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Wakefield radiation from the open end of an internally coated metallic tube
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In this paper the problem of radiation from the open end of a semi-infinite circular metallic waveguide
with perfectly conducting walls and a thin internal low-conducting metal coating is considered.
Electromagnetic fields are generated by the ultrarelativistic point charge moving along the axis of the
waveguide. The far fields of radiation are obtained using the near-field to far-field recovery technique. The
technique is extended for the nonmonochromatic waves. It is shown that the radiation has a narrow-band

and narrow-directional character.
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I. INTRODUCTION

Recently, a new traveling wave structure has been
proposed [1]: an internally coated metallic pipe (ICMP),
which has only a single slowly propagating (phase velocity
is equal to the velocity of light) TM; mode. Because of an
absence of the high slowly propagating modes, the above
structure could be effectively used for particle acceleration
or generation of monochromatic radiation [2-5]. The
experimental study of an ICMP type structure is currently
under development at AREAL test facility [6]. The exper-
imental study and exploitation of this radiation are sup-
posed to extract the radiation from the open end of the
ICMP structure. The knowledge about the spectral and
angular distribution of extracted radiation is important
for experimental verification, exploitation, and further
development of the ICMP based devices.

In this paper the spatiotemporal and angular character-
istics of the charged particle electromagnetic radiation from
the open end of ICMP structure are studied. As shown in
[1], the relativistic particle moving along the axis of the
ICMP structure under certain conditions excites only the
fundamental TM,; mode. The near-field to far-field recov-
ery technique [7] is used to obtain radiated in ICMP wake
fields transformation into the far zone from the open
end of the waveguide. The technique is expanded for the
non monochromatic waves [8]. The angular, space, and
frequency patterns of the radiation are obtained.

II. STATEMENT OF THE PROBLEM

A semi-infinite circular waveguide with perfectly con-
ducting walls internally covered by a thin metallic layer of
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low conductivity o is considered (Fig. 1). The inner radius
of the waveguide is a and the thickness of the inner
conductive layer is d (d < a).

The electromagnetic properties of the internal layer
is characterized by the dielectric permeability of the
metal e, = g, + jo/w, where g is the vacuum dielectric
constant and  is the frequency.

The electromagnetic wake fields are excited by the
ultrarelativistic (with velocity v = ¢, ¢ being the speed
of light) point charge ¢ moving along the axis of the
waveguide. Time t = 0 (Fig. 1) corresponds to the time
when the charge reaches the open end of the waveguide.
Because of the causality principle for an ultrarelativistic
charge, the excited fields are behind the charge and for time
t <0 (position 1 in Fig. 1) the excited wake field coincides
with the wake fields excited by charge in an infinitely long
tube. The infinitely long ICMT structure [1] with a thin
inner layer is characterized by the high frequency narrow
band longitudinal impedance with a single slow propagat-
ing TM,; mode at resonant frequency [1]. The frequency
dependent longitudinal component of the electric field is
given by [1]

jacZy o )
E,(0) = qZ0(w) = - .
(0) = 9Z) () 2na’w, {a)—a)l a)—a)z} (1)

where Z, = 120z () is the impedance of free space, w is the
frequency, and

w1, =—jA/2 o, Wg =/ a)% - (A/2)27
2c
A=—=—(c+¢7),

wy = cy/2/ad, N

¢ = dGIZO/\/g- (2)

Other nonzero components E,(w) and H,(w) are
derived from the Maxwell equations
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FIG. 1. Geometry of the problem.

E.(w) = ZyHy(0) = jkrE (w)/2, (3)

where k = @w/c is wave number.

The radiation begins to propagate in free space at the
moment ¢t =0 when the particle reaches the aperture
section and continues throughout the infinite time interval
0 < t < oo (position 2 in Fig. 1). The goal is to obtain the
analytical expressions for the radiation field in the free
space in the far (relative to the size of the aperture of the
waveguide) zone and explore the far field properties.

The exact solution by the Wiener-Hopf method [9] or by
the factorization method [10] is not intended to be found
out. In this case, it suffices to apply a method similar to the
Kirchhoff approximation [7], generalizing it to the case
of a nonmonochromatic wave [8]. The above-mentioned
method gives qualitatively correct results in the main
direction (straight ahead), where it is expected to be the
essential part of the radiation.

III. NEAR FIELD-FAR FIELD
TRANSFORMATION ALGORITHM

The technique of restoring the far field from the known
distribution of its tangential electrical components on the
plane (near field — far field technique [7]) is used. The
algorithm [7] to the extent necessary for the set goals is
briefly described and is generalized for the case of non
monochromatic (quasimonochromatic) waves.

