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We present a study on the emittance evolution of electron bunches, externally injected into laser-driven

plasma waves using the three-dimensional particle-in-cell (PIC) code OSIRIS. Results show order-of-

magnitude transverse emittance growth during the injection process, if the electron bunch is not matched

to its intrinsic betatron motion inside the wakefield. This behavior is supported by analytic theory

reproducing the simulation data to a percent level. The length over which the full emittance growth

develops is found to be less than or comparable to the typical dimension of a single plasma module in

current multistage designs. In addition, the analytic theory enables the quantitative prediction of emittance

degradation in two consecutive accelerators coupled by free-drift sections, excluding this as a scheme for

effective emittance-growth suppression, and thus suggests the necessity of beam-matching sections

between acceleration stages with fundamental implications on the overall design of staged laser-wakefield

accelerators.
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I. INTRODUCTION

A number of experiments during the past decade [1–7]
have confirmed laser-wakefield acceleration of charged
particles in plasma as a promising technology candidate
for driving compact and brilliant x-ray light sources [8,9]
and possibly future particle colliders [10,11]. These plasma
waves support extreme field gradients that facilitate GeV-
energy gain in centimeter-scale stages [4,5] with the length
of a unit and hence the energy gain in a single stage being
fundamentally limited by energy depletion of the driving
laser pulse [12]. Taking into account current high-end laser
technology, acceleration of electron beams to energies
beyond the 10 GeV level seems possible only by use of
multiple stages in series, i.e. by staging. As a consequence,
pivotal beam parameters such as the transverse emittance
must be conserved during the transport of preaccelerated
electron bunches into the accelerating phase of a subse-
quent plasma module to allow for high-energy, high-
quality beams and applications in photon science and at
the particle-beam energy frontier.

Matching of particle beams into the focusing fields of
plasma accelerators is vital for the conservation of beam
quality. Mismatched particle bunches develop a decoher-
ence of particle betatron oscillations and significant beam
envelope oscillations [13,14] and thus an increase in

emittance. In general, these effects are caused by a nonzero
energy spread or a nonzero bunch length. It has been shown
in earlier studies that matching of bunch size reduces
emittance growth from finite energy spread [15,16], and
mitigates energy loss and correlated growth of energy
spread due to emission of synchrotron radiation [16].
Emittance growth due to finite bunch length has been
seen in some numerical examples and was discussed quali-
tatively in a recent publication [14].
In this work, we derive a general analytic expression for

the emittance growth caused from betatron decoherence as
expected by insufficient matching of the beta function
(bunch size) or of the alpha function (focusing) and com-
pare it to fully three-dimensional particle-in-cell simula-
tions of finite-length electron bunches with low energy
spread, externally injected into a laser-driven plasma
wave. In addition we discuss quantitatively the fundamen-
tal implications of beam-quality degeneration arising from
insufficiently controlled electron-beammatching on staged
plasma accelerators.

II. EMITTANCE GROWTH BY BETATRON
DECOHERENCE: THEORY

The transverse trace-space emittance [17],

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ihx02i � hxx0i2

q
; (1)

is a figure of merit for the transverse beam quality, where x
is the transverse particle position, x0 ¼ px=pz is the slope
of a particle trajectory, and hYki ¼ P

N
i ðYi � �YÞk=N the kth

central moment of a discrete variable Y. The ratio of
the transverse momentum px over the longitudinal momen-
tum pz is damped adiabatically when particles gain
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longitudinal momentum during the acceleration process.
To compensate for this effect, the normalized transverse
trace-space emittance �n ¼ � �pz=mec is introduced, with
�pz, me, and c being the particle averaged longitudinal
momentum, the electron rest mass, and the speed of light,
respectively.

We consider an electron bunch with transverse proper-
ties defined by the emittance � and the Courant-Snyder
[18] parameters

� ¼ hx2i
�

; � ¼ hx02i
�

; � ¼ �hxx0i
�

: (2)

The beta function is a measure for the beam size and for the
betatron length, gamma is a measure for the spread in the
particle slopes, and alpha represents the correlation be-
tween x and x0. Combining Eqs. (1) and (2) yields the
relation between these parameters, �� ¼ 1þ �2.

