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A new method of measuring of the rms longitudinal Twiss parameters of a beam in linear accelerators is

presented. It is based on using sum signals from beam position monitors sensitive to the longitudinal

charge distribution in the bunch. The applicability of the method is demonstrated on the superconducting

section of the Oak Ridge Spallation Neutron Source linear accelerator. The results are compared to a

direct measurement of the bunch longitudinal profiles using an interceptive bunch shape monitor in the

linac warm section of the same accelerator. Limitations of the method are discussed. The method is fast

and simple, and can be used to obtain the initial parameters for the longitudinal matching in linear

accelerators where interceptive diagnostics are not desirable.
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I. INTRODUCTION

It is important to know the longitudinal Twiss parame-
ters of the bunch for beam dynamics optimization and loss
reduction in linear accelerators. This is especially true for
accelerators with flexible longitudinal settings like super-
conducting linacs (SCL) having large numbers of indepen-
dently powered accelerating cavities and uncorrelated
amplitude and phase setpoints. Typically, the supercon-
ducting part of a linac has strong limitations on the use
of interceptive diagnostics due to concerns regarding con-
tamination of superconducting surfaces. This precludes the
use of conventional longitudinal bunch profile diagnostics
such as bunch shape monitors (BSM) [1] or similar de-
vices. A method of measuring the longitudinal distribution,
the energy spectra, and the emittance of the bunch in the
superconducting linac without using interceptive diagnos-
tics was suggested in Ref. [2]. That method is based on an
amplitude scan of the first SCL cavity combined with a
phase scan of the rest of the SCL linac, measurements of
beam loss, and assumptions about sharpness of the edges of
the longitudinal acceptance. The method was successfully
used for the Spallation Neutron Source (SNS) supercon-
ducting linac. The weak points of the method are the
difficulty of checking the assumption about the sharpness
of the acceptance edges, the necessity for time consuming
two-dimensional scans, and difficulties with determination
of errors for the estimated parameters. In fact no error
determination was done or discussed in [2].

In this paper we suggest a new method to measure the
longitudinal Twiss parameters at the entrance of a

superconducting linac based on the analysis of the beam
position monitor (BPM) sum signals during a phase scan of
the first accelerating cavity. These signals are proportional
to the amplitude of the frequency spectrum of the longitu-
dinal bunch distribution at the BPM’s frequency. Assuming
a Gaussian longitudinal distribution, information on the
bunch length can be easily extracted. We will show that by
combining information on the bunch length at multiple
BPM locations and using a simple model of a cavity and
a drift one can determine the longitudinal Twiss parameters
at the linac entrance with good accuracy. The suggested
method is fast, simple, and its accuracy can be easily
estimated from the measured uncertainty of the BPM
data. We describe the assumptions used in the method
and derive all necessary equations in Sec. II. Application
of the new method for the SNS superconducting linac is
described in Sec. III. Verification of the result using direct
BSM measurements in the preceding section of the warm
linac is presented in Sec. IV. The error analysis is given in
the Appendix.

II. METHOD DESCRIPTION AND ITS
LIMITATIONS

The first step is to extract information on the bunch
longitudinal size from the sum signal of the BPM. In the
case of SNS, the BPM pickups are shorted striplines. For
the beam near the center of the beam pipe, the amplitude of
the BPM’s sum signal is [3]

u! ¼ J!zð!Þ 1

I0ð!R
��cÞ

; (1)

where J! is an amplitude of the beam current harmonic
with the frequency !, zð!Þ is a factor describing transfer
function of the BPM including the pickup geometry, am-
plifier gain, etc., R is the radius of the pickup aperture, c is
the speed of light, � and � are relativistic factors, and I0 is
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the modified Bessel function. In the case of Gaussian
longitudinal bunch shape,

J! ¼ Qe�ð!�Þ2=2; (2)

where Q is the total charge of the bunch and � is the rms
bunch time length. Substituting (2) in (1) gives

u! ¼ Qzð!Þ 1

I0ð!R
��cÞ

e�ð!�Þ2=2; (3)

where the exponential factor contains information on the
bunch longitudinal size. The expression for the bunch size
is found by inverting (3):

� ¼ 1

!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 ln

�
u!

