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A longitudinally and transversely coherent, high repetition rate x-ray source with widely tunable

wavelength is desired for a variety of experimental applications. A free electron laser (FEL) powered by

an electron beam from a superconducting linac can reach the desired peak and average x-ray power levels

with transverse coherence. However, generating longitudinally coherent x-ray pulses is a significant

challenge, especially at high repetition rate. This paper presents a one-dimensional theoretical and numerical

investigation of a method to achieve longitudinal coherence and high repetition rate simultaneously. We

propose a ‘‘radiator-first’’ configuration, wherein an FEL oscillator follows a high gain harmonic generation

(HGHG) FEL. The oscillator generates seed power that is directed upstream to initiate the HGHG process in

a following electron bunch. This configuration allows for the generation of radiation at short wavelength,

which is highly sensitive to energy spread, to occur before the longer wavelength oscillator, whose

performance is not seriously degraded by the beam heating in the upstream radiator. The dynamics and

stability of this radiator-first scheme is explored analytically and numerically. A single-pass, 1D map is

derived using a semianalytic model for FEL gain and saturation. Iteration of the map is shown to be in good

agreement with simulations. A numerical example is presented for a soft x-ray FEL.
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I. INTRODUCTION

Superconducting linear accelerators (sc linacs) operating
in continuous wave (cw) mode have the ability to produce
high quality electron beams with bunch repetition rates of
1 MHz and greater [1]. A free electron laser (FEL) facility
based on such a linac could power multiple FELs, reach
greater pulse-to-pulse stability, and has the potential to
realize much greater scientific throughput than would a
room temperature system operating at �1 kHz or less.
Furthermore, many experiments require a high average
flux together with a nondestructive peak flux; a cw sc FEL
is ideally suited to provide such pulses. X-ray pulses with
longitudinal coherence and/or high spectral density are also
needed by many experiments. This last requirement has

motivated consideration of a wide variety of seeding
schemes [2], such as self-seeding [3], high gain harmonic
generation (HGHG) [4], echo-enabled harmonic generation
(EEHG) [5], and direct seeding. The latter three schemes
require external, coherent, high repetition rate laser sources.
The performance ofHGHGschemes at very high harmonics
is very sensitive to electron beam properties such as inco-
herent energy spread, temporal quadratic chirps in themean
energy, and transverse emittance. Laser-driven sources us-
ing high harmonic generation (HHG) can produce the short
wavelengths required to seed soft x rays through lower
(�10th) harmonic HGHG FELs, but they are not now,
nor are they likely to be in the foreseeable future, viable
at MHz or higher repetition rates. FEL output at high
harmonics of an external UV seed may be possible through
EEHG, but such has not yet been demonstrated experimen-
tally;moreover, the seed lasers would still need to operate at
high repetition rate. The development of a reliable seed for
EEHG is easier at longer wavelengths but this requires
operation at higher harmonics. Self-seeding is a promising
scheme in that it does not require anything beyond optics, a
chicane, and the electron bunch, but it requires a significant
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increase in undulator length beyond what is required to
reach saturation for a pure SASE configuration. The only
experimental test so far of self-seeding [6] exhibited some
limitations in terms of shot-to-shot variations, possibly due
to the specific operating conditions at LCLS.

This paper proposes a different configuration that uses
the electron bunches to power an FEL oscillator whose
output pulses seed an HGHG FEL. These pulses would be
highly coherent, have short wavelengths comparable to
HHG sources, and would be capable of matching any
repetition rate delivered by the accelerator. The FEL oscil-
lator would operate at wavelengths sufficiently long where
reasonably reflective mirrors can be fabricated but at wave-
lengths short enough (e.g., in the extreme UV regime) that
the harmonic upshift needed to reach the soft x-ray regime is
not excessive. The novelty in the scheme being considered
is that the oscillator follows the radiator, so that the high
quality input electron beam is first used for themost difficult
task from the standpoint of emittance and energy spread
requirements: namely, radiation generation at the shorter
wavelength. The spent electron beam from the radiator is
then used to power the oscillator. As for all oscillators, there
is some start-up period where the first bunches in a pulse
train build up fields in the cavity to an equilibrium value, for
which the HGHG seeding scheme will be tuned.

The idea of placing the oscillator at the end of the beam
line has been considered before [7]; however, this work did
not explore the possibility of harmonic generation and the
geometry was not a critical feature for achieving good
performance. Electron bunches were divided into two
groups, those which radiate well in the radiator section
but not the oscillator, and conversely those which perform
poorly in the amplifier due to a weak input seed but well in
the oscillator. Placing the radiator in front of the oscillator
was used primarily as a clever way to avoid having to kick
alternating electron bunches along different paths. In the
HGHG context, later research [8] focused on using an
oscillator directly as the modulation stage of an HGHG
FEL. However, the oscillator created significant energy
spread which hampered the downstream amplifier, and
this idea does not seem to have been further pursued.

Wurtele et al. [9] reintroduced the radiator-first geometry
as one of several proposed FEL configurations for echo-
enabled harmonic generation (EEHG). Themajor advantage

of EEHG over HGHG is its ability to reach much higher
harmonics of the seed radiation, and therefore shorter wave-
lengths, in a single stage. Furthermore, since the target
harmonic is adjustable but needs to be an integer, going to
higher harmonics allows for finer tunability in the output
radiation and requires a smaller tuning range in the oscillator
for continuous tuning.TheEEHGconcept, however, requires
two input radiation pulses with a high level of stability [10]
instead of just the one seed required by HGHG. The EEHG
scheme also has several beam physics constraints and tech-
nological complexities greater than those of the HGHG
system. In view of all these considerations, here we consider
the simpler—and analytically more tractable—HGHG
radiator-first configuration. Because the useful tuning range
ofmultilayermirrors for short wavelengths is typically of the
order of a few percent [11], this simplification may incur the
cost of losing continuous tuning between harmonics through
tuning of the oscillator.
In this paper, we first describe the HGHG radiator-first

scheme and then develop a one-dimensional nonlinear map
to model the evolution of this system. The derivation uses
well-known FEL formulas regarding HGHG and oscillator
FEL operation, along with simplifying assumptions, to ex-
press the output power of bunch k as a function of the output
power of bunch (k� 1) and various system parameters (e.g.,
the FEL parameter, mirror losses, energy spread, etc.). The
results of this map are compared to time-independent, one-
dimensional simulations for a soft x-ray example. A stable
operating point is found, illustrating the potential for the
radiator-first configuration to yield a highly uniform train of
x-ray pulses. The analysis confirms one-dimensional simu-
lation results and yields useful expressions for quickly find-
ing workable parameters; it also provides insight into the
system’s dynamics and stability. Detailed two-dimensional
time-dependent simulations would be useful for systematic
studies, but in this paper we focus on qualitative operational
features, such as the ability to attain a stable operating point
and typical peak power levels.

