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Numerical methods for characterization of synchrotron radiation
based on the Wigner function method
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Numerical characterization of synchrotron radiation based on the Wigner function method is explored in
order to accurately evaluate the light source performance. A number of numerical methods to compute the
Wigner functions for typical synchrotron radiation sources such as bending magnets, undulators and
wigglers, are presented, which significantly improve the computation efficiency and reduce the total
computation time. As a practical example of the numerical characterization, optimization of betatron
functions to maximize the brilliance of undulator radiation is discussed.
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I. INTRODUCTION

Recent progress of accelerator theories and technologies
has made it possible to generate an electron beam whose
emittance is comparable to that of diffraction limited light
even in the angstrom x-ray region, both in the storage-
ring and energy-recovery-linac schemes. These novel
accelerator-based synchrotron radiation (SR) facilities are
expected to improve the spatial coherence of SR to an
unprecedented level and will be complementary to the
x-ray free electron lasers as pulsed x-ray sources. It should
be noted, however, that it is necessary to accurately evaluate
the characteristics of radiation in order to take full advan-
tage of the high source quality to be realized in such
advanced SR facilities.

In the framework of geometrical optics, light can be
described as a point particle (photon) having definite
coordinates and its motion can be fully characterized by
four coordinate variables under a paraxial approximation.
To be more specific, the photons move in the 4-dimensional
(4D) phase space spanned by r = (x,y) and 0 = (0,,6,),
namely, positions and angles in the horizontal and vertical
directions. Although the above description of photon
motion is convenient for a lot of applications, it is not
allowed in wave optics in which diffraction plays an
important role for propagation of light and the two
coordinates x and 6, cannot be defined simultaneously.
Even so, we define the photon density d(r,@) in the 4D
phase space (hereinafter, phase-space density) for a number
of practical reasons as follows.

First, its distribution function is required to carry out the
ray-trace simulation based on the geometrical optics, which
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is widely used to design the optical components in the SR
beam line. Second, its maximum value, which is usually
referred to as brilliance or brightness, gives us good
information on how many coherent photons are available
and can be brought to the sample.

A number of computer codes have already been
developed for numerical characterization of SR, in which
the photon distribution is given either as a far-field
pattern or as a near-field pattern. The former refers to the
photon flux per unit solid angle, f,(@), which is obtained
by integrating d(r,0) over r. The latter refers to the
photon flux per unit area, f(r), which is obtained by
integrating d(r,@) over 0. Note that analytical formulas
of the two functions f, and f, are explicitly derived
from classical electrodynamics and numerical computa-
tions of them are rather straightforward. This is not the
case for the function d(r, @), whose mathematical expres-
sion cannot be derived only within the framework of
classical electrodynamics. As a result, a Gaussian
approximation is usually made, in which d(r,0) is
approximated by a 4D Gaussian function whose standard
deviations are defined by the functions f, and f,. It
should be noted, however, that the Gaussian approxima-
tion in the characterization of SR is not actually proven
to be validated in all cases, i.e., the accuracy and
reliability of this method are not clear.

In order to overcome the above difficulty, characteriza-
tion of SR based on the cross-spectral density has been
performed by several authors, especially focused on the
transverse coherence properties of undulator radiation
(UR). In [1], a rigorous expression for the cross-spectral
density, with the electron beam distribution taken into
account, has been derived together with its asymptotic
form, and the coherence properties have been investigated
in a comprehensive way. In [2], a phenomenological
approach, which is based on an assumption that radiation
is generated by a Gaussian Schell-model source, has been
successfully introduced.
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Another way of accurately characterizing SR is based on
the so-called Wigner function [3], which is directly related
to d(r,#) and has been introduced by several authors [4-9].
In these papers, analytical and numerical methods have
been discussed to calculate the phase-space density of UR
emitted from a single electron, which makes clear the
difference between the exact and Gauss-approximated
profiles of d(r,@). It should be noted, however, that the
effects due to the finite emittance and energy spread of the
electron beam have not been taken into account except for a
few examples. The reason for this will most probably be the
fact that numerical computation of d(r,#) under such a
“practical” condition results in an eightfold integration and
thus requires a huge amount of computation time. Recently,
analytical methods to reduce the numerical cost have been
presented in [10], which takes advantage of the fact that the
dimension of the Wigner function can be reduced from 4 to
3 under the rotational symmetry. This method has been
applied to the round electron beam which will be available
in an energy-recovery linac or an ultimated storage ring
with full coupling. Note, however, that this technique
cannot be applied to more common SR sources in which
the radial symmetry is not available.

In this paper, numerical methods to compute the phase-
space density of SR are explored in more detail for the
purpose of reducing the total number of numerical oper-
ations and completing the computation within a reasonable
time even under the practical conditions. One numerical
example is also discussed in order to show the potential and
practical applications of the numerical characterization of
SR based on the Wigner function method. Note that the
bending magnet radiation (BMR) and wiggler radiation
(WR), in addition to UR, are also within the scope of this
paper, whose Wigner functions have not been seriously
considered in the previous papers.

II. GENERAL FORMULATION OF THE
PHASE-SPACE PHOTON DENSITY

Let us first describe the general method to formulate the
phase-space photon density based on the Wigner function
method. In the following discussions, let z be the main axis
of the electron beam and thus the optical axis of SR, x and y
be the horizontal and vertical axes perpendicular to z, and
the coordinate origin be the center of the SR source.

