I. Resonances and cutoff frequencies for the ceramic
break of ϵ0 ¼ 11, a ¼ 65 mm, a2 ¼ 70 mm, g ¼ 10 mm.

Roots of Eq. (32) m ¼ 1 9.28,… GHz
m ¼ 2 12.1,… GHz

Cutoff frequencies
for ZL

1.76, 4.05, 6.36, 8.66, 10.96,… GHz

Roots of Eq. (33) m ¼ 1 9.28,… GHz
m ¼ 2 12.1,… GHz

Cutoff frequencies
for ZT

2.81, 5.14, 7.47, 9.79, 12.1,… GHz

TABLE II. Resonances and cutoff frequencies for the ceramic
break of ϵ0 ¼ 11, a ¼ 35 mm, a2 ¼ 40 mm, g ¼ 10 mm.

Roots of Eq. (32) m ¼ 1 9.31,… GHz
m ¼ 2 12.17,… GHz

Cutoff frequencies for ZL 3.27, 7.53, 11.8,… GHz
Roots of Eq. (33) m ¼ 1 9.33,… GHz

m ¼ 2 12.18,… GHz
Cutoff frequencies for ZT 5.22,9.55,… GHz

coaxial-mode resonances
                         (m=1)

cut-off frequencies

cut-off frequencies

FIG. 9. Longitudinal impedances of the ceramic break (a ¼ 35 mm, a2 ¼ 40 mm, g ¼ 10 mm and ϵ0 ¼ 11) calculated by the theory
(red), the simulation codes ABCI (black) and CST Studio (blue).
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Substituting Eqs. (25)–(28) into Eq. (9), the longitudinal
impedance of ceramic break is simplified as

ZL ≃ 1
jωϵ0ϵ02πaða2−aÞ

g F þ jka
Z0

½hJi þ hYi
ð1−ða2−aÞgk2β2hYi

2π −k2β2ϵ0ða2−aÞ2
2

Þ
�
;

ð29Þ

F ¼ ð1 − k2β2ϵ0ða2−aÞ2
6

Þ
ð1 − ða2−aÞgk2β2hYi

2π − k2β2ϵ0ða2−aÞ2
2

Þ
; ð30Þ

where the mathematical expressions of hJi and hYi are
given by Eqs. (B5) and (B9), respectively. The first term of
the denominator represents the admittance of the ceramic
break, because the capacitance Ccer due to the ceramic
break is approximately given by

Ccer ¼
ϵ0ϵ0πða2 þ aÞða2 − aÞ

g
≃ ϵ0ϵ02πaða2 − aÞ

g
; ð31Þ

and the factor F goes to one at zero frequency. The second
term in the denominator of Eq. (29) is the admittance of the
gap, or the radiation effects. For a thick gap, the admittance
of the ceramic break is capacitive at low and high
frequency. However, there is a frequency region between
them where the admittance is switched to inductive. On the
other hand, the gap itself works as a capacitor below the
cutoff frequencies, since the electromagnetic fields can be
stored inside without propagating away through the beam
chamber. As a result, the coupling between the inductance
of the ceramic and the capacitance of the gap creates
resonances below the cutoff frequencies in the intermediate
frequency region.

One way to check these conjectures is to change the
radius of the chamber a, and thus the cutoff frequencies. As
shown in Tables I and II, the cutoff frequencies of the two
chamber cases are quite different. Comparing Figs. 4, 5,
and Table I with Figs. 9, 10, and Table II, we notice that the
resonance behavior are drastically changed between them.

2. Coaxial-mode resonance

As seen in Fig. 6, another type of resonances appears in
the ceramic break. This is the coaxial-like mode whose
fields are mainly localized inside the ceramic. Their

1

FIG. 10. Transverse impedances of the ceramic break (a ¼ 35 mm, a2 ¼ 40 mm, g ¼ 10 mm and ϵ0 ¼ 11) calculated by the theory
(red), the simulation codes ABCI (black) and CST Studio (blue). The solid and the dotted lines show the real and the imaginary parts
of the impedance, respectively. The left and the right parts show the results up to 1 GHz, and those up to 12 GHz, respectively.
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FIG. 11. An example of electric fields in the ceramic break
(a ¼ 65 mm, a2 ¼ 70 mm, g ¼ 10 mm and ϵ0 ¼ 11) at a
coaxial-mode resonant frequency of 9.387 GHz. The range of
horizontal and that of the vertical axes are −w < z < w and
a < ρ < a2, respectively. Unit is mm.
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resonant frequencies are roughly estimated by the con-
ditions given by

∂½Y 0
0ð ~μmaÞJ0ð ~μma2Þ − J00ð ~μmaÞY0ð~μma2Þ�

∂f ¼ 0; ð32Þ

∂½Y 0
1ð ~μmaÞJ1ð ~μma2Þ − J01ð ~μmaÞY1ð~μma2Þ�

∂f ¼ 0; ð33Þ

for the longitudinal and the transverse impedances, respec-
tively, where

~μm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π2ϵ0f2

c2
−
m2π2

g2

s
: ð34Þ

The positive integer m is a longitudinal (coaxial)-mode
number, and denotes the number of half-wavelengths in the
ceramic. Figure 11 shows one example of the electric fields
in the ceramic at a coaxial-mode resonant frequency of
9.387 GHz. The electric fields are almost parallel to the
longitudinal direction at ρ ¼ a and ρ ¼ a2. This implies
that the fields behave like antenna both on the inner and

coaxial-mode resonances

cut-off frequencies

(m=2)(m=1) cut-off frequencies

FIG. 12. Longitudinal impedances of the long ceramic break (a ¼ 65 mm, a2 ¼ 70 mm, g ¼ 20 mm and ϵ0 ¼ 11) calculated by the
theory (red), the simulation codes ABCI (black) and CST Studio (blue).

22 1
2

FIG. 13. Transverse impedances for the long ceramic break (a ¼ 65 mm, a2 ¼ 70 mm, g ¼ 20 mm and ϵ0 ¼ 11) calculated by
the theory (red), the simulation codes ABCI (black) and CST Studio (blue). The solid and the dotted lines show the real and the
imaginary parts of the impedance, respectively. The left and the right parts show the results up to 1 GHz, and those up to 12 GHz,
respectively.
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outer surface of the ceramic, and the fields can propagate
away both inside and outside of the chamber. Since the
directions of fields are opposite at the inner and outer
surfaces, the fields are trapped and resonate in the ceramic.
Consequently, the impedance has sharp peaks at their
frequencies.
By intentionally changing the maximum order m of

correction terms, we can identify which order of coaxial
mode is excited in the impedances. In the ceramic break
with the values of a ¼ 65 mm, a2 ¼ 70 mm and
g ¼ 10 mm, only the m ¼ 1 coaxial mode is excited below
12 GHz, and the inclusion of up to m ¼ 1 order in
calculations is sufficient for accurate estimates of imped-
ance. On the other hand, the higher order terms (more than
m ¼ 2) should be included for accurate estimates of the
impedances for long or thick ceramic breaks.
An example of long ceramic break (g ¼ 20 mm) is

shown in Figs. 12, 13 and Table III. In these figures, the
m ¼ 2 as well as m ¼ 1 coaxial modes greatly enhance the
impedance, compared with the results of the short ceramic
break in Figs. 4 and 5.

In a thick ceramic with the values of a ¼ 65 mm, a2 ¼
75 mm and g ¼ 10 mm (Fig. 14 and Table IV), we can see
three sharp coaxial modes (two m ¼ 10s and one m ¼ 20s)
in the longitudinal impedance. Because of the near-by
resonance, the small peak at the cutoff frequency at
6.36 GHz is hidden in Fig. 14. The transverse impedance
for this thick ceramic case is not shown here, because ABCI
calculation was not possible due to the memory size
restriction of the author’s computer.
Before finishing this section, let us see how the CST

results converge as a function of the total mesh size.
Figure 15 shows the CST results of impedance for the
ceramic break with a ¼ 65 mm, a2 ¼ 70 mm, g¼ 10mm
and ϵ0 ¼ 11 (the same dimension as in Figs. 4 and 5).
The left and the center/right parts correspond to the
longitudinal and the transverse impedances, respectively.
The black, the blue and the red lines represent the CST
results for the total number of mesh sizes to be
approximately equal to 2.5 × 107, 5 × 107 and 7 × 107,
respectively. The solid and the dashed lines are for the
real and the imaginary parts of the impedances. As we
can see, the blue and the red lines are nearly identical.
In all CST calculations, we checked the convergence of
the results in this way.

IV. IMPEDANCES OF A CERAMIC BREAK
COATED WITH TiN

In this section, we theoretically analyze the imped-
ances of a ceramic break, where the inner surface of the
ceramic is coated with resistive material (TiN) with the
conductivity σTiNð¼ 5.88 × 106 S=mÞ) and the thickness
t. Numerical simulations are not suitable for calculation
of this kind of impedance, because extremely small mesh

TABLE III. Resonances and cutoff frequencies for the ceramic
break of ϵ0 ¼ 11, a ¼ 65 mm, a2 ¼ 70 mm, g ¼ 20 mm.

Roots of Eq. (32) m ¼ 1 8.41,… GHz
m ¼ 2 9.28,… GHz

Cutoff frequencies
for ZL

1.76, 4.05, 6.36, 8.66, 10.96,… GHz

Roots of Eq. (33) m ¼ 1 8.42,… GHz
m ¼ 2 9.28,… GHz

Cutoff frequencies
for ZT

2.81, 5.14, 7.47, 9.79, 12.1,… GHz

cut-off frequencies

coaxial-mode resonances

(m=2)(m=1)

(m=1)

cut-off frequencies

FIG. 14. Longitudinal impedances of the thick ceramic gap (a ¼ 65 mm, a2 ¼ 75 mm, g ¼ 10 mm and ϵ0 ¼ 11) calculated by the
theory (red), the simulation codes ABCI (black) and CST Studio (blue).
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sizes are necessary (smaller than the thin TiN coating).
In reality, typical coating size of TiN is a few ten nm in
the ceramic break.
In the following subsection, let us investigate the

characteristic of the impedance with thin TiN coating.

A. The TiN-thickness dependence of the impedances

For a thin TiN coating [κTiNa ≫ 1, κTiNt ≪ 1 and

ða2 − aÞ=a ≪ 1], the transfer coefficients Að0Þ
0 ; Cð0Þ

0 ; Ið0Þ0

and Kð0Þ
0 are approximately given by (refer to

Appendix C 1)

Að0Þ
0 ¼ cosh κTiNtþ jkβaZ0σTiNt log

a2
a
; ð35Þ

Cð0Þ
0 ¼ jkβaZ0 log

a2
a
; ð36Þ

Ið0Þ0 ¼ jβϵ0kða22 − a2Þ cosh κTiNt
2a2Z0

þ aκTiN sinh κTiNt
a2jkβZ0

; ð37Þ

Kð0Þ
0 ¼ −

ϵ0k2β2ða22 − a2Þt
2a2

þ a
a2

cosh κTiNt; ð38Þ

κTiN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkβZ0σTiN

p
: ð39Þ

Substituting Eqs. (35)–(38) into Eq. (9), the longitudinal
impedance ZcerTiN;L of the thin ceramic break (compared
with the radius of the chamber) coated with the thin TiN is
approximated as

ZcerTiN;L ≃
4a2I21ðk̄σÞ
σ2k̄2aI2

0
ðk̄aÞ ðsin kwkw Þ2

jkβa2½hJðzÞiþhYðzÞi�
Z0

− jπa2κTiN tanh κTiNt
wkβZ0

þ jωϵ0πa2ða2−aÞ
cZ0w

:

ð40Þ

The first term in the denominator is the admittance of the
gap, or radiation effects. The second term represents the
resistive wall admittance due to the TiN coating. The third
term in the denominator is the admittance of the ceramic
break. The longitudinal impedance of the ceramic break
is approximately obtained by adding the impedances in
parallel (the impedance of resistive wall due to the TiN
coating, that of the radiation and that of the capacitor made
by the ceramic).
More rigorous calculations can be numerically done

by using Eqs. (C21)–(C24) in Appendix C 1 as transfer
coefficients. The longitudinal impedance is obtained by
solving Eqs. (A20)–(A23) in Appendix A 1 with the
transfer functions and by substituting the solutions
(V1 and VðmÞ

1 ) into Eq. (7).
With the help of the discussion of the previous study

[11], let us categorize the impedances of the ceramic break
with the TiN coating for various TiN thickness. The
frequency parameter fδ is introduced as

fδ ≡ c
πZ0σct2

; ðthe frequency at which the skin depth is equal to the TiN thicknessÞ; ð41Þ

TABLE IV. Resonances and cutoff frequencies for the ceramic
break of ϵ0 ¼ 11, a ¼ 65 mm, a2 ¼ 75 mm, g ¼ 10 mm.

Roots of Eq. (32) m ¼ 1 6.09, 9.92,… GHz
m ¼ 2 9.92,… GHz

Cutoff frequencies
for ZL

1.76, 4.05, 6.36, 8.66, 10.96,… GHz

black black

FIG. 15. The results of CST Studio for different total number of meshes are shown by the black (∼2.5 × 107), the blue (∼5 × 107) and
the red (∼7 × 107) lines. The left part shows the longitudinal impedance. The center (0–1 GHz) and right (1–12 GHz) parts show the
transverse impedances. The solid and the dashed lines show the real and the imaginary parts of the impedances.
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and the thickness parameter tmin is as

tmin ≡
�

4g
π2Z3

0σ
3
c

�1
4ð∼typically of the order of a few ten nm in the short ceramic breakÞ: ð42Þ

The left part of Fig. 16 shows the TiN thickness
dependence of the longitudinal impedance. In all the cases,
the TiN coating is sufficiently thin so that its thickness is
less than the skin depth within the frequency frame of the
figures (f < 10 GHz) except the t ¼ 10 μm case where the
skin depth starts to fall short of the TiN thickness above
fδ (∼1 GHz). When the TiN coating is thick enough
(t > tmin), but less than the skin depth, the entire image
current runs on the TiN coating, and the impedance
becomes proportional to 1=t. Since the TiN coating almost
perfectly shields the electromagnetic fields inside the beam
chamber from leaking out to the ceramic, the appearance of
resonances inside the ceramic is greatly suppressed. When
the TiN coating is much thinner than tmin (e.g., t < 1 nm),
the electromagnetic fields starts to leak out through the
TiN coating, and the existence of the ceramic and their
resonance structures starts to form the impedance.
Similarly to the longitudinal case, the transverse imped-

ance is proportional to 1=t for sufficiently thick TiN coating
(t > tmin), but thinner than the skin depth below fδ. When
the TiN coating is extremely thin (t < tmin), the shielding
effect of the TiN coating starts to diminish, and resonance
structures start to appear.
Similarly to the longitudinal impedance, let us try to obtain

a simple expression of the transverse impedance of the
ceramic break with the thin TiN coating. When κTiNa ≫ 1,

κTiNt≪1 and ða2−aÞ=a≪1, the coefficients Að0Þ
1 ; Cð0Þ

1 ; Ið0Þ1

and Kð0Þ
1 are approximated as (refer to Appendix C 2)

