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Transverse coherent transition radiation for diagnosis of modulated proton bunches
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Transverse coherent transition radiation (TCTR) emitted by a relativistic particle bunch traversing a
conducting surface is analyzed. The bunch emits dipolelike radiation in the direction transverse to the
bunch axis when the beam radius is smaller than the radiation wavelength. The radiation wavelength is
defined by the longitudinal structure of the particle bunch. The particular case of proton bunches modified
by propagation in plasma, but still carrying an unmodulated current, is considered. Radius-modulated
bunches with a constant current emit axially symmetric radiation. Hosed bunches emit antisymmetric
radiation in the plane of hosing. The TCTR field amplitude may reach 100 kV/m for the existing proton

bunches.
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Coherent transition radiation (CTR) is one of the most
common techniques used for diagnosis of a longitudinal
structure of charged particles bunches [1-5]. The method
particularly demonstrated its power to characterize accel-
erated electron bunches in laser-plasma experiments [6-8].
An elementary charge propagating through a medium with
a particular dielectric permittivity is dressed by a field
matched to that medium. When the charge traverses a sharp
boundary of two media with different permittivities, its
field must be adjusted. The unmatched field can be radi-
ated. The strongest radiation is observed when a charge
passes a boundary between a conductor and vacuum. A
pointlike relativistic charge with the relativistic factor y
emits a radiation burst that is collimated within a cone with
the opening angle 6 = 1/ around the axis, although the
emission is exactly zero in the propagation direction itself.
The radiation is broadband. A bunch of particles can emit
this radiation coherently at the wavelength comparable
with its longitudinal structure.

Recently, a concept of proton bunch-driven plasma wake-
field accelerator has been put forward [9-11]. In this con-
cept, a long proton bunch is sent through plasma where it
undergoes self-modulation at the plasma wave period and
excites a strong resonant wakefield. A test experiment is in
preparation at CERN. One of the experimental challenges
will be the detection and characterization of the proton
bunch modulation after it exits the plasma cell.

The nature of the proton bunch modulation is such that
the proton bunch radius is modulated, but the total bunch
current remains the same in each cross section. For this
reason, there will be no signatures of the proton bunch
modulation in the forward coherent transition radiation.
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The classic forward CTR is useless in this case. Moreover,
it is important in the experiment to distinguish between the
axisymmetric modulation mode when the radius of the
proton bunch is changing periodically [11] and the possible
hosing mode when the proton bunch centroid oscillates
periodically in the transverse plain [12].

Below we show that the transverse coherent transition
radiation (TCTR) does contain the signature of the bunch
modulation and allows one to distinguish between the axi-
symmetric modulation mode and the hosing. The TCTR is
emitted perpendicularly to the particle bunch propagation
direction and its amplitude does not depend on the particle’s
v factor as soon as it is large enough.

I. ORIGIN OF TRANSVERSE
TRANSITION RADIATION

Let us consider a transition radiation emitted by a par-
ticle bunch as it traverses normally a boundary between a
conductor plate and vacuum. The interaction geometry is
illustrated in Fig. 1. When an elementary charge dg exits
from the conducting plate in the normal direction with the
velocity v, the radiated field is given by the Lienard-
Wiechert formula [13]:

dq \4 dv
dE=———- "R X|{R —-R|) X —
(R — B3 [( c ) dt’]

dq v dv
+———= R X|[R+-R|X— 1
R [(ReER) Gl o

where ¢ is the retarded time so that
' +R()/c=1t (2)

The second term in Eq. (1) is generated by the image of the
physical charge in the conducting plate.

When the elementary charge is inside the metal plate, its
field is completely screened. Thus, the current is created
abruptly when the charge exits into the free space. We can
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FIG. 1. Geometry of the transverse coherent transition radia-
tion. A charged particle bunch exits a conductor plate normally
to the surface. The observer looks at the emitted radiation from
side to the beam, in the plane of the surface. The vector R
points from the bunch axis to the observer.

write for the velocity v(¢') = vo@(¢ — t.), where 7. is the
time the charge exits into vacuum and ©O(¢) is the Heaviside
step function.

