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Longitudinal dynamics of high gain free electron laser amplifiers
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We consider the dynamics of a coherent seed undergoing a free electron laser high gain amplification.
We discuss the dispersion of the optical packet during the interaction and study the problem using
different formalisms, including that of the Wigner distribution. The analysis we develop is mainly based
on a 1D procedure; the inclusion of transverse longitudinal interplay is also briefly discussed.
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I. INTRODUCTION

The free electron laser (FEL) high gain equation in the
small signal approximation, with the inclusion of pulse
propagation effects, is written [1]
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with a(z, 7) being the Colson’s dimensionless amplitude
[2]. The equation is formulated using the z frame, associ-
ated with the optical packet distribution, and the 7 variable,
which is essentially the propagation coordinate along the
undulator. The electron bunch, whose longitudinal shape
has been included in the small signal gain coefficient, is
assumed to be fixed. The optical field slips over the elec-
trons and experiences an interaction responsible for a dis-
persive behavior yielding, among other things, a reduction
of the group velocity of the radiation.

*dattoli @frascati.enea.it
Tsabia@frascati.enea.it
“pl.ottaviani @alice.it
§pagnutti @bologna.enea.it
IVittoria.petrillo @mi.infn.it

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOL

1098-4402/13/16(3)/030704(15)

030704-1

PACS numbers: 41.60.Cr, 52.59.Rz, 02.60.Nm, 02.30.Vv

In the following we will consider the amplification of a
coherent seed packet and define the detuning v with re-
spect to the input seed frequency. If we assume that the
electron bunch is significantly larger than the packet width,
the small signal gain coefficient g, = @, where p is
the Pierce parameter introduced by Bonifacio et al. in
Ref. [3], can be assumed independent of the electron bunch
longitudinal profile.

The use of the identity

e f(z) = f(z + a) (1.2)

allows one to formally eliminate the residual dependence
on the z variable by including the effect of the translation,
due to the slippage A, in the detuning parameter, thus
rewriting Eq. (1.1) in the form

T n
d,a(z, 7) = iwgof e q(z, T — 7')dT,
0

p=v+iAd,. (1.3)
Equation (1.3) is now formally equivalent to the 1D FEL
high gain equation without pulse propagation dynamics. It
can be therefore solved using the Volterra series method
involving the gain approximants expansion proposed in
Ref. [4]. The presence of the shift operator in the detuning
parameter provides the interpretation of the approximants
as evolution operators acting on the input seed amplitude.
Following Ref. [4], we write the relevant solution as

a(z, 7) = U(r)ap(z),

U(r) = [i + > (imgo)" g4 (P, 7)],

n=1

(1.4)
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where U(7) is the evolution operator acting on the initial
seed amplitude
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and g,(?, 7) is the gain approximant evolution operator
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The optical field can therefore be expanded in gain
amplitudes a,(z, 7) according to the identity
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The explicit form of the evolution of the input seed is
obtained by specifying the effect of the exponential con-
taining the derivative operators on ay(z).

By recalling Eq. (1.3) and [5],

1
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we eventually end up with, for n > 0,
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Each partial amplitude is interpreted as an optical packet
having a shifted centroid, with respect to the original seed
packet.

In this paper we will discuss the evolution of an input
seed with particular reference to its spectral and spatial
widths. We will analyze the mechanism of packet velocity
reduction and introduce a suitable FEL refractive index.

We will exploit different techniques, including the evo-
lution of the Wigner distribution [6] associated with the
amplified field.

II. SOME DETAILS ON THE
OPTICAL PACKET EVOLUTION

Equation (1.1) implies that the optical field evolution
should be interpreted with respect to the z frame, which
moves rigidly at the light velocity. The portrait of the
optical profile in z, taken at a given position along the
undulator, provides various information including, e.g.,
those relevant to the group velocity.

According to the previous discussion, the centroids of
the gain amplitude packets shift back, during the interac-
tion with the e-beam, to the position z, = —,(7). This
effect can be interpreted as a manifestation of the fact that
the group velocity of the optical packet has been slowed
down by the FEL interaction itself.

