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We discuss a two-color self-amplified spontaneous emission free-electron laser (FEL) amplifier where
the emission is obtained from two orthogonally polarized undulators with different periods and field
intensities. Nonaveraged and averaged equations are compared. The two radiations have not only different
frequencies, but also different polarizations, while the total length of the device does not change with
respect to usual single-color FELs. The wavelengths of two different colors can be changed by choosing
different periods, while variation in the magnetic strengths can be used to modify the gain lengths.
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I. INTRODUCTION

The development of radiation sources characterized by
high flux and tunability opens the way for a real break-
through in many scientific and technical fields. One of the
most promising formats in which radiation can be delivered
to users is in the form of packets containing two different
spectral lines with adjustable time separation. In particular,
by means of two-color x rays it is possible to perform pump
and probe experiments of structural dynamics [1,2], thus
probing matter on the atomic scale in space and time [3,4].
Moreover, in x-ray technology, the color components,
containing extra information, allows one to discriminate
the chemical composition of the absorbing tissues [5,6],
with significant developments in the field of screening or
diagnostic clinical imaging. Free-electron lasers (FELs)
[7–10] are considered among the most performing radiation
sources. Experiments on dual frequency production have
been recently carried out on them with different methods
[11–18] in various regimes of radiation frequency. Some of
the initially proposed designs [19–21] were based on the
use of staggered undulator magnets with different values of
deflecting parameters to achieve lasing at two distinct
wavelengths [22–27], an idea recently revisited and dem-
onstrated in the x rays’ range at the FEL Linac Coherent
Light Source (LCLS) [8,11]. Another option, recently
demonstrated at the FERMI soft x-ray seeded FEL [10],
involves the use of either a chirped or a two-color seed laser
[13,14]. A different approach is to inject in the undulator a
multienergy electron beam [28] resonating at two different

wavelengths, allowing the control of frequency and time
separation ranges of the FEL pulse, while maintaining
similar saturated power levels and minimal undulator
length [12,15,29], as done at SPARC (Sorgente Pulsata e
Amplificata di Radiazione Coerente). In this paper, we
analyze the operation with a further different scheme: the
FEL emission is obtained from two orthogonally polarized
undulators with different periods and field intensities. In
this case, the two colors have also different polarizations,
while the total length of the device does not change much
with respect to usual single-color FELs. The possibility of
having orthogonal polarizations with comparable inten-
sities opens various possibilities to get insights into internal
organization and orientation in space of molecules, taking
advantage of the selective excitation of the molecular
fluorescence by differently polarized beams, significantly
improving the techniques based on fluorescence anisotropy
[30] and dichroism [31]. Such a radiation beam can be
realized, whenever possible, by means of the use of
polarizers, or by projecting an ad hoc undulator, depending
on the different experimental situations and on the needed
wavelengths. An undulator with crossed polarizations in a
deltalike magnetic structure [32] (see Fig. 1) has been
already constructed and measured [33], and the extension
to the configuration discussed in this paper is in progress.

FIG. 1. Schematic picture of the deltalike magnetic undulator.
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II. EQUATION MODEL

The FEL undulator field can be modeled as two
linear undulators orthogonally polarized with periods
λ01;02 ¼ 2π=k01;02 and deflecting parameters K1;2 ¼
jeB1;2λ01;02=mc2j, described by the expression Bw ¼
−B2 sin k02zex þ B1 sin k01zey. In the radiation potential
A ¼ −i½A1eiðk1z−ω1tÞex þ A2eiðk2z−ω2tÞey�, A1;2 are slow
complex amplitudes, k1;2 ¼ 2π=λ1;2 and the two wave-
lengths satisfy the relevant resonance conditions
λ1;2 ¼ λ01;02

2γ2
0

ð1þ K2
1=2þ K2

2=2Þ. In the following, we will

assume nλ01 ¼ mλ02, which permits us to treat the cases of
a harmonic relation between λ01 and λ02 and of
rational m=n.
The momentum equations for the jth electron are

d½px;y�j
dt

¼ eβzjB1;2 sin k01;02zj

− ek1;2ð1 − βzjÞA1;2e
i½α1;2�j þ cc;

dpzj

dt
¼ −eβyjB2 sin k02zj − ek2βyjA2eiα2j þ cc

− eβxjB1 sin k01zj − ek1βxjA1eiα1j þ cc; (1)

with ½α1;2�j ¼ k1;2zj − ω1;2t.
The essential characteristics of the systems can be

obtained by means of a one-dimensional treatment.
From the potential equation, assigning the transverse

currents in terms of the particle density n̄ as Jx;y ¼
−
P

jec½βx;y�jn̄δðz − zjÞ and using the slowly varying
envelope approximation, in the one-dimensional model,
two differential equations