In the following we assume that the bunch propagates
collinear and with a defined temporal offset with respect to
a laser pulse on the laser propagation axis. The laser pulse
with normalized vector potential a0 is focused onto a gas
target, ionizes the gas and simultaneously excites plasma
waves that carry large amplitude wakefields. Experiments
with externally injected electron bunches should be de-
signed such that the laser drives linear (a0 � 1) or quasi-
linear plasma waves (a0 � 1) to inhibit self-injection of
plasma electrons [19]. The formulation within the scope of
this work describes only this regime and is not valid for the
highly nonlinear or blowout regime. Since a nonlinear
radial dependence of the fields causes emittance growth,
the driving laser pulse must have a ‘‘parabolalike’’ radial
intensity dependence near axis, a2ðrÞ � 1� ðr=rsÞ2, to
guarantee for linearly focusing fields in the quasilinear
regime. A Gaussian envelope of the laser driver,

a2ð�; rÞ ¼ a20 exp

�
�ð�� �lÞ2

L2

�
exp

�
� 2r2

r2s

�
; (3)

complying with this constraint is assumed, where � ¼
z� vgt is the comoving variable, vg is the group velocity

of the laser, rs is the laser spot size, and L the length of the
pulse. The longitudinal electric wakefield component for a

resonantly driven plasma wave (L ¼ ffiffiffi
2

p
=kp) for positions

behind the laser pulse ð�� �lÞ2 � L2 is then given by [20]

Ez

E0
’

ffiffiffiffiffi
�

2e

r
a20 exp

�
� 2r2

r2s

�
cos½kpð�� �lÞ�: (4)

Here kp ¼ !p=c is the plasma wave number, !p is the

plasma frequency, and E0 is the cold nonrelativistic
wave breaking field [21]. Moreover, the radial wakefield
Er � cB� acting on a relativistic, charged particle can be
deduced using Maxwell’s equations and assuming cylin-
drical symmetry. This yields for the transverse fields near
the axis [22],

Er � cB�

E0
’ �K2kpr sin½kpð�� �lÞ�; (5)

where K ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
8�=e4

p
a0=ðkprsÞ. For simplicity we will use

kp�l ¼ � in the following, such that maximum accelerat-

ing field and the zero crossing of the focusing field are
located at � ¼ 0. The aim in external injection is to place
electron bunches with a length much shorter than the
plasma wavelength and a transverse extent much smaller
than the laser spot size into the phase region of the wake
which is both focusing and accelerating. While being
accelerated, the individual particles perform transverse
betatron oscillations with a betatron frequency of

!2
� ¼ K2!2

p

�r

sinðkp�Þ; (6)

where �r is the Lorentz factor. Because of the particle
oscillations, the ellipse with area ��, defined by the
Courant-Snyder parameters [18],

�x2 þ 2�xx0 þ �x02 ¼ �; (7)

rotates according to the single-particle trajectories in trace
space, which are given by

x2=�m þ �mx
02 ¼ const; (8)

where �m is deduced from the equation of motion,

�m ¼ �pz

me�r!�

: (9)

Since the betatron frequency [Eq. (6)] is �-dependent and
additionally the electron bunch may have an energy chirp,
the individual longitudinal slices of a finite-length bunch
oscillate at different frequencies which leads to a
�-dependence of the betatron-oscillation phase, and ulti-
mately to complete decoherence during the acceleration
process. This effect is illustrated in Fig. 1, where the trace-
space ellipses of longitudinal bunch slices from a PIC
simulation are shown for different z positions. The interval

½�z� 3�z; �zþ 3�z�, where �z ¼
ffiffiffiffiffiffiffiffihz2ip

is the rms bunch

FIG. 1. Ellipses representing bunch slices from PIC simulation
C2 (see below) at position z ¼ �0:03 mm (left) and z ¼
1:06 mm (right). The gray scale of the ellipse was chosen
according to the ratio of the charge in a slice q and total bunch
charge qb.
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length, was divided equidistantly into 10 slices and ellipse
parameters for each slice particle subsets were calculated
with Eqs. (1) and (2). Slice ellipses develop a tilt with
respect to each other which increases the projected area
and hence causes growth of the projected emittance
whereas the charge-weighted sum over the emittance of
the slices, called sliced emittance, does not increase owing
to this effect. Emittance growth due to slice-ellipse rotation
is theoretically reversible [23]. However, recovering the
emittance by further rotation in a subsequent plasma stage
requires a transformation ðx; x0Þ ! ð�x;�x0Þ in between
stages which is not symplectic and hence not realizable by
any combination of beam optics.

