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Impact of radiator length in the emitted power for a high gain
harmonic generation free-electron laser
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We present a numerical study that characterizes the dependence on the radiator length of the output
power produced by a free-electron laser (FEL) operated in the high gain harmonic generation (HGHG)
configuration. Using the main parameters of the FERMI@Elettra FEL, numerical simulations of the FEL
process have been performed for different lengths of the radiator. Our results show that in the case of
HGHG the achievable output power has a dependence on the radiator length that is linear. The impact of
the electron beam parameters on the achievable maximum power vs radiator length dependence is also
studied. A normalization of the results to the FEL saturation power and to the FEL gain length shows that
this dependence can be expressed by a universal linear equation that, in some conditions, is independent
on the electron beam current and brightness. The reported results could be useful for the design of future
FELs based on the HGHG scheme and could be used for a quick estimate of the best undulator length.
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I. INTRODUCTION

Free-electron lasers (FELs) based on high brightness
electron beams are becoming a key instrument in the recent
development of science. High brightness and short pulses
produced by FELs from vacuum ultraviolet (VUV) down to
X ray are now available in several user facilities around the
world [1-4] and more facilities are expected to begin op-
eration over the next few years [5]. Between possible
schemes that can be used to produce FEL pulses in the
VUV-soft x ray there is particular interest on high gain
harmonic generation (HGHG) [6] that uses an external laser
to initiate the process and can improve the FEL coherence
and stability. The use of harmonic generation to produce
FEL pulses at short wavelength starting from an external
seed laser at long wavelength was originally proposed in [7]
and was then applied to high gain single pass FELs to
generate IR [8] and VUV coherent emission [9]. In the
past decade, HGHG has been demonstrated and studied in
several FEL test facilities [10-15] down to the VUV spec-
tral range. More recently, HGHG has been demonstrated to
efficiently work down to the extreme ultraviolet [4].
Although experiments have been done in different experi-
mental conditions, including very different electron beam
and undulator parameters, all experiments have shown the
capability of HGHG to produce FEL pulses with a well-
controlled and narrow bandwidth. Because of the quite
different electron beam parameters and the length of used
undulator lengths used in many of these experiments, the
condition of strong exponential growth of the power along
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the undulator does not apply, especially in cases where the
undulator length is less than a meter. In those cases, the FEL
power only has coherent emission in the radiator without
exponential gain and the process is generally called coher-
ent harmonic generation (CHG). Strictly speaking, HGHG
should generally be associated with cases showing true
exponential growth of the power in a radiator whose length
therefore must be at least a few FEL gain lengths. In this
work we focus on the impact of the length for the final
radiator in the case of a HGHG FEL using the parameters of
FERMI as a case study.

Here we will show HGHG results for the functional
dependence of output power upon undulator length are
quite different from what occurs for a simple FEL amplifier
that starts from a weak signal. In FEL amplifiers, whose
input signal is provided by an external source or by the
spontaneous emission as in self-amplified stimulated emis-
sion (SASE) [16,17], the output power drastically depends
on the length of the radiator. Indeed the power that a FEL
amplifier can produce increases exponentially with the
length of the available radiator until saturation is reached.
In contrast, we will find that the optimized HGHG output
power in the situation where there is plentiful seed power
will grow linearly rather than exponentially with radiator
length.

The paper is organized as follows. Section II introduces
the HGHG mechanism and presents the parameters of
FERMI considered for this study. Section. III reports the
results of numerical simulations for one configuration and
his analysis. More cases and a generalization of the results
are finally discussed in Sec. IV. Conclusions are reported in
Sec. V.