∂
∂zA1;2þ

1

c
∂
∂tA1;2¼

2πen̄
k1;2

X
j

½βx;y�jδðz−zjÞe−i½α1;2�j (2)

with ½βx;y�j ¼ ½vx;y�j=c are obtained. Differently from the
case of two FEL waves with distinct wavelengths, but
same polarization, the equations for the potential result
coupled only through the electron longitudinal dynamics
appearing in α1;2, while the transverse motions remain
decoupled. Following the Colson’s analysis [34], the zero-
order dimensionless transverse velocities are ½βx;y�j ¼
− K1;2

γ0
cosðk01;02zjÞ ≈ − K1;2

γ0
cosðω01;02tÞ, and the tree-

dimensional trajectories of the electrons inside the undu-
lator are given by

rj ¼ β0jctez −
K1

k01γ0j
sinðω01tÞex −

K2

k02γ0j
sinðω02tÞey

−
λ01
16π

K2
1

γ20j
sinð2ω01tÞez −

λ02
16π

K2
2

γ20j
sinð2ω02tÞez; (3)

giving, at zero order, z ≈ β0jct −
ξ1
k1
sinð2ω01tÞ−

ξ2
k2
sinð2ω02tÞ, with ξ1;2 ¼ K2

1;2

4ð1þK2
1
=2þK2

2
=2Þ. By defining the

phases ½θ1;2�j ¼ ω01;02tþ k1;2βzjct − ω1;2t and introducing
a double average in the x and y directions over a module L
multiple of the undulator periods L ¼ nλ01 ¼ mλ02, the
equation for the energy becomes

dγj
dt

¼ e
4mc

�
K1k1
γ0j

F 1eiθ1jA1 þ
K2k2
γ0j

F 2eiθ2jA2 þ cc

�
;

(4)

where, using the integral expression of the Bessel’s
functions JnðxÞ ¼ 1

2π

R
π
−π dτe

iðx sin τ−nτÞ, we inserted the
Bessel coupling factors modified for the case of two
undulators F 1;2¼J0ðk1;2ξ2;1k2;1

Þ½J0ðξ1;2Þ−J1ðξ1;2Þ�. Operating
the same average on the potential equations leads to

∂A1;2

∂z þ 1

c
∂A1;2

∂t ¼ en̄πK1;2

k1;2γ0
F 1;2

X
e−i½θ1;2�j : (5)

In the limit of only one undulator, K2 ¼ 0 (J0ð0Þ ¼ 1), the
usual Colson’s equations are retrieved.
In the universal scaling notation [35], the normalized

fields a1;2 ¼ ω1

ωp
ffiffiffiffiffiffiffi
ρ1γ0

p eA1;2

mc2 and Γi ¼ γi−γ0i
ρ1γ0i

satisfy the scaled
equations

dΓi

dτ
¼ eiθ1ia1 þ

F 2

F 1

K2

K1

k02
k01

eiθ2ia2 þ cc; (6)

∂a1
∂ζ þ 1

c
∂a1
∂τ ¼

X
e−iθ1i ; (7)

∂a2
∂ζ þ 1

c
∂a2
∂τ ¼ K2k01

K1k02

F 2

F 1

X
e−iθ2i ; (8)

while the phases evolve according to

dθ1i
dτ

¼ Γi;
dθ2i
dτ

¼ k02
k01

Γi; (9)

ρ1 ¼ 1
γ0
½ωpK1F 1

8ω01
�2=3 being the FEL parameter and ωp the

plasma frequency.
The gain lengths of the two polarizations, when m ≠ n,

are therefore

Lg1 ¼
λ01

4π
ffiffiffi
3

p
ρ1

¼
�
λ01
λ02

�
1=3

�
F 2K2

F 1K1

�
2=3

Lg2: (10)