Let on the plane z =0, where the distribution
E%,(®,x,y) of monochromatic electric field components
of the radiation is emanating from a source close to
it (Fig. 2).

In Fig. 2, the space is described by the Cartesian
coordinate system, X, Y, Z, the center of which is aligned
with the center of the aperture of the waveguide and its z
axis is aligned with the symmetry axis of the waveguide.
The spherical system of coordinates R, 6, describing
the far field, and the cylindrical coordinate system r, &, z
describing the field in the plane z =0 and the field
propagating in the waveguide are introduced as well.

In the case of a monochromatic light source, the far field
at point R(R,0,¢) in a spherical coordinate system is

E}(o.R)

FIG. 2. Near-field—far-field transformation.

associated with the Cartesian components of the near field
as follows [7]:

I . ikR
E' (w,R) = kcos0A(k,. ky) = (4)

where

Acy (ki) =[5, [ Ly (0. y)e o bdady, o
Az (kxf ky) = _klz{kxAx(kx’ ky) + kyAy(kx7 ky)}v

with
k, = ksin 0 cos @,

(6)
k,=\/k* — ki —k} = kcos®.

The corresponding components in a spherical coordinate
system are

ky = ksin@sin ¢,

Er =0, Eg=A,cosp+ Ay sing,

7
E, = cosO(A,sing — A, cos ). )

The above equations (4)—(7) illustrate a common
near-field—far-field transformation algorithm [7]. If the
distribution on the plane is axially symmetric (depends

only on the distance r = \/x*> + y? from the center point
of the plane) and is nonzero only within the aperture,
the expressions (5) and (7) are simplified and can be
represented as follows:

a 2n

Ax,y (kxv k_v) = / / Eg’y (w’ r, g)efjkrsiné}cos((pff)drdf’
0 0
(8)
with

Elw,r,&) = EM(w, 1) cosé,
EY (w,r,&) = E*r,w)siné.
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Integration in (8) with respect to & gives
Ax(kx,ky)} { cosrp}
= 2r ) I{w,0), 10
A,y (kg ky) J sin ¢ (@,6) (10)

a

I(w,0) = /Ef(w, r)J(krsin@)rdr. (11)

with

0

With regard to (5)—(11) the z component of vector A may
be represented as

A (ky ky) = —tgO(A (k. ky) cos @ 4 Ay (k,. k) sin @)
=2xjl(w, 0)tgo. (12)

Spherical coordinates of the vector A can be written as
follows:

AR - A(p - O,
Ag(ky ky) = secO(A, (k. ky)cosp + A, (k,. k) sing)
= 2zjl(w,0)sech. (13)

Thus, the single angular spherical far field components
of (4) can be written as

- o ) eiw(R/c—t)
E)(R,w)=ZoH,(R,w)=—2x J1(@.0)———. (14)
C

If the source emits a nonmonochromatic wave, the
result (14) must be integrated over all frequencies:

El(R) = / El(R, )do. (15)

The radial component of the electric field of the wave
incident on the external aperture of the waveguide, formed
by the wakefield radiation of the point ultrarelativistic
charged particle, moving along the axis of the described
two-layer waveguide, has a radial dependence proportional
to r (3). Thus, the integral (11) can be calculated explicitly:

Ioo(a),e):jcqzo{ @1 ) }Jz(kasine)

drwy, |0 —w; ©—w ksin @

(16)

where J,(x) is the Bessel function of the first kind and
second order [11], and the spectral-angular distribution of
the far field may be written as

Ef(ﬁ a)):q—ZO WO 0o,
o 20 \ 0 —w, ©—w,

« J>(kasin0) gio(R/c=1)

17
sin @ R (17)

The total field in the far zone at a point R (R, 6, ) in the
integral form of (15) can be written as follows:

[Se]

> qZ 0w, ww,
E)R) =2, /< —o o )
d w wq w ()
J, (kasin ) e/®/¢s
do, 18
x sinf R (18)

with s = R — ct.