II. HGHG MECHANISM AND FERMI FEL

In the HGHG configuration the FEL process is initiated
by an external laser. The process can be divided into three
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parts, the modulator, the bunching section, and the radiator.
In the modulator the electron beam wiggling due to the
magnetic field of the undulator is at resonance with the
electromagnetic field of the external seed laser. Because of
the interaction with the seed laser, the electron beam
becomes energy modulated with a periodicity equal to
the seed laser wavelength [6]. The energy modulation is
then converted into density modulation when the electron
beam passes through the bunching section. The bunching
section is composed by a dispersive element where high-
energy electrons perform a shorter path than low energy
electrons. As a result, density modulation is created at the
seed laser wavelength and also at its harmonics. In the case
of FERMI a significant amount of bunching is expected up
to the tenth harmonic [18] and good FEL performance has
been already demonstrated up to the height [4]. The radia-
tor is based on a long undulator which is set so that the
electron beam is at resonance with the desired harmonic of
the seed laser. Because the electron beam is already
bunched at that wavelength, electrons immediately emit
coherently. This coherent emission is several orders of
magnitude larger than the spontaneous emission. In the
case of CHG without significant FEL gain, the power
initially grows approximately quadratically with undulator
length; the growth rate eventually drops to zero either due
to dynamical debunching effects and/or diffraction losses.
In true HGHG, further interaction inside the radiator be-
tween the electron beam and the produced coherent radia-
tion leads to increased coherent bunching beyond the value
produced by the bunching section and eventually an ex-
ponential increase of the FEL power with increasing ra-
diator length. Two different regimes of power growth can
be identified in a HGHG FEL. In the first part, where only
coherent emission is generated, power increases quadrati-
cally with the undulator length while an exponential
growth of the power along the undulator characterizes
the second part [6]. In this final part, the bunching increase
is associated with the self-induced effect that characterizes
high gain FELs and SASE [19]. Like for FEL amplifiers
and SASE, a well optimized HGHG is characterized by an
exponential growth of the power along the last part of the
radiator. However, at variance of SASE, in HGHG the
power level before the amplification can be controlled by
changing the seeding parameters. This opens the possibil-
ity to compensate a decreased output power associated
with a limited radiator length by optimizing the seed power
to the actual length. For this reason, we expect that the
maximum power produced by HGHG should be less criti-
cally dependent on radiator length. This property is con-
firmed by our simulations presented in Sec. III.

A. The FERMI free-electron laser

FERMI is a free-electron laser user facility that has been
designed on the HGHG configuration for producing high
quality FEL pulses in the spectral range from 80 nm down

to 4 nm [20]. The wide spectral range is covered by two
different FEL lines that use the same electron beam. In this
work we focus on the first FEL, FEL-1, designed for
covering the 80-20 nm spectral range with single stage
HGHG. FERMI uses electron beams accelerated by a
normal conducting linear accelerator with electron beam
energy in the range between 0.9 and 1.5 GeV. Electron
bunches with a charge of few hundreds of pC are generated
in a high brightness rf photocathode gun. The accelerator
has two bunch compressors and has been designed to
preserve the high quality and brightness of the beam up
to the entrance of the undulator. A more detailed descrip-
tion of the accelerator design and configuration is reported
in [21]. FEL-1 studies at FERMI over the past couple years
have generated high quality FEL pulses in the 26 to 65 nm
spectral range starting from an UV seed laser at about
260 nm [4,22]. While the design of FERMI is based on
an electron beam with 800 A of peak current [20], initial
operations have used 350 and 500 A beams. For this work
we focus on the 500 A case. Other electron beam parame-
ters characterizing the FERMI electron beam used in this
work are listed in Table I.

Because HGHG relies on the exponential amplification
occurring in the radiator, FEL performance depends on the
electron beam brightness and peak current. In order to
confirm the generality of our findings, the 350 and 800 A
cases have been also studied and results are summarized in
Sec. IV.

The undulator parameters used for these studies are
those of the first FEL at FERMI (FEL-1) [20] and the
scheme is sketched in Fig. 1. The modulator (MOD) is a
3 meter long planar undulator with 100 mm undulator
period. The dispersive section (R56) is a three dipole
chicane whose dispersion can be set in the range
0-150 pm. The radiator (RAD) is composed of six undu-
lators 2.4 meter long with a period of 55 mm and 1.2 meter
break between them. Undulator optics allow an average
electron beam size in the undulator of about 100 pm.

FERMI has the possibility to extend the length of the
present radiator by adding two additional undulators. In
order to study the effects of undulator length also beyond
the present capability of FERMI we have considered a
radiator up to ten undulators long. Since we are interested
in the study of HGHG FELs our studies start from a
minimum length for the radiator of three undulators.

TABLE I. Electron beam parameters used for this work and
describing the parameters for FERMI electron beam.
Parameter Value Units
Energy 1.2 GeV
Normalized transverse emittance 1.0 mm mrad
Energy spread 100 keV
Average beta 10 m
Peak current 350-500-800 A
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Sketch of the undulators of FERMI FEL-1. The system counts a modulator (MOD), a dispersive section (R56), and six

undulators define the final radiator (RAD). Between each undulator some diagnostic components, electron beam optics (quadrupoles)
and phase shifter to properly set the interference between adjacent undulator are present.

Shorter radiators will only allow coherent emission and
should be considered as CHG configurations.