Qzð!Þ I0
�
!R

��c

��s
: (4)

In the units of degrees at the bunch fundamental fre-
quency the bunch length

�’ ¼ 180�

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 ln

�
u!

Qzð!Þ I0
�
!R

��c

��s
: (5)

If the energy of the particles does not change at the BPM
location during the measurements, the Bessel function in
(5) could be included into the calibration constant A:

�’ ¼ 180�

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 ln

�
u!
A

�s
: (6)

The bunch longitudinal size can be calculated using (6)
if the calibration constant A is known. In practice, it is
difficult to calculate A with a good accuracy, but it is easy
to measure it if the bunch can be made so short that

� � 1

!
: (7)

In that case A � u!. For example, the operating fre-
quency of the BPMs in the SNS superconducting linac is
402.5 MHz, the rms bunch length is less than 5�, and the
limits for the calibration constant are u! < A<
u!=0:9924. Therefore, measuring the sum BPM signal
under the nominal operation conditions provides an accu-
rate estimate of the calibration constant to use in (5) or (6)
for bunch length determination. Unfortunately, the condi-
tion (7) also defines the low sensitivity of the bunch length
to the sum BPM signal

��

�
¼ 1

ð!�Þ2
�u!
u!

; (8)

where �� and �u! are errors for the bunch length and the
sum signal. When the condition (7) is met, !� becomes
too small to allow the bunch length determination with an
acceptable accuracy. This means that it is not possible to
use the BPM sum signal to measure the bunch length in
the nominal linac operation when the bunch is too short.
In order to use formula (6) for the bunch length

measurements, we need to have longer bunches. This can
be achieved by switching off the accelerating field in the
cavities and allowing the bunch to expand in the drift
space. After some distance along the linac, the bunch
becomes long enough to allow accurate measurements of
its rms length using (6) (note that the calibration constants
determined during the nominal linac operation are still
valid).
In the absence of space charge, the dependence of the

rms bunch length upon the distance along the linac will be
determined by the initial longitudinal Twiss parameters
and the known transformation matrix of the drift.
Therefore the initial Twiss parameters and their uncertain-
ties can be found from the measured rms bunch lengths by
using the algorithm described in the Appendix. In most
cases of interest, including the SNS linac, space charge
plays an important role and cannot be neglected. In this
case, a computer model which incorporates the space
charge effect should be used for reconstruction of the
initial Twiss parameters. As we will show later in case of
the SNS linac, the error in the reconstructed Twiss parame-
ters is too large due to noise in the measured data and
model imperfections. In essence, the effect of the space
charge on the bunch expansion is significantly larger than
the influence of the initial Twiss parameters.
In order to increase the effect of the initial Twiss pa-

rameters on the measured signals we switched on the first
accelerating cavity and performed a phase scan, while
recording the BPM sum signal amplitude at each step.
The cavity transforms the longitudinal beam phase-space
distribution with the focusing strength determined by the rf
phase [Ref. [4], page 19]. In some sense this procedure is
similar to a ‘‘quad-scan’’ technique of measuring trans-
verse Twiss parameters [5]. In the next section we will
demonstrate that adding a controllable focusing element
results in significant improvements in the accuracy of the
longitudinal Twiss parameters determination.

III. MEASUREMENT OF LONGITUDINAL
TWISS PARAMETERS AT THE SNS

SUPERCONDUCTING LINAC

The SNS superconducting linac is a part of the SNS
1 GeV linear accelerator, which includes six sections of a
normal conducting drift-tube linac, four sections of a nor-
mal conducting coupled cavity linac (CCL), and 81 indi-
vidually powered superconducting cavities (SCL). The
input energy of the SCL is 185.6 MeV; the design peak
current is 38 mA with a bunch frequency of 402.5 MHz.
The SCL has 32 stripline BPMs installed along the linac
between the cavities. A bunch shape monitor (BSM), an
interceptive device for direct measurement of the longitu-
dinal bunch profile, is installed close to the end of the CCL
[6]. The schematic view of the experimental setup includ-
ing the last section of the CCL, the BSM, and the SCL with
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the first accelerating cavity SCL:Cav01a and BPMs is
shown in Fig. 1.

