PHYSICAL REVIEW SPECIAL TOPICS - ACCELERATORS AND BEAMS 16, 074201 (2013)

Cooling force on ions in a magnetized electron plasma
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Electron cooling is a well-established method to improve the phase space quality of ion beams in
storage rings. In the common rest frame of the ion and the electron beam, the ion is subjected to a drag
force and it experiences a loss or a gain of energy which eventually reduces the energy spread of the ion
beam. A calculation of this process is complicated as the electron velocity distribution is anisotropic and
the cooling process takes place in a magnetic field which guides the electrons. In this paper the cooling
force is calculated in a model of binary collisions (BC) between ions and magnetized electrons, in
which the Coulomb interaction is treated up to second order as a perturbation to the helical motion of
the electrons. The calculations are done with the help of an improved BC theory which is uniformly
valid for any strength of the magnetic field and where the second-order two-body forces are treated
in the interaction in Fourier space without specifying the interaction potential. The cooling force is
explicitly calculated for a regularized and screened potential which is both of finite range and
less singular than the Coulomb interaction at the origin. Closed expressions are derived for monochro-
matic electron beams, which are folded with the velocity distributions of the electrons and ions.
The resulting cooling force is evaluated for anisotropic Maxwell velocity distributions of the electrons

and ions.
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I. INTRODUCTION

In most experiments with particle beams a high phase
space density is desired. In electron cooling of ion beams
[1] this is achieved by mixing the ion beam with a comov-
ing electron beam which has a very small longitudinal
momentum spread. In the rest frame of the beams the
cooling process may be viewed as the stopping of ions in
an electron plasma [2-5]. More recently, electron cooling
has also been used in traps for precision experiments like
CPT tests with antihydrogen [6,7] or planned QED tests
with highly charged ions in HITRAP [8]. In these applica-
tions the presence of strong external magnetic fields con-
stitutes a theoretical challenge [9], as its influence on the
cooling which the magnetized electrons exert on the ions
(antiprotons) is not so obvious as earlier models might
suggest. In the dielectric theory the drag on the ion is
due to the polarization it creates in its wake. This can be
either calculated in linear response (LR) [10,11] or nu-
merically by a particle-in-cell (PIC) simulation of the
underlying nonlinear Vlasov-Poisson equation [12,13].
While the LR requires cutoffs to exclude hard collisions
of close particles the collectivity of the excitation can be
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taken into account in both approaches. In the complemen-
tary binary collision (BC) approximation the drag force is
accumulated from the velocity transfers in individual col-
lisions. This has been calculated by scattering statistical
ensembles of magnetized electrons from the ions in the
classical trajectory Monte Carlo method (CTMC) [13-18],
and by treating the Coulomb interaction as a perturbation
to the helical motion of the electrons [19-25]. The ob-
served cooling force F(v;) on an individual ion is obtained
by integrating with respect to the impact parameter and the
electrons velocity distribution. The ion velocity v; is mea-
sured with respect to the center of that distribution. As in
electron cooler the electrons are accelerated from the
cathode, their velocity distribution is flattened longitudi-
nally, but the spread does not vanish. Since the cooling
force on slow ions and therefore the cooling process
depends critically on the details of the velocity distribution,
a treatment employing a realistic velocity distribution is
desirable.

The purpose of this paper is the application of a second-
order perturbative BC model for calculating the magne-
tized cooling force on a uniformly moving individual
heavy ion as well as on a heavy ion beam. In previous
approaches [19,20] three regimes are identified, depending
on the relative size of the cyclotron radius, the distance of
the closest approach, and the pitch of the helix. The present
paper is based on our earlier studies in Refs. [21-25] where
the second-order energy transfers for individual collisions
of electron-ion [21-24], of any two identical particles, like
e.g. electron-electron [24] and finally of two gyrating
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arbitrary charged particles [25] have been calculated with
the help of an improved BC treatment. This treatment
is—e.g. unlike Refs. [19,20]—valid for any strength of
the magnetic field. In Sec. II we introduce a perturbative
binary collision formulation in terms of the binary force
acting between an ion and a magnetized electron, and
derive general expressions for the second-order (with
respect to the interaction potential) cooling forces. In
contrast to the previous investigations in Refs. [21-25],
we here consider the (macroscopic) cooling forces which
are obtained by integrating the binary force of an indi-
vidual electron-ion interaction with respect to the impact
parameter and the velocity distribution function of elec-
trons. That is, the cooling force for monoenergetic elec-
trons is folded with an anisotropic velocity distribution
which is typical for electron cooling of ion beams in
storage rings, where the velocity spread is much smaller
longitudinal than transverse to the guiding magnetic field.
The resulting expressions involve all cyclotron harmonics
of the electrons’ helical motion, and are valid for any
interaction potential and any strength of the magnetic
field and anisotropy of the velocity distribution of the
electron beam. In Sec. IIC we present explicit analytic
expressions of this second-order cooling force for the
specific case of a regularized and screened interaction
potential [26,27] which is both of finite range and less
singular than the Coulomb interaction at the origin and
which includes as limiting cases the Debye (.e.,
screened) and the Coulomb potentials. For comparison
of our expressions with previous approaches we consider
in Sec. III the corresponding asymptotic expressions for
large and small ion velocities and strong and vanishing
magnetic fields. The analytical expressions presented in
Sec. IIC are evaluated numerically in Sec. IV using
parameters of the ESR storage ring at GSI [28-30]. In
particular, we compare our approach with the CTMC
simulations and the empirical formula of Parkhomchuk
[31,32]. In Sec. V we calculate the magnetized cooling
force averaged with respect to the ion beam velocity
distribution function. As in Sec. II C a similar anisotropic
distribution is used for averaging with respect to the ion
velocity distribution. Furthermore, in Sec. VA for the
resulting cooling force the asymptotic expressions for
large and small ion velocities and strong and vanishing
magnetic fields are given. In Sec. VB we compare our
approach with the experimental data of the ESR storage
ring [28-30]. The results are summarized and discussed in
Sec. VI. In Appendix A we compare our asymptotic
expressions for the cooling force with those obtained in
Ref. [33] and demonstrate that the deviations between
both treatments are related to the divergent nature of the
bare Coulomb interaction employed in Ref. [33]. The
regularization parameter and the screening length in-
volved in the interaction potential are specified and dis-
cussed in Appendices B and C.

II. THEORETICAL MODEL

A. Binary collision (BC) formulation

We consider two point charges with masses m, M and
charges —e, Ze, respectively, moving in a homogeneous
magnetic field B = Bb. We assume that the particles
interact with the potential —Zé>U(r) with ¢2 =
e?/4me,, where g, is the permittivity of the vacuum
and r = r; — r;, is the relative coordinate of the colliding
particles. For two isolated charged particles this interac-
tion is given by the Coulomb potential, i.e. Uc(r) = 1/r.
In plasma applications Uc is modified by many-body
effects and the related screening and turns into an effec-
tive interaction. In general, this effective interaction,
which is related to the wakefield induced by a moving
ion, is nonspherically symmetric and depends also on the
ion velocity. For any BC treatment, however, this com-
plicated ion-plasma interaction must be approximated by
an effective two-particle interaction U(r). This effective
interaction U may be modeled by a spherically symmetric
Debye-like screened interaction Up(r) = e "/A/r with a
screening length A, given e.g. by the Debye screening
length Ap, see, for example [34], in case of low ion
velocities and an effective velocity-dependent screening
length A(v;) for larger ion velocities v;, see [35-37].
Further details on the choice of the effective interaction
U(r) are given in Appendix B. To cure problems related
to the Coulomb singularity in a classical picture and
preventing particles (for Z > 0) from falling into the
center of these potentials, the screened interaction
Up is replaced with an effective interaction Uy which is
regularized at the origin, taking for example Ug(r) =
(1 — e~/ e~"/2/r [26,27]. Here the use of this regular-
ized interaction essentially represents an alternative im-
plementation of the standard (lower) cutoff procedure
needed to handle the hard collisions in a classical pertur-
bative approach. Hence, we consider A as a given constant
or as a function of the classical collision diameter (see
Appendix B).

In the presence of an external magnetic field, the
Lagrangian and the corresponding equations of particles
motion cannot, in general, be separated into parts describ-
ing the relative motion and the motion of the center of mass
(cm) [23]. However, in the case of heavy ions, i.e. M > m,
the equations of motion can be simplified by treating the
cm velocity v, as a constant and equal to the ion velocity
v;, i.e. V., = Vv; = const. Then the equation of relative
motion turns into

2
Y0) + () X b] =~ [y, X b] = 2 f[x(0], (1)

where v(f) = ©(f) = v,(¢) — v; is the relative electron-ion
velocity, —Z¢*f[r(1)] (f = —oU/or) is the force exerted
by the ion on the electron, and w,. = eB/m is the electron
cyclotron frequency.
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It is now useful to introduce the velocity correction
through relations 8v(r) = v,(£) — v,o(2) = v(z) — vo(2),
where v,o(f) and vy(7) are the unperturbed electron and
relative velocities, respectively, with vy () = £((¢) =
VeO(t) D

ro(t)=Ry+v,t+alusin(w 1) —[bXu]cos(w, 1)], (2)

5Y() + w,[6v() X b] = — %2 fir)] 3

and 6v(r) — 0 at t — —oo. In Eq. (2) u = (cos¢, sing) is
the unit vector perpendicular to the magnetic field, the
angle ¢ is the initial phase of the electron’s helical motion,
v, and v,; (with v,; = 0) are the unperturbed compo-
nents of the electron velocity parallel and perpendicular to
b, respectively, v, = v, b — v, is the relative velocity of
the guiding center of the electrons, and a = v, /w, is the
cyclotron radius. In Eq. (2), the variables u and R, are
independent and are defined by the initial conditions.
In Eq. (3) r(¢) =r,(r) — v;t is the ion-electron relative
coordinate. We also introduce the variable s = Ry, =
Ry — n,(n, - Ry) which is the component of R, perpen-
dicular to the relative velocity vector v, with n, = v, /v,.
From Eq. (2) we can see that s is the distance of closest
approach between the ion and the guiding center of the
electron’s helical motion.

We seek an approximate solution of Eq. (3) in which
the interaction force between the ion and electrons is
considered as a perturbation. Thus we are looking for a
solution of Eq. (3) for the variables r and v in a perturbative
manner r=ry+r +---, v=vy+v, +---  where
ro(7), vo(?) are the unperturbed ion-electron relative coor-
dinate and velocity, respectively, r,,(¢), v,,(1) (m = 1,2,...)
are the nth order perturbations of r(r) and v(z), which are
proportional to Z".