A. Wigner function of SR emitted by a single electron

We start with the well-known formula that denotes the
frequency-domain electric field of SR emitted from a single
electron at the frequency of @, which is given as [11]

E,(r) _%;’C / ﬁ [ﬂ(z) - (1 +#C(Z))n(z)] eir(d)
(1)

with

R(z)=r-r.(z), n(z) =R(2)/R(2),

and

1 [z 2 —p.(2)]?

7(z) = 2—0{7/—2—#/ pi(2)dz —i—L Zp—(z)} }
where e denotes the electron charge, ¢ the speed of light, ¢,
the vacuum permittivity, r = (X, Y, Z) means the vector
directing from the origin to the observation point, and y is
the Lorentz factor of the electron moving along a trajectory
specified by r,(z) with the relative velocity of #(z). The 2D
vectors p, p., and #, denote the transverse components of
the 3D vectors r, r, and f, respectively. Note that the
integration range depends on the type of the SR source.

The photon density in the 4D phase space at the
longitudinal position z = Z is given by the Wigner function
defined as

/ /
W(p,0,Z) < /Ejj, (p +%,Z> E, (p —%,Z) k07 gy
(2)

where k = w/c denotes the wave number of radiation, p =
(X, Y) the transverse position already defined, 8 = (6,,6,)
the angle with respect to the optical axis, and E,, refers to
either of the two field components corresponding to
horizontal and vertical polarization states. The coefficient
of the Wigner function should be determined so that its
integration over p and € gives the total photon flux of the
relevant polarization state. For details of the properties of
Wigner function, refer to [5] and [9].

Now we find from Eqgs. (1) and (2) that the Wigner
function is given as a threefold integral. In order to take into
account the effects due to the finite emittance and energy
spread of the electron beam, we need to convolute the
Wigner function W with the 5D distribution function,
which means that we need to carry out an eightfold integral
to compute the phase-space density under a practical
condition. Also note that the phase-space density at the
source point z = 0 is usually desired for characterization of
radiation, which requires another numerical operation. To
be more specific, the complex amplitude E,(p,Z) is
computed at a certain longitudinal position z = Z at least
behind the exit of the SR source, and then is back
propagated to the source point z =0 by means of the
Fresnel-Kirchhoff’s diffraction integral [12].

The complicated numerical process explained above to
compute the Wigner function at the source point is
significantly simplified by introducing an angular repre-
sentation of the complex amplitude, which has been
originally pointed out by Kim [6] and is repeated here
in more detail.
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Let us first introduce the spatial Fourier transform of
E,(p,Z) defined as

1 .
80.2) =5 [ Elp.2)e . (3)

where A = 27/ k denotes the wavelength of radiation. Then
it is easy to show that the Wigner function defined by
Eq. (2) can be redefined using &, as follows

W(p,0,Z) / & (0 + % , Z) &, (0 - % , Z> e 0 g .
(4)

Although both Egs. (2) and (4) are available to compute the
Wigner function, the latter is much more preferable
especially for the computation at the source point as
explained in what follows.
The inverse transform of &£, gives

E,(p,Z) = / E,(0,7)e™*07 a0
:eikpz/zz/gw(a O)C—ikZ(H—p/Z)z/Zda’ (5)

where we have applied the diffraction theory given as

£,0.2) =E,(0,0)e k202,
which is valid under the paraxial approximation [13]. Note
that the fast oscillating factor e’*# has been omitted in the
above equations because it is not important in the following
discussions.

Using the relation

lim e~ = g~in/4 \/Eé(t),
Z—0 Z

Eq. (5) can be rewritten as

£,0.0) = %Zli_goloZEw(p =07, 2)e )2, (©6)

which means that the angular representation of the complex
amplitude is given by the field pattern observed at the
position infinitely far from the source point. After sub-
stituting p = 6Z into Eq. (1) and taking the limit Z — oo,
we have the following relations

R(z) » ) — 0,

/{ () 0Py + 122

As a result, Eq. (6) is simplified to

£,(0.0) = 280(:12 / [Bey(2) =0, Je@dz,  (7)

with

o(2) = f / 4 2B - P}z

where either of the two subscripts x and y should be chosen
according to the relevant polarization state. The above
equation to compute £,(@,0) is much simpler than Eq. (1)
to compute E,. Furthermore, it is more convenient in the
point that one can take advantage of numerical techniques
that are familiar to the formulation of SR, such as an
expansion by Bessel functions, and an application of the
periodic condition of undulator magnetic fields, to be
discussed later. Also note that no special numerical
operation is required to compute £, at the source point.
This is not the case for E,, which cannot be directly
computed at the source point.

B. Normalization

Now let us introduce several normalizations to make
easier the further discussions. In the case of typical SR
sources as discussed later, it is convenient to normalize the
coordinate variables p and @ as follows

0= (u.v)

where y and )’ are the angular and positional normalization
factors to be defined according to the type of the SR source,
and U (u) and V (v) are the normalized positions (angles) in
the horizontal and vertical directions, respectively. Using
these normalized coordinates, we define the normalized
Wigner function as

p=U.V)=p/y. =0/y. (8)

W(p.0) / WO,8)e ¥ 4d), (9)

where WV is a bilinear function given by

being the normalized complex amplitude at the source
point. Note that the normalization factors should have the
relation
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=5, (11)

so that the definition of W is consistent with the definition
of Wigner function.