According to Eqgs. (1.6) and (1.9), we find that the shift
back position of the optical packet is
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Since ¢, (7) measures a relative position with respect to the
z frame assumed to move at the velocity of light, we argue
that the packet group velocity is less than the light velocity
and that it is given by

d 2n A
Vgy =C— Eé'n(r) = c(l ke )\—u) (2.2)
In the high gain limit (n > 1), we find
2 A

Furthermore, since the longitudinal velocity of the elec-

trons is
A
v, = C(l — —>
Ay

we obtain that, after one undulator passage, the difference
between the optical packet and electron bunch centroids,
measured in terms of slippage length, is
~ A
A=—,
3
From Eq. (2.3) it also follows that the group velocity (in
the high gain limit) can be cast in the form (see Bonifacio
etal) [7]

(2.4)

(2.5)

(2.6)

while in the low gain limit (n = 1) the same procedure
yields
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In the low gain regime the group velocity is slightly larger
than the high gain limit since the refractive index associ-
ated with the interaction is lower.

The procedure we have outlined allows some analytical
progress in understanding the high gain pulse evolution. If
we assume that we operate the amplification process at
zero detuning (v = 0, the general case is discussed in the
Appendix), the problem of studying the optical packet
evolution is greatly simplified and indeed from Eq. (1.9)
we find (we have omitted the dependence on v, 7 in the A,
o,, {, functions to deal with more manageable expres-
sions)

An_ in(m/2) (44, /457,

7
270

a,(z, 7) = (2.8)

The intensity growth is obtained by integrating the total
field amplitude on the packet coordinate z, thus getting'
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The contributions with n — m = odd vanishes, so that
Eq. (2.9) can be rewritten as

(1) =v2 Y S (=DP(mggP " PAKA,L2,

m=0 p=0

O-ma-m+2p
0' + o2

X

am,m+2p

(2.10)

m+2p

The physical meaning of the various terms is fairly
transparent, the contributions with p # 0 are proportional
to e P"(A7/97 " they are physically associated to the slip-
page mechanism and play a minor role with the increasing
of the order.

If the pulse effects are not included, namely by setting
A =0 in Eq. (1.1), we can write the intensity evolution
as [8]

'Tt should be remembered that the Colson’s dimensionless
amplitude is linked to the intensity by |a|> = 87> L with I,
being the FEL saturation intensity. ’
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The previous results hold if we assume that the gain
coefficient is practically independent of the longitudinal
coordinate. The inclusion of the finite electron pulse effects
determines some computational problems, but it is instruc-
tive to derive the intensity evolution which, for a Gaussian
electron bunch with rms o, and go(z) = goe~1/2@/ 72,
reads

(2.11)

T

10 = [t Pdz

=V2 Y 3 (mgo)" A, A%,
m=0n=0

g,0 o
X |55 e%¥nm cos((n — m) —),
o, + o, +d,, 2

_ 1@ WP RGeS
Gnm = Ty o2+ o2 +d,, - (212

It is worth stressing that the growth rate is strongly reduced
for very short bunches.

The first and second moment of the optical field distri-
bution can be computed as (see the Appendix)

T2 2ma(z, 7)1%dz
[T lalz, 7)|2dz

(z(m)™) = =1,2... (2.13)

and will be used to evaluate the evolution of the centroid
and the packet spreading.

In Fig. 1(a) we report the intensity evolution according
to Egs. (2.11) and (2.12); the differences are due to the
short bunch effects, which are not contained in Eq. (2.11).
The seed amplitude corresponds to an input peak power
Py =900 W. In Fig. 1(b) we show the intensity evolution
(with and without short bunch length effects) obtained by
1D simulation code PROMETEO.

