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A single laser pulse with spot size smaller than half its wavelength (w0 < λ=2) can provide a net energy
gain to ultrarelativistic particles. In this paper, we discuss the properties of an optical cell consisting of N
subcycle pulses that propagate in the direction perpendicular to the electron motion. We show that the
energy gain produced by the cell is proportional to N and it is sizable even for Oð1 TWÞ pulses.
DOI: 10.1103/PhysRevSTAB.17.071301 PACS numbers: 41.75.Jv

Modern conventional accelerators transfer only a small
amount of energy to particles per unit cell. Large energy
gradients are achieved combining the cells in periodic
structures and phase locking the particle motion to the rf
cavities. On the other hand, phase slippage is difficult to be
avoided in laser-based accelerators and acceleration is
achieved by a few beam-pulse interactions but, in this
case, the energy transfer per pulse can be very large due to
the huge electric fields available in lasers. Unlike rf-based
accelerators, the interaction time τ of the particle with the
laser is much longer that the period T of the laser fields.
Such a long interaction time causes several drawbacks.
Plasma-based accelerators [1] tend to be prone to insta-
bilities when τ ≫ T. This difficulty has been overcome by
the development of high-power sub-ps lasers and resulted
into large energy gains and beams of unprecedented quality
[2]. Similarly, laser accelerators in vacuum [3,4] require
special geometrical configurations of the laser pulse to
bypass the limitations imposed by the Lawson-Woodward
theorem [5] and reach a finite energy gain even if τ ≫ T
[6]. These challenges have not been overcome yet, and
vacuum-based techniques are much less developed than
laser-plasma accelerators. As discussed in this paper,
however, the impressive progresses in subcycle laser
technology achieved in the past decade could boost vacuum
acceleration in a way similar to what sub-ps lasers have
done in the past for plasma-based accelerators.
Attosecond optics allows for the focusing of pulses to

spot sizes significantly smaller than λ [7], and for creation
[8,9], manipulation and regeneration of isolated subcycle
pulses [10]. In addition, accelerators based on subcycle
pulses can be operated in the τ < T regime: particles that
are injected nearly perpendicularly with respect to the pulse
propagation axis (see Fig. 1) will experience only a fraction
of the oscillating electric field and, if properly phased, they

will acquire a net energy gain when they cross the focus of
the pulse. A set of N subcycle pulses can be employed to
transfer a fixed amount of energy to the particles through N
beam-pulse interactions. If the overall energy gain is
constant and the beam is stable in phase space, then the
N-pulse optical lattice acts as a single accelerating unit
(optical cell) with a well defined transfer function. Particles
crossing an optical cell will experience an energy gain that,
in general, will depend on the initial position of the particle;
moreover, the particles will be deflected in the transverse
plane (y-z in Fig. 1) by the longitudinal electric field Ez and
by the ponderomotive force. In this paper we study the
accelerating properties of the optical cell and show that, in
suitable conditions, this device can provide an energy gain
proportional to N and is described by a transfer function
similar to the one of a defocusing lens.
The advantage of an optical cell compared to standard rf

cells resides mostly in the intensity of the electric field,
which can exceed the rf field by more than 6 orders of
magnitude. In addition, the size of the cell in the x direction
is OðNλÞ and, therefore, is suitable for tabletop

FIG. 1. A N ¼ 2 optical cell. The laser pulses propagate along
the z axis and the particles are injected along x. Distances are
expressed in units of λ: kz (or kx)¼ 2π corresponds to a shift of λ
in the z (x) direction. w0 is the beam spot (see text).
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acceleration. On the other hand, the acceptance of
the optical cell, i.e., the region in the transverse plane
where particles can experience acceleration, is small
(OðλÞ ∼ 1–10 μm) and comparable to the vertical beam
size of high energy accelerators or free-electron lasers [11]
for optical or IR lasers.
In this paper, we consider an optical cell in its simplest