Að0Þ
1 ≃ cosh κTiNt; ð43Þ

Cð0Þ
1 ≃ 0; ð44Þ

Ið0Þ1 ≃ κTiN
jkβZ0

sinh κTiNt

þ jkβϵ0ða2 − aÞ
Z0

�
1 −

1

a2k2β2ϵ0

�
cosh κTiNt; ð45Þ

Kð0Þ
1 ≃ cosh κTiNt: ð46Þ

In the lowest order approximation, the transverse imped-
ance of the ceramic break Zcertain;T coated with TiN, is
expressed as

Zcertain;T ¼ a2I1ðk̄rbÞ
rbaγI21ðk̄aÞ ~V3;b

�
sin kw
kw

�
2

; ð47Þ

where

~V3;b ¼ −
jπa2κTiN tanh κTiNt

wkβZ0

−
jkβa2½hY2ðzÞ − Y3ðzÞ

k2β2a2i − hY5ðzÞ − Y6ðzÞ
k2β2a2

2

i�
Z0

þ πjβϵ0kða2 − aÞa2
wZ0

�
1 −

1

a2k2β2ϵ0

�
: ð48Þ
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FIG. 16. The thickness dependence on the impedances of the ceramic break (ϵ0 ¼ 11, a ¼ 65 mm, a2 ¼ 70 mm and g ¼ 10 mm) with
the TiN coating. The impedances for the different TiN thicknesses are shown by the red solid (t ¼ 10 μm), the blue solid (t ¼ 1 μm),
the black solid (t ¼ 100 nm), the black dashed (t ¼ 10 nm), the black dot (t ¼ 1 nm), the green solid (t ¼ 100 pm), the blue dashed
(t ¼ 10 pm) and the red dashed (t ¼ 0 m) lines.
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The first, the second and the third terms represent the
admittances of the resistive wall due to the TiN coating,
the radiation effect and the ceramic break, respectively. The
admittance made by the ceramic break (the third term) is
modulated at low frequency. Roughly, the transverse imped-
ance can be interpreted as the summation of three compo-
nents in parallel (the resistivewall due to the TiN coating, the
radiation and the capacitor made by ceramic), again.
Specifically for a vacuum gap made of two infinitesimal

thickness chambers, Eq. (47) reproduces the gap imped-
ance Zgap;⊥,

Zgap;⊥ ≃ −
jZ0I1ðk̄rbÞ

γkβrbaI21ðk̄aÞ½Y5ðz0Þ − Y2ðz0Þ − Y6ðz0Þ−Y3ðz0Þ
k2β2a2 �

;

ð49Þ

in Ref. [10], where z0 is a matching point (−w < z0 < w).

B. Ceramic length dependence of the impedance

Let us study how the impedance of the ceramic break
with the TiN coating will be changed when the length of the
ceramic is changed. Figure 17 shows such an example,
where the inner radius of the ceramic a ¼ 65 mm, the outer
radius a2 ¼ 70 mm and the TiN thickness t ¼ 15 nm. The
red, the blue and the black lines show the longitudinal
impedance per unit length for g ¼ 10 mm, 100 mm and
1 m, respectively. The solid and the dashed lines show the
real and the imaginary parts of the impedances, respec-
tively. One can find that the longitudinal impedance per

unit length hardly varies as long as the ceramic length is
less than or comparable to the beam pipe radius (compare
the nearly identical results for the g ¼ 10 mm and the
g ¼ 100 mm cases). No resonance structure is visible. This
is because the entire image current still runs on the TiN
coating, making it as a perfect rf shield to block the
wakefield inside the beam chamber from reaching the
ceramic. However, once the ceramic becomes much longer
than the chamber dimension (for example, the g ¼ 1 m
case), only a partial image current runs on the TiN coating,
and the shielding effect is weakened. As a result, the
resonance structure starts to appear.
The green lines show the result for the g ¼ 10 mm case

calculated using the previous short insert theory [11], where
only a short thin resistive insert is sandwiched by two thin
metals. While the agreement between the present and
previous theories for the real parts of the impedance is
good, the imaginary parts of the impedance reveal discrep-
ancy at high frequency. This is because the previous theory
assumes a thin short insert to make an approximation of the
parallel (to the longitudinal direction) electric fields inside
the gap. This approximation is no longer too good for the
present 5 mm thick ceramic. One can get a good agreement
between the present and the previous theories when the
ceramic thickness is reduced to 1 mm (see Fig. 18). On the
other hand, the present theory makes no such assumption
or approximation, and is applicable to any size of the
ceramic break.

C. The dependence of the longitudinal impedance
on the boundary conditions

It seems that some of the present results look contra-
dictory to some previous studies related to the ceramic

green:g=10mm(previous th.)

red    :g=10mm             
blue  :g=1

1
0
0

10

0mm
black:g= 1m

real part

imaginary part

FIG. 17. The longitudinal impedances per unit length of the
ceramic break (a ¼ 65 mm, a2 ¼ 70 mm and ϵ0 ¼ 11) with the
TiN coating (15 nm) are shown by the red (g ¼ 10 mm), the blue
(g ¼ 100 mm) and the black (g ¼ 1 m) lines. The green line
shows the results (g ¼ 10 mm) given by the previous short insert
theory [11]. The solid and the dashed lines show the real and the
imaginary parts of the impedances.

red:g=10m10 m
      (present th.)

blue:g=10mm
     (previous th.)

real part
imaginary part

10

FIG. 18. The longitudinal impedances per unit length of the
ceramic break (a ¼ 65 mm, a2 ¼ 66 mm, g ¼ 10 mm and
ϵ0 ¼ 11) with the TiN coating (15 nm). The red and the blue
lines show the results given by the present theory and the previous
short insert theory [11]. The solid and the dashed lines show the
real and the imaginary parts of the impedances.
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chambers [4,15–19] where the real part of the longitudinal
impedance goes to zero at zero frequency [refer to
Eq. (56)]. However, in their studies, the (finite) element
(or ceramic chamber) is surrounded by perfectly conductive

walls, which is equivalent to that V2 and VðmÞ
2 are identical

to zero in this report. To simulate this case, the boundary
conditions given by Eqs. (A20)–(A23) in Appendix A 1 are
modified as

0 ¼ Að0Þ
0

V1

2w
þ Cð0Þ

0

�
hαðzÞi þ V1

2π

jkβ
Z0

hJðzÞi þ kβ
2πwZ0

X∞
m¼1

VðmÞ
1 hJðmÞðzÞi

�
; ð50Þ

0 ¼ AðmÞ
0 VðmÞ

1 þ CðmÞ
0

�
hhαðzÞiim þ jkβ

2πZ0

V1hhJðzÞiim þ kβ
2πwZ0

X∞
n¼1

VðnÞ
1 hhJðnÞðzÞiim

�
: ð51Þ

For infinitely long chambers, V1 and VðmÞ
1 are solved as

V1 ¼ −
2Cð0Þ

0 βcI1ðk̄σÞ
ðAð0Þ

0 þ jCð0Þ
0
J1ðkβaÞ

Z0J0ðkβaÞ Þπσk̄aI0ðk̄aÞ
sin kw
k

; ð52Þ

VðmÞ
1 ¼ kβcI1ðk̄σÞCðmÞ

0

jπσk̄aI0ðk̄aÞðAðmÞ
0 þCðmÞ

0
jβγI1ðk̄aÞ

Z0I0ðk̄aÞ Þ
½ð−1Þme−jkw−ejkw�

ðk2−m2π2

4w2 Þ
;

ð53Þusing Eq. (B1) in Appendix B.
Substituting Eq. (53) into Eq. (7), we obtain the

expression of longitudinal impedance for an infinitely long
ceramic break as

Zbreak;L ≃ 4wI21ðk̄σÞC0ða2; aÞ
πσ2k̄2aI20ðk̄aÞ½A0ða2; aÞ þ C0ða2;aÞjβγI1ðk̄aÞ

Z0I0ðk̄aÞ �
; ð54Þ

where

X∞
m¼1

2 − ð−1Þmej2kw − ð−1Þme−j2kw
ðk2 − m2π2

4w2 Þ2
¼ cos 2kw − 1

k4
þ 2w2

k2

ð55Þ

is used and the coefficients A0ða2; aÞ and C0ða2; aÞ are
given by Eqs. (E12) and (E13), respectively. Equation (54)
is identical to Eq. (E19) of the Appendix E, where the
infinitely long chamber with the TiN coating is assumed
from the beginning. Specifically, at low frequency for a thin
TiN coating, we can approximately reproduce the formula
[17] from Eq. (54) as

ZL ≃ wZ0

πβaðZ0tσTiN − jϵ0

ðϵ0β2−1Þka loga2a
Þ : ð56Þ

This result indicates that it is the perfectly conductive
boundary condition that makes the impedance zero at zero
frequency.

Another recent study [20] shows that the impedances of
an infinitely long, axisymmetrical beam pipe (made by
multilayered materials) diminishes at zero frequency. In
this axisymmetrical beam pipe, it is assumed implicitly that
the entire system is uniformly surrounded by a perfectly
conductive wall in the far distance. Therefore, for the same
reason as in above, the longitudinal impedance diminishes
at zero frequency.
From these considerations, we can conclude that the

different behaviors of the longitudinal impedances near
the zero frequency come from the different assumptions of
the system configuration under consideration.

D. The dependence on the TiN thickness when the
ceramic break is covered by a perfectly conductive wall

In this section, let us consider how the impedance
depends on the TiN-thickness t, when the ceramic break
is covered by the perfectly conductive wall on its outer
surface. Figure 19 shows the real parts of the impedances at
f ¼ 1.2 MHz, normalized by the gap length g. The red
solid and the blue dashed lines in the left part correspond to
the g ¼ 10 mm and g ¼ 1 m, respectively. Their agreement
shows that the impedance is simply proportional to the gap
length.
All results in the right part correspond to those for g ¼

10 mm case. The red solid, the blue solid and the black
dashed lines in the right part show the results obtained by
solving Eqs. (50) and (51), by Eq. (E19) of the Appendix E,
and by the approximate result Eq. (56), respectively. For
reference, the green (g ¼ 10 mm) and the brown dashed
(g ¼ 1 m) lines show the cases where the ceramic is not
surrounded by the walls. When the TiN thickness is
sufficiently larger than the skin depth, the impedance is
determined by the skin depth, and has no TiN thickness
dependence (shown by the flat red and blue lines at large t
region). In the thin TiN coating region, the rigorous
solution for the infinitely long ceramic (the blue line)
agrees well with its approximate solution (the black dashed
line). However, they start to deviate at the thick TiN region
(because the approximation is only valid when the skin
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depth is larger than the thickness t). On the other hand, the
complete solution (the red line) shows larger impedance
values in the range where the TiN coating is smaller than
10 μm, since it includes the contributions of the fields
trapped inside the ceramic sandwiched by the perfectly
conductive chambers on both sides. In this case, it is
observed that the longitudinal impedance is maximum at a
given TiN thickness (several μm in the present example).
The theory predicts a thinner TiN coating is preferable from
the impedance point of view, as long as it is below that
several μm.

V. THE LORENTZ-γ FACTOR DEPENDENCE
OF IMPEDANCES

Finally, let us investigate the Lorentz-γ factor depend-
ence of the impedances of the ceramic break with and
without TiN coating. The present theory is applicable to
nonrelativistic beams, because it makes no approximation
on the energy of the beam. Figures 21 and 20 demonstrate
the Lorentz-γ factor dependence with and without TiN
coating, respectively. The red, the black and the blue lines
show the result for γ ¼ 100, γ ¼ 10 and γ ¼ 1.2, respec-
tively. The left and the right parts show the longitudinal and

FIG. 20. The impedances of the ceramic break (a ¼ 65 mm, a2 ¼ 70 mm and ϵ0 ¼ 11) with the TiN coating (15 nm) for different
Lorentz-γ are shown by the red (γ ¼ 100), the black (γ ¼ 10) and the blue (γ ¼ 1.2) lines. The solid and the dashed lines show the real
and the imaginary parts of the impedances, respectively.

μ

green & brown

red & blue

μ

green

blue

red

black dashed

FIG. 19. The TiN thickness t dependence of impedances per unit length at 1.2 MHz, where the ceramic chamber (a ¼ 65 mm,
a2 ¼ 70 mm and ϵ0 ¼ 11) is coated with the TiN. The left part shows the impedances for g ¼ 10 mm (red solid) and for g ¼ 1 m (blue
dashed). The right part shows the impedances (g ¼ 10 mm) obtained by solving Eqs. (50) and (51) (red solid), by Eq. (E19) (blue solid)
and by Eq. (56) (black dashed). The red, blue and black lines correspond to the case when the ceramic is surrounded by perfectly
conductive walls. The green (g ¼ 10 mm) and the brown dashed (g ¼ 1 m) lines that correspond to the case where the ceramic is not
surrounded by the walls are also shown as references.
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the transverse impedances, respectively. The solid and the
dashed lines show the real and the imaginary parts of the
impedances, respectively.
Generally speaking, the impedance for a nonrelativistic

beam (for example, the blue lines for γ ¼ 1.2) is smaller
than that for a relativistic beam at high frequency (in the
longitudinal case) or at any frequency (in the transverse
case). The physical reason for this behavior is as follows.
The nonrelativistic (slower) beam receives more fluctuating
kicks from the wakefields while going through them. These
kicks tend to cancel each other in net, resulting in the
diminishing impedance. However, longitudinal wakes are
excited by the beam like cosine function [5] and they are
nearly constant at low frequency during the beam passage.
Therefore, the longitudinal impedance has little depend-
ence on the Lorentz-γ factor at low frequency (the trans-
verse impedance is roughly proportional to Lorentz-β
factor).

VI. SUMMARY

A new theory is developed to describe longitudinal and
transverse impedances of ceramic breaks both with and
without the TiN coating. The theoretical and numerical
simulation results calculated by ABCI and CST Studio are
all in good agreement for the ceramic break without the TiN
coating. Particularly, the agreements between the theoreti-
cal and ABCI’s results are excellent, while CST Studio
tends to provide higher impedances, notably at resonance
frequencies, than the others.
The impedance of the ceramic break has resonance

structures, because the difference of the dielectric constants
between ceramic and the vacuum introduces the reflection
of waves at their boundary, and this reflection of electro-
magnetic fields at the lower and the upper boundaries of the
ceramic creates trapped modes inside. The resonances can

be categorized into the cavity-mode resonances and the
coaxial-mode resonances.
Despite the existence of the resonances, the loss factor of

the ceramic is a few times smaller than that of a vacuum
gap, due to the wavelength contraction effect inside the
ceramic. In other words, the filling of the gap by the
ceramic helps to reduce the radiation loss of a beam in most
cases, in particular, for a long bunch.
Generally speaking, the impedance becomes smaller as

the velocity of a nonrelativistic beam decreases, since a
slower beam receives more fluctuating kicks from wake-
fields while passing through them. In fact, we find that the
transverse impedance is roughly proportional to the
Lorentz-β factor at any frequency. On the other hand,
the longitudinal impedance depends on the Lorentz-γ factor
only weakly at low frequency, since slowly oscillating
wakefields provide similar kicks to a beam regardless of its
velocity.
The theory can be applied to the calculation of the

impedance of a ceramic break whose inner surface is coated
with thin TiN (the outer surface is just exposed to vacuum).
When the TiN coating is thick (larger than tmin), the entire
image current runs in the TiN coating, which shields
wakefields inside the chamber from reaching out to the
ceramic. In this case, the existence of ceramic has no effect
on the impedance. Consequently, the impedance becomes
higher as the TiN becomes thinner.
When a conductive wall is added to the outer surface, the

behavior of the impedance is quite changed. In this case,
the perfectly conductive wall makes the impedance go to
zero at zero frequency. Moreover, the longitudinal imped-
ance takes the maximum at a certain thickness. Typically,
for the case studied here, this worst thickness is of the order
of several μm, which may be too thick to realize in many
machines. Below this thickness, thinner coating is prefer-
able from the impedance point of view.