The packet centroid motion Z(7) = {z(7)') is given in
Fig. 2 and the rms 3(7) = 4/{z(7)?) — (z(7))? of the optical
pulse is shown in Fig. 3. The moment zZ(7) of Eq. (2.13) is
relative to a frame moving at the light velocity, its evolu-
tion with respect to the e-bunch is obtained by adding the
shift D = 7A [Fig. 2(a)]. The figures are relevant to
the case of a short electron bunch and contain the com-
parison with PROMETEO simulations. As to the centroid
shift the comparison exhibits a qualitative agreement
only [Figs. 2(a) and 2(c)]. To make analytical and numeri-
cal results closer, we have replaced A with 0.6A thus
“simulating” a slower drift velocity. Such a reduction
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FIG. 1. FEL pulse energy (nJ) vs the undulator coordinate (meters): (a) continuous line from Eq. (2.12), dotted line from
Eq. (2.11); (b) PROMETEO simulation: continuous line with short e-bunch, dotted line with continuous electron beam. Parameters:
A =28X%X102m, p=235%X103,0,=9X10%*m, Ay =5X10"7m, 0 =45X 107* m.
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FIG. 2. Centroid position (o, units) of the optical packet, with respect to the e-bunch, vs the undulator coordinate: (a) from (2.13),
m = 1and D = 7A; (b) from Eq. (2.13), m = 1 and D = 0.6 - 7A; (c) PROMETEO numerical simulation. Same parameters as Fig. 1.
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FIG. 3. Packet rms % (o, units) vs the undulator coordinate: (a) analytical computation; (b) PROMETEO numerical simulation. Same

parameters as Fig. 1.
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restores the agreement [see Figs. 2(b) and 2(c)] and can be
justified by taking into account that it may be due to
intensity dependent effects, not accounted for in (1.1)
and to the electron bunch shape effects, not rigorously
accounted for in the present analysis in which we have
replaced, in the perturbative expansion, g, with g,(z). We
have checked the correctness of the second hypothesis
repeating the comparison at lower g, values by keeping
in the expansion the first term only and by taking into
account the dependence of the current on the slippage.
The obtained results go in the direction of a better agree-
ment. The check relevant to the intensity dependent effects
has been performed by considering an intense input field
which has provided more significant differences between
the analytical and numerical predictions.

The velocity of the packet calculated as v, = £7(7)
from PROMETEO data is consistent with Egs. (2.2) and
(2.3).

16

% Wmax
1 008
2 0.80 (a)
1943 os0
4 020
5 0.08
0548 002
>
0.5
-1.0
S —
3 2 -1 0 1 2 3
z (e-bunch length unit)
16
% Wmax
1 0.08
2 0.80 (c)
1943 os0
4 020
5 0.08
058 ooz
~ 0.0 @
—0.5
-1.0
-15 1T
3 2 - 0 1 2 3

z (e—bunch length unit)

FIG. 5. Wigner phase space contour plots from PROMETEO simulation; same parameters as in Fig. 1:
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III. THE FEL WIGNER DISTRIBUTION

According to the previous discussion, the gain ampli-
tudes a,(z, ) have a transparent physical meaning. They
can be understood as an optical packet centered at z, =
—{,(7) and with a packet width provided by o,(7). The
relevant corresponding spectral properties can be studied
by evaluating the Fourier transform of the a,(z, 7); how-
ever, as suggested in Ref. [6], the use of the Wigner
distribution may be more convenient.

The Wigner transform of the partial amplitude a,,(z, 7) is

W, (2 p, 7) = [ dnan(z + g, T)af{(z - g 7')6_”’“

= 2|4, (v, 7)|2e" /20D o P 207 (n—k)?
(3.1)

where we have defined

z (e-bunch length unit)

(a) Z=0m,

W max= 1.25 X 1072; (b) Z = 3.08 m, Wmax= 3.36 X 107'; (¢c) Z = 6.16 m, Wmax= 6.96 X 10'; (d) Z = 7.98 m, (saturation)

W max= 4.31 X 102.
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If properly normalized we get from Eq. (3.1) the following

rms values:
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The last equation yields for the rms fractional bandwidth
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The Wigner function of the amplitude a(z, 7) is

(3.4)
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The evolution of the relevant phase space contour plots
obtained from Eq. (3.7) are reported in Fig. 4 to be com-
pared with the results of PROMETEO simulations reported in
Fig. 5.

It is worth noting that a slight correlation in position and
frequency occurs, while the power grows along the undu-
lator. The results reported in the previous figures yield just
an idea of how the evolution of the Wigner distribution
evolves along the undulator; during the linear regime the
analytical and the PROMETEO results are in very good
agreement which is lost near saturation.