III. ANALYTICAL AND NUMERICAL DATA

Equations (1) and (2), obtained in the nonaveraged
treatment, and Eqs. (6)–(9), averaged on the undulator
period, have been solved numerically with two independent
codes, in the time-independent approximation, showing an
overall satisfactory agreement between the two models, as
always in similar situations [36,37]. In particular, the code
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for the solution of the nonaveraged equations follows the
line of the code MEDUSA [36,37] and is based on second-
order Runge-Kutta method and Gauss quadrature integra-
tion for the calculation of the bunching factor. The code for
the solution of the averaged equations is based on the
fourth-order Runge-Kutta method. Both codes use the quiet
start. The parameters of the simulations are similar to
the SPARC’s [38,39], with a value of ρ1 ¼ 5.47 × 10−3

and nλ01 ¼ mλ02.
The comparison between the solutions of nonaveraged

(red line) and averaged (blue line) equations is shown in
Fig. 2 for (a) m=n ¼ 1.5, (b) m=n ¼ 2, (c) m=n ¼ 5,
and (d) m=n ¼ 10.
The agreement is indeed significant during the growth,

up to the onset of saturation, where, instead, discrepancies
arise when the two waves have similar intensity [case (a)],
probably due to the differences in the sets of equations
and to the different integration methods. Black curves,
labeled with (T), represent the logistic map proposed in
[40] PT

1;2¼P01;02A1;2eð0.223t=Z1;2Þ=½1þP01;02

Ps1;2
ðA1;2−1Þ� with

Ps1;2¼1.42ρ1;2Pb, A1;2 ¼ ½1
3
þ 2

9
coshð t

Lg1;2
Þ þ 4

9
cosð

ffiffi
3

p
t

2Lg1;2
Þ×

coshð t
2Lg1;2

Þ�, Z1;2 ¼ 1.066Lg logð9 Ps1;2

P01;2
Þ, Pb being the beam

power. The previous expressions fit very accurately leth-
argy, growth, and gain lengths of both waves. The

saturation value, instead, is of the same order only for
one of the two polarizations, due to the interaction between
them occurring when the power is large, an effect that is not
accounted in PT

1;2. In fact, an increase in the energy spread
σE is induced, as can be seen in Fig. 2, where the relative
value σE=E , computed by the phase space, is presented
together with the quadratic sum of the two terms:

σ1;2
E

¼ 3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ1;2P01;2

Pb

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1;2

1þ 1.24 P01;2

Ps1;2
ðA1;2 − 1Þ

s
:

The energy spread grows up to 1.6ρ1, and produces the
anticipated saturation of the higher frequency radiation
when σE

E ≈ ρ2. The final value of power Ps is reached after a
series of oscillations, due to the phenomenon of the mutual
bunching as described in Ref. [29].
Figure 3(a) compares the powers for few values of m=n

between 2 and 10, obtained with the averaged model. The

FIG. 2. Left axis: power PðWÞ in the x (solid curves) and y (dashed curves) polarizations vs zðmÞ. Comparison between nonaveraged
(red curves) and averaged (blue curved) model for (a) m=n ¼ 1.5, (b) m=n ¼ 2, (c) m=n ¼ 5, and (d) m=n ¼ 10. In black, the logistic
map PT

1;2. On right axis, induced energy spread σE
E from phase space (red stars) and theoretical (black curves). λ01 ¼ 2.8 cm,

K2 ¼ K1 ¼ 2.1, the electron current I ¼ 100 A, and γ ¼ 300.

FIG. 3. (a) PðWÞ as a function of the coordinate zðmÞ along the
undulator for m=n ¼ 2 (red curve), 5 (light magenta curve), 8
(violet curve), and 10 (blue curve). Solid line denotes x
polarization; dashed line denotes y polarization. (b) Lg1=Lg2 as
a function of m=n.