In order to define the relation between the phase-space
density d and the normalized Wigner function W, let us
consider the total photon flux, i.e., the number of photons in
a unit bandwidth

dw /w // d(p.0)dpde,

which is also calculated by

dN 7806/12 5
dojo  ah /'5(‘” a0

p /2/ W(p.0)dpde,

where 7 is the reduced Planck’s constant and « the fine
structure constant. Comparing the two formulas above, we
finally have

ay® .

C. Convolution with the electron
beam distribution function

The discussions so far have been limited to the special
case of SR emitted from a single electron. In the case of the
practical electron beam, we have to take into account the
effects due to the finite emittance and energy spread. To be
more specific, the normalized Wigner function is given by

p.0) = // W,p—p.0-0.n)p(p'.0 n)dp'dd an,
(13)

where 17 = (y —70)/yo denotes the normalized energy
deviation from the average y,, W, the normalized
Wigner function for a single electron defined in Eq. (9)
with the argument 7 being explicitly included, and p the
distribution function of the electron beam represented in the
(ﬁ,é, 1) phase space. In derivation of Eq. (13), we have
made an assumption that the magnetic field of the SR
source does not depend on the transverse position. As a
result, effects due to the positional and angular offsets of
each electron are taken 1nt0 account by the convolution
integral with respect to p’ and @' [6]. Other special cases
when this is not vahdated such as SR sources with focusing
magnets, including the natural focusing of insertion
devices, are out of the scope of this paper.

Now let us assume that the distribution function p can be
decoupled to Gaussian functions, i.e.,

p(U.V.u,v.n) = f(U.u)g(V.v)h(n),  (14)
with
F(U, W) = Zwlyauex [-%-%] (15)
V-0) = g e |- ]
B (—2’77) (16)

which is usually the case for the electron beam in SR
facilities. In the above formulas, we have introduced
several parameters to specify the electron beam quality.
The meaning of o, is straightforward. As for the other
parameters in Egs. (15) and (16), refer to the Appendix
about how they are related with the typical beam param-
eters such as the emittance, Twiss parameters, and
dispersion functions.

Let us now turn to the convolution integral. In the (U, u)
plane, we have

/ W (U=U'" u—u)f(U,u)dU du

:/e‘i”//Udu”/e"”'/U/dU’/W(u—u’,u")f(U',u’)du’
1 L/ O-%]ullz "
= exp | —iu"U — du
\/27mu/ ( 2

12
u
!/ " * A 1,0 /
X /W(u —u',u")exp (—tauu u" — 202>du ,
u

where we have omitted several arguments that are not
relevant. Note that the integration over U’ is reduced to a
simple Fourier transform of a Gaussian function by sub-
stituting Eq. (15), and has been carried out analytically. The
convolution in the (V,v) plane can be done in the same
manner. The normalized Wigner function for the practical
electron beam is thus given by

= 1 / exp _iéﬁ ﬁ — w dé//
2n06,0, 2

u/2 1}'2 N

oA TN /

x [ exp | —id,u'u" —ia,v'v" — — — —— | df
20, 20

« / hn)W(@ 8.8, n)dn. (17)

A

W(p.,0)

The integration over # in Eq. (17) means the convolution
with the energy distribution function of the electron beam
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to take into account the effects due to the energy spread. It
is easy to understand that this integration can be omitted for
BMR and WR, because the complex amplitudes of them
are not sensitive to the electron energy y, as explained later.
This is not the case for UR whose spectrum has a sharp
peak depending on y, and thus the numerical cost to
evaluate W can be much higher than those of BMR and
WR, when the energy spread is not negligible. This
problem is discussed later in more detail, together with a
countermeasure against it.

III. SPECIFIC FORMULAS FOR
TYPICAL SR SOURCES

Equation (17) is the universal formula to compute
the phase-space density of SR from the practical
|

with

A Koy (1 g PO
22 3 )

being the phase of radiation.

It is well known that the integration can be done analyti-
cally and be given by the modified Bessel functions [14]. We
introduce the angular normalization factor defined as

with

3w\ /3
€= 4w, ’
being the normalized photon energy, where @, denotes the
critical frequency of BMR. Then we have

£6) = ﬁe(e +v)K2/3E(€2+y2)3/2}eiA’ (19)

with

2
A:eu<€2+vz+%>.

Note that the positional normalization factor is defined as

electron beam. Now let us actually apply this formula
to three typical SR sources: BMs, undulators, and
wigglers.

A. Bending magnets

The relative velocity of an electron passing through the
uniform field generated by a BM is given as

Z
ﬂx(z) - R_b ’
where R, denotes the bending radius. Substituting into
Eq. (10), we have the normalized complex amplitude of
BMR for the horizontally polarized component as
follows

ik [z r7"\ 2
—0 K ey (0, -T2 az ba
w0 o | [rer e (o) Lo

0)Z +@} }dz. (18)

3R},

R,
X = 262 2>

to satisfy the relation (11). In the same manner, we have
£(0) ———ev\/e +v K1/3[ €2+ )3/2]eiA, (20)

for the vertically polarized component. Using Egs. (9), (19),
and (20), the normalized Wigner function W can be computed
for BMR emitted by a single electron.

Figure 1(a) shows the distribution of W at the critical
frequency (w = w,.) plotted in the horizontal phase space
(U, u), where the vertical coordinates have been assumed
to be 0 (V = v = 0). We find a profile composed of many
layers, each of which has a parabolic shape. It should be
noted, however, that this multilayer structure easily dis-
appears under a practical condition as shown in Fig. 1(b), in
which W has been computed under the same condition as in
Fig. 1(a) except that oy, =1 has been assumed. This
corresponds to the horizontal beam size of 0.12 um, if
we assume the electron energy of 6 GeV and bending radius
of 30 m, which is much smaller than typical values in
practical accelerators for SR sources. We find that with
such a small but finite beam size, all the layers but the main
one have disappeared.