FIG. 21. The impedances of the ceramic break (a ¼ 65 mm, a2 ¼ 70 mm and ϵ0 ¼ 11) without the TiN coating for different Lorentz-γ
factors are shown by the red (γ ¼ 100), the black (γ ¼ 10) and the blue (γ ¼ 1.2) lines.
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In a real machine, the image current may find a different
path from the one between the gap or in a thin TiN coating,
if it provides a smaller impedance and less energy loss to
a beam. Several bench measurements have been done for
the evaluation of impedance of isolated gaps equipped with
one or more bypass units [21]. It would be interesting that
our theory for the ceramic break with the TiN coating is
benchmarked with those measurements.
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APPENDIX A: DERIVATION OF FORMULAS OF
IMPEDANCES OF CERAMIC BREAKS

1. Longitudinal impedances

When a beam has a cylindrically uniform density with
radius σ and its total charge is 1 C=m, its current density is
given by Eq. (1) in the text.
The formal solutions of the fields inside the chamber at

the angular frequency ω are given by

Ez ¼
jk
γ2

cZ0

πσ2

�
1

k̄2
−
σI0ðk̄ρÞK1ðk̄σÞ

k̄

�
e−jkz

þ
Z

∞

−∞
dhA0ðhÞe−jhz

J0ðΛρÞ
J0ðΛaÞ

; ðA1Þ

Hθ ¼
βc
πσ

K1ðk̄σÞI1ðk̄ρÞe−jkz

þ jkβ
Z0

Z
∞

−∞
dhA0ðhÞe−jhz

J1ðΛρÞ
ΛJ0ðΛaÞ

; ðA2Þ

for ρ < σ, and

Ez ¼
jcZ0

πσγ
I1ðk̄σÞK0ðk̄ρÞe−jkz

þ
Z

∞

−∞
dhA0ðhÞe−jhz

J0ðΛρÞ
J0ðΛaÞ

; ðA3Þ

Hθ ¼
βc
πσ

I1ðk̄σÞK1ðk̄ρÞe−jkz

þ jkβ
Z0

Z
∞

−∞
dhA0ðhÞe−jhz

J1ðΛρÞ
ΛJ0ðΛaÞ

; ðA4Þ

for ρ > σ, where cylindrical coordinates (ρ; θ; z) are used,
Λ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2 − h2

p
, c is the velocity of light, β ¼ v=c, v is

the velocity of the beam, k ¼ ω=cβ, Z0ð¼ 120πΩÞ is
the impedance of free space, JnðzÞ is the Bessel function,
InðzÞ and KnðzÞ are the modified Bessel functions [13], γ is
Lorentz-γ, k̄ ¼ k=γ and A0ðhÞ is an expansion coefficient.
The time dependence of the fields is assumed to be

harmonic and it is expressed as the complex exponen-
tial ejωt.
Since Ez on the inner surface of the perfectly conductive

chambers that sandwich the ceramic break should be zero
(refer to Fig. 1), the expansion coefficient A0ðhÞ should
satisfy the following relation:

jcZ0

πσγ
I1ðk̄σÞK0ðk̄aÞe−jkz þ

Z
∞

−∞
dhA0ðhÞe−jhz

¼
�

V1

2w þ
P

∞
m¼1

VðmÞ
1

cosmπðzþwÞ
2w

w for − w < z < w
0 otherwise;

ðA5Þ

where V1 is the voltage on the inner surface of the ceramic

break at ρ ¼ a, and VðmÞ
1 are expansion coefficients.

Consequently, the original expansion coefficient A0ðhÞ
is rewritten by using the new expansion coefficients V1 and

VðmÞ
1 as

jcZ0

πσγ
I1ðk̄σÞK0ðk̄aÞδðh − kÞ þA0ðhÞ

¼ V1

2π

sin hw
hw

þ
X∞
m¼1

VðmÞ
1 ½ð−1Þmejhw − e−jhw�h

j2πwðh2 − m2π2

4w2 Þ
; ðA6Þ

where g ¼ 2w is the gap size and δðzÞ is the δ function.
Substituting Eq. (A6) into Eqs. (A1)–(A4), we obtain
Eqs. (2)–(5) in the text.
For the fields outside the ceramic break, Silver and

Saunders’s theory [22] gives their descriptions as

Ez ¼
V2

2π

Z
∞

−∞
dh

Hð2Þ
0 ðΛρÞ

Hð2Þ
0 ðΛa2Þ

sin hw
hw

e−jhz

−
X∞
m¼1

VðmÞ
2

Z
∞

−∞
dhe−jhz

jh½ð−1Þmejhw − e−jhw�
2πwðh2 − m2π2

4w2 Þ

×
Hð2Þ

0 ðΛρÞ
Hð2Þ

0 ðΛa2Þ
; ðA7Þ

Hθ ¼ j
βk
Z0

V2

2π

Z
∞

−∞
dh

Hð2Þ
1 ðΛρÞ

ΛHð2Þ
0 ðΛa2Þ

sin hw
hw

e−jhz

−
X∞
m¼1

VðmÞ
2

kβ
Z0w

Z
∞

−∞
dhe−jhz

×
h½ð−1Þmejhw − e−jhw�

2πðh2 − m2π2

4w2 Þ
H0ð2Þ

0 ðΛρÞ
ΛHð2Þ

0 ðΛa2Þ
; ðA8Þ

for ρ > a2 (the outer size of the ceramic break), where

Hð2Þ
m ðzÞ is the Hankel functions [13] of the second kind, the

prime means the differential by its argument z, and V2 is the
voltage on the outer surface of the ceramic break at ρ ¼ a2,

and VðmÞ
2 are the expansion coefficients. Here we should
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notice that Eq. (A7) satisfies the condition that Ez should be
zero on the outer surface of the chamber except on the
ceramic break.
Before the fields on the inner and the outer surface of the

ceramic break are associated, let us expand the fields on the

respective surfaces by sinusoidal functions. Because the

ceramic is sandwiched by the perfectly conductive cham-

bers, the fields in the ceramic (−w < z < w) on ρ ¼ a and

ρ ¼ a2 may be expressed as

EzðaÞ ¼
V1

2w
þ
P∞

m¼1 V
ðmÞ
1 cos mπðzþwÞ

2w

w
; ðA9Þ

HθðaÞ ¼ αðzÞ þ jkβ
2πZ0

V1JðzÞ þ
kβ

2πwZ0

X∞
m¼1

VðmÞ
1 JðmÞðzÞ

¼ hαðzÞi þ jkβ
2πZ0

V1hJðzÞi þ
kβ

2πwZ0

X∞
m¼1

VðmÞ
1 hJðmÞðzÞi

þ 1

w

X∞
m¼1

cos
mπðzþ wÞ

2w

�
hhαðzÞiim þ jkβ

2πZ0

V1hhJðzÞiim þ kβ
2πwZ0

X∞
n¼1

VðnÞ
1 hhJðnÞðzÞiim

�
; ðA10Þ

and

Ezða2Þ ¼
V2

2w
þ
P∞

m¼1 V
ðmÞ
2 cos mπðzþwÞ

2w

w
; ðA11Þ

Hθða2Þ ¼ −j
βk
Z0

V2

2π
YðzÞ −

X∞
m¼1

VðmÞ
2

kβ
2πZ0w

YðmÞðzÞ

¼ −j
βk
Z0

V2

2π
hYðzÞi −

X∞
m¼1

VðmÞ
2

kβ
2πZ0w

hYðmÞðzÞi

þ 1

w

X∞
m¼1

cos
mπðzþ wÞ

2w

�
−j

βk
Z0

V2

2π
hhYðzÞiim −

kβ
2πZ0w

X∞
n¼1

VðnÞ
2 hhYðnÞðzÞiim

�
; ðA12Þ

respectively, where

αðzÞ ¼ βcI1ðk̄σÞ
πσk̄aI0ðk̄aÞ

e−jkz; ðA13Þ

JðzÞ ¼
Z

∞

−∞
e−jhz

J1ðΛaÞ
ΛJ0ðΛaÞ

sinhw
hw

dh

¼ −
X∞
s¼1

πað2− e
−j

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j2
0;s
a2

q
ðzþwÞ − e

j

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j2
0;s
a2

q
ðz−wÞÞ

wðk2β2a2 − j20;sÞ
;

ðA14Þ

JðmÞðzÞ ¼
Z

∞

−∞
e−jhz

J1ðΛaÞ
ΛJ0ðΛaÞ

½ð−1Þmejhw − e−jhw�h
ðh2 − m2π2

4w2 Þ
dh;

ðA15Þ

YðzÞ ¼ −
Z

∞

−∞

Hð2Þ
1 ðΛa2Þ

ΛHð2Þ
0 ðΛa2Þ

sin hw
hw

e−jhzdh; ðA16Þ

YðmÞðzÞ ¼
Z

∞

−∞
e−jhz

h½ð−1Þmejhw − e−jhw�
ðh2 − m2π2

4w2 Þ
H0ð2Þ

0 ðΛa2Þ
ΛHð2Þ

0 ðΛa2Þ
dh:

ðA17Þ

The brackets in Eqs. (A10) and (A12) are defined as

h� � �i≡ 1

2w

Z
w

−w
dz � � � ; ðA18Þ

hh � � � iim ≡
Z

w

−w
dz cos

mπðzþ wÞ
2w

� � � : ðA19Þ

The concrete expressions for hαi, hJi, hJðmÞi, hhαiim, hhJiim,
hhJðnÞiim, hYim, hYðmÞi, hhYiim and hhYðnÞiim are given in
Appendix B.
The solutions of Maxwell equations in the ceramic

transfer the fields on ρ ¼ a to those on ρ ¼ a2 (refer to

Appendix C). The expansion coefficients V1, V
ðmÞ
1 , V2 and

VðmÞ
2 are determined by the connection conditions of Ez and

Hθ on ρ ¼ a2. Consequently, we obtain the relations
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V2

2w
¼ Að0Þ

0

V1

2w
þ Cð0Þ

0

�
hαðzÞi þ V1

2π

jkβ
Z0

hJðzÞi þ kβ
2πwZ0

X∞
m¼1

VðmÞ
1 hJðmÞðzÞi

�
; ðA20Þ

0 ¼ Ið0Þ0

V1

2w
þ Kð0Þ

0

�
hαðzÞi þ V1

2π

jkβ
Z0

hJðzÞi þ kβ
2πwZ0

X∞
m¼1

VðmÞ
1 hJðmÞðzÞi

�

þ jkβV2

2πZ0

hYðzÞi þ
X∞
m¼1

VðmÞ
2

kβ
2πZ0w

hYðmÞðzÞi; ðA21Þ

VðmÞ
2 ¼ AðmÞ

0 VðmÞ
1 þ CðmÞ

0

�
hhαðzÞiim þ jkβ

2πZ0

V1hhJðzÞiim þ kβ
2πwZ0

X∞
n¼1

VðnÞ
1 hhJðnÞðzÞiim

�
; ðA22Þ

− j
βk
Z0

V2

2π
hhYðzÞiim −

kβ
2πZ0w

X∞
n¼1

VðnÞ
2 hhYðnÞðzÞiim

¼ IðmÞ
0 VðmÞ

1 þ KðmÞ
0

�
hhαðzÞiim þ jkβ

2πZ0

V1hhJðzÞiim þ kβ
2πwZ0

X∞
n¼1

VðnÞ
1 hhJðnÞðzÞiim

�
; ðA23Þ

where Að0Þ
0 ; Cð0Þ

0 ; Ið0Þ0 , Kð0Þ
0 , AðmÞ

0 ; CðmÞ
0 ; IðmÞ

0 and KðmÞ
0 with positive integer m, which are determined by the solutions of

Maxwell equations, are the coefficients that transfer the fields on the inner surface (ρ ¼ a) to the outer surface (ρ ¼ a2)
of the ceramic break. Concrete expressions of the transfer coefficients are calculated in Appendix C 1. All expansion

coefficients V1, V
ðmÞ
1 , V2 and VðmÞ

2 are obtained by solving Eqs. (A20)–(A23) up to any order of m.
The average value of Ez [expressed by Eq. (A1)] over ρ gives the longitudinal impedance ZL. Finally, it can be expressed

as Eq. (6) in the text.

2. Transverse impedance

In order to calculate the transverse impedance, let us consider a beam with the charge distribution of the azimuthal
dependence as jz ¼ qβcδðρ − rbÞ cos θe−jkz=πrb. When the beam is traveling in the chamber, the fields inside the
chamber are

Ez ¼ i1

�
jk
γ2

cZ0

π

�
K1ðk̄rbÞ − K1ðk̄aÞ

I1ðk̄rbÞ
I1ðk̄aÞ

�
I1ðk̄ρÞ

e−jkz

rb
þ
Z

∞

−∞
dhe−jhzA1ðhÞ

J1ðΛρÞ
J1ðΛaÞ

�
cos θ; ðA24Þ

for ρ < rb and

Ez ¼ i1

�
jk
γ2

cZ0

π
K1ðk̄ρÞI1ðk̄rbÞ

e−jkz

rb
þ
Z

∞

−∞
dhA1ðhÞe−jhz

J1ðΛρÞ
J1ðΛaÞ

�
cos θ; ðA25Þ

Hθ ¼ i1

�
cβ

k̄
2π

½K0ðk̄ρÞ þ K2ðk̄ρÞ�I1ðk̄rbÞ
e−jkz

rb
−
Z

∞

−∞
dhe−jhz

jh
Λ2

�
B1ðhÞJ1ðΛρÞ
ρJ1ðΛaÞ

þ kβΛ
Z0h

A1ðhÞ
J01ðΛρÞ
J1ðΛaÞ

��
cos θ; ðA26Þ

Hz ¼ i1

Z
∞

−∞
dhB1ðhÞe−jhz

J1ðΛρÞ
J1ðΛaÞ

sin θ; ðA27Þ

Eθ ¼ i1

�
cZ0

πρ
K1ðk̄ρÞI1ðk̄rbÞ

e−jkz

rb

þ
Z

∞

−∞
dhe−jhz

jkβZ0

Λ2

�
B1ðhÞΛ

J01ðΛρÞ
J1ðΛaÞ

þ h
Z0kβρ

A1ðhÞ
J1ðΛρÞ
J1ðΛaÞ

��
sin θ; ðA28Þ

for ρ > rb, where i1 ¼ qrb, A1ðhÞ and B1ðhÞ are expansion coefficients. Since Ez and Eθ on the inner surface of the
chamber should be zero except on the ceramic, the expansion coefficients A1ðhÞ and B1ðhÞ should satisfy the following
relations:
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jk
γ2

cZ0

π
K1ðk̄aÞI1ðk̄rbÞ

e−jkz

rb
þ
Z

∞

−∞
dhA1ðhÞe−jhz ¼

�
π ~V2

w þP∞
m¼1

π ~VðmÞ
2

cosmπðzþwÞ
2w

w for − w < z < w
0 otherwise;

ðA29Þ

cZ0

πa
K1ðk̄aÞI1ðk̄rbÞ

e−jkz

rb
þ
Z

∞

−∞
dhe−jhz

jkβZ0

Λ2

�
B1ðhÞΛ

J01ðΛaÞ
J1ðΛaÞ

þ h
Z0kβa

A1ðhÞ
�

¼
�P∞

m¼1

π ~VðmÞ
1

sinmπðzþwÞ
2w

w for − w < z < w

0 otherwise;
ðA30Þ

where ~V2 is the voltage on the inner surface of the ceramic at ρ ¼ a, and ~VðmÞ
1 and ~VðmÞ

2 are the expansion coefficients.