The parameter of smallness which justifies such kind of
expansion can be read off from a dimensionless form of the
equation of motion [Eq. (3)] by scaling lengths in units of
the screening length A, velocities in units of the initial
relative velocity vy, and time in units of A/v,. In terms
of the scaled quantities, F, 0V, f = A2f, and @, = w A/ vy,
Eq. (3) turns into

762

V(1) + & [6¥(1) X b] = — ——
0

flr0l @

A perturbative treatment is essentially applicable in cases
where |Z]¢%/mv3A < 1, that is, when the (initial) kinetic
energy of relative motion mv3/2 is large compared to the
characteristic potential energy |Z|é?/A in a screened
Coulomb potential. Or expressed in velocities, the initial
relative velocity vy must exceed the characteristic velocity
v, = (1Z]6*/mA)"/2, that is, v, here demarcates the
perturbative from the nonperturbative regime. If this
condition is met not only for a single ion-electron collision
but in the average over the electron distribution, e.g. by

replacing v, with the averaged initial ion-electron relative
velocity (vg), i.e.

Z|62\1/2
4 ) ’ 5)

= va= ("5

we are in a regime of weak ion target, or here, weak ion-
electron coupling, which allows the use of perturbative
treatments [besides BC also e.g. linear-response (LR)].
For nonmagnetized electrons this is discussed in much
detail in Refs. [35,36]. Even though the particle trajectories
are much more intricate in the presence of an external
magnetic field, the given definitions and demarcations of
coupling regimes are basically the same for magnetized
electrons. That is, the applicability of a perturbative treat-
ment is essentially related to the charge state Z of the ion
and the typical range A of the effective interaction, but not
directly on the strength B of the magnetic field. The latter
may affect the critical velocity v, only implicitly via a
possible change of the effective screening length A with B.

The equation for the first-order velocity correction is
obtained from Eq. (3) replacing on the right-hand side the
exact relative coordinate r(z) by ry(s) with the solutions
v,(1) = 1,(r) and

Zé?
ri(t) = 7(— bQ(r) + Re{b[b - Q, (1)]
-9, +i[bXQ(H]}. (6)

Here we have introduced the following abbreviations:

Q0= [* bt~ e
1 ™)

Q= [ tr@lew — 1ar

iw,
and have assumed that all corrections vanish at t — —oo.

As will be shown below, Egs. (2) and (6) completely
determine the second-order cooling force on the ion.

B. Second-order cooling forces

We now consider the interaction process of an individual
ion with a homogeneous electron beam described by a
velocity distribution function f(v,) and a density n,. We
assume that the ion experiences independent binary colli-
sions (BCs) with the electrons. The total cooling force
acting on the ion is then obtained by multiplying the binary
force Z¢*f[r(¢)] by the element of the electron relative flux
n,v,d*sdt (where s is the impact parameter introduced
above which is perpendicular to the relative velocity v,)
and integrating with respect to time and folding with
velocity distribution of the electrons. The result reads

F(v,) = Zén, f v, f(v,)v, [ ds fj’ fir()]de  (8)

and is an exact relation for uncorrelated BCs of the ion with
electrons. We evaluate this expression within a systematic
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perturbative treatment. First, we introduce the two-particle
interaction potential U(r) and the binary force f(r) is
written using Fourier transformation in space.
Furthermore, the factor ™1 in the Fourier transformed
binary force is expanded in a perturbative manner as
K1) = okr] + [k - r ()]}, where ro(r) and r(r)
are the unperturbed and the first-order corrected relative
coordinates, Eqs. (2) and (6), respectively. Thus the
binary force within second-order perturbative treatment
turns into

flr()] = —i f dkU(k)ke* (0
~—i [ dkUlok{1 + ik - ry 0k (9)

The first and the second terms in the last part of Eq. (9)
correspond to the first- (f;) and the second-order
(f,) binary forces, respectively. We consider only the
second-order binary force f, and the corresponding
force F, with respect to the binary interaction since the
averaged first-order force F; (related to f;) vanishes
due to symmetry reasons [21-25]. Within the second-
order perturbative treatment the cooling force can be
represented as

F, = Zén, f v, f(v,)v, f &s f Ak U(K)k
x [ " [k - 1, (1) o0 s, (10)

From Eq. (10) it is seen that the second-order cooling
force, F,, is proportional to Z?.

Substituting Egs. (6) and (7) into Eq. (10) and writing
the binary force in expression (7) in terms of Fourier
transformed potential results in

iZ%¢%n

F,= f av,f(v,)v, f d’s f dkdk'U(k)U(k")k

X[m eik'ro(t)dtf eik"rO(T)dT{go(t—T)
81 Gin[w, (t— )] - %{1 — cos[w, (1 — 7')]}}, (11)

where go=(k-b)(k’-b), g; = (k - k') — (k - b)(k’ - b),
g> = (k - [k’ X b]). The time integral in Eq. (11) can be
performed using the Fourier series expansion of the
exponential function /25«0 = ' _ . (z)e®!, where

J, are the Bessel functions of the nth order (see, e.g.,
Ref. [38]). This yields

F, = M f v f(v.)v, / d’s f dkdk'UK)U (K ke k) Ro i eltntmeemnt=int', (ka)l,, (kK a)8LZ, (k)
il %0, & ! :
Tk )]{ (£, (k") — i0T? + [§m+l(k/) —i0 Sn—1(K') = lO:I

n lgil: 2 _ 1 _ 1
ch é/m(kl) —i0 {n1+l(kl) —i0 {m—l(k/) —i0

Here tanf = ky/kx, ky = (k - b), and k, are the compo-
nents of k parallel and transverse to b, respectively,
{,(kK)=nw, +k-v, and ¢ is the initial phase
of the electron as defined in the previous section.
Note that expression (12) involves all cyclotron
harmonics.

Next, we integrate with respect to the initial phase ¢ and
impact parameter s. For that purpose we recall that the
volume element dv, can be represented in cylindrical
coordinates as dv, = dv,v,,dv,,dp, where v, and
v, are the electron velocity components parallel and
transverse to b, respectively. The s integration is enabled
by using the relation e™®Ro = eikiRoleikis where K =
(k-n,), k;, =k —n,(k -n,), i.e. the component of k
parallel and transverse to n,. Performing now the ¢ and
s integrations results in

]} (12)

77.5 2 44 00 )
F, = _(Z)Ziéne[_ dve“[ fe ver)verdv,y
x [ akiuork z HEDHELIPA)
# 5L fo1,1 000 - o2, (7)) (13)

where the prime indicates the derivative with respect to the
argument. For deriving Eq. (13) we assumed an axially
symmetric velocity distribution f(v,) = f(v,, v.1) and
used &(ky)6(ky) = 6(k).

The n summation in Eq. (13) can be done using the
summation formula for the Bessel functions [38]. We then
obtain
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(277)422é4ne . .
F2 = / dvell [ f(vell’ Ue_l_)ve_l_dvel

/deU(k)|2kf [kz e sm(wt t)]

c

t
X J0<2kla sinTC> sin(k - v,1)tdt. (14)

This is a general expression for the magnetized cooling
force acting on an individual ion. It has been derived within
second-order perturbation theory but without any restric-
tion on the strength of the magnetic field B. The limiting
cases of Eq. (14) at vanishing B and in the presence of an
infinitely strong magnetic field are briefly studied in
Sec. IIT A (see also Appendix A).

C. Cooling force for a regularized and screened
Coulomb potential

In electron cooling of ion beams the velocity distribution
of the electrons is anisotropic which is a typical situation

for electron coolers. It is usually modeled by a two-
temperature-anisotropic Maxwell distribution with differ-
ent temperatures for the longitudinal and transverse
degrees of freedom. The velocity distribution relevant for
the averaging in Eq. (14) is thus given by

1

e L A0
3/2.,2
Qm)>¥2v3 vy

e hLe v/ (15)

f(ve“y UeJ_) =

where the thermal velocities are related to electron
temperatures by vi, =T, /m, Ut2h|| =T)/m (here the
temperatures are measured in energy units). In this
case the transverse (F; = F — bF)) and longitudinal
(F)y = b - F) components of the cooling force (14) with
Eq. (15) (we dropped the index 2 in F, for simplicity) after
velocity integrations (see Ref. [38]) can be represented in
the forms

F (v 244 4 2 k kyayt)Ji(kypa; ¢t
{FL((VZ))} 8z, (2W)[dk||f U?(k)k 1 dk f —(?/2kjaj, kial(lfcosf)(k2+k2 smt){ veostyai i (ko iy )}tdt
1584 maw

with F (v;) = YL F| (v;). Here we have assumed a spheri-
cally symmetrlc potentlal U(k) = U(k) and have intro-
duced the thermal cyclotron radii of the electrons
ay =vyi/o., ap = vy/w., and a;; = v /0., a) =
v;/w.. In general the cooling force is thus anisotropic
with respect to the ion velocity v;.

For the Coulomb interaction U(k) = Uc(k), the full two-
dimensional integration over the s space results in a loga-
rithmic divergence of the k integration in Eqs. (13) and
(14). To cure this, cutoff parameters k;, and k,,, must be
introduced, see, e.g., Refs. [21-23] for details. Instead of

k” 51n(k||al||t)J0(kJ_a,J_t)
(16)

doing so, we here employ the regularized screened poten-
tial U(r) = Ug(r) introduced in Sec. IT A with the Fourier
transform,

UR(k) =

2( 11 ) an
QmA\k+ 172 K +d?)

where ™! = 271 + AL

Substituting the interaction potential (17) into Eq. (16)
and performing the k| integration we arrive, after lengthy
but straightforward calculations, at

N _ A2, (ed (1 o R0 =Os o am
i ), ¢ J, et Oless] i~ o5 P -
2 _ v1 % Tsin(ar)
+G(t,f)[1 G(LZ)] at } (18)
_ Tl fede ST S [ Uy 0] IR
Fi(v)= Tth”vl[o 7[0d§<1>[¢(t,§)]exp|: v”g” G(L{)] G0 {1 2v”
2 v sin(ar)
+G<t,g)[ G(z,@] o} (19)

where we have introduced the dimensionless quantities vy = Ui||/\/§Uth||, v, = vil/\/zv[h”, @ = w /vy, and 7=
T, /T) is the anisotropy parameter of the electron beam. Here ¢/ (t, {) = (12/2)(1 — {3/, G(1, {) = 7O + 1 — {2,

O(1) = (2 sin%)?, and

074201-5



HRACHYA B. NERSISYAN AND GUNTER ZWICKNAGEL

Phys. Rev. ST Accel. Beams 16, 074201 (2013)

2
ST et e, Qo)
where x = A/d = 1 + A/A. Equations (18) and (19) for
the parallel and transversal components of the drag force,
respectively, are the main results of this paper. In the next
section we compare systematically these expressions as
well as general Eq. (14) with previous approaches.

et e —

D(z)

III. COMPARISON WITH PREVIOUS
APPROACHES

Previous theoretical expressions for the cooling force
which have been extensively discussed by electron cooling
community (see, e.g., Refs. [5,9] for a review) basically
concern the two limiting cases of vanishing and infinitely
strong magnetic fields. We therefore consider our previ-
ously presented approach in some detail for these two
cases, first for arbitrary interactions U(k) and electron
distributions f(v,) as given by Eq. (14) and later for the
specific situation of the regularized interaction (17) and the
velocity distribution (15) as given by Egs. (18) and (19).