The integral in (18) is calculated using the analytic
continuation of the integrand to the complex plane of the
frequencies . The integrand in (18) has two poles
® = w;, (2), located in the lower part of the complex
plane. During the calculation, the asymptotic form of the
Bessel function J,(x) in (18), valid for large arguments
(see, for example, [11]) should be taken into account:

1 (1—j . 1+ .
Jo(x) = — ﬂx{zje”“+j2LJe”‘}, x| = o0,

o .
X =—asind,

7
0<f<—. 1
c = -2 (19)

The exponential factors in the integrand in (18) in that
case take the form e/¢l@sind+R—ct) apq fe(=asin0+R—ct) for
the first and second terms in (19), respectively. In the
integration along the contour in the shape of a semicircle
with infinite radius, located in the lower half
(Imw < 0, |@| = ), the first and second terms vanish
under the conditions ¢t > R + asin@ and ¢t > R — asin 6,
respectively. So, both of these terms are vanishing if
ct > R+ asin@. Under this condition, the integration in
(18) is reduced to the summation of the residue formed by
the poles @, (2):

- Z . )
Eg(R) = % (}}(97 wl)e/wl(R/C_t) + B(Q’ wz)eJ(UZ(R/C_t))’

(20)

where

2
B0,w) =2 J, <wasin6>/sin€,
(O] C

B(8,w,) = B*(0, w,), ct> R+ asind. (21)

In the upper half (Imw > 0, || — o), the first term
of the integrand in (18) tends to zero under condition
ct < R+ asin@, while the second one vanishes when
ct < R —asin@. The integration along the semicircle in
the upper half is possible upon vanishing of both terms in
infinity, i.e., when ct < R — asind. Under this condition,
due to the absence of poles in the upper half-plane, the
integral (18) vanishes:

E/(R)=0, ¢t <R—asiné. (22)
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The value of the integral (18) in the space-time domain
R+ asinf > ct > R — asin@ stays uncertain. To deter-
mine the value of the integral (18) in this space-time
domain, we represent it in the form of a sum of two
integrals:

E)(R) = [;(R) + I(R), (23)
where
N 4 gy
I5(R) _;1_0/< ww, 00, >
Oy w — W W — W)
0, (kasin @) ei®/cs
: 24
x sin @ R do, (24)
with
1 o . . @
0,(0,w) = —{Jz (—as1nt9> F/H, <—asm9>
’ 2 c c
2wa sin 0
+j— >, 25
jent] (25)

where H;(z) is the Struve function [11].

0 AR/ (B0, w0, )e/@a R/t c.c.},
0 AR/ (B, (0, w, )e/® R/ - cc.}, —asin@+R < ct <asind+R-

iR -
0,

where c.c. denotes the complex conjugation, and B (0, @)
is given by

 w? .
B(0,w) = ]a)_dQl(g’ w)/ sin#),

B (0,w,) = B,*(0, ).

The asymptotic representations of functions Q; and Q,,
which are valid for |@w/casin | — oo, are given by

145

0,0) = —————
Q12(0.0) 2+/mw/casin@

e:F/w/casm()_

(26)

Thus, in the integration along the contour in the shape of
a semicircle with infinite radius, located in the lower half
(Imw < 0, |@| — ), the exponential term in integral /;
vanishes under the condition ¢t > R — asinf and in the
integration along the contour in the same shape, located
in the bottom half (Imw > 0, || — o), the exponential
term in integral [/, vanishes under the conditions
ct < R+ asinf. Thus, in the total space-time interval it
is possible to achieve the simultaneous integration of
integral /; in the lower half-plane and of the integral I,
on the upper half-plane defined by the inequality
R —asinf < ct < R+ asind. In this interval the value
of integral I; is determined by the poles, located in the
lower half-plane, and the integral /,, vanishes due to the
absence of poles in the upper half-plane. Thus, the far field
radiated by the open end of the waveguide in the entire
space-time interval —oo < ¢t < oo has been determined:

ct>asinf + R
(27)

ct < —asind + R,

Thus, according to (27), the field is formed by two
successive radiation pulses. The first impulse, that reaches
the observation point, is formed in a finite time interval
—asind + R < ct < asinf + R. The second pulse com-
prehends the observation point in time moment ¢ =
asin® + R and lasts until = co. The duration of the first
pulse is conditioned by the size of radius of the waveguide
and by the value of the viewing angle and reduces with a

> il VV = 1 I|n||'||"'”',||
J I{ILALLLL Rl (LA

0 2 4 6 8 10
s (mm)

FIG.3. Spatial-temporal distribution of the radiation field at fixed angles of observation; & = z/100 (left), & = z/10 (right); first pulse
(dotted line), second pulse (solid line); ¢ = 1 (black line), ¢ = 3 or ¢ = 1/3 (red line).
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decrease of the angle of observation. Since the radiation is
narrowly targeted, the latter’s role in shaping the overall
flow of radiation should be small. Figure 3 shows the
comparison of the space-time distribution for small (left)
and relatively large (right) viewing angles.
Spatial-temporal frequency of the pulses is equal to wy,
(for d < aw, =~ @w;). The damping is determined by the
attenuation coefficient A. The minimum value of the
attenuation coefficient accounts for ¢ = 1. Note, that
according to (2), the attenuation coefficient A does not