IV. THE EVOLUTION OF THE WIGNER
DISTRIBUTION INCLUDING SATURATION

In the previous sections we have used an analytical
procedure useful to study the longitudinal Wigner distri-
bution in the small signal regime. The correctness of the
procedure has been benchmarked with PROMETEO, as
shown in Figs. 2 and 3. Albeit nonlinear contributions
due to saturation can be included using an extension of
the logistic function method [7], we use a full numerical
procedure since we want to include the effect of the non-
linear harmonic generation.

The evolution of the Wigner distribution will essentially
reflect the FEL dynamics; in Fig. 6 we report the evolution
of the FEL amplified power of a coherent seed for a set of
parameters close to those of the SPARC experiment [9].

=+ Loy —

Wiz u, 1) = /00 d775l<2 + g, T)a*(z - g, T)e*fw

= D (mg)" "Wz, . 7), (3.5)
m=0n=0
where
+o00 ‘
Wom(2, ., 7) = f d”flan(z + g r)aj,(z - g T)e‘lw.
(3.6)

If we limit ourselves to the case of zero detuning in
Eq. (1.9) and consider gy(z), we obtain for the Wigner
function normalized to the intensity 1(7):

Z Z (go) ™+ MA,AX (—)1/26Qnm cos[(n - m)z + uZz ]
I( ) + o2, +d,, 2 Ly

2 2
0O + an}’

(z + Lo,

(3.7)

In Fig. 6, k35 denote the knees where the transition
to the nonlinear harmonic generation occurs, p;3s in-
dicates the first peaks, used as reference for the onset of
saturation.
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FIG. 6. Evolution of the first three harmonics for SPARC-like
parameters: A, =28 X 1072m, p=235X1073, o,=
900 um, g =5 X 1077 m, o0 =90 um, Py =2 KW.
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The input seed power has been chosen well below the
saturation to avoid any distortion due to early saturation,
induced by the seed itself.

We have included the evolution of the power of the first
three harmonics and studied the evolution of the Wigner
distribution associated with the first, third, and fifth har-
monics, along the undulator.

The contour plots of the phase space distribution rele-
vant to the fundamental harmonic are reported in Fig. 7.

The distribution even though initially uncorrelated ac-
quires a small correlation during the linear growth. At the
onset of the saturation the phase space curves become
distorted (albeit not significantly); a consistent distortion
with formation of island and filamentation occurs in the
region above saturation where the power undergoes sub-
stantial oscillations.

To get a complete understanding of the previous plots, it
should be taken into account the evolution of either the
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square modulus of the optical field pulse and of the spectral
distribution, linked to the Wigner distribution by

+ oo
I(z, 7) / W(z, u, 7)dp,

+ o0
S, 7) “[ W(z, u, 7)dz.

In Fig. 8 we have reported I(z, 7) for different positions
inside the undulator. A comparison with Fig. 7 shows that
the distortion and the formation of island is associated with
the distortion of the pulse and the formation of peaks.
The behavior of the phase space evolution of the har-
monics is very interesting, because the associated dynam-
ics is more complicated than that of the fundamental. In
this case we have essentially three regions of interest (see
Fig. 6): (i) the harmonics linear growth and the onset of the
bunching, characterized by a “knee” in the power growth
curve; (ii) the region of nonlinear coherent generation; and

z (e=bunch length unit)

FIG. 7. Phase space distribution of the main harmonic at different positions inside the undulator: (a) Z = 0 m, W max= 5.57 X
1073; (b) Z=3.64 m, Wmax=5.25 X 107"; (¢) Z = 6.58 m, Wmax= 6.79 X 10'; (d) Z = 7.56m, W max= 1.37 X 10%; same