The denominators in Eq. (1) suggest that a pointlike
charge emits the strongest field at the angle 6 = 1/y
around the propagation direction. Yet, we will not be
interested in the emission in this direction, because it
does not contain any coherent information about the bunch
modulation. Rather, we are looking in the transverse plane,
along the surface of the conducting plate. It is the dipole-
like radiation of the particle bunch.

For the radiation emitted in the transverse plane, Eq. (1)
becomes especially simple, because v L R:

_ 2V()dq

dE =
¢*R

5(t' — ). 3)

This is essentially the dipole radiation formula. For a
continuous bunch, dg = en(t, r)vodSdr, where dS =
rdrde is the area element in the bunch cross section and
n is the local particle density. The field is polarized in the
bunch propagation direction and normal to the metal plate
surface. The observed radiated field is thus

2ev?
Bt R) = — 2320 [[ nie, s, @
C R()
where we have assumed the observer being far away from
the source and set R = R, in the denominator. At the same
time, the retarded time is
RO r

R(7
=1- (C)zt—T-i—Ecosgo. 5)

Now we are ready to apply the formula (4) to specific
particle bunches. We are interested primarily in proton
bunches that have undergone self-modulation or hosing
after they propagated in plasma. The peculiarity of these
proton bunches is that the current is not modulated. Only
the bunch radius may be modulated or the centroid position
is changing (hosing). We show that self-modulation and
hosing result in TCTR with different signatures that can be
experimentally observed.

II. TCTR EMITTED BY MODULATED AXTALLY
SYMMETRIC BUNCHES WITH
CONSTANT CURRENT

In this section we consider TCTR of a axially symmetric
particle bunch whose radius is modulated. For simplicity, we
assume the Gaussian transverse bunch density distribution,

0-(2) efrz/ZUz(t’,z) (6)
021, 2) '
The total current carried by the bunch of the profile (6) is
constant in any cross section: J = Zmrgenovo.

Let us assume the bunch radius is modulated so that

o(t',2) = ool + ef(kz — kvot)]

n(t,r,z) =n

= 00[1 + ef(kz — kugt + kRO% - kr? cosgo)],

(7

and the modulation depth is small, € << 1. Further, we
assume that the particle bunch is narrow, so that koy < 1.
We Taylor expand (6), keep terms linear in € and quadratic
in kr, and set the metal plate position at z = —Ryv,/c:

2
n(tr, z) = no[l + eA(r—2 - 2)]e7 *f205, ®)
Ty

where
A = f(—kvot) — kr 22 f1(—kvyt) cose

c
4 1 (krvo

c

2
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The second and the third terms in (9) originate from the time
retardation (2) and are essential for the radiation emission.

The field excited by the axisymmetric particle bunch is
then

2ev: (27
E(t,Ry)) = — 0 [ d
(t, Ry) no c2R0 0 ¢

o 2
X [ r[l + eA(r—2 - 2)]6"2/2”421dr. (10)
0 T

The integrand in (10) contains terms with different
powers of kr. The terms independent on kr are not retarded.
The oscillatory part of the integral of these terms vanishes
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because we assumed the total current of the particle bunch
being constant. These terms describe radiation at the wave-
length defined by the bunch current envelope. The terms
linear in k7 contain the factor cos¢ and disappear when we
integrate in the angle ¢ over the bunch cross section. This
is due to the axial symmetry of current distribution in the
bunch. The first oscillatory terms that do not vanish after the
integration are quadratic in kr. Collecting the terms propor-
tional to (kr)? at the first time harmonic, we get

" 2evy 27, « 2
E(t, Ry) = engf"(kugt) 220 f cosode f r(kr)
Roc™ Jo 0
r2 2 2
X (1 - —z)e_(r"/z"('))dr. (11)
205

Integrating (11) we find the expression for the radiation field
at the distance R, from the beam axis:

E(t, Ry) = —2e—2— (koo P BYf" (~kwpt). (12)
CRO

The field is proportional to the radius modulation amplitude
€, square of the bunch radius (ko)?, and the second deriva-
tive of the modulation function f”(w,,q?).