II. THE RADIATOR-FIRST SCHEME

The major motivation for considering the type of scheme
diagramed in Fig. 1 is that it eliminates the need for an
external, high repetition rate seed laser. Since the electrons

FIG. 1. A diagram of the HGHG ‘‘radiator-first’’ scheme.
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are doing all the work of generating the radiation for both
the seeding and the user beam lines, the spacing between
electron bunches is now the limiting factor for the FEL
repetition rate. This comes at the cost of added complica-
tions associated with the oscillator and the transport of
radiation from the oscillator back upstream to the modula-
tor. Themain use for such a beam line is for wavelengths too
short for multilayer mirrors but too long for effective Bragg
scattering. Another motivation to run the oscillator at a
subharmonic would be to reduce the length of undulator
required for sufficient gain. Others have considered similar
schemes in which the oscillator is used to replace the
modulator, and is located before the radiator [8,12,13].
This may seem like a more attractive option, since there is
no need to transport radiation or worry about synchronizing
the radiation pulse with the electron bunch at two different
locations. It is, however, very difficult to control the satu-
ration level of an oscillator in order that the beam does not
come out overbunched and with too large an energy spread.
While a transverse optical klystron configuration [9,13]
appears to be a promising means to control the saturation
power, there is no need for this in the radiator-first scheme.
We make no use of the electron bunch after exiting the
oscillator, avoiding the need to fight its natural tendency to
extract as much energy from the beam as possible.

An electron bunch entering the HGHG radiator-first FEL
begins by passing through the modulator section and a
chicane, followed by the radiator section and, finally, by
the oscillator. In the modulator, the electrons develop an
energy modulation under the effect of radiation which has
been outcoupled and transported from the oscillator at the
end of the system. This radiation was produced after the
passage of the previous bunch, or from an earlier bunch,
depending upon the particular timing requirements. A chi-
cane transforms this energy modulation into a coherent,
periodic density modulation, just as in the conventional
implementation of HGHG. This density modulation con-
tains Fourier components at harmonics of the seed radia-
tion; the selected harmonic (in our examplewewill consider
the harmonic n ¼ 10) is used to initiate the FEL process in
the radiator section. The resulting radiation pulse is deliv-
ered to the user and, given the imposed coherent bunching,
this radiation will be nearly fully longitudinally coherent.

The electron bunch, which would normally be discarded
after the radiator, is instead then sent downstream to the
oscillator. Because the radiator section is tuned to a har-
monic of the oscillator that follows, the efficiency and
energy bandwidth of the radiator section will be lower
than that in the much longer wavelength oscillator, as
characterized by their respective FEL parameters. Thus,
even if the radiator section reaches FEL power saturation,
the quality of the electron beam which enters the oscillator
will in general still be sufficient for the oscillator to func-
tion effectively. At the start of the radiator section, the
electron beam will have a large bunching at the oscillator

wavelength, as part of the HGHG scheme to produce
bunching at the desired harmonic. It is possible for some
of this bunching to persist all the way through to the
oscillator, where it could improve the performance. Here
we will assume, however, that due to energy dispersion all
bunching is completely lost as the beam is transported from
the radiator to the oscillator. Our simulations actually
include a strong chicane after the radiator to produce this
dispersion. The strength of this chicane will have to scale
with the oscillator wavelength.
The electron bunch then enters the oscillator. At the end of

the oscillator, the electron beam is discarded and the out-
coupled radiation is transported back to the modulator to
interact with the next electron bunch. The cycle is repeated,
and hopefully settles on a stable operating point where the
output from pass to pass reaches a steady state. The map
described in the next section provides a method to evaluate
the dynamics of the entire system and to determine if a stable
steady state is achievable for a given set of parameters.
Depending on the parameters and actual layout of the

device, it may not be possible temporally to overlap the
radiation outcoupled from the oscillator following one
bunch to the electron bunch which immediately follows.
This problem can be overcome by having multiple radia-
tion pulses within the oscillator cavity. The analysis can be
readily extended to this case.

III. DERIVATION OF THE NONLINEAR MAP

In order to understand the dynamics and stability of the
radiator-first scheme, we must be able to properly model
the dependence of the oscillator gain on the energy spread
of the beam as it enters the oscillator, to characterize the
impact of the resulting power fluctuations on the harmonic
generation scheme, and to understand the feedback be-
tween the two systems. We make use of a semianalytical
model of FEL gain and saturation based on the work of
Dattoli et al., [14], to predict the output of the oscillator in
a given pass based on the initial energy spread. By coupling
this model to an idealized analysis of HGHG [15], we can
produce a map that predicts the intensity at the end of the
oscillator in a new pass based on the intensity of the
previous pass. While this model is one dimensional and
does not include pulse propagation effects, it could be
extended to include more physics using the work of
Dattoli and others. We are also evaluating the use of the
more complete analytical theory for short-pulse FEL
oscillators developed by Piovella et al. [16] to the study
of these types of schemes. We note that the limitation to
short-pulse oscillators is not highly restrictive since high
repetition rates and high peak currents naturally lead to low
charge per bunch and short bunches. On the other hand,
once the bunch length of the electron beam is shortened to
several FEL cooperation lengths of the radiator, we enter
the single spike SASE regime where longitudinal coher-
ence will be guaranteed and all the gymnastics of this
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scheme are unnecessary. Thus, the short-pulse theory is
best suited for the intermediate region where the bunch
length is less than the slippage length in the oscillator, but
longer than the coherence length in the radiator.