A. Cooling force Eq. (14) at vanishing and infinitely
strong magnetic fields

For B—0, ie. at vanishing magnetic field,
sin(w,t)/(w,f) — 1 and the argument of the Bessel func-
tion in Eq. (14) should be replaced by kv, t. Then,
denoting the second-order force at vanishing magnetic
field as F, and using an integral representation of the
Bessel function J, one obtains

Fy(v;) = —M ff(v )dv, fdeU(k)Iszk
X i / Jo(ky - v, t) cos(wr)dt
47TZ2é n, 21
with
Go(¥,) —@ f U6k - ,)k2dk.  (22)

Here w =k ‘v, V., =v,+v, =v,—vV,V,and V, are
the three-dimensional electron and the ion-electron relative
velocities, respectively. The other quantities in Eqgs. (21)
and (22) have been introduced in Sec. II. In particular,
assuming spherically symmetric potential with U(k) =
U(k), from Eq. (22) it is straightforward to obtain Gy(¥,) =
Go(v,) = (1/9,)U and thus

2
FO(V)_47TZén fl

where ‘U is the generalized Coulomb logarithm,

|3 fve)dv,,  (23)

_my

U2(k)K3 dk. (24)
4 0

Employing the regularized and screened potential U(k)
given by Eq. (17), the generalized Coulomb logarithm is

U = Ug = A(x) (see also Refs. [22-25]), where
2+
MGy =52 i Tnoe — 1. (25)

Taking the bare Coulomb interaction with U(k) =
Uc(k) ~ 1/k?, Eq. (24) diverges logarithmically at k — 0
and k— oo and two cutoffs k., = 1/rmax and ko =
1/rmin must be introduced as discussed in Sec. IIC. In
this case the generalized Coulomb logarithm takes the
standard form U = Uc = In(knax/kmin) = I0(Fmax/ Fmin)-
While the cooling force (23) is even at vanishing mag-
netic field anisotropic due to the anisotropic velocity dis-
tribution of the electrons, the asymptotic expression of (23)
at high ion velocities is isotropic and can be easily derived
by replacing ©, = |v, — v;| with the ion velocity o, = v,
which results in
2 44
Foly) = — 72 e qy Y (26)

mv?

At an infinitely strong magnetic field B — oo the term in
Eq. (14) proportional to k% and the argument of the Bessel
function vanish since the cyclotron radius a — 0. In this
limit, denoting the force as Fo,(v;), we arrive at

27 Z%¢*n, 0
Fo(v;) = cmLe ne

o (V) fe(Ve)dve,  (27)

where

(277)3

Gutv) =T [10GOPSK - v)Gak.  @8)
Again, assuming a spherically symmetric interaction po-
tential from Eq. (28) we obtain G(v,) = (v?, /vi)U,
where v;; is the component of the ion velocity perpen-
dicular to the magnetic field and ‘U is given by Eq. (24).
Inserting G(v,) = (v?, /v;)U into Eq. (27) then provides
the two components of the cooling force,

6mZ%én, v v,
Fay(v) = 22y [ LU f vdve (29)

fe(ve)av,, (30)

wZétn,  (vi (2ol — )
e e
m r

where v, = v, — v;. The corresponding high-velocity

asymptotic expressions, replacing now v, by —v;, are
given by
6wz v,
Fuy(v) = = 2724 0e q VL0 31
mvl

l
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27w 7%6%n iJ_(2U-2|| - U?J_)
e qq i Bidl

mv? v;

Foor(v) = (32)
Note that Eqgs. (31) and (32) can be also obtained from
Egs. (29) and (30), respectively, in the case of a completely
flattened distribution function of the electrons in the limit
Ty — 0 when the distribution function (15) is given by a
delta function with respect to v,.

Equations (23), (29), and (30) and their asymptotic
expressions for high velocities [Egs. (26), (31), and (32),
respectively] assuming the Coulomb interaction potential
with ‘U = U, yield the cooling forces obtained previ-
ously in the cases of vanishing and infinitely strong mag-
netic fields, see e.g. [9], respectively. Equations (21) and
(27) with a regularized interaction potential thus agree with
the similar results derived by Derbenev and Skrinsky in
Ref. [9] except for the different Coulomb logarithms U. A
more detailed discussion and comparison of Ui = A(x)
given by Eq. (25) and the standard Coulomb logarithm
U = In(rpag/rmin) can be found in Appendix B. We like
to emphasize here that the Coulomb logarithm Uy for the
regularized interaction potential has the advantage to
allow closed analytic expressions and converging integrals
and avoids any introduction of lower and upper cutoffs
“by hand” in order to restrict the domains of integration.
Moreover, employing the bare Coulomb interaction
may, as pointed out by Parkhomchuk [33], result in asymp-
totic expressions which are essentially different from
Egs. (29)—(32). In Appendix A we show how this is related
to the divergent nature of the bare Coulomb interaction.

B. Some limiting cases of Eqs. (18) and (19)

More specifically we next discuss some asymptotic re-
gimes of the cooling forces [Egs. (18) and (19)] when
assuming the regularized interaction (17) and the two-
temperature velocity distribution (15). In the high-velocity
limit where v; > (@ A, vy,,1) only small ¢ contribute to
the cooling forces (18) and (19) due to the short time
response of the electrons to the moving fast ion. In this
limit we have sin(at)/at—1and G(t, {) — 7> + 1 — 2.
The remaining ¢ integration can be performed explicitly.
This integral is given by

[ Loy o1 = lim 5 [—fb(z)

®2+ 1

= lim e plEie) - E\(x*e)] = 1

Here z = (?/2)(1/¢* — 1) was introduced as a new
variable of integration, the function ®(z) is determined
by Eq. (20), E;(z) = —Ei(—z) is the exponential integral
which behaves at small argument (z — 0) as E;(z) =
In(1/z) — v [38], where vy is the Euler’s constant and
A(x) is the generalized Coulomb logarithm [Eq. (25)].

The remaining expressions do not depend on the magnetic
field, i.e. w,, as a natural consequence of the short time
response of the magnetized electrons. In fact,
sin(at)/at — 1 and G(t, () — 7> + 1 — /% and the re-
lated ¢ integration (33) are also valid for vanishing mag-
netic field a — 0. Changing now in the remaining
integrations the variable { — ¢/[£? + 7(1 — £%)]"/? turns
Egs. (18) and (19), after some integration by parts, into

8772 n,
LA(%)U” 1

F(v) =— i
th
1 U2 2 U2 52
_ I _ Y1
XfoeXp[ CF+r1-4 o7 ]
rdg

A= OF oY
where ¢ = 3/2 and ¢ = 1/2 for F|(v;) and F, (v;), respec-
tively. Here again the scaled ion velocities v =
v,-”/\/ivth” and v = vil/\/ivth” have been used. The
cooling forces (34) are anisotropic with respect to the ion
velocity v; due to the anisotropic velocity distribution (15)
of the electrons, and they represent the two limiting cases
of Egs. (18) and (19), namely high velocities at arbitrary
magnetic field and arbitrary velocities at vanishing field.
Of course, expression (34) can be also obtained by per-
forming the remaining integration in the nonmagnetized
cooling force (23) using the anisotropic velocity distribu-
tion (15) and U = A(x).

The cooling forces in (34) are additionally simplified
when the transverse thermal velocity spread of the elec-
trons vy,; is much larger than the longitudinal one vy,
(i.e. Ty > T or 7> 1) which is a typical situation for
electron coolers. In this case we have

8772 n,
\/_7[\(%)1,” 1
th|| 1

Fi(v)=—
LTSS 22d¢

x ./0 e"p[ T (- zz)][f(l -

(35)

where the numerical factor ¢ is the same as introduced
above.
A further increase of the ion velocity at T > T finally

yields
477'Zzé n v >
F(v)~————F—<A(x)—| erf - eV /T:I
v (o erttw/ 7 ~ v
477'22é4 . V;
=~ — 7/\( )—, (36)
mv? v;
where v? = v” +vi = viz/thzh” and erf(z) is the error

function. At sufficiently high velocities the cooling force
(36) becomes isotropic and does not depend explicitly on
the electron beam temperatures 7} and T'; [see the last part
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of Eq. (36)]. However, these temperatures can be involved
in the generalized Coulomb logarithm in Eq. (36). Note
that Egs. (34)—(36) can be also derived from the general
cooling force (21) inserting here the distribution function
(15) and assuming the regularized interaction potential, i.e.
U = A(x). Besides, Eq. (36) completely agrees with the
asymptotic expression (26) by taking U = A(x).

At B — 0 and small velocities (v; < vy, ) the cooling
forces (34) become highly anisotropic and are given by

8\/mZ%¢%n,
F(v;) =~ — \/3_mv2 A

th]|

(J)mvy By (1) + v By(m)] (37)

where n is a unit vector along the axis of the electron beam
anisotropy, and

N [ I

T

N e e L R G
with B, (1) =

B,(1) =1, and

x<l1

x> 1. (40)

(x) = arccosx
PR = {ln(x +V2 - 1),
Now we consider the situation when the magnetic field
is very strong and the electron cyclotron radius is the
smallest length scale, w A >> (v;, vy.1) and the friction
force is only weakly sensitive to the transverse electron
velocities and, hence, is affected only by their longitudinal
velocity spread. In this limit sin(a?)/at — 0 and G(t, {) —
1 — ? we obtain from Eqgs. (18) and (19) after some
lengthy but straightforward calculations,

4. /7Z%*¢*n
F(v) =— QA(")”IIL[‘”@( vid?
Vi
_Uigz 22 {’dg
A -mieg @

where C=3, C=1 and ¢ =0, g =1 for Fj(v;) and
F | (v;), respectively. As expected the cooling forces in
Eq. (41) are independent of the transverse temperature
T, of the electrons except that 7, may be involved in
the Coulomb logarithm A(x).