configuration (Fig. 1): a set of N pulses reflected back and
forth along the z axis and focused to an area < λ2 at z ¼ z0
(z0 ¼ 0 in Fig. 1). The length of the pulse along z is
assumed to be ≫ λ so that the light beam has a stationary
focus at z ¼ z0. The pulse profile at z is circular with radius

wðzÞ ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðz−z0zR

Þ2
q

, zR ¼ kw2
0=2 being the Rayleigh

length of the pulse and k ¼ 2π=λ the wave number of the
light at central frequency. The electromagnetic fields in
the proximity of the focus can be derived following the
approach of Davis and McDonald [12,13]. The light beam
is modeled employing a vector potential A linearly polar-
ized along x and expressing A as a perturbative expansion
of the diffraction angle ϵ ¼ w0=zR. Such treatment, which
is consistent as long as ϵ < 1 (w0 > λ=π), provides the
electric and magnetic fields in the proximity of the focus as
a function of the transformed variables:

ξ ¼ x=x0; v ¼ y=w0; ζ ¼ z=zR;

r2 ¼ x2 þ y2; ρ ¼ r=w0 ð1Þ

and of the plane wave phase η ¼ ωt − kz. At next-to-
leading order [14] the fields are
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The phases entering Eq. (8) are the ones describing
standard Gaussian beams [15]: the plane wave phase η,
the Gouy phase ψG ≡ tan−1 ζ, the initial phase ψ0, and the
phase advance due to the curvature of the wave front:

ψR ¼ kr2

2ðz − z0 þ z2R
z−z0

Þ
: ð9Þ

The overall phase ψ is ψ ¼ ψ0 þ η − ψR þ ψG. The fields
have been computed analytically up to ϵ11 in Ref. [16]. In
the study of the optical cell described below we retain all
terms up to ϵ5.
A single pulse (N ¼ 1) optical cell can be operated even

in the τ > T regime [4,17] but in this case the particle must
be injected at an angle close to the z direction. For τ > T
acceleration is mostly driven by Ez and the ponderomotive
force. Employing Petawatt class lasers [18] the energy gain
can be very large although the acceleration regime is highly
nonlinear [19,20]. For τ < T [21], the particle of charge q
injected in the proximity of the x axis experiences only a
portion of the Ex period and net acceleration is caused
mostly by the qEx linear term. The By and Ez fields
contribute to the deflection angle in the x–z plane. This can
be demonstrated solving numerically the equation of
motion of the particle (electron, q≡ −e) in the electric
fields of Eqs. (2)–(7):

dp
dt

¼ −e½Eþ cβ ×B�; dE
dt

¼ −ecβ · E: ð10Þ

Numerical integration of Eq. (10) is eased if the motion
is described in units of T and the fields are expressed
as ~E≡ ðe=mcωÞE and ~B≡ ðe=mωÞB. The resulting
equation [19] is

dβ
dωt

¼ 1

γ
½βðβ · ~EÞ − ð ~Eþ β × ~BÞ�: ð11Þ

In these formulas, −e and m are the charge and electron
mass in SI units, β is the electron velocity normalized to c
and γ ¼ ð1 − β2Þ−1=2. Figure 2 shows the net energy gain
ΔE ¼ ðγ − γ0Þmc2 for a 100 MeV electron (γ0 ¼ 195.7)
injected along the x axis as a function of w0. The initial
phase ψ0 is chosen in order to have the electron at the center
of the focus when jExðωtÞj reaches its maximum. The laser
pulse considered corresponds to P0 ¼ 1 TW and 10 TW
power Gaussian beams focused to a beam spotw0. In Fig. 2,
w0 ranges from w0 ¼ λ=π to λ=2. The power crossing
the disk of area πw2

0 at z0 ¼ 0 is P0ð1 − e−2Þ≃ 0.865P0.
The laser intensity I0 at z ¼ z0 and r2 ¼ 0 is proportional
to the overall beam power: P0 ¼ πw2