The parabolic shape of W in the horizontal phase space
can be qualitatively explained by the geometrical optics
using Fig. 2, in which an electron moving along a circular
orbit with a radius of R, is schematically illustrated. Let us
assume that a photon is emitted toward the tangential
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Normalized Angle (u)

-12-10 -8 6 4 2 0-12-10 -8 -6 4 -2 0
Normalized Position (U) Normalized Position (U)

Normalized Angle (v)

-4 2 0 2 4
Normalized Position (V)

FIG. 1. Normalized Wigner function of BMR emitted by a
single electron calculated on the (U,u) plane sliced at
(V,v) = (0,0). (b) Same as (a), but 6;; = 1 has been assumed
to investigate the effects due to the finite electron beam size in the
horizontal direction. The dashed line shows the graphical plot of
U = —u? (refer to the text). (c) Same as (a), but on the (V, v)
plane sliced at (U, u) = (—1.6,0).

direction, when the electron passes through the point A.
Then it is easy to show that the horizontal coordinate X of
the photon at the longitudinal origin (z = 0) is given by
X = —R,02/2. Using the normalization factors y and y/,
this reduces to a relation U = —u”. Thus the photon
distribution in the horizontal phase space is dominated

FIG. 2. Schematic illustration of emission of radiation from an
electron (red circle) moving along the circular orbit indicated by
the solid black line. The coordinate X denotes the horizontal
position of a photon (yellow circle) at the longitudinal origin,
which is emitted from the electron when it passes the point A.

by this function, which is actually shown by the dashed line
in Fig. 1(b).

Figure 1(c) shows the distribution of W as in Fig. 1(a),
but in the vertical phase space (V, v), where the horizontal
coordinates have been assumed to be (U, u) = (—1.6,0) as
indicated by the black “x” in (a). Compared to Fig. 1(a)
or (b), the profile looks more similar to that of the
Gaussian beam.

B. Undulators

The electron trajectory in an undulator is characterized
by the periodic condition given as

Bz +4) = B(2),

where 4, is the undulator period. Assuming the number of
periods to be N, the normalized complex amplitude of UR
is given as

N 1 NT/2 .
g / f(T)eldeT,
w* w2

with

dz
(YPry —7 “)d

fle) =
being a periodic function of 7z with the period of 7. Note
that the integration variable in Eq. (10) has been changed
from z to 7. It is well known that the period 7 depends on y
and 6, and is given by
(1+7%0> + K3/2+ K3/2)A,
2y%c

T(y,0) =

where K, and K are the horizontal and vertical deflection
parameters of the undulator, respectively. The frequency
defined by w,(y,0) =2x/T(y,0) is referred to as the
fundamental frequency of UR, at which the spectrum
has a sharp peak.

Expanding the periodic function f(z) into a Fourier
series, we have

. NT/2
g / (Z e—li’la)ﬂ.’) la)‘l'd,[

NT/2

(1)

where f, denotes the Fourier coefficient. Then the inte-
gration in Eq. (21) can be done analytically and & is
represented as a summation of harmonics, i.e.,

with
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f Tf" ! " inw;t
fn = 7 = l_A (yﬁx,y - }/Qx,y)e 1 (Z)dz’
and
S, = sinc (ﬂnN M) ’ (22)
nw;i

where we have introduced the so-called sinc function
defined as

sinc(x) = sin(x)/x.

Note that f, denotes the complex amplitude of radiation
generated within a single period at the nth harmonic photon
energy, while §,, denotes its enhancement by coherent sum
of radiation over N periods.

For further discussions, let us introduce the reference
electron energy y,, which usually refers to the average
energy of the electron beam. Then wy = 27/T(y,0) and
Ao =2mc/w, denote the corresponding fundamental
frequency and wavelength observed on axis, respectively.
We then define the angular normalization factor ' = 206,,,/,
where o, is the angular divergence of UR at the nth
harmonic defined by

[ 4o
0,/ — —
n 2nlL’

where L denotes the undulator length. This equation has
been derived by a Gaussian approximation of |€]?, i.e., the
angular profile of UR [6]. It should be noted that the above
approximation is correct only at nwg, the nth harmonic
photon energy, and the angular divergence at other detuned
energies cannot be clearly defined.

It is easy to show that the positional normalization factor
is given by y = o,,, where ¢, denotes the source size of
UR defined by

A

== 9
4rne,,.

Gnr

which is derived by assuming that UR emitted by a single
electron is diffraction limited.
Equation (22) now reduces to

S,(0.n) = sinc {n92 (1 + ni\’) + 7T€:| , (23)

with

. nN(w_zn), (24)
I’la)o

which denotes the deviation of the electron and photon
energies from the reference values y, and Aw.

2

(@)

1

1
N

Normalized Angle (u)
- ob

4 2 0 2 4-4 2 0 2 4
Normalized Position (U)

FIG. 3. Normalized Wigner function of UR emitted by a single
electron plotted on the (U, u) plane sliced at (V, v) = (0,0) for
three different energy deviations: (a) ¢ =0, (b) e = —1, and
(c) € = —2. The 2D Gaussian profile with the standard deviation
of oy =1 and ¢, = 1/2 is plotted in (d) for reference.