Consequently, the expansion coefficients A1ðhÞ and B1ðhÞ are rewritten by using ~VðmÞ
1 , ~VðmÞ

2 and ~V2 as

jk
γ2

cZ0

π
K1ðk̄aÞI1ðk̄rbÞ

δðh − kÞ
rb

þA1ðhÞ ¼ ~V2

sin hw
hw

þ
X∞
m¼1

~VðmÞ
2

h½ð−1Þmejhw − e−jhw�
j2wðh2 − m2π2

4w2 Þ
; ðA31Þ

cZ0

πa
K1ðk̄aÞI1ðk̄rbÞ

δðh − kÞ
rb

þ jkβZ0

Λ2

�
B1ðhÞΛ

J01ðΛaÞ
J1ðΛaÞ

þ h
Z0kβa

A1ðhÞ
�

¼
X∞
m¼1

~VðmÞ
1

mπ½ð−1Þmejhw − e−jhw�
4w2ðh2 − m2π2

4w2 Þ
: ðA32Þ

Substituting Eqs. (A31) and (A32) into Eqs. (A24)–(A28), we obtain Eqs. (12)–(16) in the text.
The fields outside the chamber are given by

Ez ¼ i1

�
V2

Z
∞

−∞
dhe−jhz

sinðhwÞ
hw

Hð2Þ
1 ðΛρÞ

Hð2Þ
1 ðΛa2Þ

−
X∞
m¼1

VðmÞ
2

Z
∞

−∞
dhe−jhz

jh½ð−1Þmejhw − e−jhw�
2wðh2 − m2π2

4w2 Þ
Hð2Þ

1 ðΛρÞ
Hð2Þ

1 ðΛa2Þ

�
cos θ; ðA33Þ

Hθ ¼ −i1V2

jkβ
Z0

�Z
∞

−∞
dhe−jhz

sinðhwÞ
hw

H0ð2Þ
1 ðΛρÞ

ΛHð2Þ
1 ðΛa2Þ

−
1

k2β2a2ρ

Z
∞

−∞
dhe−jhz

sinðhwÞ
hw

h2Hð2Þ
1 ðΛρÞ

Λ3H0ð2Þ
1 ðΛa2Þ

�
cos θ

− i1
X∞
m¼1

VðmÞ
2

kβ
Z0w

�Z
∞

−∞
dhe−jhz

h½ð−1Þmejhw − e−jhw�
2ðh2 − m2π2

4w2 Þ
H0ð2Þ

1 ðΛρÞ
ΛHð2Þ

1 ðΛa2Þ

−
1

2k2β2a2ρ

Z
∞

−∞
dhe−jhz

h3½ð−1Þmejhw − e−jhw�Hð2Þ
1 ðΛρÞ

ðh2 − m2π2

4w2 ÞΛ3H0ð2Þ
1 ðΛa2Þ

�
cos θ

− i1
X∞
m¼1

VðmÞ
1

mπ

4kβw2Z0ρ

Z
∞

−∞
dhe−jhz

hHð2Þ
1 ðΛρÞ½ð−1Þmejhw − e−jhw�
Λðh2 − m2π2

4w2 ÞH0ð2Þ
1 ðΛa2Þ

cos θ; ðA34Þ

Hz ¼ −i1V2

Z
∞

−∞
dhe−jhz

sinðhwÞ
hw

hHð2Þ
1 ðΛρÞ

kβZ0a2ΛH
0ð2Þ
1 ðΛa2Þ

þ i1
X∞
m¼1

VðmÞ
2

j
2kβZ0a2w

Z
∞

−∞
dhe−jhz

h2½ð−1Þmejhw − e−jhw�
ðh2 − m2π2

4w2 Þ
Hð2Þ

1 ðΛρÞ
ΛH0ð2Þ

1 ðΛa2Þ
sin θ

− i1
X∞
m¼1

VðmÞ
1

jmπ

4kβw2Z0

Z
∞

−∞
dhe−jhz

Λ½ð−1Þmejhw − e−jhw�Hð2Þ
1 ðΛρÞ

ðh2 − m2π2

4w2 ÞH0ð2Þ
1 ðΛa2Þ

sin θ; ðA35Þ

Eθ ¼ −i1V2

Z
∞

−∞
dhe−jhz

sinðhwÞ
hw

jhH0ð2Þ
1 ðΛρÞ

a2Λ2H0ð2Þ
1 ðΛa2Þ

sin θ þ i1V2

Z
∞

−∞
dhe−jhz

sinðhwÞ
hw

jhHð2Þ
1 ðΛρÞ

ρΛ2Hð2Þ
1 ðΛa2Þ

sin θ

þ i1
X∞
m¼1

VðmÞ
1

Z
∞

−∞
dh

H0ð2Þ
1 ðΛρÞ

H0ð2Þ
1 ðΛa2Þ

mπ½ð−1Þmejhw − e−jhw�
4w2ðh2 − m2π2

4w2 Þ
e−jhz sin θ; ðA36Þ

where V2 is the voltage on the outer surface of the ceramic at ρ ¼ a2, and VðmÞ
1 and VðmÞ

2 are the expansion coefficients.
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On the inner surface of the ceramic (ρ ¼ a; θ;−w < z < w), Eqs. (13)–(16) in the text are expanded by sinusoidal
functions as

EzðaÞ ¼ ~EzðaÞ cos θ ¼
�
i1
π ~V2

w
þ i1

X∞
m¼1

cos mπðzþwÞ
2w

w
π ~VðmÞ

2

�
cos θ; ðA37Þ

HθðaÞ ¼ ~HθðaÞ cos θ

¼ i1

	
cβI1ðk̄rbÞe−jkz
rbπaI1ðk̄aÞ

−
jkβ
Z0

�
Y2ðzÞ −

Y3ðzÞ
k2β2a2

�
~V2



cos θ

− i1
X∞
n¼1

~VðnÞ
1

nπ
2w2Z0kβa

hY 0ðnÞ
4 ðzÞi cos θ − i1

X∞
n¼1

~VðnÞ
2

kβ
wZ0

	
YðnÞ
1 ðzÞ − YðnÞ

4 ðzÞ
k2β2a2



cos θ

þ i1
X∞
m¼1

cosðmπðzþwÞ
2w Þ

w

�
jcβkI1ðk̄rbÞ½ejkw − ð−1Þme−jkw�

rbπaI1ðk̄aÞðm2π2

4w2 − k2Þ

−
jkβ
Z0

hhY2ðzÞ −
Y3ðzÞ
k2β2a2

ii
m
~V2 −

X∞
n¼1

kβ
wZ0

hhYðnÞ
1 ðzÞ − YðnÞ

4 ðzÞ
k2β2a2

ii
m
~VðnÞ
2 −

X∞
n¼1

nπ ~VðnÞ
1

2w2kβaZ0

hhY 0ðnÞ
4 iim

�
cos θ; ðA38Þ

HzðaÞ ¼ i1

�X∞
n¼1

~VðnÞ
1

nπ
2w2jkβZ0

hYðnÞ
−2 i −

~V2

akβZ0

hYðnÞ
−1 ðzÞi −

X∞
n¼1

~VðnÞ
2

jwakβZ0

hYðnÞ
0 i
�
sin θ

þ i1
X∞
m¼1

sinðmπðzþwÞ
2w Þ

w

�
−
X∞
n¼1

~VðnÞ
2

jwakβZ0

hhYðnÞ
0 ðzÞiism −

~V2

akβZ0

hhY−1ðzÞiism þ
X∞
n¼1

nπ ~VðnÞ
1

2jkβZ0w2
hhYðnÞ

−2 iism
�
sin θ; ðA39Þ

EθðaÞ ¼ i1
X∞
m¼1

sin mπðzþwÞ
2w

w
π ~VðmÞ

1 sin θ; ðA40Þ

where

YðnÞ
−2 ðzÞ ¼

Z
∞

−∞
dhe−jhz

Λ½ð−1Þnejhw − e−jhw�
2ðh2 − n2π2

4w2 Þ
J1ðΛaÞ
J01ðΛaÞ

;

ðA41Þ

Y−1ðzÞ ¼
Z

∞

−∞
dhe−jhz

sin hw
hw

h
Λ
J1ðΛaÞ
J01ðΛaÞ

; ðA42Þ

YðnÞ
0 ðzÞ ¼

Z
∞

−∞
dhe−jhz

h2½ð−1Þnejhw − e−jhw�
2ðh2 − n2π2

4w2 ÞΛ
J1ðΛaÞ
J01ðΛaÞ

;

ðA43Þ

YðnÞ
1 ðzÞ ¼

Z
∞

−∞
dhe−jhz

h½ð−1Þnejhw − e−jhw�J01ðΛaÞ
2Λðh2 − n2π2

4w2 ÞJ1ðΛaÞ
;

ðA44Þ

Y2ðzÞ ¼
1

2w

Z
w

−w
dξ
Z

∞

−∞
dhe−jhðz−ξÞ

J01ðΛaÞ
ΛJ1ðΛaÞ

; ðA45Þ

Y3ðzÞ ¼
1

2w

Z
w

−w
dξ
Z

∞

−∞
dhe−jhðz−ξÞ

h2J1ðΛaÞ
Λ3J01ðΛaÞ

; ðA46Þ

YðnÞ
4 ðzÞ ¼

Z
∞

−∞
dhe−jhz

h3½ð−1Þnejhw − e−jhw�J1ðΛaÞ
2Λ3ðh2 − n2π2

4w2 ÞJ01ðΛaÞ
;

ðA47Þ

Y 0ðnÞ
4 ðzÞ ¼

Z
∞

−∞
dhe−jhz

h½ð−1Þnejhw − e−jhw�
2ðh2 − n2π2

4w2 Þ
J1ðΛaÞ
ΛJ01ðΛaÞ

:

ðA48Þ

Here, a new bracket,

hh � � � iism ≡
Z

w

−w
dz sin

mπðzþ wÞ
2w

� � � ; ðA49Þ

is introduced. The concrete expressions of hhYðnÞ
−2 iism,

hhY−1iism, hhYðnÞ
0 iism, hhYðnÞ

0 iism, hhYðnÞ
0 iism, hYðnÞ

1 − YðnÞ
4 =

k2β2a2i, hhYðnÞ
1 − YðnÞ

4 =k2β2a2iim, hY 0ðnÞ
4 i, hhY 0ðnÞ

4 iim,
hY2 − Y3=k2β2a2i, hhY2 − Y3=k2β2a2iim, hY5 − Y6=

k2β2a22i, hhY5 − Y6=k2β2a22iim, hYðnÞ
7 − YðnÞ

8 =k2β2a22i,
hhYðnÞ

7 ðzÞ−YðnÞ
8 ðzÞ=k2β2a22iim, hYðnÞ

9 i, hhYðnÞ
9 iim, hhY10ðzÞiism,

hhYðnÞ
11 iism and hhYðnÞ

12 iism are given in Appendix D.
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Similarly, the fields on the outer surface of the ceramic
(ρ ¼ a2; θ;−w < z < w), which are calculated by using
Eqs. (A33)–(A36), are expanded as

Ezða2Þ ¼ ~Ezða2Þ cos θ; ðA50Þ

Hθða2Þ ¼ ~Hθða2Þ cos θ; ðA51Þ

Hzða2Þ ¼ ~Hzða2Þ sin θ; ðA52Þ

Eθða2Þ ¼ ~Eθða2Þ sin θ; ðA53Þ

~Ezða2Þ ¼ i1
πV2

w
þ i1

X∞
m¼1

cos mπðzþwÞ
2w

w
πVðmÞ

2 ; ðA54Þ

~Hθða2Þ ¼ −
jkβ
Z0

	
Y5ðzÞ −

Y6ðzÞ
k2β2a22



i1V2 −

X∞
n¼1

kβ
wZ0

	
YðnÞ
7 ðzÞ − YðnÞ

8 ðzÞ
k2β2a22



i1V

ðnÞ
2 −

X∞
n¼1

nπ
2kβw2Z0a2

hYðnÞ
9 ii1VðnÞ

1

þ
X∞
m¼1

cos mπðzþwÞ
2w

w

�
−
X∞
n¼1

kβ
wZ0

hhYðnÞ
7 ðzÞ − YðnÞ

8 ðzÞ
k2β2a22

ii
m
i1V

ðnÞ
2

−
X∞
n¼1

nπ
2kβw2Z0a2

hhYðnÞ
9 iimi1VðnÞ

1 −
jkβ
Z0

hhY5ðzÞ −
Y6ðzÞ
k2β2a22

ii
m
i1V2

�
; ðA55Þ

~Hzða2Þ ¼
X∞
m¼1

sin mπðzþwÞ
2w

w

�
−
hhY10ðzÞiism
kβZ0a2

i1V2 þ
X∞
n¼1

jhhYðnÞ
11 ðzÞiism

kβZ0a2w
i1V

ðnÞ
2 −

X∞
n¼1

jnπhhYðnÞ
12 ðzÞiism

2kβw2Z0

i1V
ðnÞ
1

�
; ðA56Þ

~Eθða2Þ ¼
X∞
m¼1

sin mπðzþwÞ
2w

w
πi1V

ðmÞ
1 ; ðA57Þ

where

Y5ðzÞ ¼
1

2w

Z
w

−w
dξ
Z

∞

−∞
dhe−jhðz−ξÞ

H0ð2Þ
1 ðΛa2Þ

ΛHð2Þ
1 ðΛa2Þ

; ðA58Þ

Y6ðzÞ ¼
1

2w

Z
w

−w
dξ
Z

∞

−∞
dhe−jhðz−ξÞ

h2Hð2Þ
1 ðΛa2Þ

Λ3H0ð2Þ
1 ðΛa2Þ

; ðA59Þ

YðnÞ
7 ðzÞ ¼

Z
∞

−∞
dhe−jhz

h½ð−1Þnejhw − e−jhw�H0ð2Þ
1 ðΛa2Þ

2ðh2 − n2π2

4w2 ÞΛHð2Þ
1 ðΛa2Þ

;

ðA60Þ

YðnÞ
8 ðzÞ ¼

Z
∞

−∞
dhe−jhz

h3½ð−1Þnejhw − e−jhw�Hð2Þ
1 ðΛa2Þ

2ðh2 − n2π2

4w2 ÞΛ3H0ð2Þ
1 ðΛa2Þ

;

ðA61Þ

YðnÞ
9 ðzÞ ¼

Z
∞

−∞
dhe−jhz

h½ð−1Þnejhw − e−jhw�Hð2Þ
1 ðΛa2Þ

2Λðh2 − n2π2

4w2 ÞH0ð2Þ
1 ðΛa2Þ

;

ðA62Þ

Y10ðzÞ ¼
Z

∞

−∞
dhe−jhz

sinðhwÞ
hw

hHð2Þ
1 ðΛa2Þ

ΛH0ð2Þ
1 ðΛa2Þ

; ðA63Þ

YðnÞ
11 ðzÞ ¼

Z
∞

−∞
dhe−jhz

h2½ð−1Þnejhw − e−jhw�Hð2Þ
1 ðΛa2Þ

2ðh2 − n2π2

4w2 ÞΛH0ð2Þ
1 ðΛa2Þ

;