Expressions in Eq. (41) [as well as Eq. (34)] are very
convenient for numerical calculations since they involve
one-dimensional integrals with finite range. Similar ex-
pressions have been obtained by Pestrikov [39] where,
however, the drag force involves an integral with infinite
range. Up to the definition of the Coulomb logarithm
[i.e., U = A(x») in our case and U = U in Ref. [39]]
both expressions are identical. This can be easily shown
after changing the variable ¢ in (41) to x = [vﬁ 2

v £%/(1 = {*)]"/? and some subsequent rearrangement.

In particular, Eq. (41) is essentially simplified for a
completely flattened distribution function of the electrons
in the limit 7)) — 0, i.e. a deltalike distribution function
with respect to v, in Eq. (15). In this case it is straightfor-
ward to show that the parallel and transverse cooling forces
in Eq. (41) are identical with Egs. (31) and (32), respec-
tively, with ‘U = A(x).

In the high-velocity limit with w A > v; > vy, , the
parallel and transverse components of the cooling force,
Eq. (41), become

T n v z
Fy(v) ="~ Uéh” ¢ A(e) — {v— erf(v)
2 —? Uﬁ 2\
2¢6%n v 3v?
Fi(v;)=— &A(%) vJ- {( v—zll)erf(v)

thll

+ \/2?1}6"2[53(3 +20%) — 1]} (43)

With further increase of the ion velocity we can then
neglect the exponential terms in Eqgs. (42) and (43) while
erf(v) — 1 which yields the asymptotic expressions
Egs. (31) and (32) [with U = A(»)], corresponding again
as well to the often considered limit 7)) — 0.

The forces given by Eqgs. (42) and (43) [or Egs. (31) and
(32) with U = A(x»)] decay as the corresponding force
(36) like ~v; 2 with the ion velocity. But here, the parallel
force (31) vanishes at v;; = 0 which is a consequence of
the presence of a strong magnetic field, where the electrons
move parallel to the magnetic field. If the ion moves also
parallel to the field (i.e. v;; = 0) the averaged friction
force must vanish within the BC treatment for symmetry
reasons. The sign of the transverse force (32) depends
on the angle between ion velocity and the magnetic field
and tends to defocus ions with small transverse velocity,
v < ﬁvin while focusing them in the opposite case.

Finally, we also investigate the case of small velocities at
strong magnetic fields. Introducing a new integration vari-
able y* = v{ {?/(1 — {?) in Eq. (41) and considering a
small parallel velocity (v << 1) we arrive at

4\/_Zzé n

)~ ¢ 2 I3
Fyy(v;) = 3 ———5—A()v ||a§§ 352[8 Koy(6)]
2 Z2é4 . 2
= \/;Th”A(%)v”vle i/zl:(1+2v2l)K1(v7L>
2
- GRS (44)
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2 /7 Z%¢*n, 9 . d
- WA(%)UL PY; fa_g [eKo(£)]

N
_ ﬁ 5 n, A(%)vLeUZL/Z
mvth”

X [(vﬁ_ + I)K()(Uzi) - vﬁ_K1<v23‘):|, (45)

where & = v2l /2. As expected the parallel force is linear
with respect to v decreasing with an increasing transverse
component v of the ion velocity as F)| ~ v13. The trans-
verse force does not depend on v in this limit and falls as
F) ~ v ? with the transverse velocity.

Considering now a small transverse velocity v <K 1
yields

Fy(v;) =

4 [m7%¢* _
MA(%)UHQ vi

F”(Vi) = - mo 1, (46)
th|
A JmZ%¢*n,
Fi(v)= _\/_72/\(%)7&
mvg,

2
X [e‘”z(l - 2v2)ln<—v> + H(v)], 47)
vy
where two functions have been introduced:

H(v) = le7”(20% — DEi(v?) — 1 + Y'(v), (48)

1 2.2
Y(v) = —2v3[ e V" In(1 — x)xdx. (49)
0

Here Ei(z) is the exponential integral and the prime in
Eq. (48) indicates the derivative with respect to the argu-
ment. The function H(v) at small (v < 1) and large
(v> 1) values of the argument behaves as H(v) =
In(1/v) — 1 — y/2 and H(v) =~ —/7/2v3, respectively,
where vy is Euler’s constant. Now it is seen that at
v, < 1 the parallel force (46) decays exponentially (i.e.
much faster) with v in contrast to the power law decays
considered above. The transverse force (47), on the other
hand, leads at low transverse ion velocities v to a term
which behaves as ~v | In(1/v ). Thus the friction coeffi-
cient in the transverse direction diverges logarithmically at
small v | . This is a quite unexpected behavior compared to
the well-known linear velocity dependence without mag-
netic field (see asymptotic expressions above). Finally,
with increasing parallel velocity v of the ion the logarith-
mic term vanishes exponentially and the transverse force
behaves as F| ~ v, /v3.

IV. FEATURES OF THE COOLING FORCES
EQS. (18) AND (19) AND COMPARISON
WITH CTMC SIMULATIONS

In this section we study some general properties of
the cooling forces on individual ions resulting from the
BC approach by evaluating Eqs. (18) and (19) numerically.

We consider both the effects of the magnetic field and of a
variation of the shape of the electron distribution on the
cooling forces at various transverse velocities v;; of the
ions. The density n, = 10% cm™3 and the temperatures
T =~0.1meV and T ~0.11 eV of the electron beam
are the same as in the experiments at the ESR storage
ring [28-30] (see also Sec. V for further details) and are
typical for many other electron cooling experiments. Thus,
the electron beam is strongly anisotropic with T > Tj.
As an example we choose C%" and Xe>*" fully stripped
ions for our calculations. In all examples considered below
the regularization parameter A, = 10™° m and thereby
meets the condition Ay < by(0), i.e. Ay does not affect
noticeably the cooling forces (18) and (19) at low and
medium velocities as shown in Appendix C.

For a BC description beyond the perturbative regime a
fully numerical treatment is required. In the present cases of
interest such a numerical evaluation of the cooling forces is
rather intricate, but can be successfully implemented
by classical trajectory Monte Carlo (CTMC) simulations
[14-16]. In the CTMC method the trajectories for the ion-
electron relative motion are calculated by a numerical in-
tegration of the equations of motion (1). The cooling force is
then deduced by averaging over a large number (typically
10°-10°) of trajectories employing a Monte Carlo sampling
for the related initial conditions. For a more detailed de-
scription of the method we refer to Refs. [23-25]. Both the
analytic perturbative treatment and the nonperturbative
numerical CTMC simulations are based on the same BC
picture and use the same effective spherical screened inter-
action U(r). The following comparison of both these ap-
proaches thus essentially intends to check the validity and
range of applicability of the perturbative approach as it has
been outlined in the preceding sections.

First we consider the effect of the strength of the mag-
netic field on the second-order cooling forces. In Figs. 1-3
the parallel (— F), left panels) and transverse (— F | , right
panels) cooling forces (in eV/m) given by Egs. (18) and
(19), respectively, are plotted vs ion beam parallel velocity
vy (in m/s) for C°" ions and at fixed v;; = 0.1vy
(Fig. 1), v;} = vy, (Fig. 2), and v;; = 10wy, (Fig. 3)
and for various values of the magnetic field and are shown
as the lines without symbols. The two limiting cases of
vanishing (B = 0) and infinitely strong (B = o0) magnetic
fields are obtained from Egs. (34) and (41), respectively.
Note that the transverse velocity of the ion is rather small,
ie. v;) <K vy, in these examples (Figs. 1-3), which
results in a very small transverse cooling force at
B = 0. Indeed comparing Eqs. (34) and (41), one con-
cludes that typically Fo /Foy ~ T, /T > 1 at small
and intermediate velocity range, where F,,| and F; are
the transverse cooling forces at B = o0 and B = 0, respec-
tively. Therefore in the right panels of Figs. 1-3 the values
of the transverse forces at B = 0 are increased by some
appropriate (large) factors. The filled symbols in Figs. 1-3
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FIG. 1. Longitudinal (— F, left panel) and transverse (— F, right panel) cooling forces (with minus signs and in eV/m) for Ccot
fully stripped ions as a function of the ion velocity v, (in m/s) and for fixed v;; = 0.1vy, and A = Ap.. The theoretical cooling
forces (18) and (19) are calculated for A, = 107° m (see Appendix B for details) and for an electron beam with n, = 10° cm 3,
T, =0.11eV, and T = 0.1 meV in a magnetic field of B = 0 (solid line), 0.1 T (dashed line), 1 T (dotted line), and B = oo
(dash-dotted line). The CTMC results for the B = o case are shown by the filled circles. Note that in the right panel the transverse

force for B = 0 is increased by a factor 10°.
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FIG. 2. SameasinFig. 1 butforfixed v;| =wvy,|. Note thatin the right panel the transverse force for B = 0 isincreased by a factor 5 X 102.
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FIG. 3. SameasinFig. 1 butforfixedv;; = 10vy,. Note thatin the right panel the transverse force for B = 0is increased by a factor 10.
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represent the results of the CTMC simulations obtained for
an infinitely strong magnetic field (B = o0); CTMC results
for a finite magnetic field are shown later in Figs. 5-7. For
simplifying the comparison, in both treatments, the pertur-
bative BC and the CTMC calculations, the screening length
was fixed by A = Ap), independently of the strength of the
magnetic field, where Ap; = vy, / w,, is the longitudinal
Debye length and w, is the electron plasma frequency. For
the perturbative cooling forces we also employed the
velocity-dependent regularization parameter A(v;) of the
interaction potential as discussed in Appendix B.

Compared to the unmagnetized case with B = 0 (solid
curves in Figs. 1-3) the magnetic field increases the cool-
ing force F) at low velocities while reducing it at high
velocities. Furthermore, the deviations of the parallel cool-
ing force from the unmagnetized regime are stronger at
smaller v, , that is, the cooling force is less sensitive to B
at large v;, in all shown cases.