Figures 3(a)—(c) show the Wigner functions of the
fundamental UR plotted in the (U,u) plane, for three
different values of energy deviation: (a) ¢ = 0, (b) € = —1,
and (c) € = —2. Note that the vertical coordinates have been
assumed to be 0 (V=wv=0) and individual Wigner
functions are normalized by the maximum values. It is
found that the distribution shrinks more for smaller values
of e.

From the above discussions, together with the definition
of € (24), it is easy to understand that we cannot omit the
integration over x in Eq. (17), which increases the total
number of numerical operations by at least one order of
magnitude. Its numerical cost, however, can be made
nearly negligible by means of a numerical technique
explained below.

The complex amplitude of the nth harmonic is given as a
product of two functions f, and S, except the constants. It
is easy to understand that the latter changes rapidly as y
especially around y,, while the former is a slowly varying
function of y. It is thus reasonable to factor f, out of the
integral. To be more specific, we have

/ WO — .8 n)dn / h(1) S, By 1) S (B n)dn
= Pn(él ) éZ)?

with

A

R R 0//
—60-60 +—
0,,=0-0 7
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where the function P, can be computed easily once the
parameters such as n, N, and o, are given. In order to
reduce the numerical cost, we create the tabulated data of
P, in advance of starting the numerical computation of
Eq. (17), which can be used to interpolate at arbitrary
arguments of @, ,. The interval and range of the tabulated
data should be decided so that the interpolation of P, is
accurate enough, but its numerical cost and required
memory size are not too large. In practice, our experiences
show that the numerical cost of creating the tabulated data
with enough data points is much less than that of other
numerical operations.

It is interesting to compare the results shown in
Figs. 3(a)—(c) with the conventional results based on the
Gaussian approximation as shown in Fig. 3(d), where a 2D
Gaussian function is plotted, with the standard deviations
of 1 and 1/2 in the U and u directions, respectively. This
corresponds to the Gaussian beam having the source size of
o1, and angular divergence of o,,.. The difference between
the two distribution functions based on the Wigner function
and the Gaussian approximation leads to the difference in
the optimum betatron function to be discussed later.

C. Wigglers

Wigglers are equivalent to undulators in terms of the
magnetic circuit. Namely, both devices generate a periodic
magnetic field to enhance the radiation intensity. The
properties of WR, however, differs significantly from those
of UR, because the radiation is incoherently summed up
over the whole periods. The calculation of the Wigner
function should be done accordingly.

If we assume that the wiggler is composed of many small
BMs with the alternating polarity, it is reasonable to
calculate the Wigner function of WR by summing up all
the local Wigner functions that correspond to individual
half periods (magnetic poles), the procedure of which is
explained in the following sections. Note that each small
BM should have a field gradient along the longitudinal
axis, which corresponds to the sinusoidal field distribution
of the wiggler.

1. Complex amplitude of radiation generated
in the central magnetic pole

The electron trajectory in a wiggler is given as

B(z) = gsin kyz.py(z) =0, (25)

where 1, = 2x/k, denotes the wiggler period and K
denotes the deflection parameter. Note that the polarity
of the magnet pole positioned at the center of the wiggler is
the same as that of the BM discussed in Sec. III A, which is
defined to be positive. The normalized complex amplitude
of radiation for the horizontally polarized component,
which is generated in this magnetic pole, is given as

A A 1 )'ll/4 .
&y (0) == / (K sink,z — y0,)e@dz,  (26)
y A‘ _111/4

with
1
7(z) = 2—2/Z[1 + 72605 + (K sink,z' — y0,)?]dz .
als

The integration in Eq. (26) can be done semianalytically
by means of an approximate method following the formu-
lation of BMR as explained below.

First we change the integration variable from z to
7 =2z —¢y/k,, where ¢, is an angle to satisfy the two
conditions: |¢y| < 7/2 and sin ¢y = y6,/K. Obviously, ¢,
cannot be defined when |6,| > K/y, in which case & is
defined to be zero. Otherwise, Eq. (26) reduces to

with

and

" 2%,

3
+y9x(§\/K2—y29§—2>].

Because a small portion of the electron trajectory around
the longitudinal position z = ¢y /k, = z contributes to the
formation of radiation observed at the horizontal angle 6, the
integration in the above equation converges within a narrow
range |k,z| ~ 0. Thus the function ¢ can be replaced as

[(1 +7°0° + K*/2) o

4(2) = ko cos k2o

with which Eq. (27) reduces to

Al A | Z
5+ 0) = — elA/
0 ( ) 7/)“ Rb(ax)

ik
X exp {2—7/2 [(1+7%63)z +

v’z

3R;,(6x)

3

]}dz, (28)

with

- Y
k,K\/1=(r0,/K)*

Rb (Hx)

being the bending radius at the longitudinal position z = z;.
We now find that Eq. (28) is similar to (18) and thus the
integration can be done analytically.
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As in the case of BMR, we introduce the normalization
factors as follows

3\ /3 , 1
€ = s = —,
4w, X ey

3ny’cK
W =—"—,
u

with

being the critical frequency corresponding to the maximum
wiggler field. The positional normalization factor y can be
modified as

K 1 X

= vk, 262K? = 22K

where x, denotes the amplitude of the electron trajectory.
Using the normalized angular coordinate, £ is given as

2+ 0¥ 7
2/3 =€
3v/1 = (u/ekK)

2i  e(e* +1?)