ðA64Þ

YðnÞ
12 ðzÞ ¼

Z
∞

−∞
dhe−jhz

Λ½ð−1Þnejhw − e−jhw�Hð2Þ
1 ðΛa2Þ

2ðh2 − n2π2

4w2 ÞH0ð2Þ
1 ðΛa2Þ

:

ðA65Þ

The transfer coefficients for dipole mode Að0Þ
1 , Cð0Þ

1 , Ið0Þ1 ,

Kð0Þ
1 , AðmÞ

1 , BðmÞ
1 , CðmÞ

1 , DðmÞ
1 , EðmÞ

1 , FðmÞ
1 , GðmÞ

1 , HðmÞ
1 , IðmÞ

1 ,

JðmÞ
1 , KðmÞ

1 , LðmÞ
1 , MðmÞ

1 , NðmÞ
1 , OðmÞ

1 and PðmÞ
1 with positive

integer m are explicitly expressed in Appendix C 2. Using
the coefficients, the fields on ρ ¼ a are transferred to those
on ρ ¼ a2. The connection conditions between the fields
Ez;Hz; Eθ; Hθ on ρ ¼ a2 enable us to obtain the following
equations:
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Að0Þ
1

π ~V2

w
þ Cð0Þ

1

cβI1ðk̄rbÞ
rbπaI1ðk̄aÞ

sin kw
kw

− Cð0Þ
1

jkβ
Z0

	
Y2ðzÞ −

Y3ðzÞ
k2β2a2



~V2

− Cð0Þ
1

X∞
n¼1

~VðnÞ
1

nπ
2w2Z0kβa

hY 0ðnÞ
4 ðzÞi − Cð0Þ

1

X∞
n¼1

~VðnÞ
2

kβ
wZ0

	
YðnÞ
1 ðzÞ − YðnÞ

4 ðzÞ
k2β2a2



¼ πV2

w
; ðA66Þ

0 ¼ −
jkβ
Z0

	
Y5ðzÞ −

Y6ðzÞ
k2β2a22



V2 −

X∞
n¼1

kβ
wZ0

	
YðnÞ
7 ðzÞ − YðnÞ

8 ðzÞ
k2β2a22



VðnÞ
2 −

X∞
n¼1

nπ
2kβw2Z0a2

hYðnÞ
9 iVðnÞ

1

− Ið0Þ1

π

w
~V2 − Kð0Þ

1

cβI1ðk̄rbÞ
rbπaI1ðk̄aÞ

sin kw
kw

þ Kð0Þ
1

jkβ
Z0

	
Y2ðzÞ −

Y3ðzÞ
k2β2a2

�

~V2

þ Kð0Þ
1

X∞
n¼1

~VðnÞ
1

nπ
2w2Z0kβa

hY 0ðnÞ
4 ðzÞi þ Kð0Þ

1

X∞
n¼1

~VðnÞ
2

kβ
wZ0

	
YðnÞ
1 ðzÞ − YðnÞ

4 ðzÞ
k2β2a2



; ðA67Þ

AðmÞ
1 π ~VðmÞ

2 −
X∞
n¼1

BðmÞ
1

jwakβZ0

hhYðnÞ
0 ðzÞiism ~VðnÞ

2 −
X∞
n¼1

CðmÞ
1

kβ
wZ0

hhYðnÞ
1 ðzÞ − YðnÞ

4 ðzÞ
k2β2a2

ii
m
~VðnÞ
2

þ
X∞
n¼1

BðmÞ
1

nπ
2jkβZ0w2

hhYðnÞ
−2 iism ~VðnÞ

1 −
X∞
n¼1

CðmÞ
1

nπ
2w2kβaZ0

hhY 0ðnÞ
4 iim ~VðnÞ

1 − πVðmÞ
2 þDðmÞ

1 π ~VðmÞ
2

¼ −CðmÞ
1

jcβkI1ðk̄rbÞ½ejkw − ð−1Þme−jkw�
rbπaI1ðk̄aÞðm2π2

4w2 − k2Þ þ
~V2

akβZ0

BðmÞ
1 hhY−1ðzÞiism þ CðmÞ

1

jkβ
Z0

hhY2ðzÞ −
Y3ðzÞ
k2β2a2

ii
m
~V2; ðA68Þ

IðmÞ
1 π ~VðmÞ

2 −
X∞
n¼1

JðmÞ
1

jwakβZ0

hhYðnÞ
0 ðzÞiism ~VðnÞ

2 −
X∞
n¼1

KðmÞ
1

kβ
wZ0

hhYðnÞ
1 ðzÞ − YðnÞ

4 ðzÞ
k2β2a2

ii
m
~VðnÞ
2 þ

X∞
n¼1

JðmÞ
1

nπ
2jkβZ0w2

hhYðnÞ
−2 iism ~VðnÞ

1

−
X∞
n¼1

KðmÞ
1

nπ
2w2kβaZ0

hhY 0ðnÞ
4 iim ~VðnÞ

1 þ LðmÞ
1 π ~VðmÞ

1 þ
X∞
n¼1

kβ
wZ0

hhYðnÞ
7 ðzÞ − YðnÞ

8 ðzÞ
k2β2a22

ii
m
VðnÞ
2 þ mπ

2kβw2Z0a2
hhYðnÞ

9 iimVðnÞ
1

¼
~V2

akβZ0

JðmÞ
1 hhY−1ðzÞiism − KðmÞ

1

jcβkI1ðk̄rbÞ½ejkw − ð−1Þme−jkw�
rbπaI1ðk̄aÞðm2π2

4w2 − k2Þ þ KðmÞ
1

jkβ
Z0

hhY2ðzÞ −
Y3ðzÞ
k2β2a2

ii
m
~V2

−
jkβ
Z0

hhY5ðzÞ −
Y6ðzÞ
k2β2a22

ii
m
V2; ðA69Þ

EðmÞ
1 π ~VðmÞ

2 −
X∞
n¼1

FðmÞ
1

jwakβZ0

hhYðnÞ
0 ðzÞiism ~VðnÞ

2 þ
X∞
n¼1

FðmÞ
1

nπ
2jkβZ0w2

hhYðnÞ
−2 iism ~VðnÞ

1 þHðmÞ
1 π ~VðmÞ

1

þ
X∞
n¼1

hhYðnÞ
11 ðzÞiism

jkβZ0a2w
VðnÞ
2 −

X∞
n¼1

nπhhYðnÞ
12 ðzÞiism

j2kβw2Z0

VðnÞ
1 þ GðmÞ

1

�
jcβkI1ðk̄rbÞ½ejkw − ð−1Þme−jkw�

rbπaI1ðk̄aÞðm2π2

4w2 − k2Þ

−
jkβ
Z0

hhY2ðzÞ −
Y3ðzÞ
k2β2a2

iim ~V2 −
X∞
n¼1

kβ
wZ0

hhYðnÞ
1 ðzÞ − YðnÞ

4 ðzÞ
k2β2a2

ii
m
~VðnÞ
2 −

X∞
n¼1

nπ ~VðnÞ
1

2w2kβaZ0

hhY 0ðnÞ
4 iim

�

¼
~V2

akβZ0

FðmÞ
1 hhY−1ðzÞiism −

hhY10ðzÞiism
kβZ0a2

V2; ðA70Þ
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MðmÞ
1 π ~VðmÞ

2 −
X∞
n¼1

NðmÞ
1

jwakβZ0

hhYðnÞ
0 ðzÞiism ~VðnÞ

2 −
X∞
n¼1

OðmÞ
1

kβ
wZ0

hhYðnÞ
1 ðzÞ − YðnÞ

4 ðzÞ
k2β2a2

ii
m
~VðnÞ
2

þ
X∞
n¼1

NðmÞ
1

nπ
2jkβZ0w2

hhYðnÞ
−2 iism ~VðnÞ

1 −
X∞
n¼1

OðmÞ
1

nπ
2w2kβaZ0

hhY 0ðnÞ
4 iim ~VðnÞ

1 þ PðmÞ
1 π ~VðmÞ

1 − πVðmÞ
1

¼
~V2

akβZ0

NðmÞ
1 hhY−1ðzÞiism −OðmÞ

1

jcβkI1ðk̄rbÞ½ejkw − ð−1Þme−jkw�
rbπaI1ðk̄aÞðm2π2

4w2 − k2Þ þOðmÞ
1

jkβ
Z0

hhY2ðzÞ −
Y3ðzÞ
k2β2a2

ii
m
~V2: ðA71Þ

The expansion coefficients VðmÞ
1 , V2, V

ðmÞ
2 , ~VðmÞ

1 , ~V2 and ~VðmÞ
2 are obtained by solving Eqs. (A66)–(A71) for any order ofm.

By substituting the solutions into Eq. (12) in the text
and using the Panofsky-Wenzel theorem [5,14], we finally
obtain the expression for the transverse impedance as in
Eq. (17) in the text.

APPENDIX B: CONCRETE EXPRESSIONS OF
hαi, hJi, hJðmÞi, hhαiim, hhJiim, hhJðnÞiim, hYim, hYðmÞi,

hhYiim AND hhYðnÞiim
The brackets h� � �i and hh � � � iim are previously defined

as in Eqs. (A18) and (A19) in Appendix A 1, respectively.
The functions αðzÞ; JðzÞ; JðmÞðzÞ; YðzÞ; YðmÞðzÞ are given
by Eqs. (A13)–(A17) in Appendix A 1, respectively. Hence,
by substituting the functions into Eqs. (A18) and (A19), we
obtain the formal expressions of hαi, hJi, hJðmÞi, hhαiim,
hhJiim, hhJðnÞiim, hYim, hYðmÞi, hhYiim and hhYðnÞiim. After
these expressions are integrated over z, h-integrations remain
in all cases. The h-integration can be performed by using the
expansion formulas [10,23] for Bessel functions,

J00ðzÞ
zJ0ðzÞ

¼
X∞
s¼1

2

z2 − j20;s
; ðB1Þ

1ffiffiffi
z

p Hð2Þ
1 ð ffiffiffi

z
p Þ

Hð2Þ
0 ð ffiffiffi

z
p Þ

¼
Z

∞

0

dζ
2

π2ζðζþzÞHð1Þ
0 ðeπ

2
j
ffiffiffi
ζ

p ÞHð2Þ
0 ðeπ

2
j
ffiffiffi
ζ

p Þ
;

ðB2Þ

where j0;s,H
ð1Þ
m ðzÞ andHð2Þ

m ðzÞ are the sth zeros of J0ðzÞ, the
Hankel function of the first and the second kind, respectively.
The integration of the Bessel functions can be carried out by
simply picking up residues in the complex plane h. The path
of integration is chosen to be below the poles for h < 0 and
above the poles for h > 0.
Finally, we obtain the following expressions:

hαi ¼ βcI1ðk̄σÞ
πσk̄aI0ðk̄aÞ

sin kw
kw

; ðB3Þ

hhαiim ¼ −
βcI1ðk̄σÞ

πσk̄aI0ðk̄aÞ
k½ð−1Þme−jkw − ejkw�

jðk2 − m2π2

4w2 Þ
; ðB4Þ

hJðzÞi ¼ −
X∞
s¼1

2πa
wb2s

−
X∞
s¼1

πa2ðe−j2bsa w − 1Þ
jw2b3s

; ðB5Þ

hhJðzÞiim ¼
X∞
s¼1

πj½1þ ð−1Þm�ðe−j2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j2
0;s
a2

q
w − 1Þ

waðk2β2 − j2
0;s

a2 −
m2π2

4w2 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2 − j2

0;s

a2

q ; ðB6Þ

hJðmÞðzÞi ¼
X∞
s¼1

π½1þ ð−1Þm�ð1 − e
−j2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j2
0;s
a2

q
wÞ

wa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2 − j2

0;s

a2

q
ðk2β2 þ j2

0;s

a2 −
m2π2

4w2 Þ
; ðB7Þ

hhJðnÞðzÞiim ¼

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

P∞
s¼1

2π½1þð−1Þnþm�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j2
0;s
a2

q h
1−ð−1Þne

−j2

ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j2
0;s
a2

q
w
i

aðk2β2−
j2
0;s
a2

−m2π2

4w2
Þðk2β2−

j2
0;s
a2

−n2π2

4w2
Þ

; for n ≠ m;

P∞
s¼1

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j2
0;s
a2

q
½1−ð−1Þme

−j2

ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j2
0;s
a2

q
w
�

aðk2β2−
j2
0;s
a2

−m2π2

4w2
Þ2

þP∞
s¼1

j4πw

aðm2π2

4w2
−k2β2þ

j2
0;s
a2

Þ
; for n ¼ m;

ðB8Þ

SHOBUDA, CHIN, AND TAKATA Phys. Rev. ST Accel. Beams 17, 091001 (2014)

091001-26



hYðzÞi ¼ −
Z

∞

0

dζ
2

wπa2ζðk2β2 þ ζ
a2
2

ÞHð1Þ
0 ðejπ2 ffiffiffi

ζ
p ÞHð2Þ

0 ðejπ2 ffiffiffi
ζ

p Þ

−
Z

∞

0

dζ
ðe

−j2w
ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2þ ζ

a2
2

q
− 1Þ

jw2πa2ζðk2β2 þ ζ
a2
2

Þ32Hð1Þ
0 ðejπ2 ffiffiffi

ζ
p ÞHð2Þ

0 ðejπ2 ffiffiffi
ζ

p Þ
; ðB9Þ

hhYðzÞiim ¼ −
Z

∞

0

dζ
j½1þ ð−1Þm�ð1 − e

−j2
ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w
Þ

wπa2ζ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ
a2
2

þ k2β2
q

ð ζa2
2

þ k2β2 − m2π2

4w2 ÞHð1Þ
0 ðeπ

2
j
ffiffiffi
ζ

p ÞHð2Þ
0 ðeπ

2
j
ffiffiffi
ζ

p Þ
; ðB10Þ

hYðmÞðzÞi ¼
Z

∞

0

dζ
½1þ ð−1Þm�ð1 − e

−j2
ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w
Þ

wπa2ζð ζa2
2

þ k2β2 − m2π2

4w2 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ
a2
2

þ k2β2
q

Hð1Þ
0 ðeπ

2
j
ffiffiffi
ζ

p ÞHð2Þ
0 ðeπ

2
j
ffiffiffi
ζ

p Þ
; ðB11Þ

hhYðnÞðzÞiim ¼

8>>>>>>>>>>>><
>>>>>>>>>>>>:

R
∞
0 dζ

2½1þð−1Þmþn�
ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

½1−ð−1Þne
−j2

ffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w

�

πa2ζð ζ

a2
2

þk2β2−m2π2

4w2
Þð ζ

a2
2

þk2β2−n2π2

4w2
ÞHð1Þ

0
ðeπ2j ffiffiζp ÞHð2Þ

0
ðeπ2j ffiffiζp Þ ; for n ≠ m;

R
∞
0 dζ

4

ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w

�

πa2ζð ζ

a2
2

þk2β2−m2π2

4w2
Þ2Hð1Þ

0
ðeπ2j ffiffiζp ÞHð2Þ

0
ðeπ2j ffiffiζp Þ

þ R∞0 dζ j4w

πa2ζðm2π2

4w2
− ζ

a2
2

−k2β2ÞHð1Þ
0
ðeπ2j ffiffiζp ÞHð2Þ

0
ðeπ2j ffiffiζp Þ ; for n ¼ m;

ðB12Þ

where m; n are positive integers, b2s ¼ k2β2a2 − j20;s ¼
−β2s , and bs approaches −jβs for j0;s > kβa. Though it
looks like ζ ¼ m2π2a22=4w

2 − k2β2a22 is a singular point in
some integrands, it disappears after simplifying the rel-
evant terms.