A. Logistic model for FEL amplification
including saturation

The model for the FEL process in the undulators of the
oscillator section used in this paper is based on a modified
version of the standard logistic map which is useful for
power amplifiers, and which can be derived as a solution to
a self-consistent expansion of the FEL equations in certain
limits [17]. Here, we use a semianalytic fit for the numeri-
cal parameters, matching the initial conditions and the
expected saturation levels, resulting in a model logistic
function for high gain:

IðzÞ ¼ I0
expð�zÞ

1þ I0
Isat

½expð�zÞ � 1� : (1)

Here I0 is the initial intensity, Isat is the nominal intensity at
saturation, and � is the growth rate. In the one-dimensional

limit the FEL power growth rate is � ¼ 2
ffiffiffi
3

p
kw�, where

kw ¼ 2�=�w is the undulator wave number, �w is the
undulator period, and � is the one-dimensional FEL pa-
rameter defined as

� ¼
�
1

4�

Ie
IA

�
aw½JJ�
1þ a2w

�
2 �0�

2

�A

�
1=3

: (2)

The electron beam has peak current Ie, nominal energy �0,
energy spread �0 at the start of the modulator, and cross-
sectional area �A (defined to be 2��x�y, so that the

current density on axis is Ie=�A for a Gaussian transverse
profile). The dimensionless rms undulator parameter is

aw ¼ eBw=
ffiffiffi
2

p
kwmec, ½JJ�¼J0ð�Þ�J1ð�Þ is the coupling

parameter for planar undulators with � ¼ a2w=2ð1þ a2wÞ,
the resonant radiation wavelength is � ¼ �wð1þ a2wÞ=2�2

0,

and IA � 4��0mec
3=e ’ 17045 A is the Alfvén current.

This logistic function has been used [18] to generate a
map of the oscillator intensity as a function of pass num-
ber; we decompose this into separate FEL gain and radia-
tion transport maps in order to incorporate the impact of
the HGHG stage as well. The logistic function matches
reasonably well with one-dimensional simulations of an
oscillator as shown in Fig. 2, and provides a simple means
for including both the effects of previous passes and of the
electron beam properties.

The one-dimensional saturation intensity of the FEL can
be expressed in terms of � as Isat ¼ cf�Ibeam, where

Ibeam ¼ �0mec
2Ie=e�A is the peak power intensity of the

electron beam in the oscillator and cf ¼ 1:6 yields a good

numerical fit [19] to simulation results when 3D effects are
weak and the undulator parameter is optimized.

B. Corrections to the linear gain rate from 3D effects

While our model is essentially one dimensional, the one-
dimensional FEL parameter � is not quite the correct
parameter to use in our oscillator configuration because
this ignores the effects of incoherent energy spread and the
partial overlap between the radiation mode and the electron
beam. The dependence of the growth rate on energy spread
is a crucial aspect of this analysis, because the energy
spread in the oscillator is affected by the FEL performance
of the upstream amplifier. The effect of diffraction will be
treated as a static, fixed term, but it has a significant
quantitative impact on the growth rate because the length
scale for diffraction, which is roughly the Rayleigh range
for the beam spot size or 2�A=�, can be comparable to or
even shorter than the FEL gain length.
To account for these effects, we consider the semiana-

lytic fit for the growth rate obtained by Xie in Ref. [20],
where �3D ¼ �1D=ð1þ �TÞ and the dimensionless quan-
tity �T is a function of scaled electron properties for
diffraction, energy spread, and emittance. Here, the effect
of emittance is neglected. The dimensionless parameter for
diffraction used in Ref. [20] is

�d ¼ �

2�1D�A

¼ ��w

8�
ffiffiffi
3

p
��A

: (3)

For the sample parameters discussed below,�d ¼ 1:09 and
diffraction alone contributes 0.47 to �T in the oscillator. It
is difficult to get the diffraction parameter for the oscillator
significantly below unity in this scheme.
Instead of directly using the quantity �T , we attempt to

separate out the effects of diffraction and energy spread by
defining an FEL parameter �2 ¼ �=ð1þ �TÞ which only
includes the effect of diffraction, and thus for our purposes
will remain fixed from pass to pass. A simple model for the
effect of diffraction is to assume that the mode size of the
radiation, denoted �eff , replaces the size �A of the electron

beam in Eq. (2). This yields �2 ¼ �ð�A=�effÞ1=3. The fit
from Xie when only diffraction is important is �T ’
a1�

0:57
d , where a1 ¼ 0:45. Noting that � scales like ��1=3

A

and �d scales like ��2=3
A , the quantity �=�T is almost

independent of �A and we can make it completely inde-

pendent by approximating �T ¼ a1�
1=2
d , yielding

�d � �

a1�
1=2
d

¼
�
2

ffiffiffi
3

p
a21

�0�

�w

Ie
IA

�
aw½JJ�
1þ a2w

�
2
�
1=2

; (4)

and

�1=3
eff ¼ �1=3

A �=�2 ¼ �1=3
A ð1þ a1�

1=2
d Þ: (5)

Note that �d is independent of the electron beam size, and,
unlike the one-dimensional FEL parameter, scales as beam
current to the 1=2 power. This scaling is expected for beams
where diffraction has an overwhelming effect. This is
only an approximation to more complicated behavior for
diffraction-dominated beams [21], but the resulting gain
length and mode size are fairly accurate so long as �d is
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not � 1. We use �eff to convert between power and peak
intensity of the radiation.

We treat the effect of diffraction on saturation levels
slightly differently from the fit of Ref. [19], which would
use cfð�2

2=�ÞPbeam. That expression is more appropriate

for situations dominated by the electron beam energy
spread and emittance. Instead, we assume the saturation
power scales linearly with the adjusted gain length,
cf�2Pbeam, or in terms of intensity Isat ¼ cf�2Pbeam=�eff .