£0(0)= V371 = (u/eK)?

(29)

with

2K? u
A= 2, 24,2, °€ P
€K[<€ +u” + v+ ) sin .

—|—u(§ 62K2—u2—2>].

In the same manner, we have

o V) 2,232 7
E5 () = — 2 evver+w K1/3[ 2(e* 4+ v%) ]e’A,
V3z\/1—(u/eK)? 31— (u/eK)?

for the vertically polarized component. A
In order to check the validity of the above method, &
has been computed with the semianalytical formula (29)
and compared with the more accurate numerical results
based on Eq. (26), which is shown in Fig. 4. The absolute
value and argument of é’f{ computed with (29) are plotted as
a function of u, together with the deviations from the
rigorous results with (26). Note that K = 10, » = 0, and
® = w, have been assumed. We find that the deviations are
negligible nearly in the whole range of interest, except
around the angle indicated by the dotted line, which
corresponds to |6,| = K/y. This angle is usually much
larger than y~!, because the deflection parameter of any
wiggler is much larger than unity. Thus the application of
semianalytical formula (29) is validated as long as we are

o4 T T T T T T T T
(a) 1
(0]
=
©
>
Qo
>
g3
2 9
2 <
€
<
E) i Deviation i
g— 0.0 | ‘": | ; | ; [
5 300 _I : I I I : I_
O L () /
kS 200 | .
N o
g 5100 - :Deviation _
s & ' (x100)
Z = ol i, .
c i
OE) P
S -100 - | i
e‘) L
< _200 | -
-300 - -
[ ] \ ] \ ] L

-10 -5 0 5 10
Normalized Angle (u)

FIG. 4. Complex amplitude 3‘0 as a function of the horizontal
angle u in terms of (a) absolute value and (b) argument. The black
solid line shows the semianalytical results using Eq. (29), while
the red dashed lines show deviations from the more accurate
numerical results using Eq. (26).

not interested in characterization of radiation in such a large
angle region.

The above discussions for the positive pole can be
extended to calculate the complex amplitude & of radi-
ation generated in the negative pole positioned at the
wiggler center. By reversing the sign of f, in Eq. (29),
it is easy to show

£5(0) = ~&5(0).

2. Summation of local Wigner functions

The complex amplitude £Z (@) derived in the previous
section can be used to compute the local Wigner function at
the central magnetic pole. Next we extend this procedure to
other magnetic poles positioned away from the origin, and
sum up all the local Wigner functions over the whole
periods.

Assuming that the wiggler magnet starts with the
positive pole, the longitudinal positions of the mth positive
and negative poles are given as

N+1 1

+ _ - 4 = +
Tm <m D) 4>/1u l/m)“uv
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where the superscript 4+ stands for the polarity of the

magnetic pole. The complex amplitude of radiation, which

is generated at the mth positive pole and is propagated to the

wiggler origin, is obtained by multiplying & by the phase

factor describing the diffraction effect. Namely, we have
Eh = & exp(ikz,0%/2) = & exp(2xiv),eK0?),

with which the local Wigner function is calculated as
Wi(p.0) = / W(0.0') exp(—4nivi,eKO -0 )e= 074,

with

s a0\ a (s O
WHO.0)=E5 0+ )E510—= ).
2 2
Summing up all the periods, the normalized Wigner function
for the positive pole is given as
A ~ N A A
W*(p.0) =Y W,.(p.0)
m=1
= / W*(0,0') exp(—rieK@ - @)
in(27eKNQ-0') . .
x M e b (30)
sin(2zeK@ - 6)
In the same manner, we have
W (p.0) = /VV+ (0.-0") exp(niek@ - @)
8 sin(27eKNO - 9')
sin(27¢K@ - 0')
=W (-p.0), (31)

e~ 09 qfy

for the negative pole. The normalized Wigner function of
WR is now obtained by adding the two functions W* and
W~. But before that, we need to recall the fact that the
electron is shifted horizontally by a distance of x,, alternately
when it passes through the individual poles. This means that
W+ and W~ should be translated along the U axis by the
distance of x,/y = 2e*K?, but toward the opposite direction.
Then we finally have the normalized Wigner function of WR
as follows

W(U,V,u,v) = WH(U +262K%,V, u,v)
+ WH(=U 4 2e*K2, V., u, v).

Figure 5(a) shows the distribution of W at the critical
frequency (v = w,) plotted in the horizontal phase space
(U,u), where K =10, N =15, and (V,v) = (0,0) have

-
00 01 02 03 04 05 06 07 08 09 1.0

Normalized Angle (u)

-2000 -1000 0 1000

Normalized Position (U)

2000

Normalized Angle (v)

-100 -50 0 50 100
Normalized Position (V)

FIG. 5. Normalized Wigner function of WR plotted on (a) the
(U, u) plane sliced at (V,v) = (0,0) and (b) (V, v) plane sliced
at (U, u) = (=x4/7,0).

been assumed. We find 10 separate linear ridges, each of
which corresponds to the magnetic pole distributed along
the longitudinal axis. For example, the linear ridge indi-
cated by v comes from the initial (1st) negative pole, while
that by vd from the final (5th) positive pole. We also find
that the ridges coming from the negative poles intersect at
the coordinates (U, u) = (+x,/y,0), while those from the
positive poles intersect at (U, u) = (—x,/y,0). Obviously,
this is attributed to the horizontal shift of the electron
trajectory, x,, described above. As a result, we have two
source points in the horizontal direction in the case of WR,
which has been already pointed out by several authors [4].