In the case of a periodic harmonic modulation of the
particle bunch radius, f(kvyt) = cos(kvyt), the expression
(12) becomes

J
E(t, Ry) = 26— (koy)? By cOsw yqt, (13)
CRO

where J = 2770'(2)en0v0 is the total bunch current, By, =
v/ c and the emitted radiation frequency is

Wrag = kvo. (14)

We remember that the expression (12) is valid only for
narrow bunches, koy < 1. Wide particle bunches, koy > 1,
do not radiate coherently in the transverse direction. The
coherent radiated field becomes exponentially small for
large bunch radii. Thus, the optimal condition for TCTR is
koo ~ 1. This case s hard to treat analytically and we have to
rely on numerical simulations then. Still, the expression (12)
gives us a good guide to estimate the TCTR of an axially
symmetric proton bunch whose radius is modulated, but the
total current in each cross section remains constant.

As the proton beam in our case is modulated in plasma
with some particular density n,, the modulation wave
number k is given by the plasma wave number k, =

w,/c, where w, = \J4mn,e?/m, is the plasma frequency.
One can normalize the field (13) on the so-called plasma
wave breaking field Eyp = m,cw,/e:

E(LRy) _ 2¢ J

Rq T, (koo)* By cosw gt (15)

EWB

where J, = mc®/e = 17 kA is the natural current value.
The plasma wave breaking field is given by the engineering

formula Ey g = /n,/10'* cm™3 GV/m. Although the for-
mula (15) has been derived for narrow weakly modulated

bunches, it shows that the radiated field strength may reach
huge values for the available proton bunches when these
are deeply modulated, € ~ 1, and their radius is compa-
rable with the modulation wavelength, kog ~ 1.

III. TCTR EMITTED BY HOSED BUNCHES
WITH CONSTANT CURRENT

Now we consider TCTR of a particle bunch whose
radius is constant, while the centroid position oscillates
periodically in a plane. We assume the Gaussian transverse
bunch density distribution,

n(t 1, z) = nge [Fr(t:2F/20%,

Again, the bunch is assumed to be thin, ko << 1. The total

current carried by the bunch of the profile (16) is constant

in any cross section: J = 27w a?en v,.

For the bunch centroid displacement we write
r. (¢, z) = roh(kz — kvyt')
= roh(kz — kvot + kRoyvo/c — kr(vy/c) cose),
a7

where the bunch centroid displacement is small, |r | /o < 1.
We Taylor expand (16), keep terms linear in kr, and set the

metal plate position at z = —Ryv,/c:
n(tr,z) = n0<1 + rcoerh)efrz/z"%, (18)
o
where

A, = h(—kvor) — kr 22 h(—kug)tcose  (19)
C

and

I = re7 cos(@ — @) (20)
with ¢ being the angle between the plane of hosing and the
direction to the observer.

Because the hosed bunch is not axisymmetric, it is
sufficient to keep the linear terms in kr only. The second
term in (19) originates again from the time retardation (2)
and it is this term that leads to the radiation emission.

The field excited by the axisymmetric particle bunch is
then

E(I’RO)
2 2 ] —
S ;vof " i r<1 +WC°S<f¢o>Ah)
c“Ry Jo 0 o
X e~ (71200 gy, (1)

In the integrand in (21), we collect terms linear in kr. The
terms independent on kr are not retarded. The oscillatory
part of the integral of these terms vanishes because we
assumed the total current of the particle bunch being
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constant. The terms, linear in kr, contain the factor cos¢
and do not disappear in general. Collecting the terms
proportional to kr and integrating, we get

enyv}

E(t, Ry) = 2 cospyh'(—kv,t) R0c30 okr.
J 2 !
= C—RO Bokrco COSQD()h (_kvot). (22)

The radiation amplitude is proportional to the hosing am-
plitude kr( and the first derivative of the hosing function
I (w,qt). In the case of a periodic harmonic hosing of the
particle bunch radius, i(kz) = cos(kz), the expression (22)
becomes

J
E(t, Ro) = E ngrco COSQ Sin(kvot). (23)
0

From (22) and (23) we see that the hosed bunch radiation is
not axially symmetric. The main lobes are located in the
hosing plane as described by the factor cos¢, and are
antisymmetric to each other.