0I0=2. The electric
field is

E0 ¼
1

w0

ffiffiffiffiffiffiffiffiffi
4P0

πϵ0c

s

: ð12Þ
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For w0 ¼ λ=3 and P0 ¼ 1 TW, I0 is 5.7 × 1020 W=cm2

and E0 ¼ 6.6 × 1013 V=m.
As expected, a net energy gain due to the electric field Ex

is visible as long as the particle experiences just a fraction
of the oscillation period. In particular, no energy gain is
observed when w0 > λ=2 because the interaction time for
an ultrarelativistic particle τ≃ 2w0=c is larger than an
optical cycle and hence, the electron experiences both an
accelerating and a decelerating electric field with nearly
equal strength. For w0 < λ=2 the energy gain ΔE grows
linearly with E0 and is proportional to

ffiffiffiffiffiffi
P0

p
. This scaling is

in agreement with results obtained under paraxial con-
ditions [22] and in nonparaxial treatments [23,24]. It is
worth mentioning that an increase of the laser wavelength
at fixed P0 does not increase the energy gain per pulse for
ultrarelativistic particles: since E0 ∼ w−1

0 ∼ 1=λ and the
interaction time τ is ∼2w0=c, the momentum change
experienced during the pulse-electron interaction is
−e

R
τ
0 Exdt≃ −eτE0 and it is thus independent of λ.

Still, the exploitation of mid-IR lasers (λ≃ 10 μm), as
CO2 lasers [25], would be particularly rewarding in this
scheme because it would increase significantly the accep-
tance of the cell. Progress toward sub-ps, 10 TW power
CO2 lasers are very encouraging [26] but the capability to
reach the w0 < λ=2 condition in these lasers has not been
demonstrated, yet.
The electron motion in the z direction is determined by

the interplay between By and Ez. In the proximity of the
focus the former boosts the electron toward the direction of
motion of the laser pulse, while for z → z0 and r → 0, Ez is≃0 and the effect of the longitudinal field Ez is marginal.
Far from the focus, By decreases steeply and the contri-
bution of Ez becomes sizable. Figure 3 shows the net
energy gain ΔE for a 100 MeVelectron injected along x at
z0 ¼ 0 and crossing three pulses (P0 ¼ 1 TW, w0 ¼ λ=3)

located at a distance 3λ in x (Δkx ¼ 6π). The accelerating
field ~Ex experienced along its trajectory is also shown.
The transverse motion of the particle is described in

Fig. 4. The continuous and short-dashed lines indicate the
position and βz of the particle along kz (kz ¼ 2π corre-
sponds to z ¼ λ) as a function of ωt. The long-dashed and
dotted lines show the values of the fields ~By and ~Ez (divided
by 30 to ease the reading of the plot) experienced along the
trajectory. For an ultrarelativistic particle (100 MeV elec-
tron in Fig. 4) starting at kx0 ¼ −2π, the focus is reached at
ωt ¼ 2π. Far from the focus, both Ez and By are positive
and deflect the particle toward negative values of z. Near
the focus, By is large and negative and accelerates the
electron along positive z. The net result is that the two
effects partially cancel when the electron crosses the laser
beam, and the overall deflection is much smaller than one
could envisage from the β ×B force only. This cancellation
effect has been noted in the 1990s and it is known to
severely limit the energy transfer along z in the τ > T