Ej(R) =

with s, = d+asin@ + R. Similarly, using (25), (28), and
(27), one obtains an asymptotic expression for the first
pulse [the second line in (27)]:

ﬂ'ZO 1
Rsin® \ zkasin6

) .
o e—%l{jﬂl +J oGt s p=joat 1 c.c.}.
(l)d 2

E)(R) =

(30)

As it is seen from (29) and (30), these high-frequency
asymptotic representations of fields formed by diffraction
beams emanate from the edge of the waveguide opening.
These rays correspond to the partial quasimonochromatic
fields with a frequency of w,; and decreasing amplitude,
with a damping factor A. The field of the first pulse (30) is

2 .
_ "% 1 jpdt (ﬂ et s 4
Rsin@ V zwkasin Wy 2

change with the transition from ¢ to ¢!, since the curves
for ¢ = 3 and ¢ = 1/3 are identical.

IV. INTERPRETATION BY THE HELP OF
DIFFRACTION PHENOMENON

The presence of two consecutive pulses can be explained
with the help of the diffraction phenomenon. Substituting
asymptotic expressions (19) into (21) and using the result
for the upper row of (27), one gets for the space-time
domain ct > asinf + R:

Lt aas -
e oo c.c.} (29)

formed by a single beam emanating from a point on the
edge of the waveguide cross section closest to the point of
observation (s_ is the distance from this point to the
observation point). In the formation of the field of the
second (main) pulse, the ray from the edge of the most
distant point of the cross section of the waveguide (s, is a
distance from this point to the observation point) is also
involved. One observation point and two diffraction points
are contained in the plane of the main longitudinal cross
section of the waveguide, which contains the axis of the
waveguide.

When considering the radiation of monochromatic
waves without a fixed initial time point of emission (steady
state process) and with the zero damping decrement
[10,12,13], the process of interference of the two diffracted
rays is fully described by the help of their geometric
eikonals (geometric distances s between the diffraction

FIG. 4. Diffraction at the open end of the waveguide: steady-state regime (top left); dynamic regime: ¢ < #; (top right); #; <t <1,

(bottom left); # > ¢, (bottom right).
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points and the point of observation). As an example of
diffraction rays of an axially symmetric mode on the open
end of a perfectly conducting round waveguide is presented
in Fig. 4 (top left) schematically.

In our case, the open end of the waveguide begins to
radiate when the particle reaches its cross section, i.e., at
time ¢ = 0. The ray from the near point reaches the point of
observation, during time t;, = s_/c, and the ray from the
far point, respectively, during time #, = s /c. Thus, the
rays torn from the edge reach the observation point at time
t) =t—t, and at t) =t — t,, respectively. If # < ¢, then
1} < 0,7, < 0 and neither of the two rays cannot reach the
point of observation (Fig. 4, top right), which corresponds
to the zero field therein. Consequently, during the time
interval #; < 7 < 15, one has 7| > 0,7, < 0 (Fig. 4, bottom
left) and only the nearest beam can reach the observation
point. Later on (at 7 > 1,, then 7, > 0,7, > 0), the second
ray also has enough time to arise and comes to the
observation point. In this case the field is formed as a
result of the interference interaction of the two rays (Fig. 4,
bottom right).

As can be seen from Fig. 4, in the case of the dynamic
regime only, the beam crosses the time line #; — ¢, and
makes a contribution to the radiation, while in the steady-
state regime both rays touch this time line at the same time.
The concept of two successive pulses is consistent with the
principle of causality and is interpreted with the help of the
time lag phenomenon.

A dual-beam radiation pattern is formed gradually,
starting from the angles @ = 0 up to € = /2 in the time
interval R < ¢t < R+ a. Thus, the total time of the
formation of a two-beam radiation is ¢t = R + a. In the
time interval R + a < ¢t < oo, where the radiation over
the entire range of angles has a continuous periodic
monotonically decreasing character and is described by
the first line of (29), and for A < wy = c\/2/ad (or
d < a), its radiation pattern can be identified, independent
of the time (Fig. 5), as

F(x)zjo(x), x:%asinﬁ. (31)

The maximum of the diagram (Fig. 4) does not depend
on the value of the conductivity of the inner cover and can
be determined by the following formula:

Orax = ArcSin(2.3+/d/2a) ~ 2.31/d/2a. (32)

For d=1pum: 6,,, =23 mrad for a=1cm and
Omax = 73 mrad for @ = 1 mm.

The radiation power of the main lobe is concentrated in
the range of angles 0 < 0 < 20,,,,. It constitutes ~79% of
the total power radiated in the front half-space, regardless
of the values of the parameters a and d (provided

that d < a).