The first measurements were performed with the design
settings in the warm linac and with all SCL cavities
switched off including the first one. The bunch was allowed
to expand freely in the SCL. The peak current was 35 mA,
as measured by the beam current monitors in the beginning
of the warm linac. To avoid beam loading in the SCL
cavities, the bunch train was kept short, to a duration of
0:45 �s, equivalent to about 182 bunches. For the analysis
with the algorithm described in the Appendix, we used
13 BPMs located in the SCL. This number of BPMs was
chosen to be suitable for all cases in the study and will be
discussed later. We used the XAL online model (OM) [7]
as an accelerator model to generate the linear transport
matrices necessary for the analysis algorithm. The OM is
an envelope tracking accelerator code similar to TRACE3D

[4] including the space charge effects. The initial SCL
transverse Twiss parameters used in the model were found
from the previous laser wire measurements for the warm
linac design settings. The measured normalized BPM sum
signal amplitudes and the model calculation are shown in
Fig. 2. The longitudinal Twiss parameters alpha, beta,
and emittance determined at the entrance of the SCL are
� ¼ �0:5� 1:6, � ¼ 33� 86 ðdeg =MeVÞ, and " ¼
0:7� 4:2 ð� �MeV � degÞ, respectively. The errors on
these parameters are too large to make them useful. As
discussed in the previous chapter, these large uncertainties
are caused by strong space charge repulsion in the bunch.

To reduce the errors we added one variable element in
the lattice—the first superconducting cavity in the
SCL. We performed a full phase scan of this cavity while
collecting all BPMs sum signal amplitudes. The model
parameters for this cavity (the amplitude of the field and
the phase) were found from the BPM phases by using the
time-of-flight method. The scan includes 72 cavity phase
measurement points for each of the 13 BPMs. The acquis-
ition time of the entire scan was about 2.5 minutes. Figure 3
shows the result, further details of the method are described
in the Appendix. The longitudinal Twiss parameters found
are � ¼ 0:56� 0:02, � ¼ 19:1� 0:5 ðdeg =MeVÞ, " ¼
0:80� 0:01 ð� �MeV � degÞ. All errors are significantly
reduced compared to the free expansion case. The error
reduction is due to the SCL cavity’s longitudinal phase-
space manipulation during the phase scan. At each phase
point a longitudinal kick transforms the longitudinal phase-
space distribution before it starts debunching freely.
Therefore, we create a set of unique and independent
conditions which are linked to the initial Twiss parameters.
All these measurements included into the matrix (A3)
reduce the uncertainty of the found initial Twiss parame-
ters. The cavity model is one of the important components
of our analysis. The SCL cavities are short compared to the
warm linac cavities (six rf gaps for the SCL cavity and 96
gaps for the CCL4), so a simple TRACE3D-like model of the
SCL cavity is sufficiently accurate. The measured emit-
tance is about 2 times higher than the design value
0:4 ð� �MeV � degÞ (see the table of the beam evolution
parameters section in [8]). This result agrees with the
measurements based on the SCL acceptance scan method
[2]. The rms emittance value of 2:7 ð� �MeV � degÞ re-
ported in [2] was mistakenly not divided by �, and the
correct value of 0:86 ð� �MeV � degÞ is very close to our
result.
All BPMs that are far downstream from the beginning of

the SCL have a two-peak shape in Fig. 3. The positions of

FIG. 2. Normalized BPM amplitudes in the SCL with all rf
cavities switched off.

FIG. 3. The amplitudes of all 13 BPMs in the SCL as a
function of the first SCL cavity phase. Points are measured
values, and the curves are from the model.

FIG. 1. The experimental setup layout.
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the peaks roughly coincide with the cavity phases for the
maximum acceleration and deceleration of the bunch when
we have the minimum longitudinal focusing and defocus-
ing in the SCL cavity. The amplitudes of these peaks
should be equal according to the envelope tracking model.
The minima of the curves in Fig. 3 are created by focusing
and defocusing longitudinal kicks from the cavity. The
defocusing kick creates the more extreme minimum.

To check the assumption of a Gaussian shape for the
longitudinal distribution we used the BSM in the CCL
(see. Fig. 1). The measured distribution and a Gaussian
fit are shown in Fig. 4. The measured distribution is very
close to Gaussian. The fitted rms size is �’ ¼ 3:1�
0:1 degree, and the calculated rms value is 3.4 degrees,
which justifies use of the Gaussian approximation in our
analysis.