A somewhat different picture is observed for the abso-
lute value of the transverse force, |F | (Figs. 1-3, right
panels), when turning on the magnetic field from B = 0 to
B = 0. The force F; is much more sensitive to the
variation of B (compared to the parallel force F)) and
|F | is strongly increased by the magnetic field in the
whole parallel velocity range and for any transverse veloc-
ity v;; . While F)| is almost independent of the transverse
ion velocity at small v;; < vy, the transverse force F)
first shows a linear increase with v; | [see Eq. (19) and the
right panels of Figs. 1 and 2] but is reduced again by a
further increase of v; (Fig. 3, right panel). In addition, for
both F| and F | , a rather weak magnetic field may produce
significant deviations from the B = 0 regime at small and
intermediate velocities v; and v;; . At high velocities and
a strong magnetic field (B = 1 T) the cooling force F)
strongly deviates from the extreme case with B = oo,
which is, however, not accessible for the present experi-
ments at storage rings. At arbitrarily strong but finite
magnetic field and sufficiently high velocities, v; >
(A, vyy.1 ), the cooling force (18) converges to the par-
allel unmagnetized force, Eq. (34), which is the leading
order term O(v;?) of the high-velocity expansion of
Eq. (18), while, as discussed in Sec. III B, the regime of
infinitely strong magnetic field, Eq. (41), is reached for
lower velocities v; << w.A. At high velocities and strong
magnetic field, the cooling force given by Eq. (18) thus
deviates systematically from the regime of infinitely strong
magnetic field, Eq. (41).

Another interesting feature of the parallel cooling
force (18) observed in Figs. 1-3, in particular at small
transverse velocities v, , is the formation of two maxima
at parallel (v; ~ vy,) and transverse (v;| ~ vy, ) electron
thermal velocities with the formation of a corresponding
(deep) minimum. Here, the maximum at vy ~ vy
is systematically larger than the second one at higher veloc-
ities vy ~ vy, . While the position of the low-velocity

maximum of the force F is almost independent on the
strength of the magnetic field, the high-velocity maximum
is reduced and its position is shifted towards higher v, at
increasing B making the force minimum deeper. A further
increase of the magnetic field (B > 1 T) and finally the
transition to the regime B = oo results in a less structured
shape of the parallel force. Increasing, however, the trans-
verse ion velocity v;| reduces the depth of the force mini-
mum and results at v;; >> vy, in a smoother shape with
only one maximum, see Fig. 3 (left panel).

Figures 1-3 also clearly demonstrate focusing or
“antifriction” (given by the negative values shown on the
right panels of Figs. 1-3 by positive values) and the change
of the sign of the transverse force F'; which become more
pronounced with increasing magnetic field. Similar fea-
tures for the transfers force have been reported in
Refs. [40,41] using VORPAL simulations. The asymptotic
expression (32) [or the more accurate asymptotic Eq. (43)]
predicts that the change of the sign of the force F| occurs
at vy =v;,/ V2 which corresponds to a constant (i.e.
independent of B and v;, ) angle & = arctan+/2 between
the magnetic field B and the ion velocity v;. Let us recall,
however, that the asymptotic expression (32) derived in the
case of an infinitely strong magnetic field is valid either at
vanishing longitudinal velocity spread (T — 0) of the
electrons or at high velocities v, > vy, of the ion [see
Eq. (43)]. Our numerical calculations of the second-order
forces F; shown in Figs. 1-3 (right panels) also shows an
almost constant angle 4, i.e. independent of B, which now,
however, depends on the transverse velocity v;;. At
smaller v;; the angle © when the force F'| changes the
sign is much smaller than the value predicted by the
asymptotic Eq. (32) (Fig. 1, right panel) but with increasing
v; | it converges to the constant value given above (Fig. 3,
right panel).

Comparisons of the cooling forces determined by the
CTMC simulations and the second-order perturbative
treatment [Eq. (41)] at infinitely strong magnetic field are
presented in Figs. 1-3 by the filled symbols and the dash-
dotted lines, respectively. It is seen that in general the
perturbative treatment overestimates the CTMC results
for both components of the cooling force which is, how-
ever, more pronounced for F;. On the other hand, it
is clearly observed that in the regimes of large parallel
velocity vy and for arbitrary v;,; the second-order pertur-
bative treatment agrees almost perfectly (within the un-
avoidable numerical fluctuations) with the CTMC results.
Increasing, however, the transverse velocity v; of the ion,
one arrives at the regime where the conditions of the
applicability of the perturbative treatment (see, e.g., the
brief discussion in Sec. II A) are less critical and an ex-
cellent agreement between second-order BC and CTMC is
observed in the whole parallel velocity range as shown, for
instance, in the left panels of Figs. 2 and 3. Obviously the
agreement between both approaches is, in general, better for
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the parallel forces. In addition, similar to the second-order
BC approach the CTMC also demonstrates the formation of
antifriction for the transverse force F | . That is, the second-
order BC qualitatively captures the velocity domain where
the force changes the sign although it does not predict
correctly the magnitude of the force at small v; | .

Next we also look for some complementary information
about the cooling forces (18) and (19), and plot in Fig. 4
these forces on C®" ions vs ion beam parallel velocity at
fixed v;) = vy, (cf. Figs. 2 and 4) but for a different shape
of the distribution function of the electrons with smaller
T, = 1072 eV. Thatis, Fig. 4 is equivalent to Fig. 2 except
of the smaller transverse thermal velocity vy, and
cyclotron radius a; = vy, /o, of the electrons in Fig. 4.
This change of the transverse temperature has little

influence on both components of the magnetized cooling
force, only the minimum of the parallel force is increased
by decreasing T, . At this smaller cyclotron radius a, of
the electrons the transverse force is almost independent of
B and converges to the regime of infinitely strong magnetic
field as shown in Fig. 4 (right panel). On the other hand,
both components of the unmagnetized force (solid lines)
are strongly increased at smaller temperature 7T .

The regimes of an infinitely strong magnetic field where
we already compared the CTMC simulations with the
second-order perturbative treatment are, however, far
from being accessible by any realistic scenario at storage
rings. Thus, we also present results for the second-order
parallel (— F)) cooling forces (in eV/m, lines without
symbols) given by Eq. (18) as functions of the ion parallel

0.8 5
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109 o8 TN V=V —B-=0 Q AAAAAAA Vi = Vi —B=0
P N e B=01T 064 T~ - B=01T
N N — B=10T NG e B=10T
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FIG. 4. Same as in Fig. 2 with v;; = vy but for T} = 1072 eV (T = 10°T)).

B = 0 is increased by a factor 20.

Note that in the right panel the transverse force for

FH [eV/m]
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—=== v, =15y,
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thi|
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FIG. 5. Left panel: Longitudinal cooling force —F} (in eV/m) for the C®" ion as function of v, (in m/s) for A = Apj and v;; =
0.5vy, (solid lines), v;; = Svy, (dashed lines), v;; = 10vy, (dotted lines), and v;; = 15vy, (dash-dotted lines). For calculation of
the theoretical cooling force (18) (the lines without symbols), the same set of parameters are used as in Fig. 1 with the value of a
magnetic field B = 0.1 T. The CTMC results are shown by the lines with filled circles. Right panel: Same as in the left panel but the
present perturbative treatment (represented in the left panel by the lines without symbols) is compared with the PF (the lines with
symbols) as given by Eq. (50) for ves = 2vy,. See the text for further details.
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FIG. 7. Same as in the left panels of Figs. 5 and 6 for C®" and Xe®** ions, respectively, but for the transverse force —F | .

velocity vy (in m/s) in Figs. 5 and 6, now for the fully
stripped ions C®* and Xe>** at a finite magnetic field B =
0.1 T and fixed v;; = 0.5vy, (solid lines), v;; = Svy,
(dashed lines), v;; = 10vy, (dotted lines), and v;; =
15vy, (dash-dotted lines). The density and the parallel
and transverse temperatures of the electron beam are the
same as in the experiments at the ESR storage ring [28-30]
(see also Fig. 1). Again, the filled symbols in the left panels
of Figs. 5 and 6 represent the results of the CTMC simu-
lations obtained for a magnetic field B = 0.1 T. As before
the screening length is here fixed by the constant value A =
Ap| and the velocity-dependent regularization parameter
A(v;)) needed in the perturbative BC is again as deter-
mined in Appendix B.

We also compared our model to the empirical formula
for the parallel cooling force on a single ion,

2 44
4mn, 27 ¢ i k — 1n<1+ Smax )
m (v +vp tugy) Smin a1
(50)

Vi

Fi(v;)=—

as proposed by Parkhomchuk [31,32] [for simplicity this
formula is abbreviated below as PF (Parkhomchuk’s
formula)]. Here s, = |Z|62/m(v? + v?) and sy, =
(v? + v?)'?/w,, are the dynamical minimal and maximal
impact parameters, respectively, a | is the cyclotron radius
of the electrons, and v is an effective electron velocity
related to the transverse magnetic and electric fields in the
electron cooler (see Refs. [31,32]) which can be viewed as
a fitting parameter, and v, is a characteristic thermal
velocity, as discussed in Appendix B. For consistency
with our BC approach and the CTMC simulations, how-
ever, we evaluated Eq. (50) by fixing s,,,¢ also to the static
screening length s,,x = Ap. In the right panels of Figs. 5
and 6, the PF cooling forces F)| (lines with symbols, taking
the rather small values vy = 2vy, and veg = 3.5vy,,
respectively) are compared to the perturbative treatment,
which is represented by the same curves (lines without
symbols) as in the left panels of Figs. 5 and 6.
Furthermore, in Fig. 7, we also compare second-order
and CTMC results (lines without and with filled symbols,
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respectively) for the transverse cooling forces F| for C6*
(left panel) and Xe>*" (right panel) ions for the same set of
parameters as in the left panels of Figs. 5 and 6.

Figures 5—7 demonstrate basically the same features for
the second-order cooling forces as already discussed
in connection with Figs. 1-4. Regarding the parallel
components of these forces there is a quite good overall
qualitative agreement with the CTMC results. In particu-
lar, the CTMC shows at small v;; the formation of two
maxima of F)|, a higher one at v;; ~ vy,| and a lower one
at vy ~ vy, as it is also predicted by the perturbative
BC. The perturbative BC overestimates, however, the
cooling force at low velocities as well as the depth of
its minimum in between of the two maxima, with the
tendency that the quantitative agreement with the CTMC
is generally strongly improved with increasing velocities
vy and v;) (see the left panels of Figs. 5 and 6). This is
basically what is to be expected for a perturbative treat-
ment which should work best in the high-velocity weak
coupling regime as defined by Eq. (5). Essentially the
same behavior we also observed for the transverse force
F, shown in Fig. 7, although the quantitative agreement
with CTMC is less distinct here than for F). But again,
the perturbative BC qualitatively captures well the veloc-
ity domains where the transverse force is either negative
or positive and the agreement between perturbative BC
and CTMC is clearly improved with weaker electron-ion
coupling, that is, for lower Z and larger v, and v;; . The
only exception is here the case of the highly charged
Xe*" at the lowest v;; = 0.5vy, (Fig. 7, right panel)
where the CTMC exhibits a completely different behavior
of F; . But this is also the case of the highest electron-ion
coupling parameter where, according to Eq. (5), the ap-
plicability of a perturbative treatment becomes question-
able. In addition, for heavy ions, like e.g. Xe’**, and low
v, |, that is, for the highest electron-ion coupling, and in
the vicinity of the minimum of F at intermediate v;) the
BC treatment starts to predict unphysical results like the
sawtooth structure of F) emerging in this domain; see
the solid lines in Fig. 6.