We now consider the effect of an initial relative rms
energy spread �. When transverse effects are negligible,
�T ’ �2=�2, and when this is smaller than unity we ap-
proximate 1=ð1þ �TÞ ’ 1� �2=�2; this is similar to the
leading order term of Ref. [22]. The growth rate [20] is then
�ð�rÞ ¼ ð1� �2

r=�
2Þ�1D, where �r is the relative energy

spread at the end of the radiator section and start of the
oscillator. The intensity at saturation [19] is Isatð�rÞ ¼
ð1� �2

r=�
2Þ2cf�Pbeam=�A.

We combine these three-dimensional effects in the follow-
ing way: first, the one-dimensional parameter � is replaced
by�2 to account for diffraction. This includes the growth rate

for the case of negligible energy spread, the impact of energy
spread on the growth rate, and the saturated power. Second,
FEL radiation due to electrons in the radiator and oscillator
sections is assumed to instantaneously fill amodewith cross-
sectional area �eff . The resulting expressions are

�ð�rÞ ¼ ð1� �2
r=�

2
2Þð�2=�Þ�1D;

Isatð�rÞ ¼ ð1� �2
r=�

2
2Þ2cf�2Pbeam=�eff :

(6)

We see reasonably good agreement in the growth rate for
�r<�2=2 as is shown in Fig. 2(b), where �2�1:1�10�3.
We assume that the oscillator mirrors are curved in

such a way as to match into the natural mode size of the
FEL. In the radiator, we ignore the fact that it may take a few
gain lengths in z for the radiationmode size to approach this
value. By contrast, the radiation spot size in the modulator,
which has negligible FELgain, is treated as a free parameter
set by the radiation transport optics. There is one constraint
on the mode size in the modulator, however; to obtain
bunching at the harmonic n with good uniformity across
the electron bunch requires a cross-sectional area for the

radiation at least n2=3 times that of the electron beam.

0 10 20 30 40 50 60 70
10

10

10
12

10
14

10
16

z (m)

In
te

n
si

ty
 (

W
/m

2 )

(a)

0 0.05 0.1 0.15 0.2
0

0.1

0.2

0.3

0.4

0.5

σ
0
 (%)

G
ro

w
th

 R
at

e 
(m

−1
)

(b)

0 5 10 15
10

10

10
12

10
14

10
16

z (m)

In
te

n
si

ty
 (

W
/m

2 )

(c)

5 10 15 20
10

10

10
12

10
14

10
16

pass number

In
te

n
si

ty
 (

W
/m

2 )

(d)

FIG. 2. A comparison of the logistic model (dashed line) to one-dimensional simulations (solid line) for amplifiers and oscillators
with 6.5 cm undulator period tuned to resonance at 13.4 nm wavelength: (a) a single, long pass from start-up to saturation; (b) the effect
of initial energy spread on growth rate; (c) single-pass simulations for different initial seed power; (d) intensity in a standard oscillator
scheme as a function of pass number.
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Otherwise, the reduced intensity near the edges of the
electron beam will result in poor bunching there.

The spread in transverse angles in the beam associated
with transverse emittance is the one remaining term affect-
ing�T but we neglect this effect. The full expression for�T

calculated byXie could be used to capture all 3D effects. As
the radiator output increases, the average energy of the
electron beam entering the oscillator decreases. We do not
model the effects of this detuning on the dynamics within
the oscillator, and the undulator parameter is assumed to be
at the optimal value for the steady state. Temporal variations
and slippage between the radiation field and electron beam
are also not considered.

C. Corrections to the linear gain from
initial conditions

In the standard one-dimensional FEL theory, in addition to
the growing mode there are two nongrowing eigenmodes as
well. To account for this, and the fact that only� 1=3 of the
initial field amplitude goes into the growing mode, the initial
intensity I0 is replaced by I0=9. A slightly improved analysis
introduces a gain function GðzÞ instead of the exponential
expð�zÞ in Eq. (1) to account for the contribution from all
three FEL modes [23] given some initial radiation field and
an initially uniform (i.e., unbunched) electron distribution:

GðzÞ¼1

9
jexpð2ikw�zÞþ2coshð ffiffiffi

3
p

kw�zÞexpð�ikw�zÞj2

¼1

3
þ1

9

�
2coshð�zÞþ4cos

� ffiffiffi
3

p
�z

2

�
cosh

�
�z

2

��
: (7)

Nonideal effects can be approximately included simply by
replacing � with �2 and � with �ð�rÞ, ignoring small
changes in the eigenmodes themselves. This correction is
mostly important when the total gain in the undulator is low,
or when considering the intensity evolution near the start of
the oscillator; for high gain, the growingmode dominates and
Gðz; �rÞ approaches exp½�ð�rÞz�=9. Figures 2(a) and 2(c)
both show the improved agreement when this correction is
employed, especially where the growingmode has not domi-
nated the output intensity in a given pass.

We denote the intensity at the end of the oscillator for a
given pass as Ik and the energy spread at the beginning of
the oscillator as �k. At the beginning of the oscillator, the
intensity is assumed to be reduced by a factor R to account
for mirror losses in the round-trip through the oscillator,
outcoupling to the modulator, and any change in spot size
between the start and end of the undulator. Putting all of
these effects together, our mapping for a pass through an
oscillator undulator of length L becomes

Ik ¼ RIk�1

GðL;�kÞ
1þ RIk�1

Isatð�kÞ ½GðL;�kÞ � 1� : (8)

An important parameter for the oscillator is the
undulator length measured in ideal gain lengths,

C��ð�¼0ÞL¼2
ffiffiffi
3

p
kw�L.