0.030

0.025

=
=3
1
=l

o
o
=
o

(F(O)))*

0.010

0.005

0.000
0

2 4 6 8 10 12

X

FIG. 5. The radiation pattern in power (at ct > R + a).

V. ENERGY DENSITY ANGULAR DISTRIBUTION

The most obvious way to fix the emission and detection
of directional properties of the field is the exposure of film
(located at some distance from the aperture R >> a parallel
to the aperture), which captures the power that falls on it
during the entire time of radiation. In this case, it may be
difficult to select the components of radiation, which
corresponds to the first or the second pulse.

In order to evaluate the easily measurable integral
characteristics of the radiation and its directional properties,
it is necessary to determine the angular distribution of the
energy density of the field emitted during the entire time of
radiation. Since the emitted pulses are separated in time and
space, it is possible to perform a separate calculation of
energy density distribution for each of the pulses, and to
determine the percentage of each one of them. Thus, the
angular distributions of the energies density of the first
U, (0) and second U, (#) pulses can be written with the help
of the expressions for the field emission in the following
way:

) 5 5 asinf
Z
U(0) ==L By (0. 0P [ e eds
cR
—asinf
4n*q*Z, Sinh(Aa/c sin 6)
:?|Bl(e’a)l)|2f7
25 q*Zy b -
Us(0) = =2 BO.w) [ eieds
asin@
2772‘]220 e*A/ca sin
i |B(9aw1)|27A : (33)

whereas the total energy density is the sum of both
densities:

U@) = U,(0) + U,(0). (34)

The direction and the overall shape of the total density of
the angular distribution of the radiation energy is mainly
determined by the second (main) pulse of radiation (Fig. 6).
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@) (W/n)

0.00 0.02 0.04 0.06 0.08 0.10
6 (rad)

U9 (W/m?)

e
n

0.00 0.05 0.10 0.15 0.20 0.25
6 (rad)

FIG. 6. The angular distribution of the radiation energy (¢ = 0.1 nC,R =1 m); a =1 cm (left), a = 1 mm (right); total density
distribution (solid line); second pulse contribution (dashed line); first pulse contribution (dotted line); ¢ = 1 (black line); ¢ = 3 (red line).
The scale of the distribution curve for the first pulse is increased by 50 times for @ = 1 cm (left) and by 20 times for a = 1 mm (right).

However, as can be seen from Fig. 6, the relative con-
tribution of the first pulse in the radiation increases with
increasing deviation of the parameter ¢ from its optimal
value ¢ = 1.

A decrease in the radius of the waveguide leads to a
general broadening of the energy diagram, and its main
lobe, in particular (in agreement with the general theory
of antennas [14]), to the simultaneous increase of the
contribution of the first pulse. The angle of orientation of
the main peak of the energy diagram is still due to the
first maximum of the function J,(wg/casin®)/siné
(under condition A < w,, which is in the frame of our
consideration) and can be defined by the formula (32).

As shown in Fig. 7, the ratio of the contributions from the
first and second pulses depends strongly on the value of ¢.
A quantitative assessment of the relative contribution of the
primary (formed) radiation relative to the total flux of the
radiation produced by calculating their ratio for different
values of ¢ is

n = Ux(0)/[U1(0) + U,(0)]. (35)

A graph of 5 versus ¢ is shown in Fig. 7.

0.92

0.90

= 0.88

0.86

0.84

FIG. 7. The relative contribution of power, formed by the
second pulse in the total output power depending on the
parameter ¢.

The variation of the parameter ¢ from 0.25 to 5 reduces
the contribution of the main emission by 8%, which did not
significantly affect the qualitative nature of the radiation.
Selection of the optimum value of the parameter ¢ = 1 is
important, however, because the deviation from it results in
attenuation of the radiation energy (Fig. 7) and its high
damping (Fig. 3). Selection of the optimal parameter value
¢ is associated with the choice of the agreed value of the
lower layer thickness d and its conductivity o; (2). In
particular, when d =1 um, the optimum value of the
conductivity is equal to 4.6 x 10°> Q' m™!.

VI. CONCLUSION

The main outcome of the research, apparently, is the
demonstration of the possibility of generating a focused
and narrow-band radiation based on wakefield radiation
in the two-layer metallic waveguide. Most of the flux is
concentrated within a narrow conical surface with half-
angle 6,,,. The analytic formulas describing the radiation
field at various stages of its formation are obtained. The
process of the formation of radiation is considered in detail
and the space-time region of its formation is determined.
The theory of two successive pulses forming radiation is
developed with its further geometric justification.
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