Figure 5(b) shows the distribution of W under the same
condition as (a), but plotted in the vertical phase space (V, v),
where (U, u) = (—x,/y,0) has been assumed. The number
of linear ridges is half of those found in (a), because the
contribution from the negative pole is negligible in this case.

Note that we have assumed o;; = 18 and oy = 1.8 in the
above discussions. This is to make the graphical plot more
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visible even in the wide range of interest, by means of
broadening the individual ridges and eliminating the multi-
layer structure as discussed in Fig. 1(a).

IV. CORRELATION COEFFICIENT
OF THE WIGNER FUNCTION

The phase-space density discussed so far, which is
defined by the Wigner function W, is given as a function
of the 4 coordinate variables: U, V, u, and w». For
applications that require the distribution of the phase-space
density, such as the ray-tracing simulation to design optical
elements, W(U ,V,u,v) is given as tabulated data com-
puted at the 4D grid points, which may be probably stored
in an external file. It is then imported to another code and is
utilized to reproduce the distribution. Obviously, this
process requires a lot of numerical cost. Assuming that
we need N, points in one direction to accurately reproduce
the distribution of W, the total number of grid points, and
thus the number of data points to be computed and stored in
the external file, reaches N?,. If W can be decoupled to two
functions representing the distributions in the horizontal
and vertical phase spaces as in the case of p, i.e., the
distribution function of the electron beam given in Eq. (14),
the total data count reduces to 2Nf,.

Let us introduce a distribution function W, defined as

. W (U, u)W,(V,
WUV, 0) = ot ”L (V.v).

with
Wh(U, u):/ W(U, V,u,v)dVdv,
W,,(V, v):/ W(U, V,u,v)dUdu,

being the Wigner functions projected on the horizontal and
vertical phase spaces, and

:/// W(U,V,u,v)dUdVdudU,

being the normalized total photon flux. Note that integra-
tion of W, over the 4D phase space equals that of W, i.e., F.
Integrating Eq. (17) over V and v, it is easy to show that

2 .12
m/exp <—lu y -2 >du”
GM
x/exp( >
x/2*<u—u —|—— ) <u—u—— v)dv

Wh(U, M) =

and a similar expression for W,(V,v). Note that the
integration over 7 has been omitted in the above equation
for simplicity.

In order to examine if one can decouple the Wigner
function and substitute W, for W, let us introduce a
parameter k defined as follows

where (f) denotes the mean value of the function f
averaged over the range of interest in the phase space.
This parameter, which can be regarded as the cross
correlation coefficient in signal processing and statistics,
ranges from —1 to 1 and gives us the information of how the
two functions W, and W are similar to each other. To be
more specific, W can be well approximated by W, if « is
close to 1.

1.0 -
09 - _
0.8 - 4
0.7 - —

0.6 -

Correlation Coefficient «

0.5 (@)
| s | s | s | s | s |
20 15 10 -05 00 05
Energy Deviation ¢

10F  _ —

0.9 F BMR o -

08 [ e=-1 .
07 | -

06 | -

05 (b) _

Correlation Coefficient «

10° 107 10" 10° 10’ 10?
Reduced Emittance

FIG. 6. Correlation coefficient k of the Wigner function in the
case of UR, which is plotted as a function of (a) the energy
deviation and (b) emittance of the electron beam for three
different values of energy deviation. The red line in (b) shows
that for BMR computed at the critical frequency.
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Figure 6 (a) shows the correlation coefficient x for
UR emitted from a single electron, which has been
computed as a function of the energy deviation param-
eter €. At the fundamental photon energy (e = 0), « is
relatively high (~0.96), while it rapidly drops for lower
photon energies, meaning that approximation by W, is
less accurate.

It should be noted that the above discussion should be
more or less modified when we take into account the effects
due to the finite emittance of the electron beam, whose
distribution function is supposed to be decoupled. In order
to investigate such an effect, the correlation coefficients at
e = 0, —1, and —2 have been computed as a function of the
electron emittance. For simplicity, we set up the related
parameters as follows: a,, =0, oyy/0,, =10, and
€,/&, = 0.1, where &, , is defined as

Eh,v = ZGU,VUM,U’

which denotes the electron beam emittance normalized by
the emittance of diffraction-limited light (1/4x), and is
referred to as the reduced emittance. The results of
computation are shown in Fig. 6(b) as solid, dashed, and
dotted black lines. We find that x rapidly approaches one
when &, becomes larger than unity. This result also applies
to BMR, as indicated by the red line in the same figure.
Note that the above discussion is valid only for the
conditions under consideration and may not be universal.
Even so, we may conclude that if the electron beam
emittance is relatively larger than the optical emittance
at the target wavelength, the Wigner function can be
decoupled and W, can be utilized instead of W.

V. EXAMPLE: OPTIMIZING THE
BETATRON FUNCTIONS

As a practical application of the numerical method
described so far, let us consider the process to optimize
the betatron functions and maximize the brilliance of UR.
Table I summarizes the electron and undulator parameters

TABLE I. Electron beam and undulator parameters used in the
computation to optimize the betatron functions.

Parameter Value
Electron beam

Energy 6 GeV
Natural emittance 1071 m - rad
Coupling constant 0.1
Energy spread 1073
Betatron functions I m
Undulator

Period 20 mm

K value 1.19
Length 4 m
Fundamental energy 10 keV

assumed in the computation, which are typical design
values in SR facilities currently under planning.