D. Modeling the HGHG component of the
radiator-first configuration

Now we must determine both the intensity at the end of
the radiator, at the harmonic of the oscillator wavelength,
and the energy spread�k of the electron beam at the start of
the oscillator, based on the intensity Ik�1 in the previous
pass. To do this, we follow the electron beam through the
upstreamHGHG components using the analytical estimates
of Ref. [15]. Where possible, we normalize the oscillator
intensity to Iref � Isatð� ¼ 0Þ, and denote Xk ¼ Ik=Iref .
Without going into the details of the parameters of the

modulator section and radiation transport from the oscil-
lator, the amplitude of the energy modulation generated in
the modulator depends linearly on the seed radiation elec-
tric field, i.e., on the square root of the intensity. If an
intensity Iref (equivalent to X ¼ 1) coming from the oscil-
lator generates an energy modulation given by A�0, where
A represents the ratio of the height of this modulation to the
original energy spread at the start of the modulator, then for
any other value of the intensity the height of the energy

modulation will be A�0

ffiffiffiffi
X

p
. The numerical value of A will

depend upon the length of the undulator, the undulator
period and strength, the optical transport from the oscil-
lator, and the reference saturation intensity of the oscilla-
tor; see Appendix A for a detailed calculation. Typically,
we want A � n, or at least not much smaller than n, where
n is the desired harmonic upshift. The length of the modu-
lator should also not be much more than two gain lengths
long to avoid significant FEL gain and bunching within the
modulator, which are ignored in this analysis. The energy
spread at the exit of the modulator will then be

�mðXÞ ¼ �0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ A2

2
X

s
: (9)

This modulated beam can be bunched with the use of a
simple magnetic chicane. The magnitude of the bunching
coefficient for the nth harmonic (defined as bn ¼ jhe�in	ij,
where 	 is the longitudinal phase of an electron with
respect to the oscillator wavelength �) is given by

bnðXÞ ¼ e�n2B2=2JnðnAB
ffiffiffiffi
X

p Þ: (10)

The parameter B ¼ 2�R56�0=� is the dimensionless,
scaled dispersion strength of the chicane, where R56 is
the strength of the dispersion in units of length.
For the radiator section, we assume that FEL amplifica-

tion stays in the linear regime and never quite reaches
saturation, though it will ideally be very close when the
system reaches equilibrium. We also assume that there is
sufficient total gain that only the growing mode needs to be
considered. These simplifying assumptions allows us to
use one-dimensional linear theory to find that the radiation
intensity at the exit of the radiator will be proportional to
the square of its initial bunching. Otherwise, we could use a
logistic function to model saturation, and a more general
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gain factor as in Eq. (7) but with different phase factor to
match an initial condition of bunching with no initial
radiation. We do include the effect of energy spread on
FEL gain through the same approximation as was used for
the oscillator, to obtain

IrðXÞ ¼ 1

9
�rIbeam;rjbnðXÞj2eCr½1��mðXÞ2=�2

r �; (11)

where �r is the FEL parameter for the radiator section,

Cr ¼ �rð� ¼ 0ÞLr ¼ 2
ffiffiffi
3

p
kw;r�rLr is the undulator length

measured in ideal gain lengths, Lr is the undulator length in
the radiator section, and kw;r ¼ 2�=�w;r is the undulator

wave number for the radiator section, and Ibeam;r is the

beam power in the radiator section, which differs from the
value in the oscillator only by the ratio of the electron beam
cross-sectional area. This result is derived in Appendix B.
We note that allowing the radiator to reach saturation might
actually improve the stability of the system. The energy
spread of the bunch exiting the radiator would then saturate
at a value near the FEL parameter in the radiator and would
not fluctuate much beyond this point. However, more
complex expressions are required to analyze this case.

The induced energy modulation from the radiator is
roughly proportional to the square root of the intensity,
and the peak amplitude can be written as

2�rjPj ¼ 2�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IrðXÞ

�rIbeam;r

s
¼ 2

3
jbnðXÞj�re

ðCr=2Þ½1��mðXÞ2=�2
r �:

(12)

This expression is derived in Appendix B.
The energy spread at the exit of the radiator can now be

given in terms of the normalized intensity at the end of the
oscillator during the previous pass:

�rðXÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

mðXÞ þ 2�rIrðXÞ=Ibeam;r

q
: (13)

E. The pass-by-pass map

In summary, we now have a map for the intensity at the
end of the oscillator at pass k in terms of the intensity of the
previous pass:

Xk ¼ RXk�1Gk

1þ RXk�1

ð1��2
k
=�2Þ2 ðGk � 1Þ ; (14)

where Gk ¼ GðL;�kÞ is defined by Eq. (7), �k ¼
�rðXk�1Þ is defined by Eq. (13), and we have used
Xsatð�kÞ ¼ ð1� �2

k=�
2Þ2. In all numerical results shown

below, we use �2 (and �r2 for the radiator) to correct for the
effects of diffraction.

IV. PARAMETERS FOR A SOFT X-RAY EXAMPLE

Because there are so many constraints that can become
important as one moves to different parameter regimes, it is

difficult to provide a completely general prescription for
designing an HGHG radiator-first scheme. We can, how-
ever, mention some guidelines to follow. The electron
beam current and brightness, undulator magnet technol-
ogy, and target radiation wavelength all determine the one-
dimensional FEL parameter for the radiator section, �r.
The standard emittance constraint applies here, and it is
important that the initial energy spread is small enough that
the beam will generate the target radiation even after being
modulated in the HGHG scheme. The next step is to
choose the oscillator wavelength based on magnet tech-
nology and mirror availability, which determines the har-
monic upshift ratio between the modulator and radiator.
The harmonic number must be high enough that �r is
sufficiently small for the oscillator to work with an initial
fractional energy spread of �r. The harmonic number must
also be low enough that the HGHG scheme can produce
sufficient bunching to ensure coherence of the output
radiation. One can increase the bunching for a given har-
monic number by increasing the amplitude of the energy
modulation, but this may come at the cost of decreased
performance in the radiator due to increased energy spread.
It is clear that one may need to walk a fine line in