IV. COMPARISON WITH BSM MEASUREMENTS

To validate the results of the newmethod we compared it
with a direct measurement of the bunch profile using an
interceptive monitor (BSM) in the last section of the warm
linac (CCL4). The position of the BSM relative to the SCL
entrance is shown in Fig. 1. The distance between the BSM
and the SCL entrance is 2.3 meters, in which there are only
16 rf accelerating gaps of the CCL4 and one quad. The
Twiss parameters at the SCL entrance depend on the phase
of the rf field in CCL4. Therefore the measurements were
performed at several rf phase setpoints with 10� steps,
ranging from �20� to þ40� around the design phase,
which allows comparison over a range of initial Twiss
parameters. At each CCL4 phase point we measured the
longitudinal profiles with the BSM and performed the
SCL:Cav01a cavity phase scan as described in Sec. III.
The longitudinal Twiss parameters at the SCL entrance
were derived from the SCL first cavity phase scan data
and used to calculate the longitudinal beam size at the

BSM location. For both measurement methods we used
the set of the transverse Twiss parameters found previ-
ously. The calculation of the longitudinal bunch size was
done by backpropagating a bunch envelope with the mea-
sured longitudinal Twiss parameters using the same XAL
online model as in the previous section. The results of the
BSM-based direct bunch size measurements and the SCL
BPMs data analysis are compared in Fig. 5. The error bar
size in Fig. 5, calculated using (A6), combines contribu-
tions from all types of errors: BPM noise, the transforma-
tion matrix errors, and the calculated rms bunch size errors
due to a non-Gausian shape. Therefore the error bar size is

FIG. 4. The longitudinal beam profile measured by the BSM in
the CCL. The red curve is a Gaussian fitting.

FIG. 5. The longitudinal bunch size at the CCL BSM410 as a
function of the CCL4 cavity phase. The zero phase is the design
phase of the cavity. Red: the direct BSM measurements. Black:
SCL BPMs (new method) with XAL prediction at the CCL4
BSM410 location.

FIG. 6. The longitudinal distributions of the bunch at the CCL
BSM410 measured for different phases of the CCL4 cavity. The
profiles are scaled in amplitude and shifted in phase for better
comparison.
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a good criterion of validity of the Gaussian approximation,
which is very useful when there are no tools for a direct
bunch profile measurement.

The two types of measurement in Fig. 5 are in good
agreement, and results overlap within errors. The SCL
data analysis results in increasing errors as the CCL4
phase is set far from the nominal design value, and that
raises the question about applicability of the new method
for these CCL4 phases. The problem can be explained by
the very long non-Gaussian tails in the bunch longitudinal
distributions which were seen in the BSM measurements.
The measured distributions are shown in Fig. 6. The plots
show, for large CCL4 phase values, e.g. þ40

�
, that the

longitudinal bunch shape becomes asymmetric with long
tails. For non-Gaussian distributions our formula (6) does
not work correctly, and we have poor agreement between
the measured and simulated BPMs’ amplitudes, yielding
large errors for the initial parameters and the predicted
sizes in CCL BSM410. Further analysis of the errors
should be done with PIC simulations which are beyond
the scope of the present paper. At this time, it should be
noted, even though this error increase seems to be a
limitation of the new method, it is not very significant
for the practical use. In practice, the Twiss parameters
have to be measured in the vicinity of the design value.
The phase variations of �20 degrees are already ex-
tremely large, and cannot be used for the nominal CCL
operation.

V. CONCLUSIONS

A new method of measuring the longitudinal Twiss
parameters in the superconducting rf hadron linacs is pre-
sented. It is based on the combination of controllable
transformations of the bunch in longitudinal phase space
by changing the phase settings of one superconducting
cavity and analyzing the sum signals of the BPMs. The
method allows the estimation of the accuracy of the result-
ing parameters based on an envelope tracking accelerator
code. At this moment the method can be used only for
bunches which have approximately Gaussian longitudinal
distributions. The existence of non-Gaussian components
will reduce the accuracy of the method. The method was
successfully applied for the SNS superconducting linac
and benchmarked with the BSM measurements in the last
section of the warm linac.
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APPENDIX: CALCULATION OF THE
LONGITUDINAL TWISS PARAMETERS USING