It should be noted that, for bunches with no significant
energy chirp, the betatron decoherence caused by finite
energy spread increases the sliced emittance and the pro-
jected emittance in the same way. This can be explained by
the fact that the decoherence due to energy spread emerges
within each slice, in contrast to the decoherence owing
to finite bunch length, for which the betatron phase of
the various slices decohere with respect to each other.
However, complete decoherence generates the same
growth of projected emittance in both cases.

Nonetheless, emittance growth from betatron decoher-
ence can be suppressed by matching the transverse prop-
erties of the electron beam to the intrinsic electron-betatron
motion in the plasma wake. Expressing the matching con-
ditions in terms of the Courant-Snyder parameters in the
relativistic limit gives

�m ’ c

!�

; �m ¼ 1

�m

’ !�

c
; �m ¼ 0; (10)

so that particle oscillations follow the ellipse defined by the
Courant-Snyder parameters of the beam. Once a bunch is
matched, adiabatic changes of the betatron frequency, that
is changes on time scales T � 1=!� or equivalently

on length scales L � c=!�, will not degenerate the

beam quality.
We transform the trace-space coordinate system such

that particles have a circular trajectory to estimate the
emittance growth caused by the decoherence of betatron
oscillations,

x� ¼ x=
ffiffiffiffiffiffiffi
�m

p
; x0� ¼ x0

ffiffiffiffiffiffiffi
�m

p
; (11)

�� ¼ ��m; �� ¼ �=�m; �� ¼ �: (12)

The emittance [Eq. (1)] is invariant under this transforma-
tion. Total phase decoherence implies that the character-
istic ellipse of the bunch evolves into a circle in
transformed trace-space coordinates with a radius given
by the initial standard deviations along the semimajor and
semiminor axes. The emittance after total phase mixing
can therefore be estimated by

�fin ¼ hx2roti ¼
�
x2a þ x2b

2

�
¼ a2

2
þ b2

2
: (13)

Here a and b are the semimajor and the semiminor axes of
the bunch ellipse in the transformed system prior to phase
decoherence:

a2 ¼ �init
2

½ð�� þ ��Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�� þ ��Þ2 � 4

q
�; (14)

b2 ¼ �init
2

½ð�� þ ��Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�� þ ��Þ2 � 4

q
�: (15)

This yields the final normalized emittance for complete
decoherence:

�n;fin ¼ �n;init
2

�
1þ �2

�� þ ��
�
: (16)

III. COMPARISON TO PIC SIMULATIONS

We compare our model to full 3D PIC simulations using
the code OSIRIS [24]. Electron bunches with a low relative
energy spread of �E=E ¼ 0:0065 and an initial normal-
ized emittance of �n;init ¼ 0:3 	m propagate at a defined

temporal offset collinear to a 5 J, 25 fs FWHM length,
800 nm central wavelength, a0 ¼ 1:8 laser pulse on the
laser axis. The Rayleigh length of the laser is long com-
pared to the betatron length and the FWHM intensity waist
of the pulse is 50 	m, where the transverse profile is a
Gaussian and the temporal profile is a symmetric polyno-
mial. The dimensions of the copropagating simulation
box in the longitudinal and transverse directions are 118	
336	 336 	m3, 4620	 250	 250 cells with 1 particle
per cell for the plasma and a total number of �5	 105

beam particles. The charge was deposited using a quadratic
interpolation scheme. Electron beams have a charge of
1 pC, mean energy of 5 MeV, and an rms bunch length
of �z ¼ 3 	m resembling realistic parameters obtainable
from conventional electron guns. The charge distribution
of the bunch in focus is a Gaussian in space and momentum
space. We chose the charge sufficiently low to neglect
space-charge forces as well as beam loading, the energy
low enough to see the betatron-phase mixing effect within
the first few millimeters, and the bunch length much
shorter than the plasma wavelength. The bunches are in-
jected with a temporal offset of 120 fs with respect to the
peak of the laser pulse envelope to allow for optimum
acceleration in the focusing phase of the plasma wave.
The plasma target has a flattop longitudinal profile with
an electron density of n0 ¼ 1017 cm�3. The rising edge at
position z0 ¼ 0 was chosen short compared to the plasma
wavelength to simplify the matching conditions. The fall-
ing edge is at position 240c=!p ’ 4:0 mm.