parameters as in Fig. 6.
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FIG. 8. Pulse shape of the fundamental harmonic at different
positions inside the undulator, 1.0 = 3.39 X 10!'; same parame-
ters as in Fig. 6.
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(iii) the saturation. In the first region the harmonic under-
goes the same behavior of the fundamental, however when
the bunching induced by the fundamental occurs, the phase
space is dominated by a significant distortion; in region (b)
a kind of recomposition occurs, because the evolution is
driven by the fundamental harmonic. Finally, at the satu-
ration the phase space plot becomes distorted and exhibits
a kind of chirp, induced by the FEL interaction itself.
The understanding of the evolution of the contour plot of
the harmonics (Figs. 9 and 10) can be corroborated by the
inspection of Fig. 11 where we have shown the third
harmonic pulse shape at different positions inside the un-
dulator (around the knee and at the saturation). Also in this
case the phase space distortions are associated with the
appearance of peaks in the intensity distribution.
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FIG. 9. Phase space contour plot for the third harmonic: (a) linear growth, W max= 3.28 X 10™%; (b) at the knee, W max=
1.35 X 1073; (c) nonlinear harmonic generation region, W max= 3.02 X 10~!; (d) at the occurrence of the first peak, W max= 1.06;

same parameters as in Fig. 6.
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FIG. 10. Fifth harmonic: (a) at the knee, W max= 1.34 X 1077; (b) at the first peak, W max= 6.39 X 1072; same parameters as in
Fig. 6.
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FIG. 11. Third harmonic pulse shape at different positions inside the undulator: (a) around the knee, 1.0 = 7.71 X 10™* MW;

(b) around the saturation, 1.0 = 3.21 X 10~! MW.

The results of this section provide a quite interesting
information on the phase space evolution, which will be
further commented on in the next section.

V. COMPARISON WITH 3D CODES
AND FINAL DISCUSSION

The analysis developed in Secs. II and III is based on the
one-dimensional code PROMETEO, in which we added some
correcting factors to account for the diffraction contribu-
tions. Such a procedure, although satisfactory in reproduc-
ing the increase of the gain length due to diffraction, cannot
be considered satisfactory as to the details of the evolution
of the phase space distribution.

However, since we are considering here the longitudinal
phase space only, we expect that therefore the effect of the
transverse dynamics come in through an average on the
transverse dimensions.>

’The Wigner distribution is therefore defined as
(W(x, y, 2, 5 7))y Where W(x, y, z, w3 7) = [% dna(x,y, z +
I, 7)a*(x,y,z — 4, 7)e”""* and the average is taken on the
transverse coordinates.

To better appreciate the effects, we consider the three-
dimensional generalization of Eq. (1.1):

i
- ZkVia(x, vz 1)+ dalxy z7)
= imgolx, y,z + A7)

T .
X j e " a(x,y, z + AT, T — 7)d7,
0

(5.1

which can be treated using an extension of the procedure
described in the introductory sections. If we neglect the
dependence of the gain coefficient on the transverse coor-
dinates we can write Eq. (5.1) in the form [1]

T N
d,ax,y,z, 1) = iwgof e G(x, v, 2, 7— 7)d7,
0

a(x,y,z,7) = e WVia(x, y, 7, 7),
k
p=v+ilo, — szr (5.2)
The above equation is formally equivalent to that re-

ported in Eq. (1.3) and the relevant solutions can be ob-
tained in complete analogy with the one-dimensional case,
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at the cost of a few complications, due to the computation
of the action of the transverse Laplacian Vi on the field
amplitude [10].

We do not report the inclusion of transverse effects in
terms of this procedure and make a comparison between
numerical full numerical codes.

We have compared the numerical results from
PROMETEO with the code GENESIS including three-
dimensional effects. The first check has been done by
confronting the growth of the amplified power with the
two codes as shown in Fig. 12.

The comparison is satisfactory even though GENESIS
includes the effect of e-beam propagation through the
transport channel and the drift sections between the
undulators.

The longitudinal phase space plots obtained with the two
codes are reported in Fig. 13. We have compared the region
near the saturation, where significant distortions occur. The
plots have been confronted at equivalent undulator coor-
dinate, namely by subtracting the drift lengths in the case
of GENESIS.

The Wigner distribution phase space plots predicted by
the different numerical procedures, Fig. 13, show a satis-
factory agreement.

The differences may be due to manifold reasons, as, e.g.,
the smoothing due to the diffraction or it can even be
associated with the averaging procedure on the transverse
coordinate, which induces a nonphysical smoothing.

The longitudinal phase space evolution of the FEL
radiation depends on the FEL dynamics, but also on the
characteristics of the input seed. In particular, if it is
characterized by a chirp

Ao

W) = e

— 2402 a2 o2
e Z/o'eza(z/a')’

(5.3)

the initial distribution we are referring to is

10" §

(@)

10° 4

P(w)

10° 4

Z(m)

1+ 16a?