FIG. 4. Electron longitudinal phase space for m=n ¼ 5 and
different values of the coordinate z along the undulator.
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graph of Lg1=Lg2, shown in Fig. 3(b), confirms that from
m ¼ 1 to about m ¼ 9 the largest frequency wave has a
shorter gain length, while for m larger than 9 the opposite
occurs.
The longitudinal phase space of the electrons is presented

in Fig. 4 form=n ¼ 5 at different values of the coordinate z
along the undulator. After a period of lethargy (first row),
the formation of the bunching on both wavelengths (second
row) induces the exponential growth of both polarizations.
After that, the phase space begins to develop chaotic
patterns (third row), corresponding to deep saturation.
The frequencies of the two polarizations can be

approached by varying the factor m=n. In the range around
m=n ≈ 1, the system produces two waves of close frequen-
cies, with the largest one characterized by a shorter gain
length. Saturation lengths and powers are very similar and
can be made closer by choosing the values of K1 and K2 in
such a way to rend the gain lengths equal. The solution of
the equation Lg1 ¼ Lg2, i.e., ðλ01λ02

ÞðF 2K2

F 1K1
Þ2 ¼ 1, is given in

Fig. 5(a) form=n between 1 and 2 and for few values ofK1.
Figure 5(b) presents, as a function ofm ¼ n, the first peak

value of the power Ps and the saturation length Ls of the y
polarization, that, in the range considered, is the first wave
reaching saturation. The power of the other polarization,
evaluated atLs, is also shown. Since after the first peak other
maxima occur, bothwaves, after this length, can reach larger

values of power. Around the second harmonics, the strong
harmonic bunching causes a larger interaction between the
two waves with an increase of the x polarization power.
For balancing the level of power along the two directions

at the end of the FEL, the magnetic strength of one of the
two undulators can be varied. The effect is an overall
decreasing of the total power but with a more balanced
distribution between the two polarizations, as shown in
Fig. 5(c), where K1 has been varied at fixed value of K2.
The arrow indicates the point where the two gain lengths
are equal. Around this point, the growth of the two
polarizations are synchronous, but, because the saturation
lengths are different, the power level reached when the first
of the two waves is saturating remains different.
If one of the polarizations is not seeded, the behavior is

different if the factor m=n is integer or not.
This is presented in Fig. 6, where the cases m=n ¼ 1.5

[box (a)], m=n ¼ 2 [box (b)], and m=n ¼ 3 [box(c)]
have been analyzed by comparing a case (i) where both
waves are starting from seed and another case (ii) where
the y polarization starts from zero. When m=n is integer
[cases (b) and (c)] the growth of the y polarization (dashed
curves), when not seeded (ii), begins from zero and
increases with the relevant gain length as in the other
case (i). In a further stage of the evolution, when the power
is large enough, the growth rate increases according to the

FIG. 5. (a) K2 solution of the relation Lg1 ¼ Lg2 as a function ofm=n and for few values of K1. (b) Left axis: in black, first peak value
of the power Ps; in blue, power of the x polarization at Ls as a function of m=n. Right axis: red circle, saturation length Ls of the y
polarization, reaching first the saturation. (c) In blue, power P of x and, in black, y polarizations at varying values of K1, with K2 ¼ 2.1
andm=n ¼ 1.5. The powers are both evaluated at the first peak of saturation of the y polarization, which is going first at saturation in this
regime. The arrow indicates the point where the two gain lengths are the same.

FIG. 6. PðWÞ as a function of zðmÞ for (a) m=n ¼ 1.5, (b) m=n ¼ 2, and (c) m=n ¼ 3. (i) Blue curves: x and y polarizations both
starting from seed. (ii) Red curves: y polarization starting from zero. Solid lines: x polarization; dashed lines: y polarization.
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phenomenon of the nonlinear harmonic generation that
results from the strong electron beam microbunching
present at the fundamental wavelength [23,41]. In this
case, the harmonics experience a growth similar to that of
the fundamental with gain lengths scaling as the inverse of
the harmonic number ð1=mÞ. In the case of noninteger
m=n, this effect does not occur, due to the initial bunching
related to the electron distribution.

IV. CONCLUSIONS

The case of two orthogonal undulators with different
polarizations and periods have been studied. Nonaveraged
and averaged equations have been written and integrated.
These two models present a significant agreement with
regard to lethargy, growth, and gain length of the radiation,
while discrepancies appear in saturation. A theoretical
logistic map fits well the simulations. The use of this kind
of device permits one to produce two-color radiation with
an easy control of the frequencies and with different
polarizations, while the total length of the device does
not change with respect to usual single-color FELs. The
possibility of changing independently the strength of the
two magnetic fields allows one to rule the final power and
the saturation length.
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