Finally, we turn to the comparisons of our model given
by Eq. (18) and the PF [Eq. (50)] both shown in the right
panels of Figs. 5 and 6. The considerable differences
between Eq. (18) and the PF now clearly reveal the differ-
ent nature of both these approaches. The empirical PF
curve shows just some shift when varying the parameters,
namely v;,, while essentially retaining its shape. The
perturbative BC model as well as the nonperturbative
CTMC which are based on the full equations of motion
in the presence of a magnetic field exhibit a much more
intricate structure, in particular at small v; , the formation
of two maxima of the parallel force F) at parallel and
transverse electron thermal velocities. And the PF only
covers the parallel force and does not offer any description
of the transverse force.

V. COOLING FORCE FOR A MAXWELLIAN
ION DISTRIBUTION

Up to now we considered the magnetized cooling force
acting on the individual ion interacting with an electron
beam with anisotropic velocity distribution. But often, the
measured longitudinal cooling force represents an average
over the drag forces on individual ions. Thus, the cooling
force has to be interpreted as the average (F)(v;)) = F of
the component F (v;) of the drag force parallel to the beam
axis (and the magnetic field) over the ion distribution
fi(vy, v;1) in the beam (see, e.g., Refs. [40-43]), that is,

F=2a["doy [“fwa v Fygvivadve. D

A. Averaged cooling force

Modeling the ion beam by the anisotropic Maxwell
distribution,

1

_ vh /2]
Q) 202 o

fivipvin) = e e~ AT (59

an analytic expression for the average F, Eq. (51), over the
BC drag force F)(v;) given by (16) can be derived by

substituting Eqgs. (16) and (52) into Eq. (51) and then
integrating over v;; and v;), which yields

8Zzé4n A2 277)4
Flu) = 3 j k||dk||f Uz(k)kldkl
mvg,
% f"" SN+ D(t)](k e sin(at))
0 I at
X sin(v2ky Aut)rdt. (53)
The introduced dimensionless parameters D(r) =
82+ 10(t), u = ,||/\/_vth||, i =1+ Ull/vthll’ and § =
0| /vy are related to the distribution of the ion beam (52),
where o3 = (1/2)v?,) =T;1 /M, oﬁ = (v?”> - 17?” =

T;;/M with the effective transverse (7}, ) and longitudinal
(T temperatures of the ions and the ion mass M, and ¥
is the average cm velocity of the ion beam with respect to
the electron beam.

Finally, substituting the interaction potential (17) into
Eq. (53) and performing the k|| integration we arrive at

4J— 22é4

oodt 1
~ Pl == [1F [ deotn )
3 u2§2 1_§2 {2 _2Lt2§2
x‘”‘"( PZ(Z))P3(§)Q(L5)[P2(§)<3 ng))
202 sin(at)
0.0 ar ] ©

with P()= (882 +1- )2, 0(1,0) =D +1 -
All other quantltles have already been introduced in
Sec. II C [see above Eq. (20)].
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While Eq. (54) has to be evaluated numerically, a closed
analytic expression can be derived for the limiting cases of
(54) at high and low velocities and strong magnetic fields.
In the high-velocity limit with @, > (@ A, vy 1, o). 1)
only small ¢ contribute to the cooling force (54) and
sin(at)/at—1 and QO {) — 83> + 1 — %, where
8% = D(0) = 8 + 7. At a sufficiently large ion beam
velocity, Eq. (54) then turns into

2 44
—F(u) = 27727éne/\(%)izlierf(i> 2 lewz/aﬁ]

2
mvg, u 0, N

~ 27 Z%¢*n, A(x)

2 2
mvth” u

(55)
where the force decreases as F(u) ~ u~2 with the beam
velocity.

At very strong magnetic fields, when the electron cyclo-
tron radius is the smallest length scale and sin(a?)/at — 0,
ot ¢)— 8%, + 1 — %, and in the high-velocity limit
with w, A > vy > (vth”;J_, 0'||;J_), we obtain

3nZ%é¢*n 52
—Fu) = ——=—A0)—
m u

Vil

u 2 u 2u? 2/52
X ) (3 4+ e/
[erf(a) 37 6 (3 52 )e ]

There is an important difference if we compare Egs. (56)
and (55). The force (56) decays as F(u) ~ u~* much faster
than in Eq. (55). The velocity of the beam in Eq. (56) is
large but is restricted to the value w A, ie. | K u K w, A.
Thus it cannot be arbitrarily large. The velocity in Eq. (55)
is arbitrarily large but now restricted below, 7, > w A,
i.e. the magnetic field there cannot be arbitrarily large.

Considering on the other hand also the case of small
velocities u << 1 at strong magnetic fields, Eq. (54)
becomes

. - 8ﬁZ2é4ne 5”
F(u) = 5mv51”8||82A(%)u,P<8)’ (57)
B 5 ) _ 3x
P = 5| 2 ] o9

and p(x) is given by Eq. (40). As expected the low-velocity
cooling force [Eq. (57)] strongly depends on the details of
the distribution functions of electrons and ions.

B. Comparison with experiment

With the theoretical formalism presented above, we now
compare the cooling forces on the ions resulting from our
analytical approach, Eq. (54), with available experimental
data.

Measurements of the cooling forces have been per-
formed at several storage rings, like e.g. at the ESR at
GSI [28-30]. In these experiments a so-called cooling
force is extracted, which can be viewed as a stopping force
averaged over the ion distribution in the beam and the
electron distribution. As an example we focus on the
measurements of longitudinal cooling forces for different
fully stripped heavy ions as conducted at the electron
cooler of the ESR storage ring. Two different methods
have been used here to determine the cooling force. At
low ion velocities the cooling force is extracted from the
equilibrium between cooling and longitudinal heating with
rf noise. At high relative velocities between the rest frames
of the beams, the cooling force is deduced from the mo-
mentum drift of the ion beam after a rapid change of the
electron energy. Details of these methods as well as the
experimental conditions and observations are given in
Refs. [28-30]. The measured cooling forces are shown in
Fig. 8 (filled circles) for various fully stripped ions.

The electron beam in these experiments has a density of
n, ~10° cm™> and can be described by an anisotropic
velocity distribution (15) with T; = mv3 | =~0.11 eV
and T) = mvfh” =~ (.1 meV as inferred from correspond-
ing measurements. The strength of the magnetic guiding
field was B = 0.1 T. The measured longitudinal cooling
force represents an average over the stopping forces on
individual ions. For a comparison with the theoretical
model (54) the cooling force is thus interpreted as the
average (F)) of the component F of the stopping force
(14) parallel to the beam axis (and the magnetic field) over

1
10 --@- Experiment
" ——Eq. (53)
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=
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FIG. 8. Longitudinal cooling force (in eV/m) for various fully
stripped ions as a function of the relative ion velocity (in m/s).
Filled circles: Experimental data from measurements at the
electron cooler of the ESR storage ring [28-30]. Solid curves:
Eq. (54). The theoretical predictions of the cooling force are
calculated for an electron beam with n, = 10® cm™3, T, =
0.11 eV, and T = 0.1 meV in a magnetic field of B = 0.1 T,
and are fitted to the experimental results at low relative velocities
by treating the quantities o), o | as free parameters (see the text
for details).
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the ion distribution f;(v;, v;1) in the beam (see also
Refs. [40-43]).

For low ion velocities this average is taken with respect
to the transverse ion velocity only and the cooling force
depends on the parallel ion velocity, i.e. (F)) = (F))(v;)).
In the experimental procedure used for high ion velocities
the cooling force is an average over the complete ion
distribution. This average (F)) = (F))({v;)) depends
now on the velocity of the cm of the ion beam relative to
the rest frame of the electron beam (v;). Both velocities
are denoted as relative ion velocity in Fig. 8. To perform the
average the distribution f;(v,, v;;) must be known.
However, in Refs. [28-30] this distribution was not deter-
mined in detail, but there exists an estimate of the beam
angular divergence (6;) < 0.5 mrad [29]. This yields after
transformation to the rest frame of the ion beam for the
transverse ion velocities (v; ) = v}, = Byc(f;), where 3,
v are the relativistic factors related to the beam velocity
in the lab frame and c¢ is the speed of light. For the
measurements at hand with an ion energy of 250 MeV /u
(8=0.615, y=1.268) this results in v} <1.17X 10°m/s.

Now we turn to the present expression for the cooling
force (54) which is shown as solid curves in Fig. 8. The
velocity spread, i.e. the widths o) , o of the ion distribu-
tion (52), was treated as a free parameter to fit the BC
stopping force to the experimental data. As the cooling
force F is rather sensitive to a variation of o | at low
parallel velocities v, this fit is done for the linear increase
of the cooling force at low relative velocities. The velocity
spread of the ion beam in transverse direction used in
obtaining the solid curves is 3.5v, < o, =< 4.5v;, with
(6;) = 0.2 mrad (v}, =4.7 X 10* m/s) which is in good
agreement with the estimated beam divergence (6;). The
spread in the longitudinal direction is here typically o) =
10720, as it usually occurs in many experimental situ-
ations (see, e.g., [3,40-43] and references therein), in
particular at the ESR storage ring [28-30]. In the examples
considered here the regularization parameter A, varies
within 1071°-1077 m with X, < by(0), i.e. A, does not
affect noticeably the cooling force (54) at low and medium
velocities (see Appendix C). The BC model [Eq. (54)] well
agrees with the experimental cooling force at low and high
velocities but somewhat overestimates the cooling force at
medium velocities. These deviations are more pronounced
for lower ion charge states, but the overall behavior is
essentially independent of the ion charge.