designing an HGHG radiator-first scheme to meet a par-
ticular need, but the map derived in the section above can
provide a fast method for numerical parameter scans. We
select beam parameters similar to those proposed for a
Next Generation Light Source at Lawrence Berkeley
National Laboratory [24], with a goal of generating light
at around 1 nm. We consider a 2.4 GeV beam with a peak
current of 250 A, an initial relative energy spread of 2:9�
10�5, and a normalized transverse emittance of 0:3 
m.
We choose a low current because operation at repetition
rates above 1 MHz would produce very high average
current at high single-bunch charge. With this current
and a 4 MHz repetition rate, a 50 pC bunch (roughly
200 fs in duration) would imply an average current of
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FIG. 3. The map (dashed line) shows qualitative agreement
with simulations (solid line) of the saturated intensity from the
radiator for a scan of chicane strength.
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200 
A. We make use of existing, robust multilayer mirror
technology at 13.4 nm [11] by choosing the resonance
wavelength of the oscillator and modulator to equal this
value. We can then reach our target wavelength for the
output radiation, 1.34 nm, by using the 10th harmonic. The
undulator period is 6.5 cm for the oscillator and modulator,
and 2.4 cm for the radiator. These choices are compatible
with a conventional permanent magnet design with a mag-
netic gap of over 8 mm. For simplicity, we have chosen the
average beta functions to be compatible with the use of
natural undulator focusing with curved pole faces for equal
focusing in x and y. For the oscillator in particular, diffrac-
tion will limit the benefits to decreasing the spot size of the
electron beam. For the radiator, it could be useful to use
stronger focusing to increase the power output so long as it
does not lead to an energy spread at the end of the radiator
so high as to significantly weaken the oscillator perform-

ance. The electron beam size in the modulator is assumed
to match that of the radiator.
The ratio of the one-dimensional FEL parameter of the

oscillator to that of the radiator is 2.6. Thus, in the one-
dimensional approximation we can guarantee that the en-
ergy spread entering the oscillator will be<0:4� when the
HGHG radiation generation is saturated. When diffraction
is taken into account, this ratio drops to 2.1. In either case,
this should ensure that the beam quality is sufficient for the
oscillator to replenish the roughly 50% radiation fraction
lost from the mirrors and outcoupling to the modulator.
We design themodulator so that it produces amodulation

of less than 7�0 to prevent energy spread from limiting the
output of the radiator.With these parameters, we can expect
a maximum bunching of almost 10% at the 10th harmonic,
which is sufficient to generate good longitudinal coherence.
The strength of the chicane in the HGHG scheme can be
estimated [15], but the exact value was determined by
scanning through values of B in the map to maximize the
radiator output. Figure 3 shows qualitative agreement of this
scan to the one-dimensional simulation. There is a small
shift in R56 due to the model missing some dispersion
generated by the undulators themselves. The electron
beam and beam line parameters are given in Tables I and
II. The translation of these parameters into the constants
used by the map is shown in Table III.

TABLE II. Some key parameters for the beam line elements.

Element R56 � �w aw # Periods Reflectivity R Transmission T

Modulator 13.4 nm 6.5 cm 2.8 42

First chicane 11:5 
m
Radiator 1.34 nm 2.4 cm 1.2 600

Second chicane 1000 
m
Oscillator 13.4 nm 6.5 cm 2.8 240 0.49 0.02

TABLE I. Some key electron beam parameters.

Bunch charge 50 pC

Nominal energy 2.4 GeV

Slice energy spread 70 keV

Slice transverse emittance 0:3 
m
Current 250 A

Repetition rate 4 MHz

TABLE III. A summary of the parameters used in the map. These values were calculated from the machine parameters as explained
in this paper.

Parameter Value Physical interpretation

Iref 3:5� 1016 W=m2 Reference saturation intensity for oscillator undulator

Ibeam;r 1:1� 1020 W=m2 Electron beam power density in radiator section

�0 2:9� 10�5 Initial fractional energy spread of electron beam

� 1:7� 10�3 One-dimensional FEL parameter in oscillator

�2 1:1� 10�3 FEL parameter in oscillator corrected for diffraction

�r 6:5� 10�4 One-dimensional FEL parameter in radiator

�r2 5:4� 10�4 FEL parameter in radiator corrected for diffraction

n 10 Harmonic upshift between oscillator and radiator

A 8.19 Reference energy modulation amplitude after modulator,

in units of �0, when Iref exits oscillator during previous pass

B 0.156 Scaled dispersion strength of chicane after modulator

C 6.14 Length of oscillator undulator in gain lengths (with diffraction)

Cr 6.44 Length of radiator undulator in gain lengths (with diffraction)

R 0.49 Power reflectivity for round-trip in oscillator

T 0.02 Net outcoupling of power from end of oscillator to modulator
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V. COMPARISON OF THE MAP TO
ONE-DIMENSIONAL SIMULATIONS

The system was simulated with an implementation
of the simplified FEL equations (see, for example, [25])
in MATLAB. The one-dimensional equations to be
solved are

d	j
d�z

¼ ��j; (15)

d ��j

d�z
¼ ~aei	j þ ~a	e�i	j ; (16)

d~a

d�z
¼ �he�i	i; (17)

where we use scaled variables

	 ¼ ðkþ kwÞz� ckt; (18)

�� ¼ �� �0

��0

¼ �

�
; (19)

~a ¼ �

�2

e ~Effiffiffi
2

p
kmec

2
; (20)

�z ¼ 2kw�z; (21)

and where � ¼ kaw½JJ�=2�2
0kw and ~E is the complex

electric field amplitude of the radiation on axis. Using
the resonance condition, the quantity � appears in the
expression for the FEL parameter, yielding the formula

1

�2
¼ 1

�3

1

4�

Ie
IA

�0�
2

�A

: (22)

To take into account the effect of diffraction, the
model equation for the radiation field, Eq. (17), must be
modified to include the difference between the expected
size of the radiation mode and that of the electron beam,
yielding

d~a

d�z
¼ �he�i	i �A

�eff

: (23)

The equations of motion for 	j and �j are unchanged.