Again, one can normalize the field (23) on the plasma
wave breaking field Eyy = m,cw,/e if the proton bunch
has been hosed during its propagation in plasma:

E(t, R 1 J .
EEWBO) =R T B2kr cosgy sin(kvgt).  (24)
The radiated field (24) scales linearly with the hosing
amplitude kry.

IV. NUMERICAL EXAMPLES

We performed two test numerical simulations to illustrate
the effect of TCTR. The simulations have been done with
the hybrid code H-VLPL3D [14,15]. The code can handle
plasmas of arbitrary high densities as fluids. In these test
simulations, we take a model proton bunch that carries the
current of an optimized super-proton-synchrotron (SPS)
bunch, I, = 50 A and the protons have the longitudinal
momentum p = 450 GeV/c. The length of the model
bunch was chosen short, o, = 2.4 mm, for illustration pur-
poses. The final result does not depend on the bunch length.

In the first simulation of a modulated proton bunch, we
set up the model density profile,

0% e*r2/20'2(t,z)e*zz/20'§ (25)
a’(t, z) '
with ny = 1.4 X 102 cm™3 and the unperturbed trans-
verse radius oy = 0.2 mm. The actual bunch radius is
modulated as o = oy(l + 0.5 coskpz), where k, =
27/ A p 18 the plasma wave number. For the plasma density
of n, =7 X 10" cm™3 we have the plasma wavelength
A, = 1.2 mm.

In the simulation, we send the proton bunch through a high
density plasma slab that would represent a conducting metal
foil. The foil, the proton bunch, and the radiated field are

n(t,r,z) = ng

p

E, IMV/m]
0

-1

FIG. 2. TCTR emitted by a proton bunch exiting from a
metallic foil. Only the radius of the proton bunch is modulated,
not the current. The colored surfaces show the electric field
component normal to the metal foil.

shown in Fig. 2. The radiation is emitted axisymmetrically in
the transverse direction. The radiation field magnitude
reaches several 100 kV/m values at 1 mm distance from
the bunch axis.

E, [MV/m]
0

FIG. 3. TCTR emitted by a hosed proton bunch exiting from a
metallic foil. The radiated field is shaken off antisymmetrically
in the plane of hosing.
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In the second simulation we used a hosed proton bunch
with the model density profile,

n(t, x, z) = nge” X0’ /205 g2/ 207 (26)

with ng = 1.4 X 102 cm ™3, oy = 0.2 mm, and the time
dependent centroid x, = ry cosk,z, where the hosing am-
plitude was ry = 0.2 mm. The radiation produced by this
proton bunch as it traverses a metal foil is shown in Fig. 3.
The radiation is no more axisymmetric. Rather, the hosed
bunch “shakes off™ its field in the direction of hosing. The
radiation field again reaches 100 kV/m values at 1 mm
distance from the bunch axis.

V. CONCLUSIONS

It has been shown that a particle bunch that is modulated in
radius or hosed does radiate TCTR even when the total
current of the bunch remains unmodulated. The radiation is
emitted due to the retardation effect: the observer located in
the transverse plane sees signals of particles traversing the
conductor plate at retarded times. The integral of this re-
tarded current does show a time dependence at the bunch
modulation period. An axisymmetric particle bunch with a
periodically modulated radius emits axisymmetric waves.
On the contrary, a hosed bunch whose centroid oscillates in
a transverse plane emits in a direction perpendicular to this
plane and does not emit in the plane of hosing. In both cases,
the field of the coherent radiation scales linearly with the
bunch current and is proportional to the modulation ampli-
tude. The TCTR is emitted only when the bunch radius is
smaller than or comparable with the radiation wavelength.
The emission is maximized when the bunchradiusis ko ~ 1,
because in this case the retardation effects maximize while
the coherence is not yet affected by the finite bunch radius.
The numerical simulations suggest that plasma-modulated
SPS proton bunches may emit TCTR fields at the character-
istic amplitudes of 100 kV/m.
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