Before discussions on the result of optimization based on
the Wigner function method, let us first recall the traditional
method of optimization based on the Gaussian approxi-
mation. It is well known that the betatron function of the
electron beam is optimized when it equals that of
the photon beam emitted from a single electron. This gives
the optimum betatron function 3, ; based on the Gaussian
approximation, which is defined as

O-nr

/)7 opt,G — a - Z

For example, we have f,, = 0.64 m when the undulator
is 4 m long. Note that this discussion is validated only at the
nth harmonic photon energies because the angular diver-
gence and source size of UR are not clearly defined at other
energies, as already mentioned in Sec. III B. To be more
specific, By ¢ at these detuned photon energies cannot be
defined by the traditional method.

Now let us turn to the optimization based on the
Wigner function method. Because the electron emittance
is about one order of magnitude larger than the optical
emittance, it is reasonable to decouple the Wigner
function as discussed in Sec. IV and thus we look for
the betatron functions that maximize the projected
Wigner functions Wh.,}.

Figures 7(a) and (b) show the on-axis Wigner function,
W), ,(0,0), computed at the fundamental photon energy
(hwy = 10 keV) as a function of f,,. The dashed lines
indicate f,, = 0.64 m, being the optimum condition
determined by the Gaussian approximation. We find that
the actual optimum value is slightly shifted to larger
value (B, ~ 1 m).

In the above optimization, the photon energy has been
fixed at the fundamental energy of UR in order to compare
with the traditional method. In practice, we can tune the
photon energy to maximize the brilliance as well as the
betatron functions. Figures 7(c) and (d) show the contour
plot of VAV;,,L,(O, 0) as a function of §, , and hw, where we
find that it is maximized when the photon energy is slightly
detuned to lower energy (Aw ~ 9.97 keV). This is consis-
tent with the fact that the total photon flux of UR is nearly
doubled when the photon energy is detuned from Aw, to
some lower optimum energy [4].

Note that the optimum betatron function at this optimum
photon energy (w,y) is shifted from 1 m to 0.7 m. This
means that the optimum betatron function at the photon
energy of Aw,y, which is determined by the Wigner
function method, is close to Sy g, i.€., the optimum value
roughly determined by the Gaussian approximation with-
out taking into account the energy detuning. Although this
result sounds useful and convenient, we have to take care
that it has not been proven to be universal.
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FIG. 7. Optimization of betatron functions. The projected Wigner functions VAVhyv(O, 0) are computed as a function of the betatron
functions and photon energy. The results at the fixed photon energy of 10 keV are plotted in (a) and (b), while the contour plots are

shown in (c) and (d).

VI. SUMMARY

We have described the numerical methods to compute
the phase-space density based on the Wigner function
method. In addition to the optimization of betatron func-
tions discussed in Sec. V, there exist a large number of
practical applications, such as an exact evaluation of
brilliance and its comparison between facilities, an accurate
computation of the photon distribution at the source point
to be utilized in the external ray-tracing program, and so on.

In this paper, the Wigner function at the source point
W(p, 0,z =0) has been described. It is worth noting that
once it is given, the Wigner function at any longitudinal
position z = Z is easily evaluated by using the relation
W(p,0,z=2)=W(p—720,0,z=0). Also note that the
cross-spectral density can be computed by Fourier-
transforming the Wigner function, which is useful to
describe the propagation of radiation based on the wave
optics.

It should be mentioned that the Wigner function is not
positive definite. This can be problematic for the ray-trace
simulation because the meaning of the negative phase-
space density is not clear. One solution is to transfer all the
photons to the target position based on the geometrical
optics, then sum up them with an adequate weight reflect-
ing the phase-space density, which is not necessarily
positive. Another solution is to compute the cross-spectral
density and transfer it according to wave optics.

Finally we note that all the methods presented in this
paper have been implemented in the SR calculation code

SPECTRA [15], which has been developed and maintained in
SPring-8, and is freely available.

APPENDIX: ELECTRON DISTRIBUTION
FUNCTION EXPRESSED IN THE
NORMALIZED COORDINATES

The distribution function of the electron beam at the
nonzero dispersion section is given here in terms of the
normalized coordinates.

The distribution function of the Gaussian beam in the
horizontal phase space (x, 8,) without energy spread is in
general given as

FO(x’ ex) =

27e,

2 2
y}C'x —"_ 2axxex + ﬁxex
°xp <_ 2¢e ’

where a,, ., and y, are the so-called Twiss parameters, and
&, denotes the beam emittance. In order to take into account
the finite energy spread, the above function should be

convoluted with
ex x? 9’2‘
P 262 20%)°

— — !
O, = 1x0y,0, = Hx Oy,

E(x.0.) = 276,06,
eve

with

where 5, and 5," are the dispersion functions, and o,
denotes the energy spread of the electron beam. The
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convolution can be done analytically to give the distribution
function

F(x,0,)
1 (7x8x + 63’))62 + zaxgxxex + (ﬁxgx + O%)Q,%
=——exp|— 5 ,
2xl° 2I°
with

Fz = (SXY;I + 03)(8x7/x + 0-5’)‘

Introducing the normalization factors y and y/, the distri-
bution function can be modified to Eq. (15), with param-
eters given as follows

Vers +o;

oy =

X
./exyx—i—aﬁ,
Gu:Ta
. o )
R 2

Note that derivation of another Eq. (16) for the vertical
direction and definitions of the related parameters are
straightforward.
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