Our simulations use only a single electron beam and
radiation slice, corresponding to a time-steady, mono-
chromatic case. Thus, polychromatic nonzero bandwidth
and slippage effects within the bunch, which are not
captured by our map, do not enter into our simulations.
We include analytical dispersive maps to propagate the
electron beam through the chicane and to model the

beam propagation subsequent to the radiator. To match
our assumptions, we have chosen the dispersion after the
radiator to have a value of �1 mm, which is strong
enough to remove virtually all bunching remaining
from the modulation section. For both the simulations
and the study using the map, we use an initial power
level in the oscillator of c�2=� times the electron energy,
as explained in Ref. [25].
With the parameters for our soft x-ray example, we

plot the intensity at the exit of the oscillator as a function
of the intensity at the end of the previous pass in Fig. 4,
as the black solid curve. The intersection of the map with
the line Xk ¼ Xk�1 is an equilibrium point. Furthermore,
if the absolute value of the slope at the equilibrium is less
than one, it is a stable equilibrium point. With the above
parameters, the equilibrium point occurs at X ¼ 0:723
which corresponds to an intensity of 2:5� 1016 W=m2.
The slope of the map at this equilibrium point is �0:45,
indicating that there should be damped oscillations about
this point. The chicane strength after the modulation
section is adjusted slightly below the dispersion for
maximum bunching at equilibrium; this provides nega-
tive feedback against fluctuations in oscillator power, as
might occur when better performance of the radiator
section leads to more energy spread and reduced oscil-
lator gain. The steady-state power produced by the ra-
diator is a factor of roughly 0.20 times that of the ideal
saturated power level. Also shown are the equivalent
results for when the energy spread is decreased and
increased by 10%, all other parameters being kept
fixed. The case of reduced initial energy spread, with
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X
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FIG. 4. Normalized intensity at the end of the oscillator
as a function of that of the previous pass. Three values of
the initial energy spread are considered, with all other pa-
rameters held fixed. The diagonal line indicates possible
equilibrium points. For the nominal 70 keV case, the slope
of the map at the equilibrium point is �0:45. All three cases
are stable.
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its corresponding improved bunching entering the
radiator, is close to being unstable with a slope of
�0:98. Attempting to further increase the ratio of
steady-state power out of the radiator to the ideal satu-
rated power level tends to drive the equilibrium point
unstable.

Figures 5 and 6 show good agreement between the
map and simulation from start-up through saturation at
key locations along the scheme. The corresponding lon-
gitudinal phase space of the electron beam at saturation
(pass 20) is also shown for each location, truncated to
only show regions with >1% of the peak density. The
overall performance at equilibrium for these parameters

is given in Table IV for both wavelengths. These
values, in terms of peak power and intensity, are also
compared to the nominal saturation values for the given
electron beam parameters. The ratio of the equilibrium
power to saturated power in the radiator is 0.14 in the
simulations, compared to 0.20 for the nonlinear map.
However, part of this difference is explained by the offset
in optimal R56 seen in Fig. 3, and changing R56 from 11.5
to 10:5 
m yields a ratio of 0.18 while the range of
energy spreads for which the system is stable is similar
to that for the map. This is a more meaningful measure
of the discrepancy between the map and numerical
simulation.
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FIG. 5. A comparison of the map (dashed line) to a one-dimensional simulation (solid line), and equilibrium longitudinal phase
spaces for key points along the prebunching section of the HGHG radiator-first scheme with red areas indicating higher phase space
density: (a) intensity of the 13.4 nm seed radiation reaching the modulation section; (b) initial phase space of the electron beam;
(c) energy spread at the exit of the modulator; (d) phase space at the end of the modulator; (e) bunching at the 10th harmonic after the
chicane; and (f) phase space after chicane.
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FIG. 6. A comparison of the map (dashed line) to a one-dimensional simulation (solid line), and equilibrium longitudinal phase
spaces for key points along the target radiation generation and oscillator sections of the radiator-first scheme with red areas indicating
higher phase space density. Note that the energy scale for the phase space diagrams here is 12� larger than for those of Fig. 5:
(a) intensity of radiation at 1.34 nm exiting radiator; (b) phase space at the end of the radiator; (c) energy spread entering the oscillator;
(d) phase space entering the oscillator; (e) intensity of 13.4 nm radiation at the end of the oscillator; and (f) phase space at the end of
the oscillator.

TABLE IV. Performance of the radiator-first beam line in equilibrium, and compared to
nominal saturation values.

Power Intensity

Element Radiation spot size Equilibrium Saturation Equilibrium Saturation

Oscillator 71 
m 888 MW 1130 MW 2:8� 1016 W=m2 3:5� 1016 W=m2

Modulator 78 
m 17 MW 22 MW 4:6� 1014 W=m2 5:8� 1014 W=m2

Radiator 47 
m 66 MW 474 MW 4:9� 1015 W=m2 3:5� 1016 W=m2
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VI. CONCLUSIONS

We have numerically and analytically studied the
radiator-first FEL configuration. The coupled HGHG ra-
diator and oscillator system should allow for the produc-
tion of longitudinally coherent pulses at repetition rates
above 1 MHz. By targeting different harmonics of the
oscillator for the output radiation, this scheme can even
provide some level of tunability, although the useful re-
flecting bandwidth of multilayer mirrors in this wavelength
range is presently too narrow to bridge the gap between
discrete harmonics. The parameters of these simulations
are targeted toward a soft x-ray FEL, but this scheme could
be implemented in any regime where a high repetition rate
is necessary and appropriate optics are available. At
present, multilayer mirrors with high reflectivity are re-
stricted to less than 100 eV photon energy. For photon
energies above�2 keV, Bragg scattering provides a differ-
ent mechanism for the oscillator optics.