APPENDIX C: TRANSFER COEFFICIENTS THAT
TRANSFORM THE FIELDS ON ρ ¼ a TO THOSE

ON ρ ¼ a2

In this Appendix, let us derive the coefficients that
transfer the fields on the inner surface (ρ ¼ a) to those on
the outer surface (ρ ¼ a2) of the ceramic break. First, let us
consider the ceramic break made of a single material with
conductivity σc, relative dielectric constant ϵ0 and relative
permeability μ0. Next, we derive the expressions for the
ceramic break made of a ceramic with relative dielectric
constant ϵ0 whose inner surface is coated with thin TiN with
conductivity σTiN.

1. Monopole mode

Because the ceramic (with conductivity σc, relative
dielectric constant ϵ0 and relative permeability μ0) break
is sandwiched by the perfectly conductive chambers on the

both sides, the fields for monopole mode in the ceramic are
expanded by using sinusoidal functions as

Ez ¼
1

2w
~~E
ð0Þ
z þ 1

w

X∞
m¼1

cos
mπðzþ wÞ

2w
~~E
ðmÞ
z ; ðC1Þ

Hθ ¼
1

2w
~~H
ð0Þ
θ þ 1

w

X∞
m¼1

cos
mπðzþ wÞ

2w
~~H
ðmÞ
θ : ðC2Þ

Substituting them into Maxwell equations

rotE ¼ −
∂B
∂t ¼ −μ0μ0

∂H
∂t ¼ −jkβμ0Z0H; ðC3Þ

rotH ¼ σcEþ ∂D
∂t ¼

�
σcZ0

jkβ
þ ϵ0

�
jkβ
Z0

E≡ ~ϵjωϵ0E;

ðC4Þ

the solutions are given as

~~E
ðmÞ
z ¼ ~Γ0I0ðμmρÞ þ Γ0K0ðμmρÞ; ðC5Þ
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~~H
ðmÞ
θ ¼ jkβ~ϵ

Z0μm
½ ~Γ0I00ðμmρÞ þ Γ0K0

0ðμmρÞ�; ðC6Þ

where InðzÞ and KnðzÞ are the modified Bessel functions,
~Γ0 and Γ0 are arbitrary coefficients and

μm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2π2

4w2
− k2β2 ~ϵμ0

s
: ðC7Þ

Using the solutions, the fields on ρ ¼ a are transferred to
those on ρ ¼ a2 as

 
~~E
ðmÞ
z ða2Þ
~~H
ðmÞ
θ ða2Þ

!
¼ M0ða2; aÞ

 
~~E
ðmÞ
z ðaÞ
~~H
ðmÞ
θ ðaÞ

!
; ðC8Þ

where

M0ða2; aÞ ¼
�
AðmÞ
0 CðmÞ

0

IðmÞ
0 KðmÞ

0

�
; ðC9Þ

new coefficients AðmÞ
0 , CðmÞ

0 , IðmÞ
0 and KðmÞ

0 for monopole
mode are introduced, which are given by

AðmÞ
0 ¼ μma½I00ðμmaÞK0ðμma2Þ − I0ðμma2ÞK0

0ðμmaÞ�;
ðC10Þ

CðmÞ
0 ¼ −

jZ0μ
2
ma½I0ðμma2ÞK0ðμmaÞ− I0ðμmaÞK0ðμma2Þ�

kβ~ϵ
;

ðC11Þ

IðmÞ
0 ¼ jkβa~ϵ½I00ðμmaÞK0

0ðμma2Þ − I00ðμma2ÞK0
0ðμmaÞ�

Z0

;

ðC12Þ

KðmÞ
0 ¼ μma½I00ðμma2ÞK0ðμmaÞ − I0ðμmaÞK0

0ðμma2Þ�;
ðC13Þ

especially when m ¼ 0, they are rewritten as

Að0Þ
0 ¼ −

πκcera½Y1ðκceraÞJ0ðκcera2Þ − J1ðκceraÞY0ðκcera2Þ�
2

; ðC14Þ

Cð0Þ
0 ¼ j

πκ2ceraZ0½−Y0ðκceraÞJ0ðκcera2Þ þ J0ðκceraÞY0ðκcera2Þ�
2β~ϵk

; ðC15Þ

Ið0Þ0 ¼ −
jβ~ϵkπa½Y1ðκceraÞJ1ðκcera2Þ − J1ðκceraÞY1ðκcera2Þ�

2Z0

; ðC16Þ

Kð0Þ
0 ¼ −

πκcera½−Y0ðκceraÞJ1ðκcera2Þ þ J0ðκceraÞY1ðκcera2Þ�
2

; ðC17Þ

by using Bessel functions JnðzÞ and YnðzÞ, where

κcer ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2 ~ϵμ0

q
: ðC18Þ

In general, a ceramic break may be made of different
materials. When it has a multilayered structure in the radial
direction, the transfer coefficients for the ceramic break are
derived by taking the dot product on the different matrices
M0 (that correspond to the different materials) along the
radial direction.
As a special case, let us consider the case where the

ceramic break is made of a ceramic with relative dielectric
constant ϵ0, whose inner surface is coated with thin TiN
with thickness t and conductivity σTiN. Let us approximate
the solution in the thin TiN coating by neglecting the higher

order mode (m > 0). Accordingly, the parameter μm in the
solution is replaced by Eq. (39). Further, the modified
Bessel functions are approximated as [13]

IνðκTiNaÞ ∼
eκTiNaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πκTiNa

p ; Iν½κTiNðaþ tÞ� ∼ eκTiNðaþtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πκTiNa

p ;

ðC19Þ

KνðκTiNaÞ ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

π

2κTiNa

r
e−κTiNa;

Kν½κTiNðaþ tÞ� ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

π

2κTiNa

r
e−κTiNðaþtÞ; ðC20Þ

for κTiNa ≫ 1 and κTiNðaþ tÞ ≫ 1.

SHOBUDA, CHIN, AND TAKATA Phys. Rev. ST Accel. Beams 17, 091001 (2014)

091001-28



Finally, we obtain the transfer coefficients for the ceramic with the thin TiN coating as

AðmÞ
0 ≃ μϵma½I00ðμϵmaÞK0ðμϵma2Þ − I0ðμϵma2ÞK0

0ðμϵmaÞ� cosh κTiNt

−
jZ0ðμϵmÞ2aσTiN½I0ðμϵma2ÞK0ðμϵmaÞ − I0ðμϵmaÞK0ðμϵma2Þ� sinh κTiNt

kβϵ0κTiN

¼ ~μmaπ½J1ð ~μmaÞY0ð ~μma2Þ − J0ð ~μma2ÞY1ð ~μmaÞ�
2

cosh κTiNt

−
jZ0 ~μ

2
maσTiNπ½J0ð~μma2ÞY0ð ~μmaÞ − J0ð~μmaÞY0ð~μma2Þ�

2kβϵ0κTiN
sinh κTiNt; ðC21Þ

CðmÞ
0 ≃ μϵma½I00ðμϵmaÞK0ðμϵma2Þ − I0ðμϵma2ÞK0

0ðμϵmaÞ�κTiN sinh κTiNt
σTiN

−
jZ0ðμϵmÞ2a½I0ðμϵma2ÞK0ðμϵmaÞ − I0ðμϵmaÞK0ðμϵma2Þ� cosh κTiNt

kβϵ0

¼ ~μmaπ½J1ð ~μmaÞY0ð ~μma2Þ − J0ð ~μma2ÞY1ð ~μmaÞ�κTiN sinh κTiNt
2σTiN

−
jZ0 ~μ

2
maπ½J0ð ~μma2ÞY0ð ~μmaÞ − J0ð~μmaÞY0ð~μma2Þ� cosh κTiNt

2kβϵ0
; ðC22Þ

IðmÞ
0 ≃ jkβaϵ0½I00ðμϵmaÞK0

0ðμϵma2Þ − I00ðμϵma2ÞK0
0ðμϵmaÞ� cosh κTiNt

Z0

þ μϵmaσTiN½I00ðμϵma2ÞK0ðμϵmaÞ − I0ðμϵmaÞK0
0ðμϵma2Þ� sinh κTiNt

κTiN

¼ jkβaϵ0π½J1ð~μmaÞY1ð ~μma2Þ − J1ð ~μma2ÞY1ð~μmaÞ� cosh κTiNt
2Z0

þ ~μmaσTiNπ½J1ð ~μma2ÞY0ð~μmaÞ − J0ð ~μmaÞY1ð ~μma2Þ� sinh κTiNt
2κTiN

; ðC23Þ

KðmÞ
0 ≃ jkβaϵ0½I00ðμϵmaÞK0

0ðμϵma2Þ − I00ðμϵma2ÞK0
0ðμϵmaÞ�κTiN sinh κTiNt

σTiNZ0

þ μϵma½I00ðμϵma2ÞK0ðμϵmaÞ − I0ðμϵmaÞK0
0ðμϵma2Þ� cosh κTiNt

¼ jkβaϵ0π½J1ð~μmaÞY1ðμϵma2Þ − J1ð~μma2ÞY1ð~μmaÞ�κTiN sinh κTiNt
2σTiNZ0

þ ~μmaπ½J1ð~μma2ÞY0ð ~μmaÞ − J0ð~μmaÞY1ð ~μma2Þ�
2

cosh κTiNt; ðC24Þ

where ~μm is given by Eq. (34) and

μϵm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2π2

4w2
− k2β2ϵ0

s
; ðC25Þ

and κTiN is given by Eq. (39) in the text.
Specially for the m ¼ 0 case, Eqs. (C21)–(C24) become

Eqs. (35)–(38) by assuming κTiNt ≪ 1 and ða2 − aÞ=a ≪ 1.

2. Dipole mode

Following the procedure in the monopole case, let us,
first consider the ceramic break made of a single material
with conductivity σc, relative dielectric constant ϵ0 and
relative permeability μ0. The fields in the ceramic break for
dipole mode are expressed as

IMPEDANCE OF A CERAMIC BREAK AND ITS … Phys. Rev. ST Accel. Beams 17, 091001 (2014)

091001-29



Ez ¼
�

1

2w
~~E
ð0Þ
z þ 1

w

X∞
m¼1

cos
mπðzþ wÞ

2w
~~E
ðmÞ
z

�
cos θ;

ðC26Þ

Hθ ¼
�

1

2w
~~H
ð0Þ
θ þ 1

w

X∞
m¼1

cos
mπðzþ wÞ

2w
~~H
ðmÞ
θ

�
cos θ;

ðC27Þ

Hz ¼
1

w

X∞
m¼1

sin
mπðzþ wÞ

2w
~~H
ðmÞ
z sin θ; ðC28Þ

Eθ ¼
1

w

X∞
m¼1

sin
mπðzþ wÞ

2w
~~E
ðmÞ
θ sin θ: ðC29Þ

By solving Maxwell equations, the fields for m ¼ 0 on
ρ ¼ a2 and those on ρ ¼ a are related as

0
B@ ~~E

ð0Þ
z ða2Þ
~~H
ð0Þ
θ ða2Þ

1
CA ¼

0
B@Að0Þ

1 Cð0Þ
1

Ið0Þ1 Kð0Þ
1

1
CA
0
B@ ~~E

ð0Þ
z ðaÞ
~~H
ð0Þ
θ ðaÞ

1
CA; ðC30Þ

where

Að0Þ
1 ¼ πκcera½J1ðκcera2ÞY 0

1ðκceraÞ − J01ðκceraÞY1ðκcera2Þ�
2

; ðC31Þ

Cð0Þ
1 ¼ −

jZ0πkβμ0a½J1ðκcera2ÞY1ðκceraÞ − J1ðκceraÞY1ðκcera2Þ�
2

; ðC32Þ

Ið0Þ1 ¼ −j
πakβ~ϵ½J01ðκcera2ÞY 0

1ðκceraÞ − J01ðκceraÞY 0
1ðκcera2Þ�

2Z0

; ðC33Þ

Kð0Þ
1 ¼ πakβ

ffiffiffiffiffiffi
~ϵμ0

p
½J1ðκceraÞY 0

1ðκcera2Þ − J01ðκcera2ÞY1ðκceraÞ�
2

; ðC34Þ

and those for m > 0 are done by

0
BBBBBB@

~~E
ðmÞ
z ða2Þ
~~H
ðmÞ
z ða2Þ

~~H
ðmÞ
θ ða2Þ

~~E
ðmÞ
θ ða2Þ

1
CCCCCCA

¼

0
BBBBBB@

AðmÞ
1 BðmÞ

1 CðmÞ
1 DðmÞ

1

EðmÞ
1 FðmÞ

1 GðmÞ
1 HðmÞ

1

IðmÞ
1 JðmÞ

1 KðmÞ
1 LðmÞ

1

MðmÞ
1 NðmÞ

1 OðmÞ
1 PðmÞ

1

1
CCCCCCA

0
BBBBBB@

~~E
ðmÞ
z ðaÞ
~~H
ðmÞ
z ðaÞ

~~H
ðmÞ
θ ðaÞ

~~E
ðmÞ
θ ðaÞ

1
CCCCCCA
; ðC35Þ

where

AðmÞ
1 ¼ μma½I01ðμmaÞK1ðμma2Þ − I1ðμma2ÞK0

1ðμmaÞ�;
ðC36Þ

BðmÞ
1 ¼ −

jπmZ0½I1ðμma2ÞK1ðμmaÞ − I1ðμmaÞK1ðμma2Þ�
gkβ~ϵ

;

ðC37Þ

CðmÞ
1 ¼ −

jZ0μ
2
ma½I1ðμma2ÞK1ðμmaÞ− I1ðμmaÞK1ðμma2Þ�

kβ~ϵ
;

ðC38Þ

DðmÞ
1 ¼ 0; ðC39Þ

EðmÞ
1 ¼ jπm½I1ðμma2ÞK1ðμmaÞ − I1ðμmaÞK1ðμma2Þ�

gkZ0βμ
0 ;

ðC40Þ

FðmÞ
1 ¼ μma½I01ðμmaÞK1ðμma2Þ − I1ðμma2ÞK0

1ðμmaÞ�;
ðC41Þ

GðmÞ
1 ¼ 0; ðC42Þ

HðmÞ
1 ¼ jμ2ma½I1ðμma2ÞK1ðμmaÞ − I1ðμmaÞK1ðμma2Þ�

kZ0βμ
0 ;

ðC43Þ
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IðmÞ
1 ¼ jkβa~ϵ½I01ðμmaÞK0

1ðμma2Þ − I01ðμma2ÞK0
1ðμmaÞ�

Z0

−
jπ2m2½I1ðμma2ÞK1ðμmaÞ − I1ðμmaÞK1ðμma2Þ�

a2g2kβZ0μ
0μ2m

;

ðC44Þ

JðmÞ
1 ¼ −

πma½I01ðμmaÞK1ðμma2Þ − I1ðμma2ÞK0
1ðμmaÞ�

a2gμm

−
πm½I1ðμmaÞK0

1ðμma2Þ − I01ðμma2ÞK1ðμmaÞ�
gμm

;