W(z, w, 0) o ¢~ (A2 +2Bzu+Cp?) A
2072

>

B = —4aq, C =207 (5.4)
where « is the energy phase correlation parameter, the
coefficients A, B, and C are Twiss-like parameters satisfy-
ing the normalization condition AC — B> = 1. The sign of
a determines the orientation of the phase space ellipse; for
positive values the ellipse major axis forms with the z axis
an angle larger than 7.

In Fig. 14 we show the phase space distribution of the
fundamental harmonic taken at the first peak, for different
values of the correlation parameter.

The initial slope of the contour plot distributions, deter-
mined by the correlation parameter, does not appear modi-
fied by the interaction itself. On the other hand, if the
electron bunch too exhibits an energy phase correlation,
the associated evolution of the field phase space distribu-
tion contains some additional elements which are worth
pointing out. To make the effect of the electron chirping
more significant on the dynamics of the amplification
evolution, we have assumed that the input seed longitudi-
nally overlaps the electron bunch (both Gaussian pulses
with the same rms). The evolution of the Wigner phase
space plots are characterized by a rotation and by a shift
(depending on the sign of the correlation parameter) of the
center of the spectral distribution (see Fig. 15). We have
assumed that, initially, the e-beam is characterized by a
phase longitudinal distribution, analogous to that of the
input field given in Eq. (5.4), with @, denoting the energy
phase correlation:

ple,7) = —— e 1/2D0 P20zt pee) =Y Y0
273 Y0
(5.5)
where 2, is the longitudinal emittance.
L0 2 4 6 8 10 12
10 E | | | | Il E 10
1 (b) 2
10" 3 = 107
g 10 E §1O“
a1 ] C
; 106 E E 10‘i
o 3 E
a9 ] -
10" = = 10"
10° 4 _ 10°
108 e 16°
o 2 4 6 8 10 12
Z (m)

FIG. 12. Main harmonic power evolution: (a) GENESIS 3D simulation; (b) PROMETEO 1D simulation.
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Wigner distribution phase space plots; GENESIS 3D simulation: (a) Z = 10.68 m and (b) Z = 13.35 m; PROMETEO 1D

simulation: (c¢) Z = 8.82m (saturation), W max= 9.17 X 10 and (d) Z = 11.06m, W max= 6.18 X 10.

The comparison of Fig. 15(a) with Fig. 14(c) seems to
suggest that the electron bunch chirping, with opposite sign
to that of the radiation, determines, after the interaction, a
noncorrelated distribution. This is however just a qualita-
tive statement deserving further analysis.

In this paper we have presented a fairly comprehensive
analysis of a high gain FEL amplifier dynamics, through
the properties of the Wigner transform of the associated
field.

The physical content of our discussion has been mainly
focused on the evolution of the phase space plots, which
have revealed interesting elements of discussion. One of
these, which resulted rather surprising, is the fact that the
FEL interaction does not induce any significant energy
phase correlation (see, e.g., Fig. 7). It is evident that the
interpretation of the Wigner distribution evolution is ham-
pered by the fact we are not considering a ‘“‘conservative”
dynamics, the optical field is going through an amplifica-
tion process exhibiting a strong nonlinearity, which
induces a significant distortion of the initial Gaussian

distribution, thereby inducing higher order moments and
the description in terms of Twiss-like parameters is inade-
quate. However, if we limit ourselves to the linear regime
(before the saturation), we can still interpret the evolution
of the longitudinal phase space in terms of a distribution
given in Eq. (5.4).

A quantitative analysis of the problem under study de-
mands for an appropriate definition of the parameters we
have introduced.