We have found that a semianalytic nonlinear map, based
on well-known one-dimensional, time-independent FEL
approximations, yields an understanding of the dynamics
from start-up to saturation and stable operation. The theory
does not consider key questions such as finite pulse effects
(e.g., slippage), transverse variations of optical fields, x
rays, or the particle beam, and pulse-to-pulse jitter.
Consideration of these effects together with two-
dimensional time-dependent simulations are necessary
for a detailed understanding of the usefulness of this
scheme. Further analytic progress can be anticipated in
specific regimes; for example, the work of Piovella et al.,
[16] may provide a path to a more robust analytic theory
for the case where the electron bunch is short compared to
the slippage within the oscillator. For proper inclusion of
slippage and 3D effects, results from these methods should
be corroborated by the use of a code such as GINGER [26]
which can directly model oscillators. The approach pre-
sented here can be extended to the EEHG radiator-first
scheme discussed in [9], or to other harmonic generation
schemes that require seed radiation from an external laser.
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APPENDIX A: DERIVATION OF FORMULA FOR
MODULATION PARAMETER A

The subject of this Appendix is the calculation of the
amplitude of the energy modulation at the end of the
modulator. The starting point for the calculation is the set
of equations given in Eqs. (15)–(17). The authors of the
reference from which those equations came introduce col-
lective variables as follows:

b ¼ he�i	i; (A1)

P ¼ h ��e�i	i: (A2)

The linearized differential equations for the collective
variables are

d~a

d�z
¼ �b; (A3)

db

d�z
¼ �iP; (A4)

dP

d�z
¼ ~a: (A5)

For the case of the modulator, we have nonzero ~að0Þ, while
bð0Þ and Pð0Þ are both presumed zero. Since the length of
the modulator is less than or close to a gain length, we can
approximate the solution by ignoring FEL gain in the field,
taking ~a to be constant to obtain

Pð�zÞ ¼ ~að0Þ�z: (A6)

An elementary calculation can be used to show that for a
modulated beam, jh�e�i	ij is equal to half the modulation
amplitude on the � axis, independent of the value of the
initial energy spread. The notation used in this paper is that
A values are used for modulation amplitude on the � axis
divided by �0. Thus, we have

jh�e�i	ij ¼ 1
2A�0: (A7)

Because P is equal to h�e�i	i divided by �, Eq. (A6)
implies

�j~að0Þj�z ¼ 1
2A�0; (A8)

which can be written as

A ¼ 4kw�
2Lm

�0

j~að0Þj; (A9)

where Lm is the total length of undulator in the modulator
section.
The time-averaged (over an optical cycle) intensity,

which is the density of power flux in the electromagnetic
field, is [25]

I ¼ 2�0cj ~Ej2 ¼ j~að0Þj22�0c 2�
4k2m2

ec
4

�2e2
: (A10)

Using Eq. (22) and the definition of IA, this can be sim-
plified to

I ¼ j~að0Þj2��0mec
2Ie

e�A

¼ j~að0Þj2�Ibeam; (A11)

which can be written as
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j~að0Þj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I

�Ibeam

s
: (A12)

Thus, from Eq. (A9) we have

A ¼ 4kwLm

�0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3Ið0Þ
Ibeam

s
; (A13)

where Ið0Þ is the intensity at the beginning of the modula-
tor (which actually does not change as a function of z in
this approximation). Because the quantity A is defined to
be the scaled modulation for the case of the reference
intensity Iref at the end of the oscillator, we substitute in
the value Ið0Þ ¼ TIref .

Note that we have assumed identical undulator and
electron beam parameters in the oscillator and modulator
sections. While the undulator parameters should be similar,
because the radiation wavelength is the same, the radiation
spot size could be different. However, both �3 and Ibeam
scale as 1=�A, so for low gain the results are insensitive to
the bulk properties of the electron beam.

APPENDIX B: DERIVATION OF FORMULAS
FOR THE RADIATOR SECTION

The subject of this Appendix is the calculation of the
radiation intensity and beam energy spread at the end of the
radiator section. The amplitude of the energy modulation
and intensity of the radiation field must be known in order
to evaluate the performance of the entire scheme. The exact
solution of the one-dimensional system of differential
equations for the collective variables is well known [25],
especially in the exponential-growth regime where the
growing mode dominates. For the case of the radiator,
the only nonzero quantity at the start of the undulators is
the bunching parameter bð0Þ; both ~að0Þ and Pð0Þ are pre-
sumed zero. The solution for the growing mode is

~að �zÞ ¼ �i
bð0Þ
3


2þe�i
þ �z; (B1)

bð�zÞ ¼ bð0Þ
3

e�i
þ �z; (B2)

Pð�zÞ ¼ bð0Þ
3


þe�i
þ �z; (B3)

where 
þ ¼ �1=2þ i
ffiffiffi
3

p
=2 is one of the cube roots of 1.

These expressions clearly satisfy Eqs. (A3)–(A5). The
other two modes are phased differently from the case in
the oscillator, due to the different initial conditions. To
roughly account for the effect of energy spread, we replace
the one-dimensional gain length with the corrected gain
length, but ignore any changes in the nature of the mode
solutions, which may affect the relative weight of the
growing mode.

At the end of the radiator, which is presumed long
compared to the gain length, the magnitude of the scaled
radiation field is

j~aðLrÞj ¼
��������bð0Þ3

��������eCr=2; (B4)

where Cr ¼ 2
ffiffiffi
3

p
kw�rLr and the subscript r refers to

properties in the radiator section. The effect of nonzero
energy spread is roughly to make one replace Cr with
Crð1� �2

m=�
2
rÞ. The scaling law of Eq. (A12) still applies

to the radiator, but with different scaled variables:

j~aðLrÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ir
�rIbeam;r

s
: (B5)

This yields

Ir ¼ j~aðLrÞj2�rIbeam;r ¼
��������bð0Þ3

��������
2

eCr�rIbeam;r: (B6)

Allowing for an increased gain length,

Ir ¼
��������bð0Þ3

��������
2

eCrð1��2
m=�

2
r Þ�rIbeam;r: (B7)

The height of the energy modulation is still given by

2�rjPj ¼ 2�rjbð0Þ=3jeðCr=2Þð1��2
m=�

2
r Þ ¼ 2�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ir=�rIbeam;r

q
;

(B8)

substituting in the solution from Eq. (B7). In the linear
regime, the incoherent energy spread at the end of the
radiator is given by

�2
r ¼ �2

m þ 2�2
r jPj2 ¼ �2

m þ 2�rIr=Ibeam;r: (B9)

When diffraction is taken into account, in addition to
correcting the value of �r, the cross-sectional area of the
electron beam should be replaced by the area of the radia-
tion mode, so that Ibeam;r should be replaced by

Ibeam;r�A;r=�eff;r.
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