BPMS’ AMPLITUDES

Let us consider a lattice of a linear accelerator with N
beam position monitors. A bunch of charged particles is
transported through this lattice, and it generates a sum
signal at each BPM. We want to calculate the initial
longitudinal Twiss parameters of the bunch by using these
signals. We use a simple linear transport model, as it is
implemented in many accelerator codes. In this model the
longitudinal coordinates of particles at the BPM locations
are defined by their initial values and the transport matrix

mðiÞ, where i ¼ 1; . . . ; N,

’ðiÞ

EðiÞ

" #
¼ mðiÞ

1;1 mðiÞ
1;2

mðiÞ
2;1 mðiÞ

2;2

2
4

3
5 ’ð0Þ

Eð0Þ

" #
; (A1)

where ’ and E are the longitudinal position and the kinetic
energy deviations from the synchronous particle of the
bunch. By calculating the square of both sides of the first
equation of the (A1) system and averaging over the whole
ensemble of particles in the bunch, we have the expression
for the second order moments of the longitudinal distribu-
tion:

hð’ðiÞÞ2i ¼ ðmðiÞ
1;1Þ2hð’ð0ÞÞ2i þ 2mðiÞ

1;1m
ðiÞ
1;1h’ð0ÞEð0Þi

þ ðmðiÞ
1;1Þ2hðEð0ÞÞ2i: (A2)

We have N BPMs, so our system of equations will be
written as

hð’ð1ÞÞ2i
���

hð’ðNÞÞ2i

2
664

3
775¼MN�3

hð’ð0ÞÞ2i
h’ð0ÞEð0Þi
hðEð0ÞÞ2i

2
664

3
775;

whereMN�3¼
ðmð1Þ

1;1Þ2 2mð1Þ
1;1m

ð1Þ
1;1 ðmð1Þ

1;2Þ2
��� ��� ���

ðmðNÞ
1;1 Þ2 2mðNÞ

1;1m
ðNÞ
1;1 ðmðNÞ

1;2 Þ2

2
664

3
775: (A3)

We have to find the initial second moments hð’ð0ÞÞ2i,
hð’ð0ÞEð0Þi, and hðEð0ÞÞ2i that will minimize the sum of
the squared deviation of the calculated second moments
at each BPM from the longitudinal rms sizes measured by
the BPMs according to formula (6):

S ¼ XN
i¼1

½hð’ðiÞÞ2i � ð�ðiÞ
’ Þ2�2: (A4)

This is a typical linear least square method problem, and
the solution is

hð’ð0ÞÞ2i
h’ð0ÞEð0Þi
hðEð0ÞÞ2i

2
664

3
775 ¼ ðMT

N�3MN�3Þ�1MT
N�3

ð�ð1Þ
’ Þ2
� � �

ð�ðNÞ
’ Þ2

2
664

3
775: (A5)
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The variances of the initial parameters can be estimated by
the following formula:

varðhð’ð0ÞÞ2iÞ
varðh’ð0ÞEð0ÞiÞ
varðhðEð0ÞÞ2iÞ

2
664

3
775 ffi S

N � 3
fðMT

N�3MN�3Þ�1gdiagonal:

(A6)

The rms Twiss parameters emittance, alpha, and beta are
calculated from the second moments (A5):

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hð’ð0ÞÞ2ihðEð0ÞÞ2i � ðh’ð0ÞEð0ÞiÞ2

q
;

� ¼ �h’ð0ÞEð0Þi="; � ¼ hð’ð0ÞÞ2i=�:
(A7)

The errors of the Twiss parameters can be estimated by
using the variances of the second order moments (A6).

In the presence of space charge forces the transport
matrices will be dependent on the initial Twiss parameters
for the longitudinal and transverse directions. The trans-
verse parameters can be found by analyzing wire or laser
wire scanner data. As for the longitudinal Twiss parame-
ters, there are several possible ways to find the initial
values. First, we can use the design Twiss values to gen-
erate transport matrices to solve (A5) and iterate the cal-
culations. There is no guarantee that the iterations will
converge. In practice we saw divergence in many cases.
Second, we can use a nonlinear minimizing method like

the simplex minimization to find the initial conditions for
the minimal S value (A4) and then use these parameters to
generate transport matrices and solve (A5) and (A6) to get
the initial parameters and their uncertainties. In this paper
we use the second approach.
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