The linear chirp parameter is linked to the phase of the
associated electric field by the relation

d2
X=——¢l=o

- (5.6)

We will define a Gaussian chirped pulse with group
delay dispersion (GDD) in the spectral domain as

E(w) o e*(TGO/2)2(m7w0)2ei(g/2)(w7wn)2’ (5.7)
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FIG. 14. Phase space plot at the first peak of the fundamental for different values of the correlation parameter «, W max=
1.37 X 10%: (a) @ = 0.1, (b) @ = 0.3, (c) a = 0.4; same parameters as in Fig. 6.
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FIG. 15. Phase space plot at the first peak of the fundamental for different values of the correlation parametera,: (a) a, = —4,

Wmax= 547 X 10, (b) a. =4, Wmax= 4.59 X 10; simulation parameters: A, = 2.8 X 1072 m, p=235X 1073, o, =0 =
9X 109 m Ay =5X10"m, a = 0.4.
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28X 1072m, p=235X1073, 1) =5%x 1077 m, Py = 2 KW.

where g is the GDD parameter and Tgq = \/51—5(7) with Tp
being the chirp-free pulse duration in full width at half
maximum. By Fourier transform of the field in Eq. (5.3),
we obtain the field in the time domain and we can evaluate
the chirp as

48
X=—0—. (5.8)
T, + 482
The associated Wigner transform yields
W(l, w) — e—(l/ZTéO)[4t2—8gwt+(T4GU+4g2)w2]‘ (5.9)

Therefore, by making a comparison with the definition in
terms of Twiss parameters, we obtain

2 2g

4 2
il la| — =5 _ T 48"

2 2
TGO TGO

B ST (5.10)

’y -_
The optical pulse length will be therefore proportional to

Tgo ( g )2
=—=_[1+4-=-). 5.11
VB="7 - (5.11)
Finally, by making a comparison with Eq. (1.9) we infer
that the chirping associated to this field amplitude is pro-

vided by
)
g(—)
’YH

The effect of the dispersion does not appear significant
during the linear regime, but becomes more and more
important while the field grows.

An alternative picture of the evolution of FEL can be
provided by that of the complex electric field. In Fig. 16(b)
we have reported in an Argand-Gauss plane the imaginary

(5.12)

vs the real part of the FEL normalized electric field® of the
fundamental and of the higher order harmonics, associated
with the evolution of the relevant power reported in
Fig. 16(a). The plot in (b) exhibits a “gentle” behavior
of the electric field of the fundamental, characterized by a
rotation in the complex plane along with an increase of its
modulus. The higher order harmonics are characterized by
a bizarre behavior* after the first maximum (the dots are
the markers denoting the complex field of the fundamental
at the first maximum, while that of the harmonics just
before the knee). The field phases grow almost linearly
with the undulator coordinate, before the relevant inten-
sities have reached the marked points. The transition to the
nonlinear harmonic generation is characterized by an in-
volved behavior.

Albeit referring to the case in which the pulse propaga-
tion effects have not been included, the plots of Fig. 16
yield an idea of the usefulness of the Argand-Gauss plot of
the FEL electric field, which can complement the informa-
tion obtained from the analysis of the Wigner distribution
evolution, as it will be shown in a forthcoming paper.

APPENDIX

In Sec. IT we have reported the partial amplitudes and the
intensity growth, calculated at zero detuning. The reason of
such a choice is merely due to the fact that the analytical
expressions are easy to manage and more transparent from
the physical point of view.

By normalized electric field we mean e[m™!]=

3.798344[I[M¥]e~¢: where I is the field intensity and ¢, its

phase.

4Probably due to the fact that the vectors associated with the
various harmonics evolve in different planes and we should
visualize the relevant plot on a three-dimensional surface.
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We report below the more general cases; the relevant computation is rather cumbersome, but straightforward.
In the following we omit the v, 7 dependence of the A,,, o, {,:
Total field square amplitude'

1 A, A
Gl =z > Z(wg o LR VG R R cos(®, ), D = Ky~ Kg)z Ay,
m=0n= TnOm
Dy = (1= m) 2+ (0 = 07 + kol = ko (A1)

Field intensity:

I(7) = f_+

la(z, )?dz = 2 Z Z mgo)" A, ALY

g,
2 2 enm Cos(ﬂn,m)’
m=0n= T

+0'm

0'20'2 (f — ¢ )2 4 o2 + { o?
= 1 "+ 4k, — 2 =A - . 2mor onom. A2
Apym 4(0_n i 0_3'1)[ 0_%0_3" (kn km) i|) IBn,m n,m (kn km) 0_’21 + 0_%1 ( )
First and second moments:
[t2zla(z, IPdz N o am
= J=o = ntmp A% Gm A
2 + 2 + _
An,m — (§n10-n gno-m)cos(lgn,m) 2 f(k; m)(o-n a-m) Sln(Bn,m) (A3)
0-71 O-m
and
(z(1)?) = i i i (mgo)" ™A, AL = e‘”‘"vM<£) [D,, ., cos(B,m) + E,msin(B, )]
) - - m n m» 2 + n,m n,m n,m n,m