The studied setup uses a 260-nm wavelength seed with a
pulse length of 150 fs FWHM and a peak power that for
this work is varied in the range between 20 MW and 1 GW.
The seed power level is used as an optimization parameter
to maximize the FEL output power for the various cases.
The dispersive section strength parameter R56 is also used
as an optimization parameter. In this section the energy
modulation produced by the external seed is converted to a
strong density modulation and it is obvious that stronger
seed powers will be in general accompanied by smaller
R56 values for optimal performance in the downstream
radiator. In our study the final radiator is tuned to 20 nm
(the 13th harmonic of the seed laser) that is the shorter
wavelength for FEL-1 and the more sensitive to the quality
of the electron beam.

II1. RESULTS

In order to study the effects of radiator length, we
performed series of numerical simulations of the FEL
process. Being interested mainly in the performance in
terms of FEL power and not the spectral and temporal
structures of the FEL pulses, we performed ‘‘time-
independent” single slice simulations with the FEL code
GINGER [23]. The use of time-independent simulations is
possible in the case of FERMI because of the relatively
long pulse of the seed laser compared to the slippage length
over the radiator. Moreover, in the case of FERMI, where
the seeding pulse is much shorter than the electron beam,
the electron beam can also be considered uniform. For
these reasons the temporal effects like superradiance
[19,24] can be considered to have a negligible impact.
For some cases, time-dependent simulations have been
performed and the results, not presented here, are in good
agreement with time-independent predictions.

First indications of the FEL characteristics can be ob-
tained by using the Xie formula [25] with electron and
undulator parameters. The Xie formula provides an esti-
mation of the achievable performance for the FEL used as
an amplifier at the desired wavelength. It is possible to
calculate the expected FEL gain length, the expected out-
put power given the length of the undulator, and also the
expected maximum output power at which the FEL would
saturate in case of a long enough undulator. Although this

formalism has been defined for simple FEL amplifiers it
can be adapted to give some information also to the case of
the HGHG FEL. In order to estimate the gain and the
expected saturation power in a HGHG FEL with the Xie
formula, it is necessary to consider that the electron beam
entering into the radiator has an energy spread that has
been partially spoiled by the seeding process. In the case
reported here, we have assumed that the energy spread of
the electron beam entering into the radiator for the HGHG
case is about 1 MeV which is a factor 10 larger than the
value used for the simple amplifier and reported in Table 1.
Such an increase of the energy spread is the result of the
seeding necessary to produce the bunching. Using this
increased energy spread, we can have an estimation of
the gain length that will characterize the FEL in the second
part of the radiator. The calculated values for the gain
length and saturation power at 20 nm for the cases studied
here are reported in Table II.

A. Radiation growth in FEL amplifier and HGHG

Because of the different processes that originate the
input emission the optimization of FELs operating in the
HGHG regime is very different with respect to the opti-
mization of SASE amplifier or SASE. For an amplifier FEL
or a SASE the input signal is defined by the available
power from the seeding source or by the shot noise of the
electron beam and these are given quantities that we cannot
increase at will. As a consequence there are no parameters
to control the startup of the FEL process. On the contrary,
in an HGHG the startup can be optimized by controlling
the seeding process. HGHG, indeed, uses a seed that occurs
at wavelengths that are much longer than the final FEL

TABLE II. Calculated FEL parameters at 20 nm, gain length,
saturation power, and saturation length using the Xie formula
[25] with electron and undulator parameters used for our studies.

350 A 500 A 800 A
SASE gain length (m) 1.9 1.6 1.3
HGHG gain length (m) 2.6 2.0 1.6
Saturation power (GW) 0.65 1.1 2.3
SASE saturation length (m)* 53 47 40

FEL p 1.9X 107321 X 107325 X 1073

*The length estimated here takes into account the breaks between
the undulators of FERML
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wavelength. Usually the seeding source is a laser in the UV
and there is a significant margin in the intensity one can
use. This is not the case if HGHG is initiated by other
sources like high harmonics generated in gas that may have
limits in the available power [12]. In this work we consider
the use of a UV laser as a seed that essentially has no
limitation in the available power as it is for FERMI.

In the case of an amplifier, the radiator has to be long
enough to allow the FEL to reach saturation while starting
with the available input power. For SASE configurations
that begin with a virtual signal from shot noise, typical 20
gain lengths are required for saturation. In the case of a
shorter undulator the FEL power would be significantly
reduced. On the contrary in the HGHG case, since the
amount of bunching and coherent emission that initiate
the process can be optimized, the dependence of the FEL
output power on the length of the radiator is less critical. In
the case of a shorter undulator, a stronger seed can be used
that produces higher bunching and consequently a stronger
coherent signal in the first part of the radiator. Such an
increase of the initial coherent signal can partially com-
pensate for the shorter undulator.