For the parameters and conditions of the considered
experiments and taking into account the averages over
the electron and ion distribution functions, the domain of
hard collisions and relative velocities which violate the
condition for a perturbative treatment |Z|¢*/mviA <1
[see Eq. (5)] is rather small and thus ensures the overall
applicability of our model in the present regimes. More
specific, the related characteristic velocities (|Z]62/mA)!/?
are here 8.7 X 10> m/s for Z = 6 and 3.4 X 10° m/s for

Z = 92 (taking for low ion velocities the static screening
length A = A defined in Appendix C). This has to be
contrasted with a typical lower limit of the relative ion-
electron velocity vy which is given by the parallel thermal
electron velocity vy, =~4.2 X 10 m/s when assuming
low ion velocities and neglecting the transverse component
of vy. The deviations of the perturbative BC cooling force
(54) (solid curves) from the ESR data (filled circles) we
therefore mainly ascribe to the rather unknown distribution
function of the ions in the beam which has been modeled
here in the form of an anisotropic Maxwell distribution
(52). Indeed the actual velocity spread in ion beams may
essentially differ from the Maxwellian (52) and, in par-
ticular, in some cases the recorded profiles are parabolic
rather than Maxwellian [40-43] (see also Ref. [3]). For a
comprehensive comparison with the measurements and a
critical evaluation of theoretical approaches a detailed
knowledge of the ion distribution is indispensable.

VI. SUMMARY

In this paper we presented and discussed analytic ex-
pressions for calculating the cooling force on ions in a
model of binary collisions (BC) between ions and magne-
tized electrons within second-order perturbative treatment.
This has been done within the framework of an improved
BC theory which involves all cyclotron harmonics of the
electrons’ helical motion and which is valid for any
strength of the magnetic field and in regimes where a
perturbative treatment is applicable. The cooling force is
explicitly calculated for a regularized and screened
Coulomb potential. Closed expressions have been derived
first for monochromatic electron beams, which have been
folded with the velocity distributions of the electrons and
ions. The resulting cooling force is evaluated for aniso-
tropic Maxwell velocity distributions of the electrons and
ions. A number of limiting and asymptotic regimes of low
and high velocities as well as vanishing and strong mag-
netic fields have been studied. The given results show that
the present model of the cooling force is very sensitive to
the velocity spreads of the electrons and ions at small
relative velocities. Main limitations and uncertainties of
the present BC model are: (1) the approximations concern-
ing the electron and ion distribution functions, (2) the use
of a spherically symmetric effective interaction accounting
for screening effects and hard collisions, and (3) the under-
lying perturbative expansion of the equations of motion.
The latter can be well justified as long as the majority of the
electron-ion collisions which contribute to the averaged
final cooling force clearly meets the condition of a weak
perturbation; see Eq. (5). The use of an effective interac-
tion, on the other hand, and the proper choice of a velocity-
dependent screening length clearly needs still some
support from a comparison with full self-consistent simu-
lation approaches which can treat the complete ion-target
interaction in a nonperturbative way.
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The here outlined BC model for the cooling force on a
single ion has been compared with classical trajectory
Monte Carlo (CTMC) numerical simulations and the
simple empirical ansatz (50) proposed by Parkhomchuk.
It has been shown that there is a quite good overall
qualitative and in most cases also a good quantitative
agreement with the CTMC results with respect to the
parallel cooling force (18). A similar good qualitative
agreement has been observed for the transverse force F |
(19) but the quantitative agreement with CTMC is here
less distinct than for F). In any case, however, the per-
turbative BC model and the nonperturbative CTMC based
on the full equations of motion in the presence of a
magnetic field exhibit a much more intricate structure as
provided by the empirical ansatz (50). In a further step we
also compared the theoretical cooling force (54), after
averaging over the ion distribution function, with the
experiments performed at the ESR at GSI [28-30]. The
overall agreement of Eq. (54) with the experimental
cooling forces is rather good. Unfortunately, a comparison
of the averaged cooling force as extracted from the ex-
periments is only little suited for a distinct test of the
accuracy of the considered model. By demonstrating the
quite involved structure and character of the BC cooling
force F(v;) on a single ion we showed, however, that the
good agreement with the experimental data cannot simply
be considered as accidental. The remaining deviations of
Eq. (54) from the ESR data at medium velocities, which
can be seen in Fig. 8, are therefore essentially ascribed to
the deviations of the model distribution function (52)
from the experimental distribution of the ion beam which
is not known precisely.

As the main goal of this paper we suggest a more
advanced analytical model for calculations of the cooling
force which is appropriate for modeling many experimen-
tal situations with moderate or strong magnetic guiding
fields. The resulting cooling forces F(v;) and F(u) can, for
instance, also be tabulated in a suitable manner to be used
as input for simulations of electron cooling using the
BETACOOL package [44,45]. In addition, further improve-
ment might be achieved by performing the average in-
volved in Eq. (51) numerically with recorded ion beam
distributions or analytically using other ion distributions
like e.g. the parabolic distribution function as it occurs in
CELSIUS [40-42]. Systematic comparisons for different
distribution functions and other experiments on electron
cooling as well as with CTMC simulations are in progress
and will be reported elsewhere.
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APPENDIX A: SOME CONSEQUENCES OF
THE COULOMB DIVERGENCY

As was shown by Parkhomchuk [33] in the B — oo limit
and at high velocities, one gets asymptotic expressions
for the cooling forces which essentially differ from
Egs. (29)-(32). Here we will briefly show that this is a
consequence of the bare Coulomb interaction and the
related Coulomb logarithm ‘U used in previous treat-
ments (see, e.g., Refs. [9,33,40]). As has been argued in
Ref. [23] an expression similar to the second-order force
(10) strongly depends on the order of the integrations for
any singular potential, in particular for U = Uc. Such an
ambiguity does not arise for any regularized potential and,
for instance, Eqs. (21) and (27) are finite. Assuming a finite
range of the potential in Eq. (10) we have performed first
an integration with respect to the impact parameters s in
whole two-dimensional space. Now let us derive the cool-
ing force (27) first performing the ¢ integration, i.e. chang-
ing the order of the s and ¢ integrations. The calculations
are straightforward. Using the trajectory corrections in the
presence of an infinitely strong magnetic field derived in
Ref. [23], one obtains

2 44 2
Fylv) =274 f QT+ T f(v)dv,, (A1)
m v

pX AT
FJ_(Vi) = _%/[(Uﬂ - U%n)Tl - U%nTz]

x VL (v )dv,, (A2)
v

5
e

where v, = v, — vy, and the functions 7, (s) and quan-
tities T~ 1 and T » have been introduced in Ref. [23],

T,= [000 T3, (s)sds, T,= /OOQ To3(s)To; (s)sds,  (A3)

T,u(s) =

2m)?
5 (A4)

[ " Uk, (ks)k dk.
0

In Ref. [23] we have shown that TR = TX = U for
any regularized interaction potential, where ‘U is given by
Eq. (24). Thus, inserting these values of the coefficients
TR and TX into Eqgs. (A1) and (A2) yields Egs. (29) and
(30), respectively. The situation is different for any unregu-
larized potential, as, for instance, the Debye-like interac-
tion potential U(k) = Up(k) introduced in Sec. II. For this
potential T (s) = (1/A)K;(s/A), TH(s) = (1/5)8(s) —
(1/A®)Ko(s/A), and  TH(s) = Ko(s/A)  (see, e.g.,
Ref. [23] for details), where K,(z) (with n = 0, 1) are the
modified Bessel functions, and A is the screening length.
Transition of these functions to the bare Coulomb case is
performed by taking the limit A — oo. Then TG (s) = 1/s
and T§ (s)TS;(s) — O in this limit and for any nonzero
value of s > 0. Thus, in Egs. (Al) and (A2) it can be
assumed 7§ = 0 while inserting TG(s) into Eq. (A3)
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and introducing the upper and lower cutoffs yields 7~ ? =
Uc = In(rpa/rmin)- It is easy to see that Egs. (A1) and
(A2) with 7€ and TS = 0 completely agree with the
result reported by Parkhomchuk in Ref. [33]. However, it
should be emphasized that while the integrand in the
coefficient TS tends to zero for a bare Coulomb interac-
tion the s integration of this integrand (i.e. the coefficient
T §) remains singular. This is easily proved by inserting
TS (s) and TR (s) into Eq. (A3). After changing the inte-
gration variable the resulting coefficient T~ D is both inde-
pendent of the screening length A and diverges
logarithmically at small s. Consequently, we conclude
that for any unregularized potential the coefficient 7T, is
of the same order as 7, both diverging logarithmically at
small s (and possibly at large s) and the term proportional
to T, cannot be simply neglected in Egs. (A1) and (A2) as,
for instance, in Ref. [33].

APPENDIX B: ADJUSTMENT OF THE
EFFECTIVE INTERACTION

Our results, Eqgs. (18), (19), and (54), were derived by
using the screened interaction Ug(r). As already men-
tioned, the use and the modeling of such an effective
two-body interaction is a major, but indispensable approxi-
mation for a BC treatment where the full ion-target inter-
action is replaced by an accumulation of isolated ion-
electron collisions. The replacement of the complicated
real nonspherically symmetric potential, like the wake-
fields as shown and discussed in Ref. [46], with a spheri-
cally symmetric one is, however, well motivated by earlier
studies on a BC treatment at vanishing magnetic field, see
Refs. [35-37]. There it was shown by comparison with 3D
self-consistent PIC simulations that the drag force from the
real nonsymmetric potential induced by the moving ion
can be well approximated by an BC treatment employing a
symmetric Debye-like potential with an effective velocity-
dependent screening length A(v;). In these studies also a
recipe was given on how to derive the explicit form of
A(v;), which turned out to be not too much different from a
dynamic screening length of the simple form A(vy) =
Ag[1+ (vy/v,)?1Y2. Here Ay = v,/w, is the statical
screening length at v =0, w, is the electron plasma
frequency, and v, is a characteristic thermal velocity which
depends on the temperature anisotropy of the electron
beam and the guiding magnetic field. Although no system-
atic studies about the use of such an effective interaction
with a screening length A(v;) have been made for ion
stopping in a magnetized electron plasma, the replacement
of the real interaction by a velocity-dependent spherical
one should be a reasonable approximation also in this case.
The introduced dynamical screening length A(vy) also
implies the assumption of a weak perturbation of the
electrons by the ion and linear screening where the screen-
ing length is independent of the ion charge Ze, which

coincide with the regimes of perturbative BC, see, e.g.,
Ref. [36]. Therefore we do not consider here possible
nonlinear screening effects. Supposing linear screening
there remains the appropriate choice of the thermal veloc-
ity v,, which defines the static screening Ay = v,/ p at
low velocities, the dynamical one A(vy) = vy /w, at
vy > vy, and the velocity scale on which the transition
between static and dynamic screenings takes place.