10 20 30 40 50
t

20

10

10

20

30

E MeV

FIG. 3. Black line: net energy gain ΔE in MeV versus ωt for a
100 MeVelectron injected into the focus of three 1 TW Gaussian
beams (λ ¼ 1 μm, w0 ¼ λ=3). The accelerating field ~Ex experi-
enced by the particle at the time ωt is also shown (dashed line).
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FIG. 2. Net energy gain ΔE in MeV versus w0 for a 100 MeV
electron injected into the focus of a 1 TW (black continuous
line) and 10 TW (dashed line) Gaussian beam (λ ¼ 1 μm).
The smallest value w0 ¼ λ=π corresponds to the limit of the
perturbative expansion of the fields (ϵ ¼ 1). The largest value
corresponds to w0 ¼ λ=2.
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FIG. 4. Position of the particle along kz (black continuous line;
kz ¼ 2π corresponds to z ¼ λ) and βz of the particle (short-
dashed line) as a function of ωt. Beam and laser parameters are
the same as for Fig. 3. The long-dashed and dotted lines show the
values of ~By=30 and ~Ez=30 experienced along the trajectory.
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regime [4,27]. If τ < T, however, the acceleration is due to
Ex and the cancellation above helps to stabilize the particles
in the transverse plane. It is also worth mentioning that the
energy gain and the deflection of the electron is correlated
with the relative position and angle between the injected
electron and the laser. Besides acceleration, this feature
might be exploited for ultrafast diagnostics of subcycle
laser pulses [28].
In an optical cell of N pulses, the final energy reached by

the particle and its trajectory in the transverse plane
depends on the initial position of the particle itself. If
particles are ultrarelativistic, they will always arrive in
phase with the next pulse, except for the slippage in kx due
to the fact that βz ≠ 0 and the trajectory is no more
rectilinear. The small distance among the pulses and the
cancellation effect of By and Ez in the transverse plane
make the phase slippage quite small and the transfer
function of the cell very regular. This is demonstrated
for P0 ¼ 1 TW, w0 ¼ λ=3 pulses and 100 MeVelectrons in
Figs. 5 and 6. Figure 5 shows the energy gain as a function
of N for particles injected at different Δ≡ kzðt ¼ 0Þ − kz0
(in the plot,Δ ranges between −π=3 and π=3). Note that the

maximum gain is observed for electrons that are injected
with a slight offset with respect to z0 (Δ≃ π=12). This is
due to the residual bending in the transverse plane
experienced by particle injected directly at the focus
(Δ ¼ 0, see Fig. 4). It is also visible in Fig. 6, where
the kz position of the particle after N electron-pulse
interactions is shown. The energy spread at N ¼ 10 is
13% and the maximum transverse distance is comparable to
the OðλÞ size of the pulse in the z direction. Particles that
are injected far from the focus will experience a negligible
acceleration and will flow unperturbed, while in-focus
electrons will experience acceleration (Fig. 5) and defocus-
ing (Fig. 6). The superposition of this nonaccelerated
electron halo with in-focus electrons is a source of non-
laminar flow. To reduce the halo, it is therefore important
that the injected beam has a transverse size comparable
with the laser beam spot w0. The finite contrast of the laser
pulses, i.e., the presence of pedestals along z, does not
affect significantly the behavior of the cell since pedestals
do not overlap spatially with the accelerated electron beam.
Similarly, deviation from Gaussianity of the pulse envelope
can affect the net energy gain per pulse ΔE through the
−e

R
τ
0 Exdt≃ −eτE0 integral. In this case, ΔE remains

sizable if the τ < λ=c condition is fulfilled.
The results of Figs. 4–6 are drawn assuming ideal phase