The difference between a simple, seeded FEL amplifier
and HGHG is evident in Fig. 2. Here we report the results
of simulations for three different cases of HGHG with
different radiator lengths and an amplifier initiated by a
weak signal comparable to the shot noise expected for a
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SASE. All cases use the same electron beam (whose main
parameter are described in Table I, 500 A); the three
HGHG cases have been optimized by choosing the best
combination of seed power and dispersive section strength
that maximize the output power.

From the results reported in Fig. 2 it is clear that,
although the power increases exponentially along the ra-
diator also in the case of HGHG [Fig. 2(b)], the final power
shows a smaller dependence on the available length for the
radiator. Indeed, as a consequence of the different optimi-
zation, the maximum power produced from a radiator with
six undulators is larger than the power produced from the
sixth undulator when the FEL has been optimized for
maximizing the power coming out from the seventh
undulator.

This weaker dependence of power in HGHG on the
radiator length is a consequence of the fact that the seeding
and bunching process can be optimized in order to allow
the FEL to reach the maximum bunching close to the end
of the available radiator [Fig. 2(c)] independently of the
available undulator length. By controlling the seeding
process (specifically, the seed power), it is generally pos-
sible to increase the initial bunching to a value that results
in the coherent bunching at the desired harmonic to reach a
maximum before the electron beam exits the radiator.
However, increasing the bunching has a price: higher
bunching requires a stronger seed that is also responsible
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FIG. 2. FEL evolution as a function of radiator length in an amplifier (red) and HGHG with five, six, and seven undulators (green,
blue, grey, respectively). FEL power is reported in linear (a) and logarithmic (b) scales, showing a slightly larger gain length for HGHG
cases. In all cases the bunching (c) shows a local maximum around the last undulator and relative energy spread (d) that approaches the

FEL p parameter.
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for a larger energy spread of the beam entering in the
radiator. The larger energy spread is responsible for a
less efficient FEL process that leads to a weaker amplifi-
cation and a smaller absolute value for the maximum
bunching and of the maximum power. A detailed analysis
of this mechanism is reported in the next section.

B. HGHG optimizations for different radiator lengths

We report here the results for the maximal achievable
power at 20 nm for various radiator lengths that have been
obtained using the nominal electron beam parameters
[Table T (500 A)]. For this electron beam the gain length
for the HGHG is estimated using the Xie equations to be
about 2.0 m (Table II). By varying the number of undulator
in the final radiator between 3 and 10 we are exploring
cases where the number of gain lengths goes from about 4
to 12. For short radiators, we are in a condition that allows
only marginal FEL gain and the radiation is mainly coher-
ent emission from a prebunched beam. The long radiator
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case allows, instead, a significant gain of the power in the
undulator requiring a small initial bunching and a weaker
seed laser. As already anticipated, a minimum of three
undulators has been considered since we are interested in
the HGHG configuration that require at least few gain
lengths to develop.

For each radiator length the FEL has been optimized
with two dimensional scans over seeding power and dis-
persive section strength (R56) with a goal maximum FEL
output power.

Results of the optimization are reported in Fig. 3.
Figure 3(a) shows the increase of the maximum output
power that can be generated as the length of the radiator is
varied from about 10 meters (three undulators) up to
35 meters (ten undulators). It is important to note here
that the power HGHG can produce increases almost line-
arly with the length of the radiator. This is the result of
different seeding configurations that have been used for
each undulator length. In Fig. 3(b) the optimal values for
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(a) Maximum power obtained from HGHG at 20 nm using the electron beam with 500 A of peak current as a function of the

number of undulators used for the final radiator. (b) Optimized values for seeding power (blue) and dispersive section strength (red) for
maximizing the output power for each radiator length. (c) Normalized energy spread of the beam at the radiator entrance (red) and exit
(blue), for comparison the FEL p parameter is also plotted. (d) Bunching of the electron beam at the FEL wavelength at the radiator
entrance (red) and exit (blue); the maximum value of the bunching achieved within the radiator (purple) is also plotted.
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the seed laser power and dispersive section as a function of
the number of undulators are plotted. The results clearly
show how, in the case of a short radiator, a quite strong seed
is needed in order to produce a good bunching in the beam
entering the radiator [Fig. 3(d), red curve]. Because the
strong seeding the beam has also a quite high-energy
spread [Fig. 3(c), red curve]. Large energy spread together
with a short undulator does not allow a significant FEL
growth. The fact that, for short radiators, the energy spread
and the bunching at the exit of the radiator are only slightly
larger than the one at the entrance are indicating that the
produced FEL emission comes mainly from the coherent
emission from a prebunched beam. As the length of the
radiator increases, there is more margin for gain and the
input bunching and seed laser can be reduced allowing a
more efficient FEL growth.