In principle, the screening length A can be calculated
within the linear-response theory using the dielectric func-
tion of a temperature-anisotropic and magnetized plasma
(see, e.g., Ref. [11] and references therein). This approach
predicts that (i) the quantity Ay is, in general, strongly
anisotropic and depends on the angle ¢ between radius
vector r and magnetic field B as well as on the strength of
the magnetic field and the temperatures 7}, T, of the
electron plasma. (ii) At vanishing magnetic field the
screening length Ay is approximately given by the longi-
tudinal Ap = vy, /), and the transverse Ap; = vy, /),
Debye lengths at 9 =0 and O = 7/2, respectively
(see, e.g., Ref. [11]). For an average temperature 7 =
%(T” + 2T ) of the electrons with corresponding thermal
velocity @y, = (T/m)'/? the static screening can be ap-
proximated by taking Ay = Ap = ¥,/ ,, where A, can
be considered as an angular averaged screening length.
(iii) At infinitely strong magnetic field the screening length
is only determined by the longitudinal temperature 7} of
the electrons, Ay = Ap [11].

The dielectric properties of a temperature-anisotropic
and magnetized plasma thus suggest to define the thermal
velocity v, by an interpolation between vy, at B = 0 and
vy at B — oo, which then covers the entire range of the
variation of a guiding magnetic field, from the unmagne-
tized to the strongly magnetized regimes. To this end, we
propose here a simple interpolation formula for the char-
acteristic velocity vy, given by

vy, + (w./w,) v

1+ (w./wy)*

V2=

2
thil (B1)

and take Ay = v;/w, as static screening length. Here
m >0 is some positive numerical factor and the strength
of the magnetic field is measured by the quantity w./w,,.
From Eq. (B1) it is seen that the transition from B = 0 to
B = oo regime is faster for larger w, where we suggest
m =2 for practical applications. But the explicit func-
tional form of this interpolation as well as the choice of
p = 2 are, of course, to a certain extent discretionary. We
remark, however, that Eq. (B1) is here basically given to
complete our present BC treatment by providing some
reasonable recipe of how to determine the required pa-
rameters for modeling the effective interaction. The results
shown and discussed in Secs. IV and V are obtained
by fixing v, to vy, for all cases corresponding to B = 0
and to vy = vy for all examples with B=0.1T
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(where w.> w, for the assumed parameter regimes).
These results are therefore not affected by the explicit
form and choice of the suggested interpolation (B1).

It should be also mentioned that, depending on the
specific conditions in the storage rings, the screening
length A has to be replaced by the radius r, of the electron
beam if ry < A [4]. Also the finite time 7, of flight of the
beam through the cooling section may decrease the upper
cutoff if 7, < w;l [47]. However, the first issue is not
important for our present comparisons with experimental
data [28-30]. The radius of the electron beam and the
averaged screening length in these experiments are about
ro =25 mm and Ap =~ 2 mm, respectively, and thus r, >
Ap [29]. The time 7 for the ESR experimental conditions
is unfortunately not significantly larger than a);l [29].
Thus, the stationary picture we use is just applicable but
the finite time 7, is an additional source of uncertainty for
the comparison of the present theory and experiment which
needs further attention.

Next we specify the parameter A which is a measure of
the softening of the interaction potential at short distances.
As we discussed in the preceding sections, the regulariza-
tion of the potential (17) guarantees the existence of the s
integrations, but there remains the problem of treating
accurately hard collisions. For a perturbative treatment
the change in relative velocity of the particles must be
small compared to v, and this condition is increasingly
difficult to fulfill in the regime v, — 0. This suggests to
enhance the softening of the potential near the origin the
smaller v, is. Within the present perturbative treatment, we
employ a dynamical regularization parameter A(v;)
[24,25], where A%(v;) = Cb3(vy) + A3 and bo(vy) =
|Z|é2/m[vl42|| +(v?) + vi], (v})) is the average of v?|
over the ion distribution function (52). This average is
(v?|) =v? in the case of single ion considered in

Secs. II, 111, and IV and (v?,) = 207 in the case of ion
beam considered in Sec. V. Here b, is the averaged dis-
tance of closest approach of two charged particles in the
absence of a magnetic field and A, is some free parameter.
In addition we also introduced C = 0.292 in A(vy). In
Refs. [24,25] this parameter is deduced from the compari-
son of the second-order scattering cross sections with an
exact asymptotic expression derived in Ref. [48] for the
Yukawa-type (i.e., with A — 0) interaction potential. As
we have shown in Refs. [24,25] employing the dynamical
parameter A(v;) the second-order cross sections for
electron-electron and electron-ion collisions excellently
agree with CTMC simulations at high velocities. Also the
free parameter A is chosen such that A, < b((0), where
by(0) is the distance by(v) at v, = 0. From the definition
of A(vy)) it can be directly inferred that A, does not play
any role at low velocities while it somewhat affects the size
of the cooling force at high velocities when by(v;) < Ay.
More details on the parameter A, and its influence on the
cooling force are discussed in Appendix C.

Our extensive numerical calculations indicated that the
employed regularization parameter A(v;) provides a quali-
tatively quite satisfactory description, although the second-
order forces F).; on a single ion are at small v;;, in
general, quite sensitive to variations of A(v;). This sensi-
tivity is larger for highly charged ions (like, e.g., Xe>**)
and in the domain of v, where F, gets its minimum (see,
e.g., the deep minima in Figs. 5 and 6, left panels). An
example of this sensitivity is the formation of the unphys-
ical sawtooth structure in the minimum of the parallel force
shown in Fig. 6 (solid lines). Here the regularization pa-
rameter A(v;)) is no longer capable to capture sufficiently
accurately the underlying physics.

Finally, we also illustrate in Fig. 9 the features of the
Coulomb logarithm Ui = A(x) given by Eq. (25) and the

32 32
284 Cc% —e—;n =10°cm® 28 us —e—;n_=10°cm”®
—U;n =10°cm® —— U ;n =10°cm®
241 o e 24 oMo
o= 4 n =10° cm® —e— U ;n =10"cm®
£ 204 U;n, =10 cm® € 204 U n, =10°cm®
<
£ 16 Z 16-
I (]
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— |
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S 44 o 4]
3 3
[e]
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-4 4 R
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ion velocity [m/s]

FIG. 9. Regularized A(x) (the lines with symbols) given by Eq. (25) and standard ‘U (the lines without symbols) Coulomb logarithms
for C®* (left panel) and U%?* (right panel) fully stripped ions as a function of v; (in m/s). The Coulomb logarithms are calculated for
A=10""m,v;; =0,B=0.1 TandforT; =0.11 eV, T, =0.1 meV,n,= 10°cm ™3 (solid lines), and n, = 108 cm™3 (dotted lines).
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standard one U¢c = In(ryax/rmin) for B = 0.1 T and for
different charge state Z of the ions and temperatures and
densities of the electron beam close to the typical values of
the experiments at the ESR storage ring [28-30] and many
other cooling experiments. For U we take ry, = A(v;)
and ry,;, = by(v;)). The velocity-dependent lengths A(v;)
and by(v;) have been defined and discussed above. These
lengths also fix the quantity »(vy) =1+ A(vy)/A(vy)
used for Ug. As can be seen from Fig. 9, at intermediate
velocities the Coulomb logarithm Uy = A(x) basically
shows the same behavior and features as ‘U, but results
here in a somewhat smaller cooling force. Deviations are
more pronounced at high velocities when the distance of
the closest approach become comparable or smaller than
the regularization parameter Ay, by(v;) < Ay. It is clear
that decreasing the parameter A, will result in a shift of the
deviation domain shown in Fig. 9 towards higher veloc-
ities. We like to emphasize, however, that the large devia-
tions between both Coulomb logarithms shown in Fig. 9
fall in the velocity domain where the resulting cooling
forces are usually very small (see, e.g., the examples shown
in Figs. 1-8). Finally at small velocities the standard
Coulomb logarithm becomes negative (i.e. Fpax < Fmin)
which indicates the violation of the perturbative approach,
and is more pronounced either at higher densities n, or
larger ion charge; see Fig. 9.

APPENDIX C: COOLING FORCE VERSUS
THE PARAMETER A,

Finally, we briefly investigate the influence of the choice
of different values of the free parameter A, on the cooling

10"
CG+

10™4

Cooling Force [eV/m]

10° .
10

3

10* 10° 10
relative ion velocity [m/s]

FIG. 10. Longitudinal cooling force (in eV /m) for the C®* ion
as a function of the relative ion velocity (in m/s). The theoretical
cooling force (54) is calculated for an electron beam with n, =
10° cm 3, T, =0.11 eV,and Tj = 0.1 meV in a magnetic field
of B=0.1T for Xy = 107'9 m (solid line), A, = 10~° m (dashed
line), Ay = 10~% m (dotted line), and X, = 10~7 m (dash-dotted
line). The ion beam is characterized by the distribution o = 0,
o) =3.5v},(0;) = 0.2 mrad (see Sec. V B for details).

force (54). As mentioned in Appendix B, this parameter is
chosen such that Ay < by(0) and therefore does not play
any role at low velocities. It adjusts, however, the cooling
force in the high-velocity regime when by (7)) = Ay. Only
in this high-velocity limit the parameter A, directly affects
(within logarithmic accuracy) the perturbative cooling
force via the generalized Coulomb logarithm A(x) deter-
mined by Eq. (25). Thereby A(x) depends on the ion beam
velocity #; and behaves at high velocities as A(x) = Inx —
1 = 1n(#;/w,Ay) — 1. This velocity dependence of A(x)
must be taken into account when considering the asymp-
totic expressions (55) and (56).

For the curves plotted in Fig. 10 we evaluated the
cooling force expression (54) for an C®" ion varying the
regularization parameter from A, = 107! m (solid line)
to Ayp = 1077 m (dash-dotted line). All other parameters
remain fixed and are essentially the same as in Fig. 8. For
Ao = 1073 m the cooling force is (weakly) sensitive to a
variation of A, but as expected, only in the high-velocity
domain. At the larger A, = 10”7 m, where the parameter
Ay becomes comparable to the static collision diameter,
Ay = by(0), the cooling force shows some sensitivity to A,
also at low velocities (dash-dotted line) resulting in an
overall decrease of the force. But for the higher charged
ions, as considered in Sec. V B, the collision distance b, is
larger and the sensitivity of the cooling force to A thus
starts at even larger A,.
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