ðC45Þ

KðmÞ
1 ¼ μma½I01ðμma2ÞK1ðμmaÞ − I1ðμmaÞK0

1ðμma2Þ�;
ðC46Þ

LðmÞ
1 ¼ −

jπma½I1ðμma2ÞK1ðμmaÞ − I1ðμmaÞK1ðμma2Þ�
a2gkβZ0μ

0 ;

ðC47Þ

MðmÞ
1 ¼ πma½I1ðμma2ÞK0

1ðμmaÞ − I01ðμmaÞK1ðμma2Þ�
gμma2

−
πm½I1ðμmaÞK0

1ðμma2Þ − I01ðμma2ÞK1ðμmaÞ�
gμm

;

ðC48Þ
NðmÞ

1 ¼ jZ0kβμ0a½I01ðμma2ÞK0
1ðμmaÞ− I01ðμmaÞK0

1ðμma2Þ�

−
jZ0π

2m2½I1ðμmaÞK1ðμma2Þ− I1ðμma2ÞK1ðμmaÞ�
a2g2kβ~ϵμ2m

;

ðC49Þ

OðmÞ
1 ¼ jπmZ0a½I1ðμma2ÞK1ðμmaÞ − I1ðμmaÞK1ðμma2Þ�

a2gkβ~ϵ
;

ðC50Þ

PðmÞ
1 ¼ μma½I01ðμma2ÞK1ðμmaÞ − I1ðμmaÞK0

1ðμma2Þ�:
ðC51Þ

If the ceramic break is made of a ceramic with ϵ0 where
the inner surface is coated with thin TiN with the thickness t
and the conductivity σTiN, the transfer coefficients for
m ¼ 0 are calculated as

Að0Þ
1 ≃ πκϵcera½J1ðκϵcera2ÞY 0

1ðκϵceraÞ − J01ðκϵceraÞY1ðκϵcera2Þ� cosh κTiNt
2

þ
�
κϵcer½J1ðκϵcera2ÞY 0

1ðκϵceraÞ − J01ðκϵceraÞY1ðκϵcera2Þ�
2

− jσcZ0kβa½J1ðκϵcera2ÞY1ðκϵceraÞ − J1ðκϵceraÞY1ðκϵcera2Þ�
�
π sinh κTiNt

2κTiN
; ðC52Þ

Cð0Þ
1 ≃

�
κϵceraκTiN½J1ðκϵcera2ÞY 0

1ðκϵceraÞ − J01ðκϵceraÞY1ðκϵcera2Þ�
σc

þ jZ0kβ½J1ðκϵcera2ÞY1ðκϵceraÞ − J1ðκϵceraÞY1ðκϵcera2Þ�
2κTiN

�
π sinh κTiNt

2

−
jZ0πkβa½J1ðκϵcera2ÞY1ðκϵceraÞ − J1ðκϵceraÞY1ðκϵcera2Þ� cosh κTiNt

2
; ðC53Þ

Ið0Þ1 ≃ −j
πakβϵ0½J01ðκϵcera2ÞY 0

1ðκϵceraÞ − J01ðκϵceraÞY 0
1ðκϵcera2Þ� cosh κTiNt

2Z0

þ
�
−j

ϵ0½J01ðκϵcera2ÞY 0
1ðκϵceraÞ − J01ðκϵceraÞY 0

1ðκϵcera2Þ�
2Z0

þ σca
ffiffiffiffi
ϵ0

p
½J1ðκϵceraÞY 0

1ðκϵcera2Þ − J01ðκϵcera2ÞY1ðκϵceraÞ�
�
πkβ sinh κTiNt

2κTiN
; ðC54Þ
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Kð0Þ
1 ≃ πakβ

ffiffiffiffi
ϵ0

p ½J1ðκϵceraÞY 0
1ðκϵcera2Þ − J01ðκϵcera2ÞY1ðκϵceraÞ� cosh κTiNt

2

þ
�
−j

aϵ0κTiN½J01ðκϵcera2ÞY 0
1ðκϵceraÞ − J01ðκϵceraÞY 0

1ðκϵcera2Þ�
Z0σc

−
ffiffiffiffi
ϵ0

p ½J1ðκϵceraÞY 0
1ðκϵcera2Þ − J01ðκϵcera2ÞY1ðκϵceraÞ�

2κTiN

�
πkβ sinh κTiNt

2
; ðC55Þ

where

κϵcer ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2ϵ0

q
; ðC56Þ

and κTiN is described in Eq. (39) in the text.
For m > 0, the transfer coefficients AðmÞ

1 � � �PðmÞ
1 for the

dipole mode are described as

AðmÞ
1 ¼ AðmÞ

ϵ AðmÞ
t þ BðmÞ

ϵ EðmÞ
t þ CðmÞ

ϵ IðmÞ
t ; ðC57Þ

BðmÞ
1 ¼ AðmÞ

ϵ BðmÞ
t þ BðmÞ

ϵ FðmÞ
t þ CðmÞ

ϵ JðmÞ
t ; ðC58Þ

CðmÞ
1 ¼ AðmÞ

ϵ CðmÞ
t þ CðmÞ

ϵ KðmÞ
t ; ðC59Þ

DðmÞ
1 ¼ BðmÞ

ϵ HðmÞ
t þ CðmÞ

ϵ LðmÞ
t ; ðC60Þ

EðmÞ
1 ¼ AðmÞ

t EðmÞ
ϵ þ EðmÞ

t FðmÞ
ϵ þHðmÞ

ϵ MðmÞ
t ; ðC61Þ

FðmÞ
1 ¼ BðmÞ

t EðmÞ
ϵ þ FðmÞ

ϵ FðmÞ
t þHðmÞ

ϵ NðmÞ
t ; ðC62Þ

GðmÞ
1 ¼ CðmÞ

t EðmÞ
ϵ þHðmÞ

ϵ OðmÞ
t ; ðC63Þ

HðmÞ
1 ¼ FðmÞ

ϵ HðmÞ
t þHðmÞ

ϵ PðmÞ
t ; ðC64Þ

IðmÞ
1 ¼ AðmÞ

t IðmÞ
ϵ þ EðmÞ

t JðmÞ
ϵ þ IðmÞ

t KðmÞ
ϵ þ LðmÞ

ϵ MðmÞ
t ;

ðC65Þ

JðmÞ
1 ¼ BðmÞ

t IðmÞ
ϵ þ FðmÞ

t JðmÞ
ϵ þ JðmÞ

t KðmÞ
ϵ þ LðmÞ

ϵ NðmÞ
t ;

ðC66Þ

KðmÞ
1 ¼ CðmÞ

t IðmÞ
ϵ þ KðmÞ

ϵ KðmÞ
t þ LðmÞ

ϵ OðmÞ
t ; ðC67Þ

LðmÞ
1 ¼ HðmÞ

t JðmÞ
ϵ þ KðmÞ

ϵ LðmÞ
t þ LðmÞ

ϵ PðmÞ
t ; ðC68Þ

MðmÞ
1 ¼ AðmÞ

t MðmÞ
ϵ þ EðmÞ

t NðmÞ
ϵ þ IðmÞ

t OðmÞ
ϵ þMðmÞ

t PðmÞ
ϵ ;

ðC69Þ

NðmÞ
1 ¼ BðmÞ

t MðmÞ
ϵ þ FðmÞ

t NðmÞ
ϵ þ JðmÞ

t OðmÞ
ϵ þ NðmÞ

t PðmÞ
ϵ ;

ðC70Þ

OðmÞ
1 ¼ CðmÞ

t MðmÞ
ϵ þ KðmÞ

t OðmÞ
ϵ þOðmÞ

t PðmÞ
ϵ ; ðC71Þ

PðmÞ
1 ¼ HðmÞ

t NðmÞ
ϵ þ LðmÞ

t OðmÞ
ϵ þ PðmÞ

ϵ PðmÞ
t ; ðC72Þ

where AðmÞ
ϵ ;…; PðmÞ

ϵ are given by replacing μm, ~ϵ and
μ0 in Eqs. (C36)–(C51) by μϵm [defined in Eq. (C25)], ϵ0
(dielectric constant of ceramic) and μ0 ¼ 1, respectively.

The coefficients AðmÞ
t ;…; PðmÞ

t are approximated as

AðmÞ
t ¼ cosh κTiNtþ

sinh κTiNt
2κTiNa

; ðC73Þ

BðmÞ
t ¼ πm

gσc

sinh κTiNt
κTiNa

; ðC74Þ

CðmÞ
t ¼ κTiN

σc
sinh κTiNt; ðC75Þ

DðmÞ
t ¼ 0; ðC76Þ

EðmÞ
t ¼ jπm

gkZ0β

sinh κTiNt
κTiNa

; ðC77Þ

FðmÞ
t ¼ cosh κTiNtþ

sinh κTiNt
2κTiNa

; ðC78Þ

GðmÞ
t ¼ 0; ðC79Þ

HðmÞ
t ¼ jκTiN

kZ0β
sinh κTiNt; ðC80Þ

IðmÞ
t ¼

�
σc −

π2m2

a2g2k2β2σcZ2
0

�
sinh κTiNt

κTiN
; ðC81Þ

JðmÞ
t ¼ πmt

gjkβZ0σca2
cosh κTiNt; ðC82Þ

KðmÞ
t ¼ cosh κTiNt −

sinh κTiNt
2κTiNa

; ðC83Þ

LðmÞ
t ¼ −

jπm sinh κTiNt
agkβZ0κTiN

; ðC84Þ

MðmÞ
t ¼ πmt

gjkβZ0σca2
cosh κTiNt; ðC85Þ
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NðmÞ
t ¼

�
−jZ0kβμ0 þ

jπ2m2

g2kβσ2cZ0a2

�
sinh κTiNt

κTiN
; ðC86Þ

OðmÞ
t ¼ −

πm sinh κTiNt
ðaþ tÞgσcκTiN

; ðC87Þ

PðmÞ
t ¼ cosh κTiNt −

sinh κTiNt
2κTiNa

; ðC88Þ

respectively.

APPENDIX D: CONCRETE EXPRESSIONS OF

hhYðnÞ
−2 iism, hhY−1iism, hhYðnÞ

0 iism, hhYðnÞ
0 iism, hhYðnÞ

0 iism,
hYðnÞ

1 − YðnÞ
4 =k2β2a2i, hhYðnÞ

1 − YðnÞ
4 =k2β2a2iim, hY 0ðnÞ

4 i,
hhY 0ðnÞ

4 iim, hY2 − Y3=k2β2a2i, hhY2 − Y3=k2β2a2iim,
hY5 − Y6=k2β2a22i, hhY5 − Y6=k2β2a22iim,

hYðnÞ
7 − YðnÞ

8 =k2β2a22i, hhYðnÞ
7 ðzÞ − YðnÞ

8 ðzÞ=k2β2a22iim,
hYðnÞ

9 i, hhYðnÞ
9 iim, hhY10ðzÞiism, hhYðnÞ

11 iism AND hhYðnÞ
12 iism

The brackets h� � �i, hh � � � iim and hh � � � iism are
defined by Eqs. (A18), (A19) and (A49) in

Appendix A, respectively. Since the functions YðnÞ
−2 ðzÞ;

Y−1ðzÞ; YðnÞ
0 ðzÞ; YðnÞ

1 ðzÞ; Y2ðzÞ; Y3ðzÞ; YðnÞ
4 ðzÞ; Y 0ðnÞ

4 ðzÞ are
provided by Eqs. (A41)–(A48) in Appendix A 2, respec-

tively, formal expressions of hhYðnÞ
−2 iism, hhY−1iism, hhYðnÞ

0 oiism,
hhYðnÞ

0 iism, hhYðnÞ
0 iism, hYðnÞ

1 − YðnÞ
4 =k2β2a2i, hhYðnÞ

1 − YðnÞ
4 =

k2β2a2iim, hY 0ðnÞ
4 i, hhY 0ðnÞ

4 iim, hY2 − Y3=k2β2a2i, hhY2 − Y3=
k2β2a2iim, hY5 − Y6=k2β2a22i, hhY5 − Y6=k2β2a22iim,
hYðnÞ

7 −YðnÞ
8 =k2β2a22i, hhYðnÞ

7 ðzÞ−YðnÞ
8 ðzÞ=k2β2a22iim, hYðnÞ

9 i,
hhYðnÞ

9 iim, hhY10ðzÞiism, hhYðnÞ
11 iism and hhYðnÞ

12 iism are obtained by
substituting them into Eqs. (A18), (A19) and (A49). The z
integrations are simply done. The remained h integrations
can be performed by using the expansion formulas [10] for
Bessel functions

J01ðzÞ
J1ðzÞ

¼ 1

z
þ
X∞
k¼1

2z
z2 − j21;k

; ðD1Þ

J1ðzÞ
zJ01ðzÞ

¼
X∞
k¼1

2

z2 − j1;k02
J1ðj1;k0Þ
J″1ðj1;k0Þ

; ðD2Þ

1ffiffiffi
z

p H0ð2Þ
1 ð ffiffiffi

z
p Þ

Hð2Þ
1 ð ffiffiffi

z
p Þ

¼ −
1

z
−
Z

∞

0

dζ
2

π2ζðζ þ zÞHð1Þ
1 ðeπ

2
j
ffiffiffi
ζ

p ÞHð2Þ
1 ðeπ

2
j
ffiffiffi
ζ

p Þ
; ðD3Þ

1ffiffiffi
z

p Hð2Þ
1 ð ffiffiffi

z
p Þ

H0ð2Þ
1 ð ffiffiffi

z
p Þ

¼ 2Hð2Þ
1 ðh01;0Þ

ðz − h021;0ÞH″ð2Þ
1 ðh01;0Þ

þ
Z

∞

0

dζ
2

π2ζðζ þ zÞH0ð1Þ
1 ðeπ

2
j
ffiffiffi
ζ

p ÞH0ð2Þ
1 ðeπ

2
j
ffiffiffi
ζ

p Þ
; ðD4Þ

where jn;s are the sth zeros of JnðzÞ, j01;s are the sth zeros of J10ðzÞ, h01;0 ¼ 0.501184þ j0.643545 is the 0 th zero ofH0ð2Þ
1 ðzÞ

(the differential of the Hankel function of the second kind), Hð1Þ
1 ðzÞ is the Hankel function of the first kind and the prime

denotes the differential by its argument z. As in Appendix B, the integration of the Bessel functions can be again done by
simply picking up residues in the complex plane h. The path of integration should be chosen to be below the poles for h < 0
and above the poles for h > 0.
Finally, we obtain the following expressions:

hhYðnÞ
−2 ðzÞiism ¼

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

P∞
s¼1

j½1þð−1Þmþn�mπ2½1−ð−1Þne
−j2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j1;s
02

a2

q
w
�j1;s 02

2wa3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j1;s
02

a2

q
ðk2β2−j1;s

02
a2

−m2π2

4w2
Þðk2β2−j1;s

02
a2

−n2π2

4w2
Þ

J1ðj1;s 0Þ
J1″ðj1;s 0Þ ; for n ≠ m;

P∞
s¼1

4w2ðm2π2−4k2w2ÞJ1ðj1;s 0Þ
maJ1″ðj1;s 0Þðm2π2−4w2k2β2þ4w2j1;s

02
a2

Þ

þP∞
s¼1

jmπ2½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j1;s
02

a2

q
w
�j1;s 02

wa3ðk2β2−j1;s
02

a2
−m2π2

4w2
Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j1;s
02

a2

q J1ðj1;s 0Þ
J1″ðj1;s 0Þ ; for n ¼ m;