synchronization among the pulses and between pulses and
the incoming electrons. A systematic desynchronization of
the pulses with respect to the injected electrons (“walk”)
reduces the overall gain and shifts the transfer function of
Fig. 6. For instance, a 1 fs walk will reduce the energy gain
by about 25%. Random pulse-to-pulse phase variations that
preserve the τ < λ=c condition (e.g., a 1 fs “jitter” among
pulses) average out and will have no sizable effects in
the operation of the cell. In fact, synchronization and
carrier-envelope [29] phase control of femtosecond pulses
at the level that is requested for this application are needed
in other research fields too, and have been achieved by
attosecond pulse generators [30]. Such a level of stability
control in laser pulses, however, has never been demon-
strated for the particular configuration of the optical cell,
where sub-fs synchronization and the w0 < λ=2 condition
have to be fulfilled for all pulses confined within the cell.
Similarly, beam-laser synchronization techniques devel-
oped for free-electron-lasers (FEL) and external-injection
laser-wakefield acceleration [31] are aimed to a precision of
Oð10Þ fs. Those beams can be employed for a proof of
principle of this acceleration scheme but the level of
synchronization is still significantly larger than the half-
period scale (1.7 fs for λ ¼ 1 μm) needed for a fully
efficient exploitation of the optical cell. For the beam
parameters of [31], the ratio (R) between the energy
transferred to the particles through the cell and the total
laser pulse energy stored in the cell is R < 0.1. In this
regime the effects of laser depletion, distortion, and space
charge can be neglected, while the study of the high beam
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FIG. 6. kz position of the particles after crossing N laser pulses
for 100 MeV electrons injected along x at different positions in
the z axis.
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FIG. 5. Energy gain ΔE (in MeV) after crossing N laser pulses
for 100 MeV electrons injected along x at different positions in
the z axis.
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loading regime (R≃ 1) requires a full multiparticle sim-
ulation. Similarly, a multiparticle simulation of the whole
system of optical cells and refocusing units would be
needed to study the occurrence of beam breakup insta-
bilities. Still, the small size of the cell and the absence of
plasma sheaths make this scheme less sensitive to such
class of instabilities and to the resonant growth of head-tail
oscillations inside the optical cell.
Figure 6 shows that the cell defocuses the electrons in the

x-z plane. It is, thus, inconvenient to build optical cells with
N ≫ 10 before proceeding to particle refocusing because
peripheral particles will not experience large values of Ex at
the end of the cell. Note also that conventional refocusing
units have lengths of Oð1 mÞ. The minimum distance
between optical cells is thus much larger than the longi-
tudinal size of the cell. The overall energy gain of an optical
cell is independent of the initial energy of the electron as far
as the particle is ultrarelativistic but, as for standard lenses,
the cell causes chromatic aberration. For a 1 GeV initial
energy electron the N0 ¼ 10 cell accelerates particles up to
ΔE≃ 80 MeV but, in this case, the spread in the transverse
plane is ∼10 times smaller because the magnetic rigidity is
proportional to the particle momentum. At larger momenta
and ultrarelativistic particles (E≃ pc), it is thus appropri-
ate to employ cells with N ≃ N0 · pðMeVÞ=100.
Particles that are injected close to the y ¼ 0 axis at any

position in zwill remain in the x-z plane. On the other hand,
if they are significantly displaced in y (Δky ¼ �π=3 in
Fig. 7) they will experience the fields near pulse

boundaries. In general, these particles will oscillate around
the y ¼ 0 axis, but electrons that are also displaced in the
kz > 0 direction will be driven outside the cell acceptance.
This is shown in Fig. 7 where the ky position of the
particles is traced as a function of the number of crossed
laser pulses. Figure 7 refers to 100 MeV electrons injected
along x at different positions in the z axis with an offset
Δky in the y direction equal to π=3 (top plot) and to −π=3
(bottom plot).
In conclusion, even the simplest configuration of the

optical cell can be operated with ultrarelativistic particles in
order to increase the energy to an amount proportional toN.
The energy gain is sizable if the spot size is smaller than
λ=2 and scales as P1=2

0 . The optical cell can be operated
with N ≃ 10 for 100 MeV electrons and the optimum
number of pulses increases linearly with the initial momen-
tum of the particles. The acceptance of the optical cell, i.e.,
the region in the transverse plane where particles can
experience acceleration, is of the order of w0. From a
practical point of view, it represents the most notable
limitation of this scheme: stable and efficient acceleration
of particles requires injected beams of μm size for near-
infrared lasers and beam-laser synchronization at the sub-fs
level. As mentioned above, beam manipulation techniques
developed for FEL allow for a proof of principle of the
optical cell concept but high transport and acceleration
efficiency through optical cells remains a major techno-
logical challenge.
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