D, =205 + o7) + = d(k, = k) (Gnos + Gyom). (A4)

(s“mff * EnTim ) ~ 40,0 ke = k) Ep

[71 R. Bonifacio, L. De Salvo, P. Pierini, N. Piovella, and
C. Pellegrini, Phys. Rev. Lett. 73, 70 (1994);
J.B. Murphy, J. Wu, X.J. Wang, and T. Watanabe,

[1] G. Dattoli, A. Renieri, and A. Torre, Lectures on Free
Electron Lasers and on Related Topics (World Scientific,
Singapore, 1990).

(2]

(3]
(4]
(5]
(6]

W.B. Colson, in Laser Handbook, edited by W. B. Colson,
C. Pellegrini, and A. Renieri (North-Holland, Amsterdam,
1990), Vol. V.

R. Bonifacio, C. Pellegrini, and L.M. Narducci, Opt.
Commun. 50, 373 (1984).

G. Dattoli, L. Giannessi, A. Torre, and A. Segreto, J. Appl.
Phys. 79, 6729 (1996).

H. M. Srivastava and L. Manocha, A Treatise on Generating
Functions (John Wiley & Sons, New York, 1989).

S. Krinsky and Z. Huang, Phys. Rev. ST Accel. Beams 6,
050702 (2003); J. Wu, J. B. Murphy, P.J. Emma, X. Wang,
T. Watanabe, and X. Zhong, J. Opt. Soc. Am. B 24, 484
(2007); A. Lutman, G. Penco, P. Craievich, and J. Wu, J.
Phys. A 42, 085405 (2009).

030704-15

[10] G. Dattoli,

Reports No. BNL-75807- 2006-JA and No. SLAC-PUB-
11852, 2006.

[8] I.B. Bernstein and J. L. Hirshfield, Phys. Rev. A 20, 1661

(1979); E.L. Saldin, E.V. Schneidmiller, and M. V.
Yurkov, The Physics of Free Electron Lasers (Springer,
Berlin Heidelberg, 2000); G. Dattoli and P.L. Ottaviani,
Opt. Commun. 204, 283 (2002); G. Dattoli, P. L. Ottaviani,
and S. Pagnutti, ENEA Frascati Internal Report No. RT/
2007/40/FIM.

[9] L. Giannessi et al., Phys. Rev. ST Accel. Beams 14,

060712 (2011).

A. Dipace, E. Sabia, A. Torre,
G.K. Voykov, and M. Carpanese, J. Appl. Phys. 80,
6589 (1996).


http://dx.doi.org/10.1016/0030-4018(84)90105-6
http://dx.doi.org/10.1016/0030-4018(84)90105-6
http://dx.doi.org/10.1063/1.361493
http://dx.doi.org/10.1063/1.361493
http://dx.doi.org/10.1103/PhysRevSTAB.6.050702
http://dx.doi.org/10.1103/PhysRevSTAB.6.050702
http://dx.doi.org/10.1364/JOSAB.24.000484
http://dx.doi.org/10.1364/JOSAB.24.000484
http://dx.doi.org/10.1088/1751-8113/42/8/085405
http://dx.doi.org/10.1088/1751-8113/42/8/085405
http://dx.doi.org/10.1103/PhysRevLett.73.70
http://dx.doi.org/10.1103/PhysRevA.20.1661
http://dx.doi.org/10.1103/PhysRevA.20.1661
http://dx.doi.org/10.1016/S0030-4018(02)01201-4
http://dx.doi.org/10.1103/PhysRevSTAB.14.060712
http://dx.doi.org/10.1103/PhysRevSTAB.14.060712
http://dx.doi.org/10.1063/1.363780
http://dx.doi.org/10.1063/1.363780