ðD5Þ

hhY−1ðzÞiism ¼
X∞
s¼1

m½1þ ð−1Þm�π2ð1 − e
−j2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

j1;s
02

a2

q
wÞ

2w2aðk2β2 − j1;s 02

a2 − m2π2

4w2 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2 − j1;s 02
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Þ�ðm2π2−4w2k2β2Þ

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

− 2πkβ½1−ð−1Þme−j2kβw�
a2ðk2β2−m2π2

4w2
Þ2h02

1;0

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

þ
2πðk2β2−

h02
1;0
a2
2

Þ32½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
w

�

k2β2a2ðk2β2−
h02
1;0
a2
2

−m2π2

4w2
Þ2h02

1;0

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

−
R∞
0 dζ jπ8m2w3

k2β2a3
2
ðm2π2−4w2k2β2Þζ½m2π2−4w2ð ζ

a2
2

þk2β2Þ�H0ð1Þ
1

ðeπ2j ffiffiζp ÞH0ð2Þ
1

ðeπ2j ffiffiζp Þ

þ R∞0 dζ 2kβ½1−ð−1Þme−j2kβw�
πa2ðk2β2−m2π2

4w2
Þ2ζ2H0ð1Þ

1
ðeπ2j ffiffiζp ÞH0ð2Þ

1
ðeπ2j ffiffiζp Þ

−
R
∞
0 dζ

2ð ζ

a2
2

þk2β2Þ32½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w

�

k2β2πa2ζ2ð ζ

a2
2

þk2β2−m2π2

4w2
Þ2H0ð1Þ

1
ðeπ2j ffiffiζp ÞH0ð2Þ

1
ðeπ2j ffiffiζp Þ ;

for n ¼ m;
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hYðnÞ
9 ðzÞi ¼ −

π½1þ ð−1Þn�ð1 − e
−j2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
w

Þ
2wa2ðk2β2 − h02

1;0

a2
2

− n2π2

4w2 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2 − h02

1;0

a2
2

r Hð2Þ
1 ðh01;0Þ

H″ð2Þ
1 ðh01;0Þ

−
½1þ ð−1Þn�
2wπa2

Z
∞

0

dζ
ð1 − e

−j2
ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w
Þ

ζ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ
a2
2

þ k2β2
q

ð ζa2
2

þ k2β2 − n2π2

4w2 ÞH0ð1Þ
1 ðeπ

2
j
ffiffiffi
ζ

p ÞH0ð2Þ
1 ðeπ

2
j
ffiffiffi
ζ

p Þ
; ðD17Þ

hhYðnÞ
9 ðzÞiim ¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

−
½1þð−1Þnþm�π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
½1−ð−1Þme

−j2

ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
w

�

a2ðk2β2−
h02
1;0
a2
2

−m2π2

4w2
Þðk2β2−

h02
1;0
a2
2

−n2π2

4w2
Þ

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

−
R
∞
0 dζ

½1þð−1Þnþm�
ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w

�

a2πζð ζ

a2
2

þk2β2−m2π2

4w2
Þð ζ

a2
2

þk2β2−n2π2

4w2
ÞH0ð1Þ

1
ðeπ2j ffiffiζp ÞH0ð2Þ

1
ðeπ2j ffiffiζp Þ ;

for n ≠ m;

− j8w3π

a2½m2π2−4w2ðk2β2−
h02
1;0
a2
2

Þ�

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

−
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
½1−ð−1Þme

−j2

ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
w

�

a2ðk2β2−
h02
1;0
a2
2

−m2π2

4w2
Þ2

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

−
R
∞
0 dζ j8w3

a2πζ½m2π2−4w2ð ζ

a2
2

þk2β2Þ�H0ð1Þ
1

ðeπ2j ffiffiζp ÞH0ð2Þ
1

ðeπ2j ffiffiζp Þ

−
R
∞
0 dζ

2

ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w

�

a2πζð ζ

a2
2

þk2β2−m2π2

4w2
Þ2H0ð1Þ

1
ðeπ2j ffiffiζp ÞH0ð2Þ

1
ðeπ2j ffiffiζp Þ ; for n ¼ m;

ðD18Þ

hhY10ðzÞiism ¼ m½1þ ð−1Þm�π2ð1 − e
−j2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
w

Þ
2w2a2ðk2β2 − h02

1;0

a2
2

− m2π2

4w2 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2 − h02

1;0

a2
2

r Hð2Þ
1 ðh01;0Þ

H″ð2Þ
1 ðh01;0Þ

þm½1þ ð−1Þm�
2w2a2

Z
∞

0

dζ
ð1 − e

−j2
ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w
Þ

ζ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ
a2
2

þ k2β2
q

ð ζa2
2

þ k2β2 − m2π2

4w2 ÞH0ð1Þ
1 ðeπ

2
j
ffiffiffi
ζ

p ÞH0ð2Þ
1 ðeπ

2
j
ffiffiffi
ζ

p Þ
; ðD19Þ
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hhYðnÞ
11 ðzÞiism ¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

j½1þð−1Þnþm�mπ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
½1−ð−1Þme

−j2

ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
w

�

2wa2ðk2β2−
h02
1;0
a2
2

−m2π2

4w2
Þðk2β2−

h02
1;0
a2
2

−n2π2

4w2
Þ

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

þ R∞0 dζ
jm½1þð−1Þnþm�

ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w

�

2wa2ζð ζ

a2
2

þk2β2−m2π2

4w2
Þð ζ

a2
2

þk2β2−n2π2

4w2
ÞH0ð1Þ

1
ðeπ2j ffiffiζp ÞH0ð2Þ

1
ðeπ2j ffiffiζp Þ ;

for n ≠ m;

− 4π2w2m

a2½m2π2−4w2ðk2β2−
h02
1;0
a2
2

Þ�

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

þ
jmπ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
½1−ð−1Þme

−j2

ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
w

�

wa2ðk2β2−
h02
1;0
a2
2

−m2π2

4w2
Þ2

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

−
R∞
0 dζ 4mw2

a2ζ½m2π2−4w2ð ζ

a2
2

þk2β2Þ�H0ð1Þ
1

ðeπ2j ffiffiζp ÞH0ð2Þ
1

ðeπ2j ffiffiζp Þ

þ R∞0 dζ
jm

ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w

�

wa2ζð ζ

a2
2

þk2β2−m2π2

4w2
Þ2H0ð1Þ

1
ðeπ2j ffiffiζp ÞH0ð2Þ

1
ðeπ2j ffiffiζp Þ ; for n ¼ m;

ðD20Þ

hhYðnÞ
12 ðzÞiism ¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

jm½1þð−1Þnþm�π2½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
w

�

2wa3
2
ðk2β2−

h02
1;0
a2
2

−m2π2

4w2
Þðk2β2−

h02
1;0
a2
2

−n2π2

4w2
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r h02
1;0H

ð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

−
R∞
0 dζ jm½1þð−1Þnþm�½1−ð−1Þme

−j2

ffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w

�
2wa3

2

ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

ð ζ

a2
2

þk2β2−m2π2

4w2
Þð ζ

a2
2

þk2β2−n2π2

4w2
ÞH0ð1Þ

1
ðeπ2j ffiffiζp ÞH0ð2Þ

1
ðeπ2j ffiffiζp Þ

;

for n ≠ m;

4w2ðm2π2−4k2β2w2Þ
ma2½m2π2−4w2ðk2β2−

h02
1;0
a2
2

Þ�

Hð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

þ jmπ2½1−ð−1Þme
−j2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r
w

�

wa3
2
ðk2β2−

h02
1;0
a2
2

−m2π2

4w2
Þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2−

h02
1;0
a2
2

r h02
1;0H

ð2Þ
1
ðh0

1;0Þ
H″ð2Þ

1
ðh0

1;0Þ

þ R∞0 dζ 4w2ðm2π2−4k2β2w2Þ
mπ2a2ζ½m2π2−4w2ð ζ

a2
2

þk2β2Þ�H0ð1Þ
1

ðeπ2j ffiffiζp ÞH0ð2Þ
1

ðeπ2j ffiffiζp Þ

−
R
∞
0 dζ jm½1−ð−1Þme

−j2

ffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

w

�
wa3

2

ffiffiffiffiffiffiffiffiffiffiffiffi
ζ

a2
2

þk2β2
q

ð ζ

a2
2

þk2β2−m2π2

4w2
Þ2H0ð1Þ

1
ðeπ2j ffiffiζp ÞH0ð2Þ

1
ðeπ2j ffiffiζp Þ

;

for n ¼ m;

ðD21Þ
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where b1;s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2a2 − j21;s

q
¼ −j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j21;s − k2β2a2

q
,

b01;s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2β2a2 − j021;s

q
¼ −j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j021;s − k2β2a2

q
and d01;0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2β2a2 − h021;0
q

. It is particularly notable that there are

no singular points except ζ ¼ 0 in the integrands of ζ
integrations. In some of the above equations, it looks as if
there are singular points in the integrands between ζ ¼ 0
and infinity. However, the integrands were shown to be
regular at seemingly singular points by simplifying the
relevant terms and taking a limit.

APPENDIX E: LONGITUDINAL IMPEDANCES
OF THE CERAMIC CHAMBERS WITH THE

THIN TiN COATING, COVERED WITH
PERFECTLY CONDUCTIVE WALLS

In this section, let us derive the formula of longitudinal
impedances of the ceramic chambers with translation
symmetry, where the inner surface is coated with thin
TiN and the outer surface is surrounded by a perfectly
conductive wall. Following Refs. [12] and [19], field
matching technique is applied in the derivation.
When a beam with the current density jz ¼

βc½1 − Θðρ − σÞ�e−jkz=ðπσ2Þ passes through the chamber,
Ez;Hθ in vacuum are expressed as

Ez ¼
jk
γ2

cZ0

πσ2

�
1

k̄2
−
σI0ðk̄ρÞK1ðk̄σÞ

k̄

�
þ Ā0ðkÞI0ðk̄ρÞ; ðE1Þ

Hθ ¼
βc
πσ

K1ðk̄σÞI1ðk̄ρÞ þ
jβγ
Z0

Ā0ðkÞI1ðk̄ρÞ; ðE2Þ

for ρ < σ, and

Ez ¼
jcZ0

πσγ
I1ðk̄σÞK0ðk̄ρÞ þ Ā0ðkÞI0ðk̄ρÞ; ðE3Þ

Hθ ¼
βc
πσ

I1ðk̄σÞK1ðk̄ρÞ þ
jβγ
Z0

Ā0ðkÞI1ðk̄ρÞ; ðE4Þ

for σ < ρ < a, where Ā0ðkÞ is an expansion coefficient, σ
is the radius of the beam and ΘðxÞ is the step function.
Inside the thin TiN (for a < ρ < aþ t) with conductivity

σTiN, the fields are described as

Ez ≃ B̄0I0ðκTiNρÞ þ C̄0K0ðκTiNρÞ; ðE5Þ

Hθ ≃ κTiN
jkβZ0

½B̄0I1ðκTiNρÞ − C̄0K1ðκTiNρÞ�; ðE6Þ

where κTiN is given by Eq. (39) in the text. Here B̄0 and C̄0

are expansion coefficients.
Finally, inside the ceramic (for aþ t < ρ < a2) with

relative dielectric constant ϵ0, they are expanded as

Ez ¼ D̄0I0ðμkρÞ þ Ē0K0ðμkρÞ; ðE7Þ

Hθ ¼ −
kβϵ0

jμkZ0

½D̄0I1ðμkρÞ − Ē0K1ðμkρÞ�; ðE8Þ

by using the expansion coefficients D̄0 and Ē0, where

μk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2β2ϵ0

q
: ðE9Þ

For the thin TiN, the fields on ρ ¼ a and those on ρ ¼ a2
are related to as

Ezða2Þ ¼ A0ða2; aÞEzðaÞ þ C0ða2; aÞHθðaÞ; ðE10Þ

Hθða2Þ ¼ I0ða2; aÞEzðaÞ þ K0ða2; aÞHθðaÞ; ðE11Þ

where the transfer coefficients are approximated as

A0ða2; aÞ≃ μka½I00ðμkaÞK0ðμka2Þ − I0ðμka2ÞK0
0ðμkaÞ� cosh κTiNt

−
jZ0ðμkÞ2aσTiN½I0ðμka2ÞK0ðμkaÞ − I0ðμkaÞK0ðμka2Þ� sinh κTiNt

kβϵ0κTiN
; ðE12Þ

C0ða2; aÞ≃ μka½I00ðμkaÞK0ðμka2Þ − I0ðμka2ÞK0
0ðμkaÞ�κTiN sinh κTiNt

σTiN

−
jZ0ðμkÞ2a½I0ðμka2ÞK0ðμkaÞ − I0ðμkaÞK0ðμka2Þ� cosh κTiNt

kβϵ0
; ðE13Þ

I0ða2; aÞ≃ jkβaϵ0½I00ðμkaÞK0
0ðμka2Þ − I00ðμka2ÞK0

0ðμkaÞ� cosh κTiNt
Z0

þ μkaσTiN½I00ðμka2ÞK0ðμkaÞ − I0ðμkaÞK0
0ðμka2Þ� sinh κTiNt

κTiN
; ðE14Þ
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K0ða2; aÞ≃ jkβaϵ0½I00ðμkaÞK0
0ðμka2Þ − I00ðμka2ÞK0

0ðμkaÞ�κTiN sinh κTiNt
σTiNZ0

þ μka½I00ðμka2ÞK0ðμkaÞ − I0ðμkaÞK0
0ðμka2Þ� cosh κTiNt; ðE15Þ

where the prime in InðzÞ and JnðzÞ means the differential
by their argument z. It is noticeable that Eqs. (E12)–(E15)
are identical to Eqs. (C21)–(C24) in Appendix C 1, when
we replace μϵm in Eqs. (C21)–(C24) with μk.
The coefficient Ā0ðkÞ is obtained by combining

Eqs. (E3), (E4) and (E10) with the condition Ezða2Þ¼ 0,
and solving the equations. In order to subtract the con-
tribution due to space charge impedance from the final
expression of the impedance of the ceramic chamber, the
coefficient Āperf

0 ðkÞ, which is obtained by using the
assumption that the perfectly conductive walls exist on
ρ ¼ a, is calculated in advance, and it is given by

Āperf
0 ðkÞ ¼ −

jcZ0

πσγI0ðk̄aÞ
I1ðk̄σÞK0ðk̄aÞ: ðE16Þ

Finally, a rigorous expression of the longitudinal imped-
ance is obtained as

ZL ¼ ZL;sp þ ZL;ceramic; ðE17Þ

where

ZL;sp¼−
jZ0

βπkσ2

�
1−2I1ðk̄σÞK1ðk̄σÞ−

2I21ðk̄σÞK0ðk̄aÞ
I0ðk̄aÞ

�
L;

ðE18Þ

ZL;ceramic ¼
2LC0ða2; aÞI21ðk̄σÞ

πσ2k̄2aI20ðk̄aÞ½A0ða2; aÞ þ C0ða2; aÞ jβγI1ðk̄aÞZ0I0ðk̄aÞ �
;

ðE19Þ

ZL;sp is space charge impedance, ZL;ceramic is the impedance
of ceramic chamber with the TiN coating and L is length of
the chamber.
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