We compare PIC simulations with different sets of
Courant-Snyder parameters that result from different fo-
cusing geometries of the same electron beam: (i) matched
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case (CM)—beam with matched Courant-Snyder parame-
ters, �CMðz0Þ ¼ �m, �CMðz0Þ ¼ �m ¼ 0; (ii) mismatched
case (C1)—beam with matched beta function at focus
�CMðzf;C1Þ ¼ �m but with mismatched focal position

zf;C1 � z0 ! �C1ðz0Þ � 0; (iii) mismatched case (C2)—

beam with mismatched beta function �C2ðz0Þ � �m but
matched focal position zf;C2 ¼ z0 ! �C2ðz0Þ ¼ 0. For the

matched case (CM), the focal position of the bunch zf;CM,

must be positioned at z0 to satisfy �CMðz0Þ ¼ 0 in the
matching conditions (10). We analyzed the slope of the
transverse force at the position where the bunch is sup-
posed to be injected and used Eqs. (6) and (9) to find the
matching beta function�m ¼ 0:126 mm. This corresponds
to an rms beam size of 1:97 	m for �n;init ¼ 0:3 	m.

In simulation (C1), the focus is at zf;C1 ¼ �20c=!p ’
�0:33 mm. During the initial vacuum propagation the
Courant-Snyder parameters evolve according to the for-
mulas for their evolution in a free drift, neglecting space-
charge forces [18],

�ðzÞ ¼ zf � z

�f

; �ðzÞ ¼ �f þ
ðz� zfÞ2

�f

;

�ðzÞ ¼ 1

�f

;
(17)

where �f is the beta function at focus zf. The beta and

gamma functions at z0 in the PIC simulation are �C1;0 ¼
1:026 mm and �C1;0 ¼ 7:937 mm�1. For case (C2) the

beta and gamma function at z0 are �C2;0 ¼ 0:678 mm,

�C2;0 ¼ 1:476 mm�1. Figure 2 depicts the evolution of

the Courant-Snyder parameters during acceleration for
the three mentioned cases. The evolution of the alpha

parameter shows that bunches in simulations (CM) and
(C2) are focused to position z0 whereas �C1 crosses zero
before z0 and the bunch is defocused at position z0. This is
also indicated by the evolution of the beta parameter. Its
parabola vertices (at focus) for cases (CM) and (C2) are
situated at z0 in contrast to case (C1), for which the vertex
is in front of the plasma rising edge. The gamma function
of (C1) initially equals �CMðz0Þ while �C2 is not matched.
If matched, the bunch ellipse will not oscillate after injec-
tion and � will remain zero during the acceleration process
as observed for simulation (CM), whereas the alpha pa-
rameters in the cases (C1) and (C2) oscillate around zero.
Owing to relativistic mass gain, the beta function increases
adiabatically and the gamma function decreases accord-
ingly. The �, �, � curves of (C1) and (C2) all approach the
matched case (CM) by the cost of emittance growth during
betatron-phase mixing as can be seen by comparison of
Figs. 2 and 3. We want to emphasize that the emittance in
the matched case (CM) did not grow significantly despite
the fact that the bunch slipped back substantially with
respect to the plasma wave because of the low injection
energy. This is because the phase slippage occurs adiabati-
cally and does not disrupt the matching conditions.
The betatron phase is completely mixed at z 
 2:5 mm

and emittance growth is saturated at that position in good
agreement with expectations [confer Eq. (18) below]. The
emittance in the matched case (CM) grows marginally
compared to the nonmatched cases. After exiting the
plasma target and the beam being at a waist (� ¼ 0),
the Courant-Snyder parameters evolve again according
to Eq. (17).
We now compare these numerical results on the emit-

tance evolution with the above derived analytic theory. The
normalized emittance at the plasma exit in the PIC simu-
lation is �n;C1 ¼ 1:360 	m for case (C1) and �n;C2 ¼
0:830 for case (C2). Using formula (16) we find �n;fin;C1 ¼
1:371 	m and �n;fin;C2 ¼ 0:835 	m. Thus, the theory
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yields close estimates accurate to within 1% for emittance
growth due to betatron decoherence.

Emittance generation in the PIC calculations by insuffi-
cient spatial resolution or by numerical heating effects [25]
was shown to be negligible by comparison of the presented
simulations to simulations with higher resolution and
higher charge-interpolation schemes. The transverse bunch
extent was small compared to the laser spot size such that
the nonlinearity of the focusing fields at radii on the order
of the laser spot size did not cause emittance growth.
Comparison of transverse emittance in and perpendicular
to the polarization plane ruled out laser heating as an
emittance generator. Furthermore, bunch charge densities
sufficiently low to neglect space charge and beam loading
effects were used.