It is also worth noting that starting from a radiator with
seven undulators the maximum bunching is produced by
the FEL process before the end of the radiator [Fig. 3(d)].
A radiator with seven undulators is also the one that allows
the FEL operated in HGHG to produce an output power
which is close to the saturation power predicted by Xie
equations (Table II).

IV. NORMALIZED RESULTS

In this section results for the maximum power as a
function of the radiator length are presented for three
electron beams characterized by different values for the
peak current. The case studied in the previous section using
an electron beam with 500 A of peak current is here
compared with 350 and 800 A beams. Other electron
beam parameters remain the same as reported in Table 1.
Similarly to what has been done in the previous section
also for the 350 and 800 A beams, the seeding has been
optimized in order to have the maximum power for each
radiator length. In order to better compare the results from
different electron beams we use a normalization. For each
value of the electron beam current the obtained power is
normalized to the corresponding saturation power calcu-
lated with the Xie formula and reported in Table II.
Similarly the length of the radiator is normalized to the
corresponding gain lengths also reported in Table II. The
results of the numerical simulations for the three cases are
plotted on the same graph in Fig. 4.

Data reported in Fig. 4 confirm the results of Fig. 3(a)
showing that in the case of HGHG the maximum FEL
power that can be produced from a given radiator only
increases linearly with the length of the radiator also for
electron beams characterized by higher and lower peak
current. Moreover, Fig. 4 shows that in the particular
case of FERMI and with the normalization adopted
here, the ratio between FEL power and radiator length
is independent on the electron beam current; we can
expect this to be valid until the gain length is shorter
than the Rayleigh length of the produced radiation. This
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FIG. 4. Maximum power normalized to the saturation power
for HGHG with three different values for the beam current, 350,
500, and 800 A (green, blue, and red, respectively). Normalized
FEL power is reported as a function of the length of the radiator
normalized to the FEL gain length.

allows us to define a universal scaling law for the maxi-
mum FEL power as a function of the radiator length. A
linear fit of the results using the data associated to a gain
length between 3 and 10 for the three current cases gives
the following equation:

P
- HGHG =o.17(£—2.5). 1)
Psat L,

Equation (1) describes the expected power from HGHG
(Pyghg) normalized to the saturation power Pgat, Where
L is the length of the radiator, L, and Pgar the gain
length and saturation power calculated with Xie.
Equation (1) can be used to predict the expected power
from an FEL in HGHG configuration using a given
undulator whose length is larger than three gain lengths
and shorter than ten gain lengths. This corresponds to the
typical range of radiator length considered for HGHG
systems. Additional studies show that the same behavior
of the normalized power vs normalized undulator length
is obtained using electron beam with slightly different
values for the emittance and energy spread. This suggests
that, provided the beam is bright enough to generate FEL
radiation, the relation reported in Eq. (1) is independent
on the beam brightness. It is important to point out that
the validity of Eq. (1) is limited to an HGHG operated in
a condition similar to the one here described where both
the seed laser power and the dispersive section strength
can be changed freely.

Reported results summarized by Eq. (1) could be useful
in the design of the FEL facility based on HGHG. This
simple equation can give a quick estimation of the undu-
lator length in the FEL performance and guide for the
decision of the length for the radiator length with all the
constraints (space, budget, etc.).
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V. CONCLUSIONS

We reported about a study that shows the linear depen-
dence of the FEL power that can be produced by an FEL in
the HGHG configuration as a function of the length of the
available radiator. While for a given radiator length the
power will still have quadratic or exponential growth along
the undulator length, the final power that an HGHG FEL
can produce depends only linearly with the length of the
radiator. This characteristic of HGHG is associated to the
possibility to change the seeding parameters in order to
optimize the bunching of the beam entering into the radia-
tor according to the radiator length. Using the standard
FEL normalization a universal linear dependence of power
as a function of the length has been found. The work has
been focused on the effect of the length of the radiation in
the power considering electron beam characterized by
different current, additional studies show that the same
linear dependence is valid also for electron beam with
varying emittance and/or energy spread.
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