IV. CONSEQUENCES FOR
STAGED ACCELERATION

The consequences of the presented calculations for
staged acceleration are discussed in the following. First,
we derive the propagation distance during which the beta-
tron phase of a bunch becomes mixed from finite bunch
length. An electron bunch with rms length kp�z � 1,

negligible energy spread, and a charge well below the
beam loading limit is considered to find an approximation
for this distance. Assuming the bunch is injected and fixed
to a phase �0 in a quasilinear plasma wave, we find an
expression for the complete decoherence length caused by
finite bunch length,

Ldc;�z
’ 2�c

!�ð�0Þkp�z

tanðkp�0Þ; (18)

for �z < �0 < ð
p=4� �zÞ. The decoherence length from

finite energy spread �� is given by (cf. [16]) Ldc;��
’

2�ch�ri=ð!���Þ. Comparing this expression with

Eq. (18) suggests that finite bunch length as a generator
of betatron decoherence is dominant over finite energy
spread if kp�z= tanðkp�0Þ>��=h�ri holds and vice versa.
To ensure for efficient acceleration, the bunch must be
injected (and at best fixed, e.g., as described in [26]) close
to the maximum accelerating field, i.e. kp�0 � �=4, such

that tanðkp�0Þ � 1. Thus, for energy spreads as demanded

for typical applications [10], the effect from finite length
can generally be assumed to be dominant over the effect by
finite energy spread. Nevertheless, energy spread and
bunch length are strongly interrelated in wakefield and
vacuum propagation and both need to be minimized to
ensure for good beam quality.

The assumption kp�0 <�=4 simplifies Eq. (18) to

kpLdc;�z
� 4:28

ffiffiffiffiffi
�r

p
kprs=ða0kp�zÞ. The betatron phase is

thus completely mixed within the length of a stage, given
by the depletion length [27] kpLpd ’ 17:4
2

p=ð
2
l a

2
0Þ,

where 
l is the laser wavelength, as long as
kp�z


2
p=ð ffiffiffiffiffi

�r
p

kprsa0

2
l Þ * 0:25 holds. If we assume

kp�z ¼ 0:1, 
p=
l ¼ 100, a0 ¼ 2, and rs ¼ 
p=2, pa-

rameters which are close to those proposed for a future
plasma-based collider design [11], we find this being the
case for beam energies of& 250 GeV. However, the effect
of emittance growth by mismatch of the beta function and
partial phase mixing is relevant as long as Ldc;�z

does not

significantly exceed the length of an accelerating stage.
The above derivedmodel is now applied to staged plasma

acceleration concepts in which no electron-beam optics are
used in between stages to minimize the coupling distance
Lc, which contributes critically to the total length of a
multistage accelerator [11]. In the following we assume
plasma stages longer than the betatron-decoherence length
Ldc;�z

, beams thus having a matched beta function �i
m ¼

�i
f and being in waist when exiting stage i, and subse-

quently performing a free drift with length Lc between
stages i and iþ 1. Using an approximation for the betatron
frequency !� ’ a0!p=ðkprs ffiffiffiffiffi

�r
p Þ and assuming �i

f ¼
�iþ1

m together with Eqs. (10), (12), (16), and (17) yields

�n;fin ’ �n;init

�
1þ �2

2�r

�
(19)

after complete betatron-phase mixing with �n;init and �n;fin
being the emittance values before and after transmission
through stage iþ 1, respectively, and � ¼ a0kpLc=ðkprsÞ.
When assuming the use of plasma-based laser mirrors
[28,29] to minimize kpLc to values of �104, we find a

per-stage emittance increase by a factor � 11 for electron
beams with energies � 500 GeV, for a0 ¼ 2 and rs ¼

p=2, i.e., � ’ 6:4	 103, rendering such beams unusable

for applications after multiple stages. The per-stage emit-
tance growth as a function of beam energy, depicted in
Fig. 4, suggests that the emittance growth per stage becomes
insignificant for beam energies >10 GeV only if �< 102.
With plasma-based and conventional laser-focusing
technology this is attainable only if a low laser amplitude
a0 � 1, a large spot size kprs � 1, or a nonfundamental

transverse Gaussian mode with a low transverse intensity
gradient are utilized. Since the accelerating field in thewake

10
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FIG. 4. Relative per-stage emittance growth ��n ¼
�n;fin=�n;init � 1 according to Eq. (19) as a function of beam

energy for different values of � ¼ a0kpLc=ðkprsÞ.
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(4) is proportional to a20 and the required laser power

increases with r2s , maintaining a value of �< 102 would
result in highly inefficient acceleration for pure Gaussian
laser modes.

The assumption�i
f ¼ �iþ1

m for the derivation of Eq. (19)

is contributed to the fact that sharp vacuum-plasma inter-
faces are considered in this study. Another option consti-
tutes the investigation of smooth transitions, much longer
than the local betatron frequency in order to match the
electron beam adiabatically into the plasma wave, as pro-
posed in earlier works [13,15]. This would imply the beta
function of the bunch when emerging from stage i to be
smaller than the beta function in the subsequent stage iþ 1

before being adiabatically matched, �i
f < �̂iþ1

m , thus re-

ducing emittance growth after a free drift compared to the
sharp interface case [cf. derivation of Eq. (19)]. In addition
to matching beams adiabatically, we propose to adiabati-
cally cool beams transversely by employing plasma-to-
vacuum transitions much longer than the local betatron
wavelength [30], hence adiabatically increasing the beam

spot size �i
m < �̂i

f immediately downstream of stage i.

It should be noted that Eq. (16) implies that adiabatic
matching or cooling without additional refocusing cannot
inhibit emittance growth completely, since the beam is out
of waist (� � 0) before entering the subsequent stage.
Bunches must thus be refocused to eliminate emittance
growth, while adiabatic matching eases the focusing re-
quirements by increasing the beta functions to which
beams need to be matched. Further research is necessary
to prove the feasibility, stability, and capability of emit-
tance suppression by the aforementioned adiabatic match-
ing or cooling techniques.

V. SUMMARYAND CONCLUSION

The present study shows quantitatively that the emit-
tance of an electron beam in an external-injection scheme,
as necessary for staging, grows even for ideal laser-bunch
alignment (stochastic errors on the alignment have been
studied, e.g., in [31]), if the beam parameters are not
matched to the intrinsic betatron length in the plasma
wake. If matched, the emittance remains constant during
the acceleration process within 1% whereas the emittance
of nonmatched beams may increase by orders of magni-
tude depending on the degree of mismatch.

As demonstrated in the discussed PIC simulations,
matched beams stay matched if changes of the beam or
wakefield properties occur adiabatically. Since the betatron
frequency decreases for higher beam energies, changes of
the wakefield amplitude, e.g., laser spot size oscillations
[32] might eventually occur on time scales on the order of
the inverse betatron frequency, thus disrupting the match-
ing conditions. This, however, is subject to further studies.

The challenge of matching electron beams into plasma
waves arises from the fact that the generated focusing

fields are comparable in their order of magnitude to the
accelerating fields, and the corresponding matched beta
function is therefore small. Assmann and Yokoya thus
suggested [15] to decouple the amplitude of transverse
and longitudinal fields by using transversely tailored
drivers to increase the matched beta function. For laser
drivers this can be achieved by combinations of higher
order Laguerre-Gaussian modes [33] which provide a
focusing field with reduced linear radial dependence
near axis and hence an increased matched beta function
of the injected beam. Application of this technique is
equivalent to utilization of an increased spot size rs in
Eq. (19) and allows for a reduction, but not for a complete
suppression of the emittance growth of unmatched beams
after free drifts. In addition, beating of the transverse
modes needs to be mitigated to enable a stable focusing
channel [33].
An earlier analysis [34] showed that the focusing phase

of the wakefield in plasma channels shifts with respect to
the accelerating phase such that the phases may entirely
overlap in later wave periods and the maxima of transverse
and longitudinal component thus being located at the same
comoving position. Given a high degree of control over
absolute density and transverse density gradient in a
plasma channel, this effect offers the possibility of reduc-
ing emittance growth from finite bunch length if electron
bunches are being placed and fixed in this comoving region
and the decoherence length from finite bunch length
Eq. (18) hence tending to infinity. Albeit reducing emit-
tance growth from finite bunch length, this method cannot
mitigate emittance degradation by finite energy spread of
unmatched electron bunches.
In conclusion, we find that refocusing of electron

beams is inevitable to efficiently suppress beam-quality
degeneration due to betatron-phase decoherence. It may
be inferred that this degeneration is relevant for electron
energies up to the TeV-energy frontier. These findings
will have an essential impact on the design and total
length of multistage laser-wakefield accelerators since
electron-beam optics, significantly longer than each
plasma stage, if based on today’s technology, are neces-
sary in between two stages in order to avoid substantial
